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Abstract

Systemsof many interacting entities often exhibit emergentproperties and collective dynam-
ics that are qualitatively distinct from those of non-interacting systems. Predicting such
collective statesis especiallychallengingif interactions are nonlinear and multifaceted.

Modern mobility systemsprovide a compelling example of such complexity, where individ-
uals interact both physically, for instance, on roads and at charging stations, and digitally,
for instance, through route planning and mobility platforms. How do such new modes of
interactions drive collective dynamics and in uencethe modern mobility landscape?

This thesisinvestigatesthe emergenceof collective dynamicsin three key domains of mod-
ern mobility: ride-hailing, electric vehicletra c¢, and ride-pooling.

In ride-hailing, we observeand explain a form of hysteresis,where uctuations in demand
can lock the systeminto states of poor performanceon long time scales. Ride-hailing plat-
forms usedynamic pricing to mitigate this e ect by balancing supply and demand. We reveal
that dynamic pricing may also foster economicinteractions among drivers that may induce
coordinated driver behavior and in turn arti cial supply shortages.

In electric vehicle tra c, recharging events create new points of interaction at charging
stations. We nd that theseinteractions give rise to congestionwaves,which display phase:-
separation characteristics, clustering stations into congestedand uncongestedstates.

In ride-pooling systems, vehiclesare guided by central algorithms that mediate their in-
teractions. We showthat thesealgorithm-driven dynamics are characterizedby macroscopic
scaling laws. Microscopically, the mechanismsby which routes change give rise to multi-
timescaledi usion. We demonstrate that the microscopicand the macroscopicare linked by
a common scaling relation found for the di usion coe cient of ride-pooling vehicles, hinting
at a deepergeometricin uenceon the scaling laws.

By revealing these dynamics and explaining the mechanismsunderlying them, this work
opensnew avenuesfor understanding and shaping the mobility landscape,emphasizingthe
power of interdisciplinary approachesto uncover fundamental principles governing complex
systems.






Zusammenfassung

Systememit vielen interagierenden Einheiten weisenoft emergenteEigenschaftenund kol-
lektive Dynamiken auf, die sich qualitativ von denen nicht interagierender Systeme unter-
scheiden.Die Vorhersage solcher kollektiven Zustande ist besondersherausfordernd, wenr
die Interaktionen nichtlinear und vielschichtig sind.

Moderne Mobilitatssysteme bieten ein eindrucksvollesBeispiel fur diese Komplexitat, bei
der Individuen sowohlphysisch,etwa auf StraRenund an Ladestationen, als auch digital, bei-
spielsweisedurch Routenplanung und Mobilitatsplattformen, interagieren. Wie beein ussel
solcheneuen Interaktionsmodi die kollektive Dynamik und pragen die moderne Mobilitats-
landschaft?

Diese Arbeit untersucht das Entstehen kollektiver Dynamiken in drei zentralen Bereicher
der modernenMobilitat: Ride-Hailing, Verkehr mit Elektrofahrzeugenund Ride-Pooling.

Im Bereich des Ride-Hailings beobachtenund erklaren wir eine Form von Hysterese,bei
der Nachfrageschwankungenmlas Systemlangfristig in ZustandeschlechterLeistung festsetzel
kénnen. Ride-Hailing-Plattformen nutzen dynamischePreisgestaltung,um diesesPhanomer
zu mildern, indem sie Angebot und Nachfrage ausbalancieren.Wir zeigen,dassdynamische
Preise jedoch auch 6konomischelnteraktionen zwischenFahrern férdern kénnen, die zu ko-
ordiniertem Fahrerverhalten und kiinstlichen Angebotsengpéassefiihren.

Im Verkehr mit Elektrofahrzeugenscha enLadevorgéangeneuelnteraktionspunkte an Lade-
stationen. Wir stellen fest, dass diese Interaktionen Stauwellen hervorrufen, die Phasen
separation aufweisenund Stationen in Uberlastete und nicht Uberlastete Zustande clustern.

In Ride-Pooling-Systemenwerden Fahrzeugevon zentralen Algorithmen gesteuert,die ihre
Interaktionen vermitteln. Wir zeigen, dass diese algorithmusgesteuertenDynamiken durch
makroskopischeSkalierungsgesetzeharakterisiert sind. Mikroskopisch fiihren die Mechanis:
men, durch die sichRouten &ndern, zu Di usion auf mehrerenZeitskalen. Wir demonstrieren
dassMikroskopischesund Makroskopischesdurch eine gemeinsameSka-lierungsrelationver-
knlpft sind, die beim Di usionskoe zienten von Ride-Pooling-Fahrzeugengefundenwurde
und auf einentieferen geometrischenkin ussauf die Skalierungsgesetzdinweist.

Durch die Aufdeckung dieser Dynamiken und die Erklarung der zugrunde liegendenMe-
chanismenerd net diese Arbeit neue Wege zum Verstandnis und zur Gestaltung der Mo-
bilitatslandschaft und unterstreicht die Stérke interdisziplinarer Anséatze, um fundamentale
Prinzipien komplexer Systemeaufzudecken.






Contents

Abstract
Zusammenfassung
1. Introduction

2. Arti cial supply shortages in ride-hailing

2.1, Introduction . . . . . . L
2.2. Background . . . . ..
2.2.1. Gaussianmixture model . . . . . ... ... Lo
2.2.2. Gametheory . . . . . . . . .
2.2.3. Dynamicpricing . . . . . . . .. . . e
2.3. Data and Methodology . . . . . . . . . . . ... ..
2.3.1. Ubersprice APl . . . . . ..
23.2. Flight data . ... .. ... ... . .. .. . . . .. . . .. ..
2.3.3. Historic taxi trips . . . . . . . .
2.4. Transportation demand . . . .. ... .. .. ... .. ... e
2.4.1. Historictaxidemand. . . . ... ... ... ... ... ... ... ...
2.4.2. Airtravel passengers. . . . . . ...
2.5. Two-player supply model . . . . . . . . .. . ... ... ...

2.5.1. Inelasticdemand . . . ... ........
25.2. Elastcdemand . . .. ... ........
2.5.3. Nonlineardemand . . ... ........
2.5.4. Cooperatingdrivers . . . .. .. .. ...
255, Discussion. . . . ... ... L.
2.6. Static multiplayer supply model . . . . . .. ...
26.1. Model . . ... ... .. ... ... ...
2.6.2. Nash equilibrium and social optimum . .
2.6.3. Discussion. . . . ... ... ... .....
2.7. Dynamic multiplayer supply . . . . . . ... ...
271 Model .. ... ... ... ... ..
272 Mean-eld..................
2.7.3. Non-equilibrium supply shortages. . . . .
2.7.4. Discussion. . . . . ... ... ...

2.8. Identi cation of anomaloussupply shortagesfrom globaldata . . . . ... ..

2.8.1. Statisticsofsurges . . . ... .. ... ..
2.8.2. Time scalesof anomaloussupply shortages

11

19
20
22
22
23
28
30
30
32
32
33
33
33
37
37
39
40
41
42
43
43
44
45
45
46
46
48
49
51
51
52



Contents

2.9. DISCUSSION. . . . . . 57

3. Propagating congestion and phase separation in electric vehicle charging dynamics 59

3.1 Introduction . . . . .. 61
3.2. Background . . . . .. 63
321, Tra C OW . . . vt e e e e 63
3.2.2. Queueingtheory . . . . . . . . . ... 65
3.2.3. High dimensionaldata . . . . ... .. ... ... ... ... ..... 67
3.2.4. Electric vehicle charging infrastructure in Germany . . . . . . ... .. 69

3.3. Model . . . . e 71
3.3.1. Rechargingelectricvehicles . . . .. .. ... ... ... ........ 71
3.3.2. Driver behavior . . . . . . .. ... .. 71
3.3.3. Highway model . . . . . ... .. ... . ... .. ... 72
3.3.4. Simulation. . . . ... 73
3.4. Conservednumberofvehicles . . . . . ... . ... ... ... ... ... ... 74
3.4.1. Critical vehicledensity . . . . . . ... ... ... ... .. .. 74
3.42. Mean-eldtra ¢ ow . .. ... ... .. ... ... 74
3.4.3. Collectivedynamics . . . .. .. .. .. . .. . ... 76
3.5. Identi cation of congestionwaves. . . . . . . ... ... 78
3.6. Multistability of congestionwaves. . . . . .. ... .. .. ... ... .. ... 80
3.7. Electric vehicletra ¢ ow . . . . . . . . ... 81
3.7.1. Macroscopicproperties of electric vehicletra ¢ . . ... ... ... .. 81
3.7.2. Mesoscopicstructure of chargingjams . . . . . .. ... ... ..... 84
3.7.3. Microscopicdynamics of chargingjams. . . . .. ... ... ...... 86
3.8. Robustnessof congestionwaves . . . . . . .. .. ... .. ... 0o 89
3.8.1. Heterogeneity . . . . . . . . . . 89
3.8.2. Fluctuations . . . . . . . . . ... 89
3.9. Realworld infrastructure . . . . . . . . . ... .. 91
3.10.DISCUSSION. . . . . . e 94
4. Collective dynamics in ride-pooling 95
4.1, Introduction . . . . . .. e e 97
4.1.1. Athird way . . . . . . .. e 97
4.1.2. Ride-pooling . . .. ... .. . ... 97
4.1.3. Publications . . . . . . . . . .. 99
4.2. Randomwalks . . . . . . . . . . 10C
4.3. Model . . . . . 10t
4.3.1. Vehicles .. . . . . . . 10t
4.3.2. Algorithm . . . . . . 10¢€
4.3.3. Simulation framework . . . . .. ... L oL L 107

4.4. Scalingrelations of ride-pooling . . . . . .. .. .. .. ... .. ... .. ... 10¢
4.4.1. Vehicle utilization metrics . . . . . ... ... ... .. 0. 10¢
4.4.2. Load and sustainability . . . ... ... .. ... ... . . ... 114
4.4.3. Servicequality: Waiting time, delivery time anddelay . . . .. .. .. 117
4.4.4. Waiting time and ride-hailing hysteresis . . . . ... ... ... .... 11¢
4.45. Servicequality: Scalingwith gandB . . . . .. ... ... ... ... 123
4.4.6. DISCUSSION. . . . . . . . o e 12€
4.5. Spatio-temporal dynamicsof ride-pooling . . . .. ... ... ... ...... 12€
4.5.1. Qualitative ride-pooling trajectories . . . .. ... ... .. ... ... 12¢
4.5.2. Segmentlengthsand alignment . . . . . .. ... ... ... ...... 127
4.5.3. Multi time scaledynamics of ride-pooling . . . ... ... ....... 12¢
4.5.4. Di usionofride-poolingbusses. . . ... ... ............. 132



Contents

455. Randomroutesonnetworks . . . . . . ... ... L. 135

45.6. DISCUSSION. . . . . . . . o e 139

4.6. Di usionin heterogeneousserviceareas . . . . . . . . . .. .. ... 140
4.7. Constrainedride-pooling . . . . . . . . . . . ... 144
4.7.1. Maximum allowed delay constraint . . . .. ... ............ 144

4.7.2. Rejectionsand servicetime . . . . . ... . ... ... ... 145

4.7.3. A discontinuousride-pooling transition . . . . .. .. ... ... .... 145

4.7.4. The microscopic mechanicsof the constrained-unconstrainedtransition 148

4.7.5. DISCUSSION. . . . . v o it e 150

4.8. DiSCUSSION. . . . . . . . e 153
5. Discussion 15E
A. Hysteresis in Ride-hailing 157
B. Anomalous Supply Shortages 161
B.1. Finding Nashequilibria . . . ... ... ... ... ... . ... ... .. ... 162
B.2. Tra cin uencesUberspriceestimates . ... ... .............. 162
B.3. Price surgesand aircraft arrivals at othercities . . . ... ... ... ..... 164
B.4. Candidatesfor arti cial supply shortages. . . . . . .. ... ... ....... 166

C. Congestion waves in EV infrastructure 169
C.1. Examplesof EVtra ¢ ow . .. ... .. .. . .. .. ... 170
C.2. Classi cation by correlation . . . . . .. ... ... ... ... .. . ... 174
C.3. Threshold method . . . . . . . .. . . .. .. . ... ... . . . . 176
C.4. Fluctuating numberof vehicles . . . . ... .. ... ... .. ......... 177
C.4.1. Critical in OW. . . . . . . . . e 177

C.4.2. Qualitative charging dynamicswith stochasticin ow . . ... ... .. 178

C.4.3. Stochasticcongestionwaves . . . . . . . . . . .. ... .. 179

D. Ride-pooling 183
D.1. Waiting time distribution in networks . . . ... ... ... ... ....... 184
D.2. Example of an anti-aligned trajectory . . . . . . . . ... ... 184
D.3. Anomalousdi usionin ride-poolingdynamics . . . . ... ... ... ... .. 186
D.4. Multi time scalerandomwalk . . . . .. ... ... ... ... ... 188
D.5. Rejectionsin the two-node network with stoptimes. . . . ... ... ... .. 191
Acknowledgements 209
Statement of authorship 211






1. Introduction

This stu only worksin practice. In theory, it's a mess.
- Cory Doctorow, Walkaway

The impact of mobility on society

The way in which humanstravel hasundergonesigni cant changesover the courseof history.
New technologiesled to the developmentof new modesof travel, broadening the spectrum
of human mobility. Often, these new meansof travel had profound impact on the intercon-
nectivity of the human speciesultimately changing how societiesfunctioned at their core.

The invention of the wheel, and by extension, the cart a ected trade and agriculture [51,
211] by making possiblethe transport of heavy loads. To make use of such a technology,
however, suitable roads were necessary,which dramatically changedthe shape of cities in
the ancient world. Where city streets were narrow winding and interspersed with stairs
before, widespreaduse of carts brought with it cities, which were grid-like with right-angled
intersections [40]. An innovation in how peoplemove, changedhow peoplelive.

Another revolutionary technological breakthrough was the invention of the steam engine.
With it camerail transport and within a small amount of time large rail networks interspersec
continents. Enormousquantities of goodscould be quickly transported acrosslandmassesand
economiesbecamemore complex and decentralized[8]. Initially, the rail network connectec
important industrial centers,but evensmall cities that found themselvesat central locations
in the network becameimportant industrial centers[133, 257].

This long ranging connectivity increasedthe need forsocietalcoordination, oneconsequenc
being the introduction of standardizedtime and time-zones[155]. Rail not only changedhow
peopleand goodsmoved, but also societies’conceptof time itself.

The next breakthrough to have substantial impact on human mobility was the invention
of the internal combustion engine(ICE). The internal combustion enginemadeit possibleto
create comparatively small poweredvehicles,automobiles. The automobile sparked another
wave of changein the design of modern cities [180]. Before, cities grew along existing ralil
infrastructure [103], with the advent of cars cities started growing in every direction [125].
Accessibleand fast travel allowed cities to grow larger and sprawl outwards [21, 96].

Today, cars are by far the dominant mode of passengertransport with 80% of passenget
kilometers being travelled by car in OECD countries [174] and similar modal sharescan be
found globally [33, 87, 235]. But cars dominate not only passengetransport, they also con-
stitute oneof the main waysto transport goods. Trucks accountfor 77%of cargotransported
by weight in Germany [65] and 64%in the US [177].

1Using data of the modal split for 2022.
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1. Introduction

The widespreadadoption of automobiles entails a seriesof negative consequences.Most
cities were not initially designedfor massadoption of carsasthe primary mode of transport.
The result is congestionand evengrid lock in cities during peaktra c¢hours. Vehicle speedsn
cities are consequentlymuch lower on averagethan speedimits would allow [176]. Progressing
urbanization concentratesmore peopleclosertogether worseningthe severity of tra ¢ [195].
But evenexpandinginfrastructure and widening roadsdoesnot prevent congestion. Widening
road infrastructure to alleviate congestionmay even have the oppositee ect, aswider roads
attract more prospective car drivers [145, 150, 223].

Car tra ¢ has been shown to have signi cant negative health impacts on both drivers
[98] and peoplein the vicinity of roads, through the emissionof ne particles [147] and the
production of excessivenoiselevels[115]. Finally, roadtra caccountedfor 19%of greenhoust
gasemissionsin Germany, while comprising 97%of all tra c related emissionsin 2022[250].
Greenhousegases,being the principal causeof climate change, directly lead to disastrous
e ectson human well-being world-wide.

The drawbacksentailed by fossil fuel poweredvehiclesare a driving force of current change
in the mobility landscape.Governmentsseekto replaceinternal combustion enginecarswith
electric vehicles (EVs) and -lessadamantly- aim to transition urban mobility to the use of
more e cient modes of transport, such as public transport and bicycles. Another factor
contributing to a rapid changein human mobility, falls in line with the historic progressior
of changein mobility: technologicaladvancement. The internet, digitalization and the acces:
to handheld computers open up many possibilities to improve human mobility, by making it
more accessible, exible and e cient.

Digitalization has already found its way into the current mobility landscape. Modern
automobilesrely on software almost as much ason their hardware, with software being used
to optimize motor control in internal combustion engines,to trigger emergencybreaking,
evento drive the vehicle autonomously [45]. Digital systemsaccount for more than 40% of
the price of a new car [48] and manufacturers increasingly provide functionality only as a
subscription-basedservice[215].

Digitalization of mobility alsoincreasesthe degreeof interactions betweentra c partici-
pants. Live tra c updateso ered by map services,relay information of the route choicesof
drivers directly to others. Whereas previously drivers would only know which road is cor
gestedoncethey reachedit -locally interacting with other drivers-, drivers now have acces:
to this information even far away from the congestion. The interactions between drivers
transformed from short range to long range [135, 224].

Bike- and car-sharing platforms o er convenient transportation, but the locations of the
vehicleschangewith eachuse, showcasingthe direct interaction betweendemand and trans-
port infrastructure [47, 64, 172]. Ride-hailing platforms connectlarge numbersof drivers and
customersand attempt to steerthe decisionsof both drivers and customersthrough pricing
algorithms, mediating the interaction betweenchoicesof both.

While broadly tting the generaltrend of increasingconnectivity in human mobility over
the courseof history, the current mobility transition is primarily increasingthe connectiv-
ity betweenpeoplerather than places. Large-scaledigitalization in the mobility landscape
induces a complex interplay of platforms, algorithms and people. Understanding these in-
teractions and the collective dynamics arising from them will be crucial to inform and shape
mobility in the future.

Human mobility from a physicists point of view

Physicists bring a valuable perspectiveto the study of modern mobility by breaking down
complex systemsinto simpler, interacting components. This approach helpsto uncover the
underlying rules and collective behaviorsthat emergefrom suchinteractions, and it hasbeen
successfuin the study of many problems.

12
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Figure 1.1.: Human mobility over the courseof history. New technological achievementsmade new
modesof travel possible. These changesin human mobility introduced feedbackloops
and collective dynamics, which lead to drastic changesin society. Current trends in hu-
man mobility, suchasthe increasingrole that platforms play, the shift to zero-emissiot
vehiclesand autonomousdriving, are likely to give rise to collective dynamics. Whereas
previoustechnologicaladvancementincreasedthe connectionson a global level, connect-
ing regionswhich were far apart, modern transport technologiesincreasethe number of
interactions between constituents of the mobility landscape.

time

Fundamentally, the study of gasespaved the way for the study of many-particle systems
It revealedthat for many systemsof interacting constituents, one doesnot needinformation
on the entire systemto understand the principles underlying it. Rather, it su cesto analyze
relations among macroscopicvariables, which fully capture the system at the macroscopic
level [198]. The description of an ideal gas can be reduced from the degreesof freedom of
countlesspatrticles, to just a handful of macroscopicvariables such as the temperature and
pressure.

With more complex interactions, more complex phenomenacan be found and described
Including attracting and repelling forcesbetweenmoleculesin the description of a gas,reveals
the phasetransition betweena liquid and a gaseousstate, characterized by a single global
order parameter, the speci ¢ volume of a molecule. Methods from statistical physics have
made possiblethe description and prediction of similar phasetransitions in countlessphysical
and beyond-physical systems such as in the synchronization of oscillators [139, 229], the
spreadof diseaseqd37], the growth of networks [17] and many more [42, 63, 105, 191, 227].

Many particle systems- often in conjunction with phasetransitions - give rise to macro-
scopic order. Characteristic spatial and temporal scalesmay emergeas a consequenceof
microscopic particle-to-particle interactions [94, 139]. In contrast to characteristic scales
scale-freedistributions, also known as power-law distributions, arise at the boundary of
phases,the critical points. They entail long-range correlations between microscopic con-
stituents of the system. Frameworks in statistical physics, like mean- eld theory [120] and
renormalization group theory [221], have contributed to the understanding of power-laws

13



1. Introduction

emergingin a multitude of elds[13, 18, 85, 222].

The presenceof interactions, feedbackloops and the resulting host of possible collective
dynamics make understanding the inner workings of a physical system challenging. The
prevalenceof systemsthat exhibit all these features has brought forth the large interdisci-
plinary eld of complex systems. Human mobility exhibits all the qualities of a complex
system, and thus, it is no surpriseit has attracted the interest of a host of interdisciplinary
researcherdncluding physicists [6, 19, 63, 71, 105, 126, 135, 224].

Tra c¢ ow, for example, has been studied extensively from a physical point of view, as
it exhibits classically physical phenomena suchas phase-transitions[106, 127, 170] and self-
organization [126, 128, 146, 243].

On a very large scale, human travel, whether for the daily commute or as part of large
migrations, has beenstudied using modelsparalleling Newtons law of gravity [79, 251, 265],
or the emissionand absorption of radiation [213, 258].

The study of human movement on the small scale,at the level of individuals, has heavily
relied on frameworks developedfor entirely di erent problems, e.g. the movement of stock
prices[11], molecular kinematics [73] or a theory of the distribution of galaxy clusters[159].
Drawing on these techniques has allowed researchersto uncover universal scaling laws for
human travel [38] and explain thesein terms of microscopicmechanisms[89, 97, 263].

Uncovering novel collective dynamics in future mobility

Given that emergentcollective dynamics in human mobility have beenencounteredin the
past, many of which had counter-intuitive and detrimental e ects on mobility, the question
arises:

What new collective dynamics may emergefrom current mobility transformations?

Chapter 2 of this thesiswill showcasehow platform mobility introduces new rules of inter-
action, which lead to novel collective dynamics. We addressthe collective behavior emerging
amongride-hailing drivers asa consequencef a central dynamic pricing algorithm. Contrary
to its intended e ect, we show that dynamic pricing can create incentive structures which
induce arti cial supply shortages[206].

In Chapter 3 we shedlight on an aspectof the mobility transformation often overlookec
in complex systemsresearchon human mobility. In an attempt to reduce carbon emission:
many of the most in uential markets in the world are now moving towards replacing fossil
fuel reliant internal combustion engineswith electric motors. Despite being praised as a
direct replacementof ICE vehicles,EVs follow slightly di erent rules. Their rangeis limited,
the processof recharging a battery takes longer than refueling a tank, and charging stations
are often relatively sparse. A complex system can exhibit drastically di erent dynamics
when the underlying rules change. The guiding question of chapter 3 is, how will the change
to electric mobility impact established models of tra ¢ ow? We investigate how these
di erencesmanifest on a macroscopicscale and show how the behavior of individual EV
drivers culminates in the emergenceof a new type of congestionwave [164].

In Chapter 4 we turn towards ride-pooling. In contrast to ride-hailing and electric vehicles
ride-pooling aims to both reduce emissionsand combat congestion. It combinesthe best
propertiesof public transport and ride-hailing. It canprovide a high occupancyande ciency,
like public line serviceswhile simultaneously o ering exible door-to-door servicelike ride-
hailing.

In ride-pooling customersrequestrides and vehiclesare dispatchedon-demandto pick them
up and bring them to their destination. In contrast to ride-hailing services,ride-pooling aims
to combine trips of multiple customersin a way that minimizes distance travelled by the
vehicle, while keepingdelaysfor the customerslow. Ride-pooling canthereforeboth decreas
the number of vehicleson the road, and decreaseemissionsper trip, while still providing
door to door transport. Ride-pooling relies on a central algorithm, which optimizes routes

14



and matches customersto vehicles. Vehicles interact with other vehicles and customers
indirectly through the algorithm, the position of one vehicle will a ect the future route of
another as their locations matter for the assignmentof customers. The resulting many-
particle system governedby mediated interactions has the potential of exhibiting intricate
collective dynamics. We examine the macroscopicproperties of ride-pooling servicesand
how ride-pooling performance dependson surrounding parameters. We uncover collective
dynamics emergingin ride-pooling, and exposethe connectionbetweenmicroscopicdynamics
of individual vehiclesand macroscopicperformancemetric of an entire ride-pooling service.

By highlighting collective dynamics tied to individual decision-makingin chapter 2, to
infrastructure in chapter 3, and to centrally coordinated mobility in chapter 4, we provide an
overview over changesand emergentbehavior which will play a role in tomorrows’ mobility
landscape,and stressthe importance of modelling human mobility as a complex systemto
anticipate feedbackloopsand nonlinear interactions to robustly designfuture transportation
systemswhich are reliable and sustainable.

15
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2. Arti cial supply shortagesin ride-hailing

2.1. Introduction

Over the last decadeseveraldigital platforms o ering transport serviceshave emerged.Car-
sharing platforms enable easy car rentals, with GPS servicesinforming usersof the nearest
available vehicle. This facilitates the distribution of free- oating sharedcars throughout the
city, signi cantly enhancingaccessibility [81]. Bikesharing platforms [219] provide the same
servicefor bicycles, making it easyfor customersto rent a bike at any time. Bikesharing in
particular hasproven very successfulnd cities have begunincorporating bikesharingservices
in their public transport networks [175, 239].

One type of mobility platform has had an especiallylarge impact on society: Ride-hailing
platforms. Providing intuitive apps made ordering a ride-hailing trip simpler for riders.
Processingride requestsdigitally makesit possibleto automatically nd optimal assignments
of riders to vehicles, leading to shorter waiting times for riders, enhancing the platforms’
servicequality and widening the gap to traditional taxi services.

Being software-driven, ride-hailing platforms rapidly scaledup by leveraging gig-economy
workers—independentcontractors providing on-demand services[35, 266]. These platforms
have now spreadglobally, often replacingtraditional taxi servicesasthe dominant on-demand
transport option in many cities [44, 130, 242].

Ride-hailing platforms presenta two-sided market. They connectriders, the demand side,
to drivers, the supply side and set the rulebook for how both sidesmay interact with each
other. The platform decideswhich driver getso eredwhich ride, the price riders haveto pay
for the trip, and how much drivers earn for a trip.

A central problem of ride-hailing platforms is the decreasén servicequality, when demand

uctuates. Sharp spikesin demand may force the entire ride-hailing systeminto a state of
persistently bad servicequality. The mechanismof this overload of the systemis describec
in section 4.4.4. In order to keep the service quality high, ride-hailing platforms need to
exert in uenceover both the supply side and the demand side [43], to either decreasede-
mand spikesor increasethe supply during thesespikes. Many ride-hailing companiesseekto
balance demand and supply simultaneously with dynamic pricing. By controlling the price
of a trip, the ride-hailing company can suppressor increasedemand for transportation and
simultaneously incentivize drivers to work.

Ideally, a dynamic pricing schemdeadsto a homeostatice ect, keepingthe balancebetween
supply and demand, without surrendering control over the price to the free market, thereby
allowing the platform to competeon prices [5, 30]. However, by foregoing the free market
dynamic of determining prices, dynamic pricing can lead to prices that are far from the
equilibrium price with customers paying lessfor a trip than they would otherwise. This
deviation from the equilibrium opensup the price dynamicsto non-equilibrium phenomene
[27].

Notably, this chapter revealsthat dynamic pricing schemesdesignedto balanceload and
supply, can actually bethe root causeof supply-demandimbalancesunder certain conditions.
This insight highlights a counterintuitive impact of dynamic pricing mechanisms,making it
a central nding of this chapter.

In 2019minor newsoutlets in Washington D.C. reported on a schemeperpetrated by Uber
drivers at ReaganNational Airport (DCA) [68, 253]. While waiting for trip assignmentsat
dedicatedride-hailing lots, drivers cameup with away to increasetheir earnings. Coordinated
by onedriver, standing in front of a row of cars, drivers would turn o their apps and look
towards the lead driver in anticipation. The lead driver would monitor the price of Uber trips
starting from DCA asit increasedin responseto the suddenlack of supply. Then, oncean
agreedupon threshold was reached, they would give the signal, and all drivers would turn
their app back on simultaneously and accept requestsfor trips as soonas possible. As the
pricing algorithm operateswith a time delay, drivers would receive much higher fares for
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Figure 2.1.: At ReaganNational Airport (DCA) in Washington D.C. short repeating spikesin the
price for atrip from the airport to the center of Washington D.C. canbe seen(highlighted

grey). Media reports suggestcollective action by drivers play a role in anomaloussurge
pricesat DCA [68, 253].

o

thesetrips, and thus increasetheir pro t, beforethe price droppedagainto the original level.
Pricing data for Uber trips at DCA also show suspiciousprice surgesin the evening hours
shownin g. 2.1.

Is this kind of behavior a unique facet of ride-hailing in Washington D.C. or is it indicating
a systemicissuewith dynamic pricing in ride-hailing services?By applying gametheory to
study the way ride-hailing drivers make decisionswe uncover that the incentive structure
that makescoordinated supply shortagespro table is a genericproperty of dynamics pricing
in ride-hailing. Using price time seriesdata, we showthat anomaloussurge prices, consistent
with arti cially induced supply shortages,are a global phenomenon.

This chapter is structured as follows. In section 2.2.2 we introduce the key concepts of
gametheory utilized in our study of anomaloussupply shortages. Section 2.2.3 shedslight
on dynamic pricing algorithms, in particular the principal mechanicsof Uber’s surgepricing.
We give an overview over the data sourcesusedin this work in section 2.3. Then we verify
that short-lived surgepeaksare in fact not causedby demand uctuations in section2.4. We
formulate the supply dynamics of ride-hailing platforms as strategic gamesin section2.5and
showthat short-lived arti cial supply shortagescan be explainedfrom the incentive structure
of dynamic pricing itself. Finally, we identify locations where anomaloussupply shortages
are likely to occur from price time seriesdata in section 2.8.

This chapter is basedon the publication,

[206] Schrdder, M., Storch , D. M., Marszal , P., & Timme, M. (2020). Anomalous supply
shortagesfrom dynamic pricing in on-demandmobility. Nature communications,11(1),
4831.( shared rst authors)

for which | wasshared rst author. | contributed in the conceptionof the researchquestion,
played a supportive role in outlining the researchpath, contributed to the analysis of the
game theoretic models, and collected, explored and analyzed the data. The contents of
the publication have beenextended here with additional guresand insights and have beer
contextualized. Overlap with the original publication can be expected.
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2. Arti cial supply shortagesin ride-hailing

2.2. Background

Here we brie y introduce the conceptsand tools employedto understand the dynamics of
arti cial supply shortages. For a more in-depth explanation and discussionof the concepts
involved we refer to the cited literature.

2.2.1. Gaussian mixture model

In this work we will model an empirical distribution of price changesasa linear combination
of Gaussiandistributions. A Gaussianor normal-distribution is functionally described by
[20]:

1 1 1
. — S(x W) (x W
Prorm (X; M1, = p———€ 2 .
nor ( ) ( )d et

Where d denotesthe dimensionality of the vector x, i denotesthe vector of the averagesand
the matrix  denotesthe covariancematrix [240].

A Gaussianmixture model (GMM) is a weighted sum of normal distributions with di erent
meansand covariance matrices [32]. One can understand a GMM consisting of K normal
distributions (components) as the probability distribution of a random variable, which is
generatedby rst choosingone of the componentsat random, and then sampling from this
component. The probability distribution given by a GMM can be written as

p(x) = WicPnorm (X; Mk, k) -
k=1

The weight of eachnormal distribution is given by wy > 0, such that

X
we=1.
k=1

When the goal is to infer a GMM from available data a closedform maximization of the
likelihood is not possible. However, the expectation-maximization algorithm provides an
iterative approachto obtain a maximum-likelihood estimate of the parametersof the GMM.

Summarized,the expectation-maximization algorithm works as follows [32]. Initialize the
averagesyl, the covariance matrices  and the weights wy randomly.r For all N data
points x; in the dataset, compute the relative likelihood j of data point x; being produced
by componentk,

~ Wi Prorm (X; Mk, k)
= P .
i=1W Prorm (X3 Hj, )

Use the relative likelihood ik to update the meanspy and covariance matrices , by cal-

IDi erent randomization schemesare used in practice. A popular choice is kmeans++ which choosesthe
means [k sequentially by selecting data points with the largest distance to any of the previously chosen
Mk . The covariance matrix ¢ is then calculated from the points to which p is the closestpoint. [7]
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culating weighted sums:
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Here the index i runs over the data points, while k indicates the component, i.e. the k-th
Gaussiandistribution.

The calculation of the relative likelihood is referred to as the expectation step, and the
updating of the parametersas the maximization step. Expectation and maximization steps
are repeateduntil the total likelihood of the GMM over the dataset converges.

2.2.2. Game theory

In physical systemstheir constituents, usually particles, follow clear-cut rules, determined
by a dynamical equation. When studying socio-economicabystems,constituents are usually
agentscapableof forethought and planning. A personinteracting with another can anticipate
the actions of their counterpart. Game theory presentsa framework which formalizesthese
kinds of interactions and allows oneto understandthe dynamicsof decision-makingof rational
actors.

The central type of modelin gametheory is the strategic game. A strategic game consists
of a set of players or agents. Each agent is equipped with a set of actions they may take.
Combinations of actions of the players bring about a certain outcome, governedby the rules
of the game. The players possespreferenceswith respectto these outcomes[179].

This de nition of a gamespansa wide range of problems: From two players playing a game
of rock-paper-scissorg246],to national governmentsnegotiating global treaties [217].

In this work werely on the theory of one-0 non-cooperativestrategic games. Gameswhich
are only played once,and each player maximizestheir own payo .

Game

Non-cooperative strategic gamescan be representedin normal form. There are n players
participating and eachplayer i hasa setS; of actions, also called strategies,to choosefrom.
A tuple of chosenactions by all playersis called a strategy pro le.

S= (S1,S2,..-Sn)

with s;  Sj.

In addition, eachplayer i hasa payo function ;(s), which takes a strategy pro le asan
argument and assignsa utility to this pro le for this player. Con icts, or rather interesting
problems, arise when di erent players assignthe samestrategy pro le di erent utilities.

Consider the following example: Alice and Bob play a game of rock-paper-scissors.Both
players have the same set of actions S = {Rock, Paper, Scissor$ at their disposal. They
both choosetheir action without knowing what the other player will choose,i.e. the gameis
simultaneous. They both want to win, thus the gameis non-cooperative. Such a game can
be representedby a payo table (table 2.1):
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Table 2.1.: Payo matrix for a Rock-Paper-Scissorgiame

Bob| w
Alic Rock Paper $cissors

rRock | 00 |-1,1 [1,-1

Paper 1,-1 0,0 -1,1
Scissors -1,1 1,-1 0,0

Each cell in table 2.1 representsa strategy pro le. The numbersin each cell denote the
payo s, left the payo for Alice, i.e. the row player, right the payo for Bob, i.e. the column
player. The payo or the utility for the winner is +1, for the loserit is 1. In atie both
players receivea payo of 0.

Rationality

Game theory, canonically assumesrational agents. Agents only want to maximize their
utility, and they are capableto think through any actions their co-playersmay take and base
their own choiceof action on the possibleactions of their adversaries.

This rationality assumption, although arguably not completely accurate in describing hu-
man behavior [67, 121], provides the basisto describe human actions mathematically and
has produced countlessaccurate predictions and has signi cantly contributed to our under-
standing of politics, economicsand evolution [10, 60, 136,140,171, 216, 218].

The decision-makingof a rational agent can roughly be summarizedasfollows. A rational
agentwill choosean action which is the best possibleanswerto whatever action their opponent
chooses.This strategy is called the best response:

De nition 1 (BestResponse)lets ; = (s1,S2,...,Si 1,Si+1,...,Sn) bethe strategy pro le
of a gamefor every player exceptplayeri. Let s= (s;,s i) bethe strategy pro le including
playeri. s; is called the bestresponseof playeri if,

i(si,s i)  i(ti,s i)
for every action t; of playeri.
This De nition givesa condition for a solution of a strategic game,called Nash Equilibrium.
Equilibria

De nition 2 (Nash Equilibrium) . Let s= (s1,S2,-...,Sn) bea strategy pro le for a strategic
game. s is a Nash equilibrium if

i((s1,.-+,Si 1,Si,Si+1+---15n)) i((st,.-+,Si 1,%i,Si+1+---,5n))
for every action t; of playeri and for every playeri.

In di erentwords, a Nashequilibrium is a strategy pro le, in which every player’s choiceof
action is the bestresponseto all the other players’ choicesof actions. At a Nash equilibrium
no player can improve their payo by changing strategies.

A gamemay have multiple Nash equilibria and every strategic gamewith a nite number
of playersand a nite number of strategieswill have at least one Nash equilibrium [95]. This
Nash equilibrium might, however, consist of mixed strategies.
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De nition 3 (Mixed Strategy). A tuple = ( 1, 2,..., |g) of a playeri in a game
representsa mixed strategy, if

X
i =1.
j=1

The player i playing this strategy will choosean action s;  S; at random with probability ;.

While a player can only play oneaction, they might do soby choosingan action at random
and playing it with a certain probability [95].

Generally nding the Nash equilibria of a gameinvolves a brute force searchof the space
of possiblestrategy pro les. A common method for nding Nash equilibria is describedin
appendix B.1.

Types of games

In this work we will primarily focuson two-player gameswith two possibleactions for eacl
player, 2 x 2-games.

The concept of mixed strategies is essential for understanding Nash equilibria in 2 x 2
games. A mixed strategy allows a player, say playel, to choose a probability distribution
over their available actions. We can parameterize player |I's mixed strategy using a variable
x [0, 1], where:

(X)) = (x,1 x).

This notation indicates that player | plays their rst action with probability x and their
secondaction with probability 1  x.

Given this mixed strategy, we can then determine the best responseof the other player, II,
to (x) for any value of x. Player Il’s best responsecan itself also be expressedas a mixed
strategy, parameterizedby y [0, 1]. This producesa best responsefunction yy(x), which
representsplayer Il’s optimal responseto every possiblemixed strategy of player |.

Similarly, we can nd player I's best responsecurve xu(y) to any mixed strategy | (y)
chosenby player II.

Figure 2.2 illustrates thesebest responsecurvesfor various games. Nash equilibria become
apparent by examining the intersections of these curves. At a Nash equilibrium, each player
is playing their best responseto the strategy of the other player. Therefore, Nash equilibria
correspondto points wherethe best responsecurvesintersect.

2 x 2 gameswith three Nash equilibria are called coordination games[182]. The best
responsecurves of both players intersect at three points, two of which correspondto pure
Nash equilibria. Dependingon, whether the strategy setsof both players are the same,these
may be referred to as either coordination games,when the pure Nash equilibria corresponc
to both players choosingthe sameaction, or anti-coordination gamescorrespondingto both
players choosingopposite actions.

Coordination games An examplefor a coordination gameis shownin g. 2.2a. This game
depicts the archetypical stag hunt gamein which two hunters needto decidewhether to hunt
deer or rabbits. Hunting deer will only be successfulif both hunters participate, returning
high payo sashunters divide the spoils. Hunting a deerwhile the other hunter hunts rabbits
will lead to failure and the deer-hunting hunter will return empty-handed, while the rabbit-
hunting hunter will have caught plenty of rabbits. When both hunters chooseto hunt rabbits
they will each catch only a portion of the rabbits. The two Nash equilibria are deer-deer
and rabbit-rabbit, showcasingthat solutions of this game are states in which the hunters
successfullycoordinate to pick the sameaction.
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Coordination game: b Cyclic game: c Dominance-solvable
game:
Stag hunt Matching pennies Prisoners dilemma
I deer |rabbit 'heads| tails D\ silent [testify
deer |10,10| 0,8 heads| 1,-1 | -1,1 silent| -1,-1 | -3,0
rabbit| 8,0 | 4,4 tails| -1,1 | 1,-1 testify| 0,-3 |-2,-2
rabbit1.0 | tails testify 9
0.8 F | - -
| —— player I |
= 06 —— player I
0.4 | - -
player 1 player I
0.2 _‘ I —— player I] | —— player IT
deer 0.0 N ) : ! L heads |- ! , — silent [, ! ) ! L
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0
deer - rabbit heads - tails silent T testify

Figure 2.2.: Three qualitatively different Nash equilibrium profiles can be obtained for 2 x 2-games.
a Coordination games exemplified by the stag hunt game. Two pure Nash equilibria and
one mixed equilibrium exist, visualized as black dots where the best response functions
intersect. This case is sometimes further divided into coordination and anti-coordination
games, depending on whether the pure Nash equilibria are strategy profiles in which
both players pick the same strategy, or different strategies. b Cyclic games exemplified
by the matching pennies game. Player I wins the game if both players pick the same
action, player IT wins if both players pick different actions. Only a single mixed Nash
equilibrium exists. ¢ Dominance-solvable games. A single pure Nash equilibrium exists.
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Coordination-like payo s can be found in many elds and have beenusedto study the
emergenceof languages[208], model the progressionand interaction of cancercells [25] and
model the transition from fossil fuel vehiclesto battery electric vehicles[69].

Cyclic games Cyclic games(see ¢. 2.2b) have no pure Nash equilibrium. Any strategy
that a player | might choose,will be counteredby player Il with a strategy to which player
I's strategy is not the best response.Trying to nd a pure Nash equilibrium by repeatedly
switching strategieswill result in cycling through all strategies(comparearrowsin g. 2.2b).
A well-known examplefor a cyclic gameis rock-paper-scissorgseetable 2.1), where, in the
absenceof knowledge about the statistics of human behavior [24, 246], the only rational
choiceis choosingactions at random.

Dominance-solvable games The third classof games,termed dominance-solvable exhibit
only oneNashequilibrium, which canbe found by successivelyeliminating strongly dominated
strategies, i.e. strategies of either player | or player Il which return lower payo s than
all alternatives. The best known example for a dominance-solvablegame is the prisoner’s
dilemma (see2.2c). In this gametwo prisoners are given the option to remain silent or to
testify. If both prisonersremain silent, they will eachservea minimal sentence. When one
prisoner testi es,their sentencewill be reducedwhile the other prisoner will receivea much
harsher sentence. When both prisonerstestify, both will servelonger sentences.The Nash
equilibrium is the casein which both prisonerstestify, as from this state a changein the
strategy of one prisoner will only decreasetheir payo (increasetheir sentence).

This gameservesto highlight another aspectof strategic games. The Nash equilibrium is
not necessarilythe best possiblestate for the involved players. In the prisoner'sdilemma, both
prisonerswould receivehigher payo s shouldthey both chooseto remain silent. Similarly, in
the stag-hunt game, while there are two Nash equilibria, they both lead to di erent utilities
for the players. To beableto quantify and discusssuchscenarioswe makeuseof two concepts

De nition 4 (Pareto E cency). A strategypro leis Paretoe cientif thereis no alternative
strategy pro le which improvesthe payo s for all players.

Intuitively on can understand Pareto e cient strategy pro le asthe xed point of a se-
qguenceof (Pareto) improvements. No player would be opposedto a changewhich improves
everyone’spayo s, such an improvement is called a Pareto improvement. When all such
improvements have been made, the strategy pro le one arrives at is Pareto e cient. Nash
equilibria are not necessarilyPareto e cient. The prime example for this is the prisoner’s
dilemma (see g. 2.2c). The Nash equilibrium testify-testify leadsto the worst possibleout-
come,a changeto silent-silent would improve both their outcomes. In fact, in the prisoner’s
dilemma, every strategy pro le exceptfor that Nash equilibrium is Pareto e cient.

In addition to Pareto e ciency we make use of another measure,commonly usedin tra c¢
sciences:social optimality [56, 158, 249].

De nition 5 (Social Optimum). We consider a strategy pro le to be a social optimum .
if the averagepayo s of all players are maximized:

X
soc = argmax ui( ), (2.2)
i=1
where denotesa strategypro le, uj( ) the utility or the payo for playeri giventhis strategy
pro le, and the summation is performed over all players.

A social optimum is not necessarilyalso a Nash equilibrium, which is exempli ed in the
prisoner’sdilemma g. 2.2c. Becausethe social optimum is determined using averagedutili-
ties, it is possibleto move from a Pareto e cient solution to a social optimum, by decreasin(

27



2. Arti cial supply shortagesin ride-hailing

the payo for one player while increasingthe payo of another by a larger amount. Thus,
not every Pareto e cient strategy pro le needsto be a social optimum. Conversely, every
social optimum is Pareto e cient.

2.2.3. Dynamic pricing
General pricing dynamics

The processof determining prices of goodsand servicesplays a central role in microeconomic
theory. Sellersor producersof goodsgenerallywant to maximize their pro t whendemanding
a price for a good. On the other, hand buyers have certain preferencesvhich a ect how much
of agoodthey are willing to buy at any given price. Overall, the mechanismsunderlying price
discoveryare complexprocesseslependingon the interaction of many independentparts [93].

Reasonswhy the price of a good or service might change are manifold. On long time
scalescompetitors may enter or leave the market changingthe market dynamics and prices.
Substitutes of goodsor servicesmay appeatr, leading to demand shifting from one good to
another [160]. On short time scalesnew information about a company (or commodity) will
changethe expectations of traders about its value and thus changingits presentprice.

Prices determined by such processegan be consideredequilibrium prices[93], achievedby
arriving at somedynamic equilibrium.?

In contrast, dynamic pricing is the short time scaleadaptation of the price by a central
entity, not causeddirectly by market processeshut rather by some,often automated, decisior
process. Rather than suppliers and consumersinteracting directly to nd amenableprices,
the price is dictated by a central entity, which may considercurrent supply and demandin
its decision-making.

An early exampleof dynamic pricing in the digital ageis the pricing of airline tickets [259],
however dynamic pricing has found applications in utility prices [70], tra ¢ managemen
[149] and online retail [50].

Dynamic pricing is particularly useful for ride-hailing services. Being two-sided markets,
ride-hailing platforms needto manageboth the supply side,i.e. the o ersof rides by drivers,
and the demand,i.e. the requestedrides by customers. Dynamic pricing givestheseplatforms
the ability to incentivize drivers to move towards areaswith high demand. Similarly, price
surgesincentivize customers,who are able to postponetheir trips, to do so.

The latter part is of particular importance to ride-hailing services. Demandpeaks can
lead to large decreasesn service performancewhich persist for long periods of time. This
hysteretic overload of ride-hailing systemshasbeentouched upon in the Master’s thesis[161]
and the results of subsequentunpublished work are included in section4.4.4and appendix A.
Summarized,high demandimpairs the systemfrom nding e cient matchesbetweendrivers
and riders, and previous bad matchesperpetuate this state of overload.

To prevent suddendemand uctuations from leading to the overload of the ride-hailing
system, either demandspikesneedto belimited, or the supply hasto beincreasedin response
Dynamic pricing o ers the sought after e ects and has been shown to be able to prevent
overloading from occurring [43].

Dynamic pricing at Uber

The Uber Price estimate API (seesection 2.3) allows reconstructing part of Uber’s pricing
scheme.Fundamentally, Uber’s price p can be modelled as consisting of two parts, basecost

2In a dynamic equilibrium endogenousvariables like demand and supply adjust continuously to balance,
eventhough external in uenceschangeover time [1]. A closely related concept from the eld of physicsis
a quasi-static process,in which a system continuously changes,but this changeis slow enough such that
it can be described as following a sequenceof equilibrium states.
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Figure 2.3.: Schematic depiction of dynamic pricing. a Price as observedby customers. b Base
cost uctuations, for example due to congestion. ¢ Surge fee applied when supply and
demand are mismatched. d Demand and supply imbalance. Surgefeescomeinto e ect
when demand increasesunexpectedly or supply decreasesinexpectedly.

Pbase and surge fee Psyrge:

P = Poase * Psurge(D, S).

The basecost coverscostswhich are independent of demand and supply. This includes at
pickup and booking fees, long pickup fees, if the pickup location is far from the nearest
available vehicle, and surchargessuch astolls and airport pickup fees. We collect these at
feesunder the variable pg. The basecost also includes time and distance dependentfares,
which scalelinearly with time t and distance driven. These are impacted by demand
in an indirect way, as during high demandtimes, especiallyduring commuting hours, travel
times are a ectedby tra c, which increasesthe time dependentfares(see g.B.1). We can
write the basecost as,

Pbase= Po+ Pt t+p

The surge fee psurge is determined by Uber’s surge pricing algorithm. It dependson the
local supply and demand. Uber’s surge pricing algorithm is not public, and neither are its
input variables. Some workhas beendone to reverseengineerthe surge pricing algorithm
[49, 205], however, as Uber repeatedly adapts the algorithm, previous work is unlikely to
match the current iteration. Notably, Uber at least oncetransitioned from a multiplicative
surge pricing schemeto an additive one [92]. Regardlessof past changes,the core feedback
mechanismin dynamic pricing in ride-hailing remainsthe same. A genericproperty of surge
pricing algorithms is that when demand surpassessupply the price needsto increase,and
when demandis low it should decrease.This basic mechanismleadsto almost identical price
dynamics acrossdi erent ride-hailing services[116]. Here we will focuson a minimal pricing
mechanic which accomplishesthis function. A schematic depiction of a general dynamic
pricing algorithm can be seenin g. 2.3.
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Table 2.2.: Table of exemplary Uber product data for products requestedat DCA. Units of
distance usedare miles for US locations.

cost per cost per service
. . base cost . )

service capacity  shared [USD] minute distance fees

[USD/min] [USD/mile] [USD]
Black 4 0 7.75 0.82 2.20 0.00
UberXL 6 0 2.10 0.32 1.95 2.25
Pool 2 1 0.74 0.25 0.80 2.00
UberX 4 0 1.21 0.30 0.80 2.00
Black SUV 6 0 14.75 0.86 2.49 0.00
Comfort 4 0 1.69 0.42 1.08 3.00
WAV 4 0 1.21 0.30 0.80 2.00
UberX Car Seat 4 0 1.21 0.30 0.80 2.00
Black SUV Car Seat | 6 0 14.00 0.86 2.49 0.00
Black Car Seat 4 0 7.00 0.82 2.20 0.00

Table 2.3.: Resultof a query of the /price_estimate endpoint for a trip from DCA to Union
Station in Washington D.C.

service distance[miles] duration [seconds] price estimate [USD]
Black 4.78 900 35 38
UberXL 4.78 900 23 25
Pool 4.78 900 15 16
UberX 4.78 900 16 17
Black SUV 4.78 900 44 49
Comfort 4.78 900 20 22
WAV 4.78 900 16 17
UberX Car Seat 4.78 900 26 28
Black SUV Car Seat 4.78 900 54 59
Black Car Seat 4.78 900 44 49

2.3. Data and Methodology

2.3.1. Uber’s price API

In 2019Uber provided an Application Programming Interface (API) which alloweddevelopers
to obtain price estimatesand an overview over products for the developmentof third party
apps. While the servicewas opento anyonewith a developeraccountin 2019,in 2020 Uber
restricted accesgo the API.

While open, the endpoint /products, acceptedcoordinatesas input and returned a list of
Uber’s servicesoperating in the area, including at fees(i.e. po) and baserates (i.e. p; and
p ) determining the basefare ppase. Table 2.2 showsthe product list for Washington D.C.

The /price_estimate endpoint took in two setsof coordinatesasinput, and then returned
a trip estimate, which contained the expectedtime for the trip, the expecteddistance and
boundsfor the expectedprice of the trip roundedto integer currency units (currency depends
on the input coordinates).
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Uber’s python packagefor this APl and documentation can be found at [237]. The docu-
mentation of the Uber API lists surge_multiplier asa eld returned by the price_estimate
endpoint. However, the surge multiplier has beenremovedin 2016, coinciding with Uber’s
changein pricing scheme[92, 236].

e Uber presence e City sample

Figure 2.4.: Uber ride-hailing services around the world. Blue markers indicate all cities where
price estimate time series have been recorded out of all locations where Uber service is
available (gray). In some locations, especially in the US, we recorded price estimates
for multiple different trips in the same location.

We recordedUber trip data for 137 distinct routes in 59 urban areas across six continents.
The data were collected from 31-05-2019 to 25-06-2019, with some days missing from the data
collection due to technical issues. Price estimates were collected twice per minute, which was
found to be well above the frequency with which Uber updates its price estimates on its
servers. Sampling rates were kept low to minimize interference with Uber’s operations.

Locations of the trips were picked by hand, accordingto four di erent classi cations:

* airport trips (63 locations): Trips which beginat an airport and end at central locations
within a city. Demand at airports can be estimated via ight arrivals.

» convention center (23 locations): Trips which begin at convention centersand end at
central locations within a city. Demand at convention centersis expectedto be highly
clusteredin time, henceproviding a referencefor demand bursts.

« train station (12 locations): Trips which begin at a train station and end at central
locations within a city. Demand at train stations may exhibit similar behavior to
demandat airports due to train arrivals.

« city trips (39 locations): Trips beginning and ending in commercial and residential
areasof cities. Thesetrips provide referencedor slow demand changes.

For eachtrip the price estimate for a regular service (UberX) and for a premium service
(UberBlack)® were collected.

3Naming schemesdi ered for some countries. In France for example the premium Uber service is hamed
Berline. Other premium servicesare Lux or Select.
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For areasoutside the United Statesof America, the currency wasconvertedinto USD basec
on the exchangerates for the respectivedate provided by the European Central Bank [16].
While Uber’s price estimate API returns both a lower and an upper price estimate, we only
consideredthe lower estimate for our analysis. For every trip price estimate, we calculate
the basefare from the information about the Uber product (i.e. UberX or UberBlack). We
usethe distance and time estimate returned by Uber's API for this. We then subtract the
calculated basefare from the price estimate to obtain the surgefeetime series.

This method may result in somesurge price time serieswhich never drop to zero result-
ing from hidden fees notdocumentedin the API. In this casewe additionally subtract the
minimum of the resulting price time seriesto isolate the surgefee.

2.3.2. Flight data

Data on ights was collected from two sources. Aircraft landing times, call signs (unique
identi ers), and aircraft types were collected from flightradar24.com via their open API.
For the 63 consideredairports, the arrivals of planeswere collectedfor the sametimespan as
for the Uber price estimate data.

Data on the seatcon guration, necessaryto estimate the number of passengerswas col-
lected from flightera.net . Approximately 20% of the ights collected from ightradar24
did not have a counterpart in the ightera dataset, such that seat con guration neededto
be estimated for them. Additionally, when the sametype of aircraft was available in the

ightera data, the averageseatcon guration wasimputed. When eventhe aircraft type was
not available the averageover all aircraft observedwasimputed instead.

The ight arrival data consistsof unevenly spacedevents. To comparethe arrival data to
the Uber price estimates, which are polled at regular intervals, arrivals are binned for every
30s, and smoothedwith arolling averageand a backwardswindow of 5 min. The smoothing,
improves the identi cation of high tra c¢ time-slots, while the short smoothing window still
preservesvery quick uctuations.

2.3.3. Historic taxi trips

In addition to the two data sourcesabove, which required dedicated collection schemeswe
employ historic taxi trip data [62]. This dataset is provided by the department of for-hire
vehicles of the District of Columbia. The data includes origin and destination resolvedto
city blocks de ned in the DCA Master Address Repository [61] as well as time of pickup
which were usedin our analysisof the data. Other data eldsincluded weretime of delivery,
fares, tip amount, the name of the company providing the trip and others. Speci cally we
consideredtaxi trips between2017-01-02and 2017-08-27%hat originated from DCA airport.
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2.4. Transportation demand

Price surgesintend to quickly rebalancesupply and demand. This is especiallyimportant
for very short-lived demand supply imbalances,which can drive the ride-hailing systeminto
a state of persistent low service quality (see. section 4.4.4). Long periods of high demand,
such as during peaktra c hoursin the morning and afternoon, experiencedynamic prices
even without additional surge fees, becausetrip times and distanceschangedue to tra c¢
conditions (see g.B.1). Thus, pricesnaturally increaseduring thesetimes without additional
interference. Figure 2.5 showsthe total fare, the basecost and the surgefeefor severalride-
hailing trips. The basecost uctuates slowly, with notable peaksduring the morning and
evening commuting hours. The changein basecost can be observedin the price of UberX,
the regular ride-hailing service,as well as UberBlack, the premium service. However, surge
pricing predominantly a ects UberX. While surgepricing is in e ect during the commuting
hours, distinct surge peakscan be observedin the eveninghours.

At DCA, supply driven surgeshave beenreported in the press[68, 253]. However, whether
the observedsurge peaksare indeed supply driven surges,is not obvious. We rst excludea
possibledemand side causeof these surge peaks, by considering historic taxi trip data and
air travel data asa proxy for demand at airports.

2.4.1. Historic taxi demand

We consider historic taxi trip data in Washington to comparethe price time seriesto. We
calculate the averagenumber of taxi trips for eachweekdayover a period of 8 months from
2017-01-020 2017-08-27see g.2.6). There aretwo qualitatively di erent demandpatterns
over the courseof the week. Mondays, Tuesdaysand Wednesdaysshow very similar demand
pro leswith an approximately constant number of trips beinginitiated during businesshours.
From Thursday to Sunday, demand increasestowards evenings. On Saturdays demand is
overall comparatively low.

Short-lived Uber price surgesoccur from 20:00to 03:00. The historic taxi data doesnot
show drastically increasednumbers of taxi departuresin this time frame. On the contrary,
the number of departures starts decreasingafter 23:00, still in the timeframe where Uber
price data contains surge peaks. Thus, no obvious explanation for price surgesin historic
taxi demand has beenfound.

In order to more accurately asseghe intraday demandat DCA we turn to air travel data.

2.4.2. Airtravel passengers

Each aircraft arriving at DCA carries passengersmany of which will remain in Washington
DC, and someof which will make use of Uber’s transportation service. We assumethat the
fraction of Uber customersaboard planesremains constant over all arriving ights. There-
fore, the demand for Uber rides should be proportional to the number of arriving air travel
passengerswhich in turn is proportional to the total number of seatson the arriving air-
craft. To investigate the correlation betweensurge peaksand arriving air travel passenger
it is su cient to observerelative changesof the arriving air travel passengers.Hence, we
consideronly the number of seatsof arriving airplanes. For the sakeof succinctnesswe will
refer to it asthe number of arrivals.

The number of arrivals over a single day is shownin g. 2.7a.

In fact, the pattern of arrivals agreeswith the historic taxi demand at the airport. Peaks
in arrivals, which may be the causeof short-lived price surges,are not obvious from the time
seriesdata. In order to quantify the relationship betweenthe surgeprice and the number of
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Figure 2.5.: The base cost of both regular and premium ride-hailing services evolves in parallel, while
surge peaks predominantly occur in regular ride-hailing services. a-d Fare estimates for
UberX (blue) and Uber Black (red) on 2019-06-04 for trips originating from Reagan
National Airport, Washington, D.C. (DCA), Los Angeles International Airport (LAX),
San Francisco International Airport (SFO) and George Bush Intercontinental Airport,
Houston (IAH). Columns show total fare, base cost and surge fee, respectively (from

left to right).
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Figure 2.6.: Average number of taxi departures at DCA. Averages have been calculated for eacr
weekday for a period of 8 months in 2017, with a resolution of 1 minute a Monday-
Wednesday. An approximately constant number of taxi trips starts at DCA. There is
a distinct peak around 17:00, a typical commuting hour. At 23:00 demand decreases
b Thursday and Friday. The demand increasestowards the evening hours, likely due
to returning businesstravel. ¢ Saturday and Sunday. While on Saturday the demand
is approximately constant and follows similar patterns like a, the number of arrivals
is lower. The number of taxi departures on Sunday is more similar to b, in that it
showsan increasein taxi departurestowards the evening, likely alsobecauseof travelers
returning at the end of the week. Overall a-c showno increasein taxi departuresin the
evening hours past 23:00, so averagehistoric demand doesnot fully explain why price
surgesmight occur in this time.

arrivals we compute the cross-correlation,

EISH St )(Alt+ t) A+ t))]
s(t) a(t+ )

betweenthe surgefeesand the arrivals. Here S denotesthe surgefeesand A the time series
of arrivals. g and A denote the standard deviation of thesetime seriesin the considerec
time window.

There is obvious correlation in both time series. The Uber surge price time seriesas well
asthe aircraft arrivals are subjectto the day-night cycle, which meansthat both time series
are correlated over long time periods. In addition, the surge time seriesat DCA shows
qualitatively di erent dynamics over the courseof a day. During commuting hours surges
last for severalhours, while in the eveningsurgesare repeatedshort-lived peaks. To mitigate
the in uenceof long time scale uctuations and to isolate the suspectedsupply side price
surges,we divide the price time seriesinto spansof di erent lengths between08:00and 02:00
We then compute the cross-correlationof eachspanwith the full sequenceof arrivals.

(=

» 6-hour time windows: We divide the day into 6-hour time windows from 08:00to 14:0C
( g.2.7b, yellow lines), from 14:00to 20:00( g. 2.7b, greenlines) and from 20:00to
02:00( g. 2.7b, blue lines).

e 12-hour time windows: We divide the day into two time windows from 08:00to 20:0C
( 9. 2.7b, dotted gray lines) and from 14:00to 02:00( g. 2.7b, dotted-dashed gray
lines).

e 18-hour time window: Further we also consider a single 18-hour time window from
08:00to 02:00( g. 2.7b, solid gray lines).

We focus on the correlation betweenthe surge feesand the arrivals in the time interval
20:00-02:00(see g. 2.7a, gray highlighted area). This interval contains clearly visible recur-
ring surge peaks, while the basefare acrossis timeframe is approximately constant. This
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Figure 2.7.: Aircraft
arriving
to be due
arrivals.
lines: from 14:00-20:00,yellow lines: 08:00-14:00,dotted gray lines: 08:00-20:00,dot-
dashedgray lines: 14:00-02:00,s0lid gray lines: 08:00-02:00.Maxima of the correlation
function are below 0.5, and the locations of maxima di er for di erent days. Highlighted
in red is the absolute maximum of the cross-correlationfor 2019-06-0420:00-02:00.This
maximum occursat a delay of 5 min, betweenarrivals and surgefee. ¢ Arrivals vs surge
fee for the maximum indicated in b. No clear relation between arrivals and surge fee
can be observed.

meansthat during this time there is no city-wide increaseddemand, and the reasonsfor the
surgesare likely local.

The cross-correlationbetweensurgefeeand arrivals is shownin g.2.7b. The dark blue line
correspondsto the correlation function on Tuesday 2019-06-04 while the shadedsolid blue
lines showthe correlation for the sametime window on other days. The largest correlation,
of 0.31, between the two time serieson 2019-06-04is observedat a delay of 5 minutes,
correspondingto passengersvhich deplaned5 minutes before observingthe surgefee. Other
days, representedby fainter blue lines, show similar maximum correlations albeit at di erent
delays.

All the maxima of the correlation functions are similarly high, evenat delaysof 60 minutes
and more. The locations of the maxima vary acrossdays. This indicates that there is no
direct relation betweenarrivals and surge fees,as one would expect a consistent reaction of
the trip fare to arrivals if they wererelated.

A closer inspection of the number of arrivals and the surge fee (see g. 2.7c) obtained
by plotting the surgefee at every minute against the passengersvhich arrived ve minutes
previously, corroboratesthe hypothesisthat the number of arrivals do not in uencethe surge
fee duringthe eveninghours.

The sameanalysishasbeenperformedfor Brusselsairport (BRU), Warsaw airport (WAW),
Chennai(MAA) and SanFrancisco(SFO) (see g.B.2). Noneof the consideredairports show
a strong correlation betweenarrivals and surgefee, pointing to the fact that short-lived surge
peaksare not driven mainly by demand.

Discussion

Long periods of surge fees,can be explained by heaviertra c, leading to longer trip times,
which meansthat more drivers are busy and supply is low. The observedshort-lived surge
peaksoccur during times where the basefare is approximately constant, indicating no wide-
spreadincreaseddemand. Historic taxi data showsno consistently increaseddemand during
thesetimes, and evenair travel arrivals show no strong correlation with the surgefee.
Overall neither aggregated historic taxi demand data nor same daytime seriesdata of
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aircraft arrivals explain short-lived surgefee peaks.

Thus, demand uctuations alonedo not explain the periodic price surgesat DCA and other
airports. The remaining explanation is that these surgesare induced by the supply side of
Uber’s service. This is consistentwith the media reports on driver coordinated price surges
In the following section we explore how such supply shortages arise as a consequence 0
dynamic pricing scheme.

2.5. Two-player supply model

Becausethe surge peaksobservedin DCA are not explained from demand dynamics alone,
they needto arisefrom dynamicson the supply side of the ridehailing service. We formulate
a fundamental model for the supply dynamics of ride-hailing, focusingon the decisionsmade
by individual drivers. To study the core mechanismbehind supply-driven price surges,we
abstract from speci ¢ conditions such as dynamic demand patterns, driver psychology, and
detailed surge pricing algorithms.

2.5.1. Inelastic demand

We consider a two-player game, each player being a driver, who can choosebetween two
actions: leaving the app ON or turning it OFF. While playing ON the driver will count
towards the supply S for the sakeof the pricing algorithm.

The payo of a driver is given by their expectedearnings. If they are assigneda customer,
they earn the price p for the trip, otherwisethey will earn nothing. Whether they will get a
customer assigneddependson the demand D, representingthe expectednumber of requests
made in oneinstance of the game.

The surge pricing algorithm determinesthe current price p of the game. It is a piecewise
function of the demandD and the supply S, which is simply the number of drivers who picked
the ON option. When the demand is lower than the supply, the price is given by the xed
baseprice ppase. When the supply is lower than the demand, a surgeprice fee psurge(D, S) is
addedto the baseprice. It starts at psurge(D, S) = 0 when supply matchesthe demand, and
increasesto the maximum surgefee pgiTy. when the supply is zero.

D S
Psurge(D, S) = PSiirge * o
The complete price function is thus given by,
ifS D
p(D,S) = Poase max D S )

Pbase * Psurge " 5 €lse

and its shapecan be seenin g. 2.8a,b.

For two players there are three di erent price levels possible, depending on how many
drivers chooseto turn on the app. pow = p(D,2) when both drivers count towards the
supply, pmia = p(D, 1) if only onedriver turns their app on, and phigh = p(D, 0) when both
drivers chooseto turn o their app. Theserespectivelevelsare indicated in g. 2.8a.

Dependingon the demandD, drivers will be assignedrequestsaccordingto their strategies.
For the strategy pro le ON-OFF the driver playing ON will be prioritized and be assignet
a passenger rst, the driver playing OFF will receivethe remaining demand. If D 1, the
driver playing OFF will not be assigneda requestand thus receivezeropayo . If D  1the
OFF -driver will servemin{1,D 1} requestson average.When both players play the same
strategy, i.e. ON-ON or OFF -OFF, they have equal chancesto be assigneda passenger.In
this caseboth drivers will on averageservemin{1,D/2} passengers.
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Figure 2.8.: Price dependenceon demandand supply. a The price p dependslinearly upon the supply
S. When no driver is online, the price is at its highestvalue phigh = Phase + pfsnué;ge. When
one driver is online, then the price is pmig - Its value dependson the demand. b Price
dependencyon the demand D for a xed supply S = 1. When D < 1 the price when
onedriver is online pmig is the sameas the baseprice ppase.

Figure 2.9.: Phase diagram of Nash equilibria in the two player game with inelastic demand. At
low surgeprices and low demand, the gameis a prisoner’s dilemma, with the only Nash
equilibrium being that both players play ON-ON. At high demand, there is no risk in
turning the app OFF, and thus OFF -OFF is a Nash equilibrium and a social optimum.
At high surgefeesand low demandthe previoustwo Nash equilibria coexistwith a third

mixed equilibrium.

We assumethat the pricing mechanismhasa slight delay, suchthat any driver who switches
o their app will still receivethe increasedprice pmig Or phigh whenthey turn their app back on
to servea passenger.Essentially, this payo structure presentsa dilemma betw
the chancesof receiving a passengeran earning a higher price. This two pla
captured in the payo matrix table 2.4.

Table 2.4.: Payo matrix for the two player game with price insensitive demand,
1 D 2

A ON OFF

ON %plow Pmid

OFF (D - 1)pmid %phigh

Table 2.4 only showsthe casel D 2 which is the casewhen no additional enforcemen
of constraints is necessary.When D < 1 or D > 2, payo s are adjusted to account for the
fact, that no driver can servemore than onerequestat a time, and the number of passenger
servedcannot be negative.

This game is governed by two parameters: the total demand D and the height of the

maximum surgefee pg”u"’}ge. Figure 2.9 showsthe phasediagram of the Nash equilibria for the
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two player gamein the casethat demand doesnot changewith price (inelastic demand).

At low demandand low maximum surgefeethe only Nash equilibrium is ON-ON. Turning
the app o will causea driver to miss out on passengersand the surge feeis not enough
to compensatefor this risk. While playing OFF -OFF representsthe social optimum, i.e. it
leadsto the highestaveragepayo over both drivers, it is not a Nash equilibrium, asa player
can increasetheir individual payo by switching their app ON. The structure of the gameat
low demandand low surgefeeis that of a prisoner'sdilemma, with a single Nash equilibrium.
In this scenariosupply induced price surgescan only occur if both players cooperate.

The payo structure changesto a stag-hunt like game when the maximum surge fee is
increased,or alternatively when the demand increaseswhile the maximum surgefeeis non-
zero. In this phasemultiple Nash equilibria exist, including ON-ON and OFF -OFF aswell
as a mixed equilibrium. In a stag-hunt gamethe strategy chosenby players dependson the
trust betweenthem [99]. Non-trusting and risk aversedrivers will settle into the ON-ON
Nash equilibrium. In this state an individual players payo will not decreaseif the other
switchesstrategies. Trusting drivers will choosethe socially optimal OFF -OFF equilibrium.
While another mixed equilibrium exists, it is not physically relevant for the description of
price surgesin ride-hailing, foremost becausedrivers do not play dice to decide whether to
turn o their app.

When the demandis large enoughD > 2, the gamebecomedrivial. Drivers are guaranteed
a passenger.Thus, there is no penalty to turning their app o and drivers will always pro t
from creating arti cial supply shortages.Notably at this point, the price p neverreachesthe
baseprice ppase @s, evenwhen both drivers are online, supply and demand are mismatched.

2.5.2. Elastic demand

n

The purpose of dynamic pricing is to not only guide the supply side, but to "shave o
demand peaks, incentivizing passengerdo delay their booking. It is thus critical to study
driver decision-makingin a world wherethis goalis achieved: wheredemandis elastic. When
the demandis elastic increasingprices will causethe demandto decrease.

We model price-dependentdemand by assuminga population of customers, whose price
preferencesj.e. the highest price that a customeris willing to pay, are distributed uniformly
between ppase and pmax. The e ective demand at a price p is given by the fraction of cus-
tomers, whose price preferenceare higher than p. This results in a linear responseof the
e ective demand* D to the price p,

D(,D)=D(@ (P Pbase)- (2.2)
Where

= (Pmax Pbase) ! (2.3)

is the elasticity of the demand.

Elastic demand will changethe risk-reward balance of the two player game. Turning o
the app and therefore increasingthe price, will lead to lessdemand and therefore a higher
chancethat no passengemwill have requesteda trip when the app is turned back on.

Similar to the three di erent price levelsencounteredin the payo matrix with xeddemand
table 2.4, there are now alsothree di erent demandlevels, dependingon whether no, one or
both drivers turn o their app, given by

Diow =D (plow).
Dmid = D (Pmid)
Dhigh = D (phigh) -

4The prime symbol doesnot denote a derivative here, but servesto distinguish the e ective demand from
the total demand D.

39



2. Arti cial supply shortagesin ride-hailing

Figure 2.10.: Elastic Demand. a Each customer is willing to book a ride up to an individual max-
imum price. These preferencesare distributed uniformly betweenthe minimum price
Prase @nd the maximum price pmax (Note that this doesnot haveto equalthe maximum
surgeprice). The height of this uniform distribution is D/( pmax Prase)- b The e ec-
tive demandD is given by the fraction of customerswhoseprice preferencelies above
the current price p. This resultsin a linear relationship betweene ective demandand
price. The three attainable price levelslead to three possiblevaluesfor the demand.

Table 2.5.: Payo matrix for the two player gamewith elasticdemand,valid for1 Dpgig 2.
A ON OFF
ON Plow e Pmid

OFF (Dmid — 1)pmid Dhgighphigh

The payo matrix with elastic demandthen is given by table 2.5.

Becausethe elasticity e ectively decreaseslemand,the simple ON-ON strategy is now the
only equilibrium for a broaderrange of valuesof demandand surgefee(see g.2.11b). A more
drastic changein the payo structure occurswhenthe elasticity is high, and the basedemand
and surgefeesare large (compare g.2.11c,d). In this scenario,there are heterogeneousNash
equilibria in which only one of the drivers turns o their app. This createsa partial supply
shortage, from which both drivers still pro t. However, a full shortage would increasethe
price strongly enoughto decreasedemand suchthat the payo would decreasesventhough
the surgefeewould be higher.

2.5.3. Nonlinear demand

Qualitatively similar phasediagrams exist for more elaborate forms of elastic demand. One
such form is a quadratic dependencyof the demand on the price,

D(=DI (P Poase)?)-

With a quadratic demand function, the demand changesonly slightly when the price in-
creasesby a small amount, but drastically if the price increasesby a larger amount. This
a ectsthe payo s of the drivers, asthere is only a small di erencein the demand between
both drivers choosingON but a signi cant di erencebetweenonly on player playing OFF
and both players playing OFF.
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Figure 2.11.: Nash equilibria in the two player game for linear demand. a Low elasticity. The
demand is almost independent of the price p. Qualitatively the Nash equilibria are
almost identical to the caseof constant demand. A small elasticity only a ectsa very
small region at intermediate demand1l D 2. Here the regionin which ON-ON is
the only Nash equilibrium growsto encompassslightly larger surgefees. b-d When the
price elasticity of the demandis larger a region with a heterogeneoudNash equilibrium
ON-OFF emergesat high demand and high surge fee. In this casethe surge fee or
equivalently the elasticity is large enoughto decreasethe demand substantially when
both players pick OFF. Only onedriver choosingOFF, howevero ersthe besttrade-o
betweenreduced demand and price.

The consequencdor the payo structure is that switching from an OFF -ON state to an
OFF -OFF state is lesslucrative, which is re ectedin the phasespaceof Nash equilibria in
(see g.2.13). In g. 2.13cthe OFF-OFF Nash equilibrium disappearsat high surge fees,
due to the strong reaction of the demand. Moreover, comparedto the linear demand model,
the OFF-ON Nash equilibrium exists over a larger range of surgefeesat high demand (see

g. 2.13d).

2.5.4. Cooperating drivers

We haveseenthat arti cial supply shortagesmay arisebecausehe strategy pro le OFF -OFF
can constitute a Nash equilibrium. But what if the drivers can cooperateand collectively
decideon the option which is bestfor them collectively? When are arti cial supply shortages
the best option collectively?

We considerlow linearly elastic demandwith D 2. Arti cial supply shortagesare the
social optimum if the averagepayo on on in the ON-ON strategy pro le is lower than
the averagepayo orr orr receivedwhen both drivers play OFF -OFF. The payo s are
given by

oN oN = Dppase,

— max max
off orr = D 1 Psurge psurge+ Poase -

The di erenceof both payo sis asimple quadratic function of the surgefee pe.

— max max max
- Dpsurge Dpsurge psurge+ pbase .

If the surgefee pgiiye liesin the interval

0< prsrsﬁée < Pmax 2pbase

the di erence is positive, and creating arti cial supply shortagesis the more lucrative
option for cooperative players. Here the elasticity has been replaced by eq. (2.3). This
coverspart of the regimes,where OFF -OFF is not a Nash equilibrium. Figure 2.14 shows
the di erencein the payo s asa function of pgiTs. for di erent elasticities. In particular, it
showcasesthat for arti cial supply shortagesto be lucrative even for cooperative drivers,

41



2. Arti cial supply shortagesin ride-hailing

Figure 2.12.: Quadratic dependenceof the demand on the price. a The preferencedistribution in-
creaseslinearly with price. In this scenario more people are willing to pay a larger
price for a ride-hailing trip. The elasticity parameter is given by the slopeof the dis-
tribution. b The demanddependenceon the price that results from a linear preference
distribution. Comparedto the linear demand dependencethe spacing between Doy
and Dyig is small while the spacing between Dpg is increasedDpign . The demand
is thus insensitive to small increasesin price, but highly sensitive to large changesin
price.

passengerqieedto be willing to pay a high price for a trip. The demand has to be quite
inelastic, and in this model the maximum price pmax that passengersre willing to pay need:s
to be at least twice the baseprice ppase.

2.5.5. Discussion

The two-player model of ride-hailing pricing, despiteits simplicity, capturesthe mechanic:
behind arti cial supply shortages. When the demand s high, turning o the app is heavily
incentivized by the pricing algorithm, as receiving a trip at the higher price is guaranteed
In this casecoordination between drivers is not necessary,as OFF -OFF, i.e. causing an
arti cial supply shortage, constitutes a Nash equilibrium which even sel sh drivers would
choose.Even at low demand, high surgefeescanleadto arti cial supply shortagesbecominc
a Nash equilibrium.

At low demandand moderate surgefees,the two-player gameexhibits the payo structure

Figure 2.13.: Nash equilibria for a quadratic demand-price relationship. The phase diagrams are
qualitatively similar to g. 2.11, the main di erencelies in a slight distortion as the
elasticity increases.
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Figure 2.14.:Di erencebetweenthe averagepayo s of the OFF -OFF strategy pro le and the ON -
ON strategy pro le. There is always a region of surge fees p{j7s. where creating
arti cial supply shortagesis the social optimum.

of a prisoner'sdilemma. Arti cial supply shortagesare the socialoptimum, but sel shdrivers
would chooseto remain online. However,in other real world prisoner’'sdilemmascooperation
betweenplayers is common, despite not being naively rational [10, 59]. Cooperative drivers
in the two player gamemay thus coordinate to induce arti cial supply shortages.

How large the additional payo from induced surge prices is for drivers dependson both
the maximum surge fee and the willingness of passengergso pay that higher price. As ride-
hailing servicesare known for o ering cheaperfaresthan conventional taxi services[30, 192],
it is likely that the gap betweenthe baseprice and the maximum price customersmay pay
is large, making the creation of arti cial supply shortageslucrative.

Whether by coordination or sel sh behavior, dynamic pricing incentivizes drivers to keef
the perceivedsupply low, by yielding larger payo s. In the following sectionswe considerthe
caseof more than two drivers participating in a pricing game,and showthat the e ect of the
incentive structure remainsin place, evenif a multiplayer setting.

2.6. Static multiplayer supply model

Do the lessonslearned from a simple two player gametranslate to a setting in which many
drivers participate in the pricing scheme? We extend the dynamic pricing mechanismto
take into account more than two drivers and showthat arti cial supply shortagesremain the
social optimal choicein a multiplayer game.

2.6.1. Model

Here we considera systemof N drivers servinga xed demandD, denoting the number of
customersrequesting a ride. We assumea high demand setting such that there are enougt
requestsfor all drivers, i.e. D = N, and drivers are guaranteeda ride if they chooseto turn
their apps ON.

The fraction of drivers who have turned o their appsis denoted as

N S D S
N D '

OFF =

where S, stands for the apparent supply, i.e. the number of driver who are online, becaust
of our assumption that the total number of drivers exactly matchesthe demand, this alsc
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Figure 2.15.:a The averagepayo per driver has a maximum at an intermediate price. This price
correspondsto the optimal fraction o of OFF drivers. As a group, all drivers
achieve a maximal collective (socially optimal) payo . b However, for each driver
individually, ON is the better strategy.

representsthe demand supply imbalance. The dynamic pricing algorithm is modeled as a
linear function of the missing demand:

P( oFF) = Pbase* pgfﬁée OFF - (2.4)

Here p ( orr) denotesthe actual price as a function of the demand-supply mismatch. Like
in the two player game, the e ective demand D is elastic and decreaseswhen the price
increases.For the sakeof clarity we repeat eq. (2.2) here.

D(p)=D 1 P Pbase

This again captures the central mechanismof dynamic pricing: When demand-supply im-
balanceoccurs,drivers are incentivized to o er their serviceby being o eredhigher payouts,
and customersare incentivized to shift their transportation requeststo a later time, when
the price decreasedagain.

As both eq. (2.4) and eq. (2.2) are linear, the demandrespondslinearly to a changein the
fraction g of drivers who turned their app o (see g.2.15a).

2.6.2. Nash equilibrium and social optimum

First we considerthe caseof sel sh drivers, who maximize their individual payo . Drivers
who chooseto leavetheir app ON will receivea payo

[ON| orr]= P ( oFfF).

Each driver will receive a trip with certainty and earn the price dictated by the supply-
demand imbalance, i.e. the fraction of drivers who turned o their app. Drivers who turn
OFF their app will receivethe payo

b _nNd OFF)D( OFF) =

1 max
Su
N ofr

[OFF| orr] = rge P( oFfF)-
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2.7. Dynamic multiplayer supply

It is clear that the individual payo is always maximized, when drivers remain online. In

g. 2.15bthe individual payo of the ON strategy (blue line) lies strictly abovethe OFF -
strategy (red line). When drivers act sel shly, dynamic pricing achievesits purpose of bal-
ancing demand and supply, as both drivers and customersfavor the state of the systemin
which the price p is minimal.

Cooperative drivers, however, may achievea higher collective payo , by causingarti cial
supply shortages,and the newsstories about arti cial supply shortagesat ReaganNational
Airport suggesta high degreeof coordination [253].

The total collective payo is given by the price p paid by all servedcustomersD . The
averagepayo for eachdriver is given by

col [ oFr] _ PD

N N
Inserting eq. (2.4) and eq. (2.2) yields
coll[ OFF] — D orr prsrb?’éle Poase 1 OFF pgt‘%e
N N '
The collective payo is a quadratic function of opr and exhibits a global maximum at
1 Pbase
= —__roase 2.
OFF 2 P, (2.5)

When o > 0 switching the app OFF presentsthe more lucrative option collectively, and
cooperative drivers may decideto causearti cial supply shortages. Note that for 0 the
fraction o diverges, which also meansthat it no longer representsa fraction of drivers.
In this case ¢ is cappedat 1, and the social optimal choiceis for all drivers to turn their
app o .

When 0< e < 1the price p paid for by customersis independent ofthe implemented
surgefee pgiige- This canbe veri ed by plugging eg. (2.5) into eq. (2.4),

_ 1 Poase _ Pmax
P( oFr) = Poase* > =

Moreover, the e ective demandD is alsoindependentof the surgefee pJige,

D({lorr)=D 1 pn;X Poase

aswell asthe collective payo [ oee]-

2.6.3. Discussion

In the multiplayer setting arti cial supply shortagescan only occur when drivers cooperate
while in the two-player gamethey may emergeevenwhenboth playersact sel shly. The price
surgeswhich were mentioned in the media, and which we identi edin price time series,pre-
dominantly occurredin locations wheredrivers are concentrated around a single large source
of transportation demand, such as airports, or train stations. In this setting cooperationis
much more achievable as drivers are able to coordinate more easily, comparedto settings
where drivers are distributed in a large area, and have no in-person contact to eachother.

2.7. Dynamic multiplayer supply

The multiplayer gamecanfurther be extendedto accountfor the dynamics of driver decision-
making. This servesto highlight how an incentive structure such asin the gamesdescribec
above, can give rise to repeatedsurge price peaks.
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2. Arti cial supply shortagesin ride-hailing

2.7.1. Model

The starting point is the multiplayer gamewith N drivers. There is a singleorigin from which

customersrequesttrips. Drivers are either idling, i.e. waiting at the origin for customers,or

busy, when they are serving a customer or are returning from having serveda customer.
While drivers are idle they can at any moment in time decideto switch their app OFF or

ON. Only idle drivers, that havetheir app turned ON are usedto calculate the price of trips.
The price for a trip is calculated similarly to the two-player gameabove:

Poase when Nigie (t)  Nihresh

Nigle (t
Pbase + Ptrge 1 Wes(h) when Nigie (t) < Nthresh

p(t) = (2.6)

When the number of idle online drivers Nige is above a threshold value Niyresn Customers
requesting transportation only needto pay the price ppase. HOwever, when the number of
idle online drivers is below that threshold, the price increasesproportional to the demand-
supply mismatch. When there are no idle online drivers, the price increasedby the maximum
amount pfi&.. The choiceof the threshold value Nnresn Will be explained below.

Customersappear accordingto a Poissonprocessat the origin with a rate . Customers,
can either book a ride, wait or chosea di erent mode of transportation, dependingon the
current price p of a trip. Again the demand is treated as elastic and the e ective rate of
requests dependslinearly on the current price p. All possible passengersequest trips
whenthe current price p = ppase and NO passengerequestsatrip atp  pmax. The e ective
rate at which customersdemandtrips is then given by

Pmax P

Pmax  Pbase

When a customer books a ride, they are assigned to the driver, who has waited the long
(First-In-First-Out). The driver then becomesbusy for a duration chosenuniformly from
the interval [2tq ,2tg + ], wherety is taken to be the averagedistance that customers
requestto be driven. The parameter governsthe variation in the requesteddistances. The
aforementionedthreshold of online drivers Nihresh IS chosento representthe averagenumber
of drivers necessaryto servethe stochastic demand:

Nthresh = - 2tg

This relationship is closely related to the load in a ride-pooling system, which is describec
more in-depth in chapter 4. Notably, Niesh doesonly dependon the demand parameter
which doesnot take into accountthe in uencethat the price p hason the demand.

In addition to the demand, this complex model requiresa number of parametersto be fully
speci ed. The parameterswere chosenmatching the conditions at ReaganNational airport
and can be found in table 2.6.

Given the duration of a taxi trip ty and the requestrate (seetable 2.6) the number of
drivers necessaryto servethe entire demandis N = 2ty = 60. The actual number of drivers
is chosenlarger, i.e. N = 160,to explore a regimein which price surgesoccur intermittently.
Sinceonly N = 60 drivers are necessaryto servethe demand, there will be 100 drivers idle
at the origin, and without coordination we expectonly very rare uctuations in the price.

2.7.2. Mean- eld

To determine the price p, the number of idle online drivers Nige heedsto be determined.
Each online driver alternates betweenbusy intervals of an averagelength ts = 2ty andidle
intervals of the averagelength t,, . The averagefraction of idle drivers is given by the ratio
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2.7. Dynamic multiplayer supply

Table 2.6.: Parametersusedfor the simulation of the dynamical multiplayer model.

Name Symbol Value Source
base price Phase $16 Taker'1 from the time series
datain g.2.5
. . max Taken from the time series
maximum surge price Pmax $20 datain g.2.5
The highest observed price
maximum price for demand | Pmax $54 of UberBlack at DCA (see
g. 2.5)
typical duration for car
averagetrip duration tq 15 min trips from DCA to Union
Station
trip duration uctuations 5 min plausible value
request rate > min L taken from historic taxi
data (see g. 2.6)
number of drivers N 160 value larger than the re-
quired number of drivers

betweenthe averagetime that drivers spendwaiting and the averagetotal time betweentwo
requests:

tw
Nige = ———Non -
idle ty + ts ON
The averagewaiting time t,, is given by
_ Nidie

tW_ 1

re ectingthe fact that a driver who becomesddle, will needto wait until all other transporters
receiveda passengetefore receiving one themselves®
The number of idle drivers can then be written as

Nige = Non 2 tg—m P (2.7)
max Pbase
Equation (2.7) and eq. (2.6) together result in a self-consistencycondition that needsto be
satis edby Njge. There are three qualitatively di erent solutions, dependingon the fraction
of o inedrivers off.

First, the number of o ine drivers may be too low to a ect the price (see g. 2.16a). This
is the casewhen the number of remaining online drivers are more than su cient to copewith
the demand. In this examplethe number of online drivers necessaryis Noy = 120, suchthat
60 drivers can be occupiedserving customersand the remaining 60 idle drivers are still above
the threshold below which dynamic pricing begins.

Secondabovethe critical numberof o inedrivers Npyin = 40the price reactsto the missing
supply (see g. 2.16b, c). This is the surge pricing regime, where increasingthe number of
0 ine drivers increasesthe price. Becausethis also decreaseghe e ective demand , the
number of idle drivers decreasesmore slowly when o increases,since fewer drivers are
busy delivering requests.

Finally, the third regimeis reachedoncethere are no idle drivers anymore. This is the case
when o = 0.8 here there are only 32 drivers online overall, and are continuously busy
serving the remaining demand. The price is at its maximum value p = Ppase + Plirge-

In the dynamic game,the payo hasto be taken as a rate, i.e. earningsper time. For an
individual driver who hastheir app turned ON the earning rate is given by

p p
= = . 2.8
ON ts + tw 2ty + Nige 28

51t can also be derived more generally from Little’s Law (seesection 3.2.2).
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Figure 2.16.: Qualitatively di erent solutions to the self-consistencycondition for the price and the
number of idle drivers. a When the number of o ine drivers is small, there is still
enoughsupply to servethe demand adequately (Nigie < Ninresh ). Therefore, the price
will not change. b When N, = 40 drivers are o ine the average number of idle
drivers will reach the threshold Niesh . When more drivers turn o their app, the
price p will change.c When more than 40 drivers are 0 ine, the price increases.
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Figure 2.17.: Supply, price and earnings of drivers. a Number of idle drivers at the airport as
a function of opr. The number of idle drivers drops slower when o = 0.251is
reached,as at this point demand beginsto decrease.b Price asa function of o . C
Earning rates for drivers. While the expectedindividual earning rate of drivers playing
ON (red curve and right axis) is always higher than the averageearning rate (solid
blue curve, left axis, dotted line right axis), collectively drivers can achieve a higher
earningrate at nite o, comparedto the Nash equilibrium of opf .

Becauseo ine drivers do not earn anything while they are o ine, the averagepayo over all
drivers is obtained simply by multiplying eq.(2.8) by 1  off,

col = (1 oFfF) oN-

The payo structure is shownin g. 2.17c. As in the static multiplayer game, individually,

drivers will always earn more, when they leave their apps on. However, collectively, drivers
will earnmost, when asigni cant part N, switchestheir appso . For parametersroughly
matching the conditions at DCA, the highest collective payo is achievedwhen N, = 26
drivers are online while waiting at the airport, while 43 drivers are away serving customers
and the remainder Ny = 91 turns their app o . At this point the optimal price per
trip from the drivers’ perspectiveis p = $27.14,which is 70% above the baseprice. Their
collective earnings per driver, howeveramount to $14.39per hour, which is still 20% above
the earnings,if every driver would remain constantly online.

2.7.3. Non-equilibrium  supply shortages

The mean- eld calculations cannot capture the dynamics of such a multiplayer game. The
demand, i.e. the number of requests uctuates over time, and correspondinglythe number of
drivers waiting at the airport uctuates. Moreover, the mean- eld model doesnot o er any
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2.7. Dynamic multiplayer supply

explanation of the sharply peakednature of the surge price when arti cial supply shortages
occur.

To addressthis we considera proof of concept simulation, to showcasehow this incentive
pattern can give rise to repeated sharply peaked price surges. We consider the following
strategy:

Drivers make decisionsinformed by the mean- eld solution describedabove. Their indi-
vidual goal is to reach the driver optimal price p . Thus, they make the decisionto turn
o their app, when there are enough willing drivers at the origin to induce surge pricing,
i.e. if they can reducethe number of idle drivers below Nresh. When the number of idle
drivers is lessthan the optimal number of idle drivers Ny, they will turn their app back
on. Notably, we do not considerthe delayedadjustment of the surgepricing algorithm here.
The price adapts instantly to changesin the supply. Thus, drivers will not directly pro t
from the surgethey helped create. To ensure,that driver pro t is neverthelessdistributed
roughly uniformly, drivers will turn their app back regardlessof the number of idle drivers
after a xed period of time tJgt.

The time tggf is an implicit measureof how trusting and cooperativedrivers are. A short
tger can be interpreted as following a greedy strategy by avoiding missing out on trips. A
large tgg¢ on the other hand meansa driver is willing forego more potential trips for the
sakeof increasingthe collective payo . Once a driver has participated in a surge, they will
remain online until they serveat least one passenger.This assumption ensuresthat drivers
earn similar amounts on average,and no singledriver remainso ineinde nitely evenif they
are willing to do so.

On the demandside, customersarrive accordingto a Poissonprocess,and have a randomly
chosenupper price limit, which they are willing to pay for a trip, chosenuniformly from
[Phase: Pmax] (consistent with the picture of the elastic demandin eq. (2.2) and g. 2.10).
Customerswill evaluate the price of a trip every 2min and decide whether to book a ride.
After evaluating the price for the sixth time, they will leavethe system,choosinga di erent
mode of transportation.

First, we considerthe caseof perfectly social drivers. These drivers are willing to wait
inde nitely for the trip fare to reachthe driver optimal price p , i.e. tg2f . Figure 2.18a-
¢ showsthe resulting time seriesof the number of idle drivers, the number of o ine drivers
and the price for a trip. Perfectly social drivers achievethe social optimal price. There are
always only N, drivers online at the airport and the number of o ine drivers uctuates
with the stochastic demand processto keepthe number of idle drivers at this optimal level.

The dynamicswith partially socialdrivers, with t52¢ = 20 min, givesrise to distinct surge
peaks(see g.2.18d-f). During surgepeaksthe price increasesuntil the driver optimal price
is reached. Once the driver optimal price is reachedall o ine drivers turn their app back
on, which leadsto a sharp decreaseof the price. If the driver optimal price is not reached
drivers will turn their app back on after waiting for tJ2f , leading to partial surgepeaks. The
frequency at which the surge peakshappen dependson the round trip time, asonly drivers
who return from a trip can participate in new arti cial supply shortages.

Notably, t3g implicitly in uencesthe maximum trip fare reachedduring a surge (se€

g. 2.19). When drivers are greedy, i.e. tJ2f is small, price surgesoccur, but do not last
long enough for the price to reach the driver optimal price. When drivers are more social,
the driver optimal price is more likely to be reached,and at tJ2¢ > 2ty drivers are patient
enoughto bridge the round trip time, and a surge can be maintained for a longer period of
time.

2.7.4. Discussion

The dynamic model describedabove, makesno assumptionsabout forethought or planning
of drivers. The only planning related assumptionsmade is that drivers know which drivers
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Figure 2.18.

cial supply shortagesin ride-hailing

- Ride-hailing dynamics of social drivers and partially social drivers. a-c Drivers are
willing to remain o ine in nitely long in order to raise the price to the driver optimal
price p . a The number of drivers at the airport. The number of online drivers remains
constant, as drivers maintain the number necessaryfor the socially optimal price. b
The majority of drivers switchestheir app o . ¢ Socialdrivers can maintain the socially
optimal price inde nitely. d-f Drivers are only willing to stay o ine for a limited time
(20 min). This leadsto recurring spikesof the price (c) asdrivers initially participate
in an arti cial supply shortage, but then turn their app online after a xed time.
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Figure 2.19.: Price time seriesfor di erent values of tJ2¢ . a When drivers are greedy, the price
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during arti cial supply shortagesdoesnot reach the driver optimal price. b, ¢ When
drivers are su ciently social, and are willing to remain o ine for longer, surge peaks
reach the driver optimal price. d-f Very social drivers will maintain the number of

o0 ine drivers Norr necessaryto persistently raise the price to the driver optimal
level.



2.8. Identi cation of anomaloussupply shortagesfrom global data

at the airport are willing to contribute in an arti cial supply shortage,and that drivers try
to increasethe trip fare up to a certain amount (herep ). Still, this simpli ed model exhibits
dynamics, notably recurring surgepeaks,observedin the real world price data at DCA. This
model also showsthe impact that willingnessto cooperatehas on the surge price dynamics.
Uncooperativedrivers, still contribute to price surges,but the resulting price surgesare less
severe,than the surgescausedby arti cial supply shortagesof more cooperative drivers.

Finally, the incentive structure uncoveredin the previous sections arises naturally from
the concept of dynamic pricing, and thus is likely to be found in dynamic pricing scheme
encounteredelsewhere.

2.8. ldenti cation of anomalous supply shortages from global
data

Modern ride-hailing companiesare found around the globe, and implement surge pricing in
many of their operating locations. The details of their pricing schemeshowever, are rarely
public and likely vary strongly [49]. Even the sameride-hailing provider, might implement
di erent pricing schemesin di erent locations or at di erent times. Moreover, as the ride-
hailing market is evolving and new regulations are decidedupon the details of surge pricing
schemeswill likely changein the future [200, 232].

In addition to the non-existent knowledge of the pricing algorithms, there is no openly
available data on how many drivers are online at any given time or how many requestsare
made to ride-hailing services. While the prices for trips using Uber can be queried from
Uber’'s API, the current demand, or eventhe number of available drivers can not.

How, then, can oneidentify anomaloussupply shortagesaround the world, without having
accesdo data about the supply?

First, we note that anomalous supply shortagesare likely to emerge elsewhere,as the
incentive structure which rewards cooperation betweendrivers is genericand the sameNash
equilibria and socialoptima will emergeshould the details of any particular pricing algorithm
di er. Second,we note that anomalous supply shortagesfollow di erent dynamical rules
comparedto genuine supply-demandimbalances,and thus it may be possibleto distinguish
them by comparing the rates of changeof the prices.

Finally, we can leveragethe fact that anomaloussupply shortageshave beencon rmed for
DCA and employ price data from Washington to identify locationswhich exhibit similar price
dynamics, and thus, are likely candidatesfor anomaloussupply shortagesbeing induced.

2.8.1. Statistics of surges

First we provide an overview of the collected data, and attempt to identify candidates for
anomaloussurge peaks, using a threshold method. Becausetrips basefaresdi er acrossthe
locations considered,we focus on the relative changeof the price, the surgefactor,

_ surgefeg(t)
s(t) = basecosf(t)

With the locations made comparable, we subtract the surge factor of the premium service
in most casesUberBlack, to Iter out surgescausedby overall demandincrease.

S(t) = Suberx (t)  Salack (1)

The resulting time seriesis usedfor a threshold basedsurgedetection. When the surgefactor
crossesa factor of 0.2 this marks the beginning of a price surge. When the surgefactor then
falls below a factor of 0.1 this marks the end of the surge. This hysteretic surge detection,
is robust to uctuations of the surge price during a surge, which would not be captured
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Figure 2.20.: Results of the peakidenti cation. An asymmetric threshold method is usedto identify
surge peaksin price time series. The beginning of a surge peakis de ned asthe time
when the surge price increasesabove 1.2x the baseprice (greendotted line). The end
of a surgepeak is de ned asthe time when the surge price falls below 1.1x the base
price (red dashedline). The identi ed surge peaksare highlighted by black boxes.

with a symmetric threshold method. It is also robust in the exact choice of the thresholds
and di erent thresholds yield qualitatively the sameresults. Figure 2.20 showsa sample
time seriesof the surgefactor for a single day at DCA. Detected surge peaksare marked by
black boxes. Reasonablyvarying the start threshold (greendotted line) or the end threshold
(dashedred line) only a ectsthe detection of a single small surgepeakin this example.

The surgepeakidenti cation was performedfor all collectedlocationsin g. 2.4. We com-
puted the duration and the height of surge peaksfor eachlocation as well as the average
frequencywith which surgepeaksoccurred. The results are shownin g. 2.21. Figure 2.21a-
¢ showthe rank ordering of studied locations for frequency, peak height and peak duration
respectively. Severallocations, many of which are in Europe (such asCDG, LHR and BRU),
do not exhibit surge peaksat all. Possiblereasonsinclude local regulation prohibiting dy-
namic pricing schemespor the lack of demand for Uber at these locations. Forlocations at
which surge peaksare detected, the frequency, height and duration of the peaksindividually
do not showdi erent classesf locations. All observableschangesteadily over the rank. Even
combinations of features, asillustrated in g. 2.21d, do not produce signi cant clustering of
locations.

Some patterns, however, are discernible. Trip locations with origins and destinations in
cities consistently exhibit surge peakswhich last around 20 minutes with 5 peaks per day.
Surgepeaksat airports, by comparison,are typically shorter and their frequencyvaries from
location to location.

2.8.2. Time scales of anomalous supply shortages

The con rmed supply shortagesat DCA have characteristic shape. At the beginning of the
surge peak the price rises very quickly and drops o sharply after reaching the maximum.
This is consistentwith the notion, that oncea certain surgeprice is reacheddrivers turn their
phone back on quickly to receivesurge price requestswhich causesthe price to drop quickly
again. The anomaloussurge price dynamic is therefore very short-lived, and characterized
by large changesin price over short periods of time.

To quantify the dynamic changesover time we considera smoothed version of the price
estimate. We smooth by calculating the rolling averagewith a window length of 3 minutes.
We normalize the total fare, by the basecost, and considerthe price changesper minute of
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Figure 2.21.: Statistics of
not exhibit surge
of dynamics
price of a Ub
that exhibit
intermediate
rank. This suggests
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this normalized surgefactor:

total fare(t) total fare(t 1)

basecost(t) basecost{t 1)

basecost(t) + surgefegqt) basecost{t 1)+ surgefeqt 1)
basecost(t) basecost(t 1)

surgefeg(t) surgefegt 1)

basecost(t) basecost(t 1)

p(t) =

Thesesurgefactor changesprovide the basisfor the identi cation of anomaloussupply short-
ages. The distribution of surgefactor changesconsistsof three components:

1. Surgefactor changesduring times without any surgesoccurring. Typically, there is no
surgein e ect when requestinga ride. Thus, a large fraction of measuredsurge factor
di erencesshould be zero.

2. During commuting times, surgeprices slowly ramp up. The demandduring peak hours

changescontinuously and the surge price follows this dynamic. Other natural demanc

uctuations at the airport will also causepredominantly small surge prices and thus
lead to small changesobserved.

3. Coordinated supply shortages leadto large price changesover the course of a few
minutes.

We quantify the distribution of these three parts by tting a Gaussian mixture model to
the data. The contribution of the rst component, where price changesare zero, is taken
care of by counting and removing vanishing price changes( p?> 1le 7) from the data.
The remaining two componentsare then determined by using the expectation-maximization
algorithm applied to the mixture of two Gaussians.The nal modelis then given by,

p2 p?

1 S — 1 ——
PCp= o( P+ baseq7ze ?base +  gurge—=—x 729 2 Surge

base surge

Herewede ne pase surge, aspossibleanomaloussurgesare characterizedby larger change:

than basesurgefactor uctuations, which leadsto a broad distribution of price changes.The

standard deviation syrge is determined both by the overall height of the surgesand the speec

of the surges. The weight syrge is determined by how often surgesoccurin relation to typical
uctuations.

Figure 2.23 show the distribution of surge factor changesfor a sample of trips and the
correspondingGaussian ts. The Gaussianmixture model capturesthe distribution for loca-
tions in which price surgesoccur accurately. Somelocations do not exhibit any price surges
in which casethe GMM t yields two almost identical narrow Gaussians.In these casesthe
mixture model obtained is degeneratejf pase = surge @ll combinations of weights  syrge and

base are equally valid.

Having accessto the price time seriesof the premium UberBlack service, we can validate
theseresults, by comparing the results of this methodology directly for a single location and
two services,one of which, UberX at DCA, exhibits anomaloussupply shortages. The results
areshownin g@.2.22. We nd that the Gaussian,with the smaller standard deviation, which
correspondsto the surgefactor uctuations due to typical changes,matchesthe surgefactor
variation of UberBlack at DCA. This observation is consistent with the observation that
UberBlack matchesthe baseprice uctuations of UberX, but only UberX exhibits signi cant
surgepricing at DCA (compare g. 2.5a).

For eachof the studied trip locations a GaussianMixture modelwas tted, and the deter-
mined surge weights surge and surge strengths  surge are shownin g. 2.23. Compared to
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2.8. Identi cation of anomaloussupply shortagesfrom global data

Figure 2.22.: Distribution of changesin the relative surge factor. The changes
are well describedby a sum of normal distributions with characteristic
tions pase and surge. While the surgefactor uctuates strongly
exhibits only small changes,which approximately match the distribution
tuation in the UberX surgefactor (blue line).

observing only the frequency and duration of surges,as donein g. 2.21, the surge weight
and surgestrength separatestrip locations much more clearly.

DCA which exhibits known anomaloussurge prices falls rmly into the top right of the
scatter plot, indicating high surgeweight and surgestrength. There are severalmore locations
(indicated by the dashedellipse) which exhibit similar surge dynamics identi ed by their
high surgestrength and high surgeweight, the surgefactor changedistributions of which are
depictedin g. B.3. Indeed, the time seriesof the surge prices at theselocations are similar
to the price dynamics at DCA with frequent repeatedsurge peaksduring eveninghours.

Not all locations have the sameability to give rise to anomaloussurge peaks. Locations
with low demand, or demand which is not easily predictable, such as trips starting in less
notable areaswithin a city, provide fewer opportunities for drivers to coordinate arti cial
supply shortages. Examplesfor this are trips within Manhattan. In g. 2.23atheseform the
cluster of greendots with low surge contribution and high surge strength. Theselocations
are subjectto real uctuations of supply-demand uctuations, which in New York canleadto
large surgeprices, but do not show repeatedprice surgeswhich indicate driver coordination.

Further, like seenin g. 2.21,somelocations do not exhibit surgedynamicsat all. At these
locationsthe assumptionthat the distribution of price changess causedby three independent
componentsis not ful lled. In this case tting the Gaussianmixture model, doesnot yield
meaningful results, i.e. either there are two componentswith equal standard deviations and
degenerateweights, or one componenthas a weight closeto 0. This is the casein g. 2.23c
A sampleof the surgefactor changedistributions of a broad sample of trips can be found in

g. B.3.
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2.9. Discussion

Ride-hailing providers like Uber and Lyft needto steerboth supply, i.e. drivers, and demand,
i.e. riders, to provide reliable transportation services. They do this by making use of dy-
namic pricing, increasingthe price when demandexceedghe supply and decreasingthe price
otherwise. This works to both incentivize drivers to seekout high demand areas,and riders
to delay their trips until the price drops again. Motivated by reports of driver coordinated
surgeprice manipulations, we put forward a number of modelsof increasingcomplexity, which
explain under which conditions anomaloussupply shortagesare likely to occur. We tie the
emergenceof anomaloussupply shortagesto the incentive structure which dynamic pricing
creates. The deciding parametersof the incentive structure are the maximum allowed surge
feeand the demand.

When demandis large enough, participating in a coordinatede ort to induce a price surge
promisesbene ts that outweigh the risks. Similarly, at low demanda high surgeprice might
movedrivers to createarti cial supply shortages.However,whendemandis elastic and reacts
strongly to the price of a trip, the higher trip fare promised by the surgefeeis o set by the
decreasen demand.

Given the prevalenceof ride-hailing platforms and dynamic pricing, we leveragedknowledge
of known anomaloussupply shortagesaswell asinsights gainedfrom game-theoreticalmodels
to identify locations around the globe, where anomaloussupply shortagesare likely to occur.
This identi cation can be made without explicit knowledgeof the eet size of a ride-hailing
servicein a city or demand data. It only requires available price time seriesdata, whose
changein time can be decomposedinto slow changesmirroring the continuous changein
demandover the day, and fast changeswhich occur when drivers coordinate to induce a price
surge.

Our method, howeveronly provides candidatesfor anomaloussupply shortages. Certainty
about whether drivers coordinate to create arti cial supply shortagescan only be obtained
when additional data, such as detailed accountsof the number of online drivers, is available.
Unfortunately this data is not publicly accessible,and not provided by Uber's or Lyft's
programming interfaces.

While we show that evena simple model of the incentive structure of a dynamic pricing
algorithm can lead to the emergenceof anomalous supply shortages, many facets of real
dynamic pricing algorithms have beenneglected. Uber in particular is known to usesophis-
ticated machinelearning algorithms in many of its products, and predicting both supply and
demand using tertiary data is likely part of its pricing algorithm. Nevertheless,the qualita-
tive nature of the incentive structure will be the same,as the basic feedbackmechanismof
promising larger earningsto steerdrivers towards in-demand regionsis generic.

Moreover, this work also servesto motivate the study of dynamic pricing in other elds.
Whenever the price for a commaodity is controlled by a single platform or algorithm and two
parties, buyersand sellers,are a ectedby it, this price may be far from the equilibrium price,
i.e. the price that buyers and sellerswould agreeupon. Modern platform economieso er
many examplesof centrally orchestrated prices [50, 70, 72, 149,259], and our work [206]
highlights unintended consequence®f pricing far from equilibrium. Our work, thus, may
contribute to the designof future sustainabledynamic pricing schemes.

For dynamic pricing in ride-hailing markets, our work suggeststhat anomalous supply
shortages,may be avoided when enough alternative modes of transportation are available,
which e ectively increasesthe price elasticity of the demand. While public transportation is
certainly an option, it is understandablethat a ride-hailing provider might not want to leave
customersto the competition. A solution might bethe o ering of ride-pooling in areaswhere
demandis high. Ride-pooling (coveredin detail in chapter 4) combinesthe trips of multiple
passengersreducing the necessarysupply of drivers to servea given demand.

57






3. Propagating congestion and
phase separation In electric
vehicle charging dynamics

5



3. Propagating congestionand phaseseparationin electric vehicle charging dynamics

Table 3.1.: Glossaryof Symbols

Symbol Description Formula
v vehicle velocity -
recharge speed -

Viree free ow velocity eg. (3.9)
q current range -
Omax maximum range -
q charging threshold/range anxiety -
p driver patience -
N station number of charging stations -
distance between chargers -
m charging ports per station -

vehicle density per unit distance -
vehicle density per charging port

¢ ¢ critical density eg. (3.12)
Q ow of vehicles through a crosssection -
eree free ow -

Qcongested congested ow -
Vcongested congestedvelocity

C queue length eg. (3.16)
f free ow density -
s congesteddensity -

60



3.1. Introduction

3.1. Introduction

A large part of the mobility transformation is the transition from internal combustion engine
vehicles (ICEVs) towards zero emissionvehicles[114]. In this chapter we will seethat a
changein propulsion technology can have unintended e ects as new technologiesintroduce
new ways for drivers to interact with each other and their environment. Out of all zero
emissionvehicle technologiesthe battery electric vehicle (EV) is the most widespread.

Electric vehiclesproduce less greenhousegas emissions,even when one considersthe en-
tire lifecycle including the emissionsarising during the production of a vehicle. The emis-
sions stemming from the production of a vehicle are comparable between ICEVs and EVs
(6 tCO ¢ lifetime for ICEVs vs. 9.4 tCO €/ lifetime) [112]. The bulk of emissionsproduced
by vehiclescome from their use. Here ICEVs emit on average35.9 tons of carbon-dioxide
equivalentsover their lifetime, and EVs, despite their dependenceon the local electricity mix
emit a global averageof only 11.7tCO ¢ lifetime [112]. In order for an EV to emit lessCO2
over its lifetime than an ICEV, the local electricity mix hasto have a carbon intensity of less
than 800gCO,/ kWh. As of 2022,0nly ten countries* had a larger averagecarbon intensity,
most of which located in central Asia [113,194].

The transition towards electric vehiclesis rich in nonlinear dynamics and complex inter-
actions. Electric vehiclesrely on the local power grid and can incur signi cant loads on it.
Several studies consider the interactions between electric vehicles and the power grid and
proposalsexist to use EVs to stabilize the power grid by using their batteries as short term
energy storage[36, 186, 196].

On a societallevel the adoption of EVs is governedby complexfeedbackloops. Prospective
EV buyersmaketheir decisionsbasedon cost, governmentincentives, available infrastructure
and social network factors [165]. However, economiesof scale, which determine the cost of
EVs and the amount of private investment in infrastructure, rely on su cient demand [138,
207]. As with many novel technologies,social network e ectsin uencethe adaptation, and
societal awarenesdn uencesgovernment policy and incentives [102].

Researchprimarily focuseson revealing paths to speedup the adoption of EVs. However,
the large scaleadoption of EVs will a ect human mobility asa whole. EVs operatein subtly
di erent ways from ICEVs. Their range is typically smaller than the range of comparable
ICEVs, and refueling or recharging takes longer. Previous work on tra ¢ ow had little
causeto considerthe in uencethat refueling has on tra c itself, becauserefueling times
were very short. With EVs the recharging processmay constitute a critical componentof a
trip. Consideringthat there are new factors that play a role in driving an EV, how will these
factorsa ecttra ¢ ow?

In this chapter, we will reveal a novel form of congestion, which a ects electric vehicle
drivers. We highlight how this type of congestiona ects the macroscopicdynamics of the
tra ¢ ow, and show that it is interactions between drivers which give rise to collective
dynamics and mesoscopigattern formation through phaseseparation.

Publications This chapter contains own researchpublished in

[164] Marszal,P., Timme, M., & Schréder,M. (2021). Phaseseparation induces congestior
wavesin electric vehicle charging Physical Review E, 104(4), L042302.

In this chapter we additionally include important and interesting ndings which did not nd
their way onto the four-pagelimit of the publication. Several gureshave beentaken from
the original publication ( gs. 3.7, 3.12 and 3.18). Figures 3.16 and 3.17 can also be found

Yn decreasing order of carbon intensity: Turkmenistan, Uzbekistan, Montserrat, Saint Helena, Kosovo,
Bahrain, Brunei, Botswana, Kazakhstan and Libya.
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in the supplementary material of the publication. The remaining gureshave beencreatec
speci cally for this dissertation.
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3.2. Background

3.21. Tra c ow

Tra c jams are a well known phenomenonin the physicsof human mobility systems. When
there is a bottleneck, for instancea construction site on the road and the density of vehiclesis
large, tra ¢ may congestand dramatically reducethe ow rate of vehicles. Such congestior
may arise at bottlenecks, but can also arise spontaneouslyand be the result of stochastic
uctuations in the ow, induced by erratic behavior of drivers [169]. If atra cjam emerge:
becauseof uctuations it is often referred to as a phantom jam. In this section we will
introduce the basic conceptsusedin studying tra ¢ ow and the physicsof tra c jams.

Macroscopic modelling

One way to modeltra ¢ ow is by assumingthe continuum limit. In sucha model, discrete
vehiclesare replaced by an abstract vehicle density. These modelsbear strong resemblanct
to uid dynamics, sinceboth rely on the central continuity equation:
n(x,t) _
o F
With n denoting the number of vehicles,or particles, in somevolume V, which is boundedby
asurface V = S. While in uid dynamicsthe vector x is typically two- or three-dimensional
tra cusually owsalongaroad, and x is one-dimensional. The ux of vehiclesthrough the
surfaceS is denotedby j (x,t). (X,t) denotesa sourceof vehiclesinside the volume, e.g. an
on- or 0 -ramp on a highway. What the continuity equation signi esis nothing lessthan a
conservationof vehicles. Any changein the number of vehiclesin the volume V hasto come
either through vehiclesentering or leaving through its boundary S, or hasto be generatec
inside V by a source
The continuity equation can be rewritten in the more popular di erential form, by making
use of the divergencetheorem [255],

(x,1) _
=
Here the absolute number of vehicles n in some volume has been replaced by the local
vehicledensity . The sourceterm similarly describesa local sourcedensity. In conventional
hydrodynamics the ux j(x,t) is given by the product of the uid density (x,t) and the
velocity eld v(x,t), describingthe instantaneousvelocity of the uid at eachpoint in space
When modeling tra ¢ ow, vehicles usually only move in one dimension, along the road.
Thus, we will continue to usex and v to describethe one-dimensionalposition and velocity
of the vehicles. In addition, we replacethe symbol for the ux with Q, asit is commonly
usedin tra c scienceliterature. The ow of tra c¢ on a single-laneroad is then captured by
the fundamental relation of tra ¢ ow,

Q(x,t) = (x,t)v(x,1). (3.3)

First-order macroscopictra ¢ ow models,suchasthe Lighthill-Whitham-Richards model
describedin the following, stop at the continuity equation and usea xed velocity equation
v = v( (x,t)) [233]. Second-ordermodelsinclude the velocity itself as a dynamic variable,
and take into account accelerationof vehiclesspeci cally.

Both kinds of modelsrely on a central relationship betweenvehicle density and vehicle
velocity v, either de ned explicitly in rst-order models, or obtained as a steady-state value
for higher order models. This relationship is critical to describetra ¢ ow and has beer
aptly termed the fundamental diagram of tra ¢ ow. It is a powerful tool to characterize
tra cdynamics,asit allowsto determine the velocity of vehiclesaswell asthe velocity with
which density uctuations propagate along the road.

j(x, 1) dS+  (x,1). (3.1)
S

jO )+ (X, ). (3.2)
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3. Propagating congestionand phaseseparationin electric vehicle charging dynamics

Figure 3.1.: Sketch of a typical fundamental diagram. Important quantities of tra ¢ ow can be
inferred graphically from the representationof the ow Q asa function of the density .
The slopeof the line through the origin and a point ( , Q) (depicted in green)describes
the velocity of vehiclesat the density . The slopeof the diagram Q/  (depicted in
blue) describesthe propagation velocity of density variations at a certain density.

Vehicle velocity. Once the fundamental diagram Q( ) is established, we may derive the
vehicle velocity at any given density using eq. (3.3)

v()=Q/

In a graphical representation ofa fundamental diagram in g. 3.1, the vehicle velocity at a
given density  can be viewed as the slope of the line that connectsthe origin (0, 0) with
( ,Q()) (depicted asthe greenline, in g. 3.1).

Density perturbations. Given a system which obeysboth eq. (3.2) and eq. (3.3), we can
derive the velocity with which density perturbations propagate. We assumesuch a perturba-
tion ~ behaveslike a wave, i.e. it has somearbitrary shapewhich is translated in time with
velocity c,

“(x,t) = f(x ct).

Plugging this form into the continuity equation without sourceswe obtain [233]:

- QU(x, 1) (3.4)

t X ' '
C—Xf (x ct)= —Xf (x ct) -—fQ(f ), (3.5)
c= Q(f) (3.6)

o
Thus, the slope of the fundamental diagram describesthe velocity with which uctuations
around a certain density propagate (seeblue line in g. 3.1).

Higher order models. A rst order model such asthe one describedabove, can give rise to
shock waves[233]. While the fundamental insights one gains from the LWR model, such as
the propagation velocity of density uctuations, remain closeto the reality the emergenceof
shockwavesis generally not encounteredin physical tra ¢ systems,asit would demandan
in nite decelerationof vehicles. Second-ordemodelsinclude an additional dynamic equation
for the velocity of vehicles,

3.7)

\
—=a ,V,
t

x| <

7,
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3.2. Background

Figure 3.2.: Space-TimePlot of vehiclevelocitiesin the Nagel-Schreckenbergnodel. Although tra ¢
dynamics have been strongly simpli ed, and vehicles either stand still or drive with a
single velocity, tra ¢ jams may still emergenaturally.

This resolvesthe problem of in nite acceleration, by limiting the change ofvelocity. Even
though, the velocity in second-ordermodelsis a dynamical variable, it often givesrise to a
steady state function ve( ). While the fundamental diagram is an exogenousparameter in

rst-order models, secondorder models produce such a relation endogenously[233]. This
steady state velocity relation can then be usedto analyzethe steady state ow, as we have
done forthe rst-order model.

Microscopic tra ¢ modelling

Macroscopic models allow researchersto draw conclusionsfrom the fundamental diagram.
But how doesone obtain the shapeof the fundamental diagram? One way to obtain the
fundamental diagram is to measureit. Vehicle densitiesand ows can be easily obtained
from just counting the number of vehicles passinga section of the road, and noting their
velocity.

The fundamental diagram is also the main result of microscopic models, which mechanis:
tically explain the shapeof experimentally measureddata.

An important microscopic model of tra ¢ ow is the Nagel-Schreckenbergnodel [170]. It
is notable becauseit abstracts the problem of tra c¢ to a simple cellular automaton. The
highway is captured by a sequencef cells,which cantake on a certain nite number of states.
A cell may be empty, i.e. there is no vehicle in it, or it may have a vehicle in it with an
integer velocity. The temporal evolution of the Nagel-Schreckenbergnodel is determined by
update rules. Each cell may changeits state during an update dependingon the states of the
precedingand following cells. A vehicle may move forward if there is space,turning the cell
it occupiedinto an empty state, and the cell it movesto into an occupiedstate. Interactions
in the Nagel-Schreckenbergnodel are encodedin the update rules. A vehicle cannot move
into a cell that is occupiedby another vehicle. This is the extent of the microscopic detalil
necessaryto describetra ¢ owandtra cjams.

Despite this enormousamount of abstraction the Nagel-Schreckenbergnodel both predicts
tra c jams qualitatively, explainsthe shapeof the fundamental diagram, and allows quanti-
tative conclusionsabout the velocity of congestionwaves[170]. Figure 3.2 depicts the details
of the Nagel-Schreckenbergnodel and simulation results displaying congestion.

More sophisticated microscopictra ¢ modelsexist, which explicitly model the movement
of individual drivers. These models span from simplistic car-following models to models
taking into account human psychologyand errors [233].

3.2.2. Queueing theory

In this chapter and chapter 4 we will apply conceptsfrom the eld of queueing theory.
Queueingtheory describesa specialclassof stochastic processeggeneral stochastic processe
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a b
Request Process Queue Server

- - QO

Figure 3.3.: Schematic depiction of an M/M/1 queue. a Common depiction of a queueing system.
Requestsenter the system according to a Poisson processwith rate . The queueis
representedby a rectangle with partitions. The server, representedby a circle, serves
requestswith a rate p, which is the inverse of the averageservicetime. b The same
M/M/1 systemdepicted asa Markov chain. Nodesrepresentstates of the system, fully
determined by the number of requestscurrently in the systemn. Transitions between
states occur when a new requestarrives (with rate ) or when a requestis served (with
rate ).

will be introduced in more detail in section4.2).

Queueingsystemsconsist of a requestprocess,serversand a queueingpolicy. The request
processgenerates'customers” over time which will be servedby serversfor a period named
servicetime (see g@. 3.3a). If a requestarrives while all serversare busy, i.e. serving other
customers, that request will enter a queue, hence queueing theory. The queueing policy
determineshow requestsfrom a queuewill be served,e.g. First-In-First-Out (FIFO), shortest

rst etc.

Commonly queueing systems are classi ed using the Kendall Notation [41]. A simple
exampleis the M/M/1 queue. The rst M stands for a Markovian request process. This
meansthat the times betweenthe arrival of new requestsare distributed exponentially?, or
in other words, the requestprocessis a Poissonprocess.The secondM standsfor the process
from which servicetimes of requestsare drawn. Time intervals generatedby a Markovian
point processare exponentially distributed. Other arrival and service time distributions
encounteredin queueingtheory are D, for deterministic, i.e. eachservicetime is the same,
or G for general,referring to an arbitrary distribution.

The third part of the Kendall notation stands for the number of serversin the system. In
this simplest examplethere is only one server.

In this simple caseof the M/M/1 queuethe state spaceis simply given by all possible
numbers of requestsin the system. Transitions which are possibleare increasingthe number
of requestsin the system, if a new requestarrives, or decreasingthe number of requestsin
the systemwhen a requestis served. A visualization of this processin is shownin g. 3.3b.
More complicated queueingsystems,might needmore complexdescriptionsof the state space
incorporating additional features such as the time since the service of requestsbegan, the
ordering of requestsin the queueand similar.

Little's law

Little’s Law relates the number of requestsin a systemto the arrival rate and to the time
spendin the system. Little’s Law is independentof the speci c form of the arrival distribution,
the speci ¢ form of the servicetime distribution, the number of serversor eventhe queueing
policy [55]. The number of requestsin the systemL is simply the product of the average
arrival rate  and the averagetime eachrequestspendsin the systemW:

L= W. (3.8)

2|f the time between events is distributed exponentially, knowledge of the time that the last event occurred
doesnot a ect the probability distribution of the time to the next event. The Markov property and the
exponential distribution will receive more attention in section 4.2.
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Little’s law can be applied to any subpart of the system, e.g. only the requestswaiting in
the queue,only the parts of a complex queueingnetwork, etc.

PASTA-Theorem

When requestsare generatedby a homogeneou$ Poissonprocesstheir arrival is uncorrelated
with the state of the system. Upon arrival a request would observe an unbiased random
sample of the systemdynamics. This can be contrasted by a requestprocesswhere requests
arrive after xed intervals, i.e. deterministically, the system they seewould always be a
systemwhich hasevolvedfor a xed time sincethe last arrival.

For Markovian requestprocessesthus an averageover the systemasexperiencedby arriving
requestsis the sameas the time-averageover the entire system. This theorem is called the
Poisson-Arrivals-See-Time-AveragegPASTA)-Theorem, and it is central to the solution of
many queueingproblems [41].

3.2.3. High dimensional data

In this thesis, we work with high-dimensional data, which often is di cult to visualize and
contains redundant information. Often high-dimensionaldata includes dimensionswhich are
correlated. Using such correlated features doesnot improve predictions made from the data
while signi cantly increasingthe computational complexity. Thus, it is helpful to identify
which features may be left out without losing too much information. In the following we
introduce the methods by which we reducethe dimensionality of the data we work with.

Principal component analysis

Principal component analysis is a linear method of reducing the dimensionality of a data
set[32]. It recoversthe linear combinations of dimensions, which account for the largest
variation in the dataset, which are arguably the dimensionsmost indicative of the underlying
dynamics or structure of the data.

Given a data set of N vectors with dimension n, one computesthe covariance matrix of
the dataset

Sj = X(k') x() XE) x{)
k=1

Sincethis matrix is symmetric, one can diagonalizeit and obtain its real-valued eigenvalue:

1 2 N 0 and their corresponding eigenvectors. One can now reduce
the dimensionality to from N to M by projecting the data onto the spacespannedby the
eigenvectorscorrespondingthe M largest eigenvalues. The eigenvaluescorrespondto the
variance along the respective eigenvectors,thus, choosingthe eigenvectorsbelongingto the
largest eigenvaluesyields the subspacewith the highest variation.

While more sophisticated dimensionreduction techniquesexists, such manifold embedding
methods (t-SNE [156], umap [166]) or even deep neural network based methods like auto-
encoders[245], PCA hasthe bene t of being quick to compute and of making it possibleto
easily project new data onto the dimension-reducedsubspace.

Clustering

In this work we employ a GaussianMixture Model (seesection 2.2.1) to identify clustersin
d-dimensional space. The processof tting a GMM to identify clustersis the samethat has
beendescribedin section2.2.1,i.e. by using the expectation-maximization algorithm.

8A Poisson process,whoserate doesnot change over time.
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Figure 3.4.: Methods for estimating the number of clusters. a Example clustered data, generatec
from six Gaussiandistributions, b The elbow method using the averagesquareddistance
of data points from their cluster center. The real nhumber of clusters is highlighted by
the dashedline. The elbow method determinesthe correct number of clustersin this
example. ¢ Silhouette score method. The silhouette score showstwo maxima, which
present candidates for the optimal number of clusters. d Detailed statistics of the
silhouette scoresof individual data points grouped by cluster and ranked by score. In
a good clustering each distribution of silhouette scoreswill include the averageof the
silhouette scoreover all clusters.

In many applications the correct number of clusters k to usefor a GMM is not known
beforehand. Unfortunately, there are no clear-cut methodsto correctly identify the number
of clusters. There are, however, heuristic methodsto determine the number of clusterswhich
work well most of the time.

The elbow method A very simple method to determinethe number of clustersis to perform
the clustering for an increasingnumber of clustersk {2, 3,4,...} and observesomescoring
measurefor each number of clusters, e.g. the sum of the squared distancesof points in a
cluster to the center of the cluster. Initially the scoring measurewill improve quickly with
eachadditional cluster. The bestnumber of clustersis then the oneat which the improvement
of the scoring measureslowsdown. In the examplein g. 3.4b the elbow method correctly
identi esthe number of clusters.

The silhouette score The silhouette score[199]is computationally moreinvolved, but yields
more detailed information about the quality of the found clusters. The silhouette scores
measuresthe averagedistance of a datum i to all data points in the samecluster asi, a(i),
and comparesit with the averagedistanceof i to points in its next nearestcluster, b(i). The
di erenceof both distancesis normalized with the larger of the two.

bi) a(i)
max{ ai), b(i)}

When data point i is correctly assignedto its cluster the silhouette scorewill be closeto
1, if it is assignedto a wrong cluster is is closeto 1.

One can determine the optimal number of clusters by calculating the averagesilhouette
scoreover all data, for di erent numbers of clusters and selectthe number which yields the
larges averagesilhouette score.

In caseswhere there is no unigue maximum, or the silhouette curve appears at (see

g. 3.4¢), one can further distinguish betweendi erent clustering by plotting the silhouette
scoresof individual data points grouped by cluster and ranked, termed a silhouette plot (see

g. 3.4d). A good clustering result yields silhouette distributions within the clusters which
encapsulatethe averagesilhouette coe cient.

[ 1.1]
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Figure 3.5.: Distribution of charging power for fast and normal chargersin Germany. Even charging
stations belongingto the fast chargerlabel, show strongly varying charging speeds.

3.2.4. Electric vehicle charging infrastructure in Germany

Public charging infrastructure is critical for EV usageand adoption. Here we present a
summary of statistics of the charging infrastructure in Germany as a referencefor the reader,
and to motivate certain parameter choicesin the main body of this chapter. In July 202z
there were approximately 65000public charging points in Germany [141]. A charging point,
is a single port capableof charging one vehicle at a charging station. Charging stations may
have multiple charging points, not necessarilyof the sametype. Commonly a distinction is
madebetween normalchargersand fast chargers. In Germany charging stations which output
lessthan 22kW of power are considerednormal chargers,while everything aboveis considerec
a fast charging station [142]. Figure 3.5 showsthe distribution of the power of EV chargers
in Germany. Notably, despite being groupedinto fast and slow chargers,eachgroup itself is
highly heterogeneouseachspanning an order of magnitude in di erent charging powers.

Normal charging points make up the vast majority of charging points in Germany with
about 55000 charging points located predominantly in densely populated areas (compare

g. 3.6,[104]). A slowercharging velocity is acceptable,if vehiclesare parked for an extendec
period of time, e.g. over the working day, overnight or during shopping or leisure activities.
Fast charging stations are generally located closeto motorways where fast recharge speed:
are critical to reducetravel times.

In this work we are particularly interested in the fast charging point density along mo-
torways. For reference,we considerthe longest Autobahn in Germany, the A7, and assume
every fast charging station located closerthan 1000m to it is accessiblgo travelers. On the
A7 there is a fast charging station approximately every 16 km with on average4.6 charg-
ing points. In our toy model of a generic highway we will choosedistancesapproximately
matching the valueson the A7.

While we usethe A7 as a referencefor parameter choices,our work is much more genera
and may be usedwith a wide range of parameters.
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Figure 3.6.: Distribution of charging stations in Germany. a spatial distribution of charging stations:

70

charging stations occur predominantly in regionswith large populations. In addition,
fast charging stations are often situated close to motorways. The blue line depicts
the German autobahn A7. b Distribution of the distance of charging stations to the
nearestautobahn. Fast chargersare almost exclusively within 5 km of a motorway, while
normal charging stations are far more broadly distributed. ¢ Distancesof fast charging
stations along the autobahn A7. On averagethere is a charging station every 16 km on
Germany’s longest Autobahn.
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3.3. Model

The main di erencebetweenthe dynamics of tra c of ICEVs and EVs, is the processof
recharging. ICEVs can be refueledin lessthan 4 minutes, including paying for the fuel. In
contrast, recharging the battery of an EV takes a much longer time. Even at fast chargers
along highways, recharging takes between 20 and 120 minutes [46]. This amount of time is
considerableenough,that rechargingbreaksneedto be accountedfor when planning a longer
trip with an EV. The limited range of EVs increasesthe impact that the rechargeproces:
has on the dynamics of the tra ¢ ow, asvehiclesneedto rechargeoften.

3.3.1. Recharging electric vehicles

How doesrecharginga ectthe tra ¢ ow without interactions betweendrivers?

Rather than work with the physical energycapacity of EV batteries and the power output
of a charging station, we focus on the current range of an EV in units of distance. On the
systemic level the range is the quantity which matters for the tra ¢ dynamics of EVs, and
using it sidestepsquestionsabout charging losses[57].

At the time of the publication [164]the typical maximum range of an EV, Qgnax, Wasabout
300km (sincethen the averageincreasedslightly [80]). We equate afull battery, i.e. a state
of charge (SoC) of 100%, with the maximum rangethe vehicle can drive gmnax, and assumea
linear dependenceof the range g on the SoC of a vehicle.

When a vehicle is recharging at a fast charger, we assumea rate of charge, or charging
speed,of = 480km/h. This correspondgo drivers being able to recharge80%of their range
within the span of 30 minutes, matching reported averages[46, 80]. We use the simplifying
assumptionthat the chargingrate is constant. In practice the rechargerate will decreasefor
very low SoCsand high SoC[57]. E ectively, this decreaseshe chargingrate further, leading
our estimateto slightly overestimatethe actual charging rate. This will, however,not impact
the qualitative dynamics and conclusionsreachedin this work.

The processof recharging, by itself, signi cantly impacts travel times, for long distance
travel. When vehiclestravel longer than their range, they will have to stop at least onceto
recharge. The rechargetime then addsto the overall travel time and the e ective travel time
is then given by the harmonic mean of the vehicle velocity v and the rechargespeed ,

S 1

Viree = Sy s = 1 (3.9)

<k

For an averagevelocity on a motorway of 120 km/h the before mentioned recharge speec
reducesthe averagetravel speed to about 96 km/ h, a reduction of 25%. For short distance
travel, rechargeintervals have a smaller e ect, asdrivers may be able to chargetheir vehicle
at home or at their destination and foregorecharging en route.

3.3.2. Driver behavior

Given rechargetimes of approximately 30 minutes, evenat fast charging stations, EV drivers
are most likely hesitant to wait for another driver to rechargetheir car. This reluctancy
to wait needsto be taken into accountin modelsof driver behavior. We de ne the driver
patience p asthe acceptablenumber of drivers at a charging station at which a driver is still
willing to enqueue.

A second important factor impacting an EV drivers decision when to charge is their rang
anxiety [189, 261]. Range anxiety is the term usedfor EV-drivers insecurity about the state

“We refer to instantaneous movement as velocity and to more general movement, averaged over time, or
made up of multiple components as speed.
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of charge of their vehicle. An EV driver might be unsure how accurate the range indicator
of the vehiclesis, or prefer to keepa safety chargelevel to account for unforeseeablesvents.
Drivers typically want to charge their vehicle when their state of charge falls below 30%
[88, 189], leaving a small safety bu er. Rangeanxiety can be alleviated, through experience
[193], improved communication of the vehiclesrange including uncertainties [119] and most
importantly the accessibility of charging infrastructure [190].

We formulate a zeroth order model for range anxiety, by xing a charging threshold q
which signi esthe lower bound of the comfortable range of a driver. When the range of the
vehicle drops below this value, a driver will seekout the next charging station on their route
(see g. 3.7a).

Rangeanxiety and driver patienceboth decidewhenan EV driver will chargetheir vehicle.

If the driver arrives at a charging station, with the intent to charge (i.e. q < q), but
the queuelength is longer than the driver’'s patience p, they will seek outthe next charging
station on their route (see g. 3.7b). This decisionis only possiblewhen the vehicle still has
enoughrange left to reach the next charging station, and as such will only play a role in
the dynamics if the charging threshold is large comparedto the distance between charging
stations.

The drivers know the locations of all charging stations and will know in advancewhether
their current range is enoughto reach the next charging station. When the current range
is insu cient, the driver will necessarilychargeat their current charging station, and if it is
occupied,they will enter the queueand wait (see g. 3.7c).

Although the drivers decisionis only in uencedby the state of their vehiclebattery and the
state of the charging infrastructure, they are now implicitly interacting with other drivers,
becausethey are a ecting whether a charging station is available or occupied. It is this
interaction between constituents in the system which will give rise to collective behavior in
the next sections.

3.3.3. Highway model

Having de ned the set of rules that govern driver behavior, we now needto addressthe
drivers routes. Matching our minimalist decisionmodel, we chosea minimalist topology for
this problem which will obviate the needfor sophisticated route choices.

The highway consistsof a ring of charging stations connectedby road segments,allowing
for one-directional travel. On this highway Nguaion Charging stations are spacedequally
every = 15 km, matching the averagespacing of charging stations on the A7 (compare

g. 3.6). Each of these charging stations has m = 4 charging ports, again matching the
averagestatistics of the A7. To isolate the e ect of the charging dynamics, we assumeno
interactions of vehicleson the road segmentsbetweencharging stations.

With this topology there are two scenariosto consider.

1. The number of vehicleson the highway is conserved.

2. Vehiclesenter and leavethe highway at random charging stations with random battery
SoCs.

The rst caseallows us to draw conclusionsabout a possible fundamental diagram of the
system, while the secondcasematchesthe dynamics one might seeon a real highway more
closely.

For simulations of the rst scenarioit hasto be noted that the number of charging stations
hasto be restricted to a prime number. Otherwise, there exist orbits in which a vehicle only
observesa subsetof the charging stations®.

5If the number of charging stations is a multiple of the range of the vehicles (or their e ective range obtained
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Figure 3.7.: Decision processof EV drivers. a Drivers seek
g falls below a threshold value q . b If a charging
station and move to the next one. c If their
gap to the next station, they will enqueueat

3.3.4. Simulation

We implemented the EV charging and queueingmechanicsin the discrete event simulation
framework simpy [214]. A discrete event simulation is characterizedby a central event queue
representing changesof the system state ordered by when they occur [41]. A detailed de-
scription of another event basedsimulation framework is given in chapter 4.

For the simulation of EV charging dynamics the quintessential eventsare:

 drive : a vehicle beginsmoving to the next charging station.
« arrive : avehicle arrives at the location of a charging station.
* enqueue: a vehicle entersthe queueof a charging station.

« charge: a vehicle initiates charging.

When a drive event occursa correspondingarrive eventis scheduledin the event queue,at
the time the vehiclewill arrive at the next charging station. Upon an arrive event, the driver
makestheir decisionwhether to continue to drive or whether to enqueue

When the driver choosedo enqueue they enter the queueat the current charging station.
They will move up the queue as other vehicles nish charging, and nally start to charge
oncethere is no other car in front.

The charge event will automatically schedulea drive event, at the time the vehicle will be
fully charged.

by subtracting the range anxiety), vehicles may never charge at certain charging stations. For example if
the number of charging stations exactly matches the range of the vehicle, then this vehicle will only ever
charge at the same charging station.
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Simpy implements basic queueingsystem functionality, and any time charging completes.
the queuepositions of EV in the queueare adequatelychanged. The longestwaiting EV in
the queuewill begin charging oncethe currently charging EV nishes,observinga First-In-
First-Out queueingpolicy. Each charging station constitutes a queuewith a generalarrival
distribution and a generalservicetime distribution and m servers,i.e. G/G/m in Kendall
notation. Both distributions are not de ned a priori but emergeas a consequenceof the
dynamics of the system.

3.4. Conserved number of vehicles

In a setting in which the number of vehiclesis kept constant we can formulate mean- eld
expressiongfor the important ow quantities.

3.4.1. Critical vehicle density

The highway consistsof Ngiagon  Charging stations with m ports each, located with an equal
spacingof along the road. Each charging port can chargea vehicle with a charging speec

. Thus, the upper bound of how much range can be provided by the entire charging infras-
tructure in atime interval t is given by

Cprovided = Nstaion M t. (3.10)

Vehiclesin the systemconsumerangewhenthey are driving. A simple estimate on their total
range consumption can be made by neglecting queueingtimes, and assumingall vehiclesare
travelling freely. Then the total range consumedby vehiclesis given by

Oconsumed = NvehiclesViree t, (3.11)

where Nehicles denotesthe number of vehicleson the highway and viee is the free ow speec
derived in eq. (3.9). Equating eq. (3.10) and eq. (3.11) rangesyields a critical number of
vehicles,abovewhich global free ow is physically impossible,

~ Nvehicles
= = = -—+1. 3.12
°" mN station Viree V ( )

Here we have introduced the critical vehicle density "¢, where the tilde denotesthat the
density is taken per charging port. It is related to the spatial vehicle density by "'m/ =
We immediately see,that distancesbetweencharging stations are irrelevant in this system,
aslong as the maximum range of vehiclesis long enoughto reach one charging station from
another.

3.4.2. Mean- eldtra ¢ ow

Free ow In free ow, when there are no queues,we have derived the free ow speedas
the harmonic averageof the vehicle velocity and the charging speed(seeeq. (3.9)). The free

ow speedis independent of the density of vehiclesand the tra ¢ ow, when the systemis
in free ow is describedby (compare eq. (3.3)):

Qfree = Viree -

Congestedtra ¢ ow What isthe ow of vehicleswhen every single charging station has
aqueueC > 1 at all times?
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The ow through a crosssectionof the road at charging station i is given by the number of
vehiclesthat passi in a given time interval T:

Qcongested(i)T = Nj + Nj 1+ Nj 2+ -+ N; Qmax /

Where the indices signify the charging station where vehicles originated, i.e. the location
of their last charge,and gnax/ denotesthe maximum range of the vehicle expressedin
a number of charging stations. Since every charging station has a signi cant queue, and
vehiclesalways rechargetheir full range gnax, vehiclesleave charging ports after xed time
intervals,

= Omax! [ - (3.13)

For eachorigin charging station i | there is a constant delayj /v to reachthe charging
station i. This delay doesnot a ect the averagefrequencyat which vehiclespassi.

Taking T to be large enoughto be able to neglect any transient dynamics, we can write
the number of vehiclespassingthe station i and originating ati j asN; j = mT/ , which
for the total number of vehiclespassingi amounts to

qm@(/ 1
Qcongested(i)T = m—.
j=0
The time averaged ow of vehiclesthrough the station i is thus given by

: .1 T [/  m_m
Qcongested(i) = T“m T Onax/ mM— = Smad M —_—. (3.14)

This result doesnot dependon the number of vehiclesN ehicles OF the range gmax. Moreover,
in a homogeneousetting it is the samefor all locations and canthus be considereda constant
of the available charging infrastructure.

Making use of the fundamental relation of tra ¢ ow eq. (3.3),

Q= v,

we can derive the averagetravel speedof vehicles by dividing the ow by the density of
vehicles(consideredper length),

Qcongested _ M

Vcongested =

This holds for all vehicle densities, which congestthe charging infrastructure completely.
This relation further allows us to quantify the waiting times of vehicles, by expressingthe
e ective travel time by its constituents: driving, charging andwaiting,

S S . m

Vcongested: lim S S = lim S S -
s vt 2t twait s vI =1t waitS

Solving for e yields the waiting coe cient:
1 1
L= -z 3.15
wait m v ( )

denoting the amount of time spent waiting per distance driven, for large enoughdistances
Multiplying eq. (3.15) by the range of a vehicle, gives the averagewaiting time for a single
charging event

Twait =  wait Omax -
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Figure 3.8.: Average queuelengths measuredand predicted
active driver decision-making (no range anxiet
lengths accurately when no collective dynamics

From this waiting time one can obtain the averagequeuelength via Little's Law (eq. (3.8)).
We have derived the time between two vehicles leaving a charging station in eq. (3.13).
Its inverse correspondsto the frequency with which vehiclesleave the charging station. In
equilibrium, the rate of vehiclesentering a charging station and leavingit arethe same. Thus,
we can write for the averagequeuelength:

1
C = —Twait »
1 1
=m — = =
m
Vv +

=m °~ 3.16
; (3.16)

The average queue length increaseslinearly with the density of vehicles, and amounts to
the number of vehicles per station minus vehicles charging currently or driving currently.
Figure 3.8 showsthe measuredaveragequeuelength C vs. vehicle density ~ for di erent
numbers of ports m. Shownare only high densities™ > " = 5.0.

3.4.3. Collective dynamics

We have seen,that for both the free ow and for the congestedregimes,the ow Q of the
EV tra c can be found easily from the system parameters, and neither of these states are
in uencedby the individual driver behavior and their range anxiety/charging threshold. In
practice a completely overloadedsystemis quite undesirable,and infrastructure providersand
other stakeholders,e.g. policymakers will try to avoid such scenarios,by ensuring enougk
charging stations to avoid overload. The number of charging stations is however subject to
economicpro t optimization and, thus, the amount of charging stations is also unlikely to
be much larger than necessary.Therefore, it is critical to study the charging dynamics close
to the transition betweenfree ow and congestedstates.

Figure 3.9 showsthe queuelengths, the trajectories of individual vehiclesand the local
vehicle density for three di erent densities of vehicles: free ow < , critical = . and
congested > . The queuelengths and vehicle densitiesdi er in that the local vehicle
density includes vehiclescurrently driving over the precedingedgeof the graph.
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Figure 3.9.: Overview of the ow dynamics for a highway systemin which vehicleshave a range of
Omax = 300 km, drive with velocity v = 120 km/ h, recover range when charging with
a speedof = 480 km/h, charge at free charging stations if their range drops below
50% of its maximum. In contrast to g. C.1 drivers only avoid charging stations with
more than one personwaiting there (patience = 1). Columns showthe queuelengths at
the charging stations (left), individual trajectories of vehiclesdrawn with little opacity
(middle), and the density of vehicles,i.e. vehiclesin queuesand moving vehicles(right).
The rst row showsa free ow system, with a vehicle density of = 2.5 veh/ port.
Vehicles move uninhibited along the road with their free ow velocity. The secondrow
showsa system closeto the critical density = 5.0 vel/ port. Vehicles now encounter
queues,and collectively form clusters of congestedcharging stations which propagate
alongthe direction of the ow. The third row showsan overloadedsystemwith a vehicle
density of = 7.5 veh/port. Here queuesare unavoidable and xed in space. Every
charging station has queueand the waiting time dominates the travel time of vehicles.

77



3. Propagating congestionand phaseseparationin electric vehicle charging dynamics

At low densities (top row) vehicles travel freely and are free to charge when the need
arises. Noticeably, the trajectories of the vehicles(center column) are parallel to eachother,
suggestingthat after short transient behavior, vehicles are indeed following the free ow
dynamics and travel with an averagevelocity of eq. (3.9).

Beyond the critical density (bottom row), queuesemergeat every charging station. After
a short transient phase,charging stations that grew a queuewill remain congestedforever.
This is the state of complete congestion,or overloadedstate, describedin section 3.4.2.

However, closeto the critical vehicle density (center row), driver interactions leadto spatio-
temporal patterns in the queuelengths at charging stations and local vehicle density. Fig-
ure 3.9 showsa density wave along the road, with the main contribution to it being vehicles
in queuesof charging stations. Phenomenologically,this bearsresemblanceo the tra c¢jams
of classicaltra ¢ ow (compare ¢.3.2). But in contrast to conventional tra c¢ jams, the
density wave in this instance is propagating in the ow direction. These charging jams are
produced entirely through the charging dynamics and driver behavior we introduced.

The exampleplots g.3.9and gs.C.1to C.3in the appendix show that the number of
ports and the patience of drivers in uencehow pronouncedthese charging congestionwaves
are.

In the next sectionswe will uncoverthe circumstancesthat contribute to the emergenceof
charging jams, their physical interpretation and microscopicstructure.

3.5. Identi cation of congestion waves

We have observedthe emergenceof a collective state in EV tra ¢ ow in which localized
congestion emergeswhich travels in the direction of tra c¢. To understand under which
conditions this collective state emergesa measureis necessaryby which to distinguish the
possiblestates, free ow, congestionwaves,and overload.

An attempt to identify the phaseof EV tra ¢ ow by using neighbor correlations between
the gueuelengths of charging stations is describedin appendix C.2. However, using only
spatial correlation of charging stations is insu cient to capture the dynamics of the tra ¢

ow and a more sensibleapproach needsto take into accounttemporal aspectsas well.

Becausecharging jams are waves, a natural way to extract spatio-temporal featuresis to
transform the time seriesof queuelengths into the frequency space. The Fourier transform
of the time serieswill then highlight the periodicity of the congestionwavesin both space
and time.

To formulate a reliable measurefor whether the system exhibits congestion waves, we
simulate the highway for a patience value of one and charging threshold of 50% at varying
vehicle densitiesranging from free ow densities( = 3.2 veh/ port), to congesteddensities
( = 7.3veh/ port).

Simulations are run for 100 hours after a short equilibration phase. From these simula-
tions we take the time seriesof the queuelengths sampledat six minute time intervals, and
normalize them by subtracting the mean queuelength for eachsimulation and dividing the
result by the standard deviation of queuelengths

ety = Fpo) Cxt

(C(x,t)  C xu)?
X,t

Of this normalized data the Fourier representationis computed. The absolute values of the
Fourier representationare then usedin a principal componentdecomposition. The restricition
to the absolute values erasesinformation about the random initial conditions and expose:
only the dynamical properties of the EV tra ¢ ow.
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Figure 3.10.: Patterns in charging queuedynamics. a An example simulation of a highway exhibit-
ing charging congestion. b Fourier representation of the measure 2D data (time anc
space). To enhancevisibility of the structure the Fourier representationhasbeenfolded
with a Gaussiankernel for this image. ¢ Principal componentthat encodesthe di er-
encebetweenfree ow patterns and congestionwaves. d Principal componentwhich
matchesthe overloadedstate.

Figure 3.10 showsan example simulation which exhibits congestionwaves g. 3.10a. Its
Fourier representation is shownin g. 3.10b. To improve the visibility of patterns in the
Fourier representation, we applied a Gaussian Iter to the visualization.

The resulting principal componentsresidein frequencyspace,and aredi cult to interpret
directly. Transforming them back into space-timerevealsthe most important distinctive
patterns in the charging dynamics.

The rst principal component (see ¢. 3.10 ¢) showstwo overlaid patterns. There are
periodic positive contributions to the principal component. The spatial distance betweentwo
intensity peakscorrespondsto 50% of the vehiclesmaximum range, i.e. the distance vehicles
in thesesimulations travel beforerechargingin free ow. This pattern encodeghe trajectories
of freely moving EVs. In addition, there is a negative contribution of continuousstripes, whose
slope matchesthe velocity of the congestionwaves. The rst principal componenttherefore
distinguishesbetweenfree ow and congestionwaves.

The secondprincipal component(see g. 3.10d) involves a negative contribution from the
patterns seenin the rst component, but showsa positive contribution from patterns that do
not move over time, asis evident from the strong positive contributions at a distancex = 0.
Thus, the secondprincipal component distinguishes between complete congestionand the
two previous states.

Usingthe rst two principal componentsthe rangeof observeddynamicsonthe EV charging
highway decomposesnto three clusters of simulations (see g. 3.11a). Each of theseclusters
correspondsuniquely to free ow, overloadedand charging jams.

There is structure within these broad clusters as well. There are three di erent kinds of
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Figure 3.11.: Dynamical statesof the EV ow on the highway. a The rst two principal components
reveal three clusters of states, correspondingto free ow, overloaded and congestior
wave. b Relative frequencieswith which eachof the three states, free ow, overloadec
and congestionwave, have beenobserved.

congestion waves, with a very prominent cluster consisting of the clear congestion waves
previously shownin g. 3.9, and two other comparatively small, clustersin which congestior
wavesshow similarities to either the completely congestedstate, when stations are occupiec
for very long times (center left in g. 3.11a),and to the free ow states, when queuesremain
very short, but signi cant waves can still be observed (center middle in g. 3.11a). For
the purpose of this work, we still consider these states congestion waves, but will focus
predominantly on the study of the majority of congestionwave states. To detect the clusters
numerically we t a GaussianMixture modelto the projections of the data on the rst three
principal components.

3.6. Multistability of congestion waves

The results of the clustering are usedto determine whether a particular simulation exhibits
congestionwaves,and to quantify under which conditions charging jams occur. Figure 3.11k
showsthe relative frequencywith which one encountersa highway in any given cluster given
the vehicle density. Sincewe are considering simulations without stochastic dynamics, ran-
domnessenters via the initial conditions. Thus, quantifying the frequencythat eachcluster
is observedcorrespondsto quantifying the amount of initial conditions that give rise to the
macroscopicstate of the system. The spaceof initial conditions hasbeenchosenquite broadly
such, that the rst vehicleswhich enteredthe highway already travelled through most of the
highway by the time the last vehiclesenter, resulting in uniformly distributed battery levels
and positions of the vehicles.

Already at 80% of the critical vehicle density, congestionwavescan be observedfor some
initial conditions, and at 95% of the critical density congestionwaves occur almost always.
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There is signi cant overlap in the densitiesin which free ow and congestionwaves occur.
This meansthat for thesedensitiesboth states are possible,and the dynamics are bistable.
Congestionwavesoccur until about a 120% of the critical density, at which point complete
congestiontakes over.

The rangesof densities over which each state occurs depend on the exact parameters of
the system. An example for simulations with higher patience is shownin g. C.2, where
congestionwavesonly occur after the systemhas already beenoverloaded.

3.7. Electric vehicle tra ¢ ow

EV charging congestionwavesimpact tra ¢ ow at the macroscopicscale decreasingthe
average ow in the entire system and dependingon the averagedensity of vehiclesin the
system.

From a physical perspective, the changein dynamics underlying the congestion waves
presentsa form of phase separation. Charging stations aggregateinto clusters of separate
phaseson the mesoscopicscale.

The root causeof the congestionand the dynamics of the congestionwaveshoweveris tied
to the microscopicdynamics at each charging station, which arise from the decision-making
of individual drivers. We will explain the phenomenonof charging congestionunder all these
viewpoints, and show that propagating congestionwaves emergeevenin systemsin which
the restrictions of our model are relaxed.

3.7.1. Macroscopic properties of electric vehicle tra ¢

We were able to derive the ows of electric vehicles on this simpli ed highway model for
the simple states of free ow and congestionin section 3.4.2. When congestionwavesoccur
collective dynamics invalidate the assumptionsmadein the mean- eld calculations. Here we
determine the ow in the congestionwave state from simulations and nd the fundamental
diagram of EV tra ¢ ow.

We perform simulations for di erent densities and measurethe number of vehicles that
passa cross-sectionof the road over the course of the simulation. Figure 3.12 showsthe
fundamental diagram obtained from simulations with one charging port per station and
di erent range anxieties.

Without rangeanxiety ( g.3.12b) the fundamental diagram showsa sharp transition from
free ow to congestionat the critical density. The transition is abrupt, rather than smooth,
becausdor any < . vehicleswill settle into free ow after atransient period. For example,
evenif all vehiclesstart in the queueof the samecharging station, Becausevehiclesleavethe
charging station after xed intervals, i.e. when they chargedtheir battery completely, and
this time is the samefor all vehicles,they will no longer encounter each other at the next
charging station. They will exactly miss eachother, and thus never be required to enqueué.

At the critical density this is not possible anymore and at least one charging station a
queueemerges.At higher densitiesthe ow is then determined only by how frequent vehicles
leavethe charging stations as describedin section 3.4.2.

With range anxiety this self-organization into optimal ow doesnot occur. Instead of
joining a queue, drivers can now drive further to nd an available charging station. By
doing this, they increasetheir charging times. Longer charging times, in turn, increasethe
probability that another driver will observethe occupied charging station, and travel to

5This is only the casewhen the number of charging stations is prime. Otherwise, vehicles are con ned
to only a subset of charging stations, which might congest. To prevent this from occurring we use 101
charging stations in our simulations.
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Figure 3.12.: Fundamental diagram of EV tra c¢. Congestion waves emergecloseto the critical
density . and decreaseoveralltra ¢ ow. Congestionwavesand free ow may occur
at the samedensities. The slopeof the fundamental diagramis vg in free ow, matching
the free travel speedof vehicles. In the congestionwave phase,the slopeis smaller,
denoted by c. This slope correspondsto the velocity with which congestion waves
propagate.

the next charging station. This createsa feedbackloop which generateslocalized congestet
regions: congestionwaves.

In the fundamental diagramsin g. 3.12 states exhibiting congestionwavesare visible as
linear brancheswith a characteristic slope ¢, smaller than the free ow speedviee. These
branchesemergebelow the critical density . and coexist with the free ow state (compare
section 3.6). The slopec matchesthe velocity with which congestionwaves propagate (see
section3.2.1and eq. (3.6) in particular).

The propagation velocity increaseswith increasing range anxiety, however the transition
point from congestionwavesto overload appearsto be independent of the range anxiety
(approximately 1.2 ().

Average speed of EVs

Dynamic congestionimpacts the averagetravel speedof vehicleson the highway shown in

g. 3.13. Congestionwavesdecreasethe mean speedof vehiclesby up to 15% comparedto
the possiblefree ow state at the samedensity (for a range anxiety of 50%, larger range
anxieties can causea larger decreasen travel speed,but are unlikely to be relevant in real
settings).

Patient drivers

Range anxiety a ectsthe speedof propagation of congestionwavesand the vehicle density
at which they rst occur. The other behavior-governing parameter for EV drivers is their
patiencep, i.e. i.e. the maximum queuelength at which they voluntarily enter a queue.
With higher patiencedrivers will only skip a charging station whenqueuelengthsarelonger.
Any dynamics that result from this behavior will therefore only emergeat higher densities
when a substantial fraction of queuesare long enoughto match the patience. Figure 3.14
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Figure 3.13.: Average speedof electric vehicles. When congestionwavesemergethe averagespeedof
electric vehiclesdrops by up to 15%, and then starts to further decreaseasthe density
increases.Larger range anxieties/charging thresholds a ect the averagevehicle speec
more strongly.

showsthe sectionsof the fundamental diagramsof systemswith patienceprangingfromp= 0
to p = 3. The characteristic congestionwave branchesindeed emergeat higher densitiesfor
larger valuesof the patience. At patiencep 2,the ow evenbecomedully overloaded rst,
i.e. saturates at Qcongested: @and then drops again at higher densities. This is becausebefore
the patience becomesrelevant to the dynamics, the vehicle density is already large enougt
to causeevery charging station to form a queue.

Thereis a noticeabletrend in the density g at which the systemtransitions from congestior
wavesto overloadedtra c. For eachincreasein patience p, the density s of the transition
from congestionwavesto complete overload (at the high density end) increasesby p (see

g. 3.14). When extrapolating the congestionwave branch of the fundamental diagram to
lower densities,the extrapolation intersectsthe free ow branch of the fundamental diagram

Figure 3.14.: Fundamental diagrams of EV systemswith drivers with di erent patience values. a
Impatient drivers p = 0. Drivers will never voluntarily enter a queue. The transition
from free ow to congestedis smoother, than in a without range anxiety (compare

g. 3.12b), but no separatecongestionwave branch is apparent. b Drivers are willing
to engueuewhen one other driver is already recharging (p = 1). A separatebranch
emergesand bistability of free ow and congestionwavesis observedc, d p = 2 and
p = 3 respectively. There is no transition from free ow to congestionwaves. Instead,
congestionwavesonly emergewhenthe maximum ow of the systemis already reached
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Figure 3.15.: Simulation of EV tra c for a density of = .. At the sameparameterssomeinitial
conditions lead to the emergenceof two congestionwaves, while others produce only
one.

at ;. While ¢ dependson the patience, ; doesnot. As a consequencehe slope of the
congestionwave branch decreasesand congestion waves propagate slower for drivers with
more patience.

3.7.2. Mesoscopic structure of charging jams

The linear nature of the congestionbranch in g. 3.12, and the constant value of ; in
g. 3.14 suggesta separation of the ow into coexisting phases. The queue length time
seriesof systemsexhibiting congestionwavescan contain more than one congestedcluster of
charging stations at the sametime. But asthe number of wave peaksincreasesthe width of
eachwave decreasesyhich can be seenqualitatively from the time series g. 3.15.

Here we will detect the charging stations that are part of a congestionwave in order
to further understand how the system separatesinto congestedstations. We describe an
attempt to use a simple threshold method to classify the state of each charging station in
appendix C.3. This approach, however, proved inadequatein producing coherentclusters of
charging stations.

We nd coherent classi cations by taking the neighbors of a charging station and their
immediate time evolution into account. For each charging station i at time t a vector x
containing the queuelengths of the neighboring stations in the time span[t 1h,t+ 1h]is
created (see g. 3.16,red box),

Xi(t) =(Cj 2(t n t),C ot (n 1) t),...,Ci 2(t+n 1),
Cit n t),...,Ci(t+n 1),
Ci+1(t n t),...,Cis1(t+n 1))

The sampling interval t is six minutes. These vectors are created for every sampledtime
and every station, and principal component decompositionis usedto obtain the principal
components(see g. 3.16).

The projection on the rst two principal components reveals structure, which initially
appears continuous and nonlinear. This is expectedfor the principal componentsof time
seriesdata, as vectors which are closein time will also be projected onto the sameregion
of the principal component space. Continuous changesin the underlying vector are also
continuous in the spaceof principal components.

A Gaussianmixture model is tted to the reprojected data, and silhouette scoreanalysis
revealsthat ve clusters most accurately describethe structure in the dataset. Each cluster
has a clear interpretation asto which part of the congestionwave it encodes.Two clusters
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3.7. Electric vehicletra ¢ ow

Figure 3.16.: Local classi cation of charging stations. Vectors are createdfrom the queuelength time
seriessurrounding a charging station i in a time window of two hours. PCA reveals
the existenceof multiple clustersin the congestionwave dynamics, correspondingto
free ow, congestedand transient patterns. Attributing the transient patterns to the
congestionwave results in a clear classi cation of charging stations into free ow and
congestedat every time.

Figure 3.17.: Conditional vehicle densities for each cluster type. The conditional densities remain
constant acrossa range of total vehicle densities.

describethe free ow and the congestedregion of the congestionwave, while the other three
match the transient regionsat the beginning and the end of the charging jam. This internal
structure is studied more in-depth in section 3.7.3.

Having classi ed charging stations into these ve clusters, we calculate the averagevehicle
density conditioned on the cluster type. Figure 3.17 showsthat when the overall density
of vehicleson the road is changed,the conditional densitiesfor eachcluster remain constant.
Becausethe overall density changesand the conditional densitiesdo not, the proportion of
charging stations in eachcluster needsto changeto match the overall density.

We further investigate the separation of the charging stations into only free ow and con-
gestion. For this we attribute all the transient clustersto the congestedphase.

Figure 3.18ashows,that the relative weight of the conditional probability densities shifts
from free ow to congestedas the total vehicle density increases. The splits
phases,the congestedphaseand the free ow phase. The measuredlocal vehicle density at
congestedcharging stations matchesthe density of the transition poin
wavesand complete congestion. The density in the free ow phasematches the intersectior
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Figure 3.18.: The EV tra c ow separatesinto two phases: free ow (green)and congested(purple).
a The density of vehiclesat stations in either state is xedto ; (b greencircle) and
s (b purple circle). b The number of charging stations in the congestedstate is
determined by the overall density of vehicleseq. (3.17). A measurementof the jam
widths (inset) con rms this.

of the extrapolated congestionwavesbranch in the fundamental diagram with the free ow
branch (compare g. 3.14).

This separationinto two phasesexplains the linear shapeof the congestionwave branch.
Since the overall density of vehiclesis xed and there exist approximately two phases,the
densities of these two states weighted by the fraction of the road in these states has to
reproducethe total density:

=W+t (1 w) g (3.17)

The phasetransition betweenfree ow and congestionthus parallelsthe well known transition

from liquid to gaseousn the van der Waals gas, including super-cooledand -heated states,

multistability, and the description of the phase separation via Maxwell-construction (see
g. 3.18D).

3.7.3. Microscopic dynamics of charging jams

After having observedthe impact that congestionwaveshaveonthe ow dynamics of electric
vehicles,and having seenthat the phenomenontakesthe form of two tra ¢ phasesseparating
from eachother, we now turn towards understanding the microscopic dynamics of charging
jams. In previous plots of the congestionwaves (see g. 3.150r ¢. C.5 for example) the
density of vehiclesat the beginning of the charging jam appearsto be consistently larger
than elsewherein the congestionwave. In g. 3.16and g¢. 3.17 we have found structure in
the local time seriesdata of the queuelengths, which indicates the existenceof more than
just the two states congestedand free ow.

To isolate the spatial pro le of a congestionwave we usethe classi cation methods devel-
opedin section3.7.2to nd the upstreamand downstreamboundariesx; and x; of congestior
wavesin a charging systemwith rangethreshold q = 1/20gmax, @ vehicledensity of = 1.1 ,
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3.7. Electric vehicletra ¢ ow

and one charging port per charging station. We comparethe pro lesof 25 di erent realiza-
tions at 10di erent times during the simulation.

Figure 3.19 showsthe resulting pro les of the queuelength vs. charging stations, shifted
suchthat congestionwavesalign with the upstream end (a) and suchthat congestionwaves
overlap at the downstream end (b). Separate shifts were chosenbecausesomerealizations
gave rise to more than one concurrent congestionwave, thus the length of the congestior
wavesdi ers.

At the upstream end, one observesa clear peakin the queuelength along the congestior
wave pro le. Downstream from the peak, the queuelengths becomeapproximately constant
in spaceuntil they return to their free ow value of approximately 1 car charging.

The dynamics of the jam pro le becomeapparent when consideringthe ow at eachcharg-
ing station along the jam. We measuredthe ow at eachstation by counting the number of
vehiclescrossinga single charging station in 6 min intervals. Upstream (c), the ow increase:
from the free ow (measuredin the fundamental diagram in g. 3.12) above the congeste(

ow, reachesa peak, and then falls to the congested ow level. Afterwards, the ow remains
xed at the congested ow until the downstream end of the jam.

To explain the pro le of the congestionwave we rst considerthe upstream ank of the
charging jam. This regionis directly adjacentto a free ow region, wherethe averagequeue
length lies belowthe patienceof drivers. Drivers who reachtheir chargingthreshold while still
in the free ow region will rechargethere. Drivers who will reach their charging threshold
within the jam will drive until their battery is depleted. Consequently, there is a region
spanning from the beginning of the charging jam at x = 0, the rst congestedcharging
station, up to x = g/ , the last congestedcharging station reachablewith a range of q ,
where no driver will enqueue. Over time, the queuesin this region drop to free ow levels,
which causesthe upstream ank of the jam to shift downstream.

The queuelengths at the upstream ank have to grow linearly at the charging stations
immediately behind this region, becausethey have to handle all the vehicleswhich would
not chargebefore. At x = q/ , the average ow Qx at eachstation x beginsto decreaseas
vehiclesenter queues.

The growtR of quepelengths can be understood by observingthgt vehicleschargingin the

interval x %4, 9 originated from stations in the interval x rax. 9 0 within

the free- ow region. There is a one-to-onecorrespondencebetweentheseintervals: vehicles
leaving a station in the secondinterval precisely join the queueat a station located %m
stations away in the rst interval.

As shownin g. 3.19,the averagequeuelength in this regionis approximately one. Conse:
quently, the rate at which vehiclesdepart from any charging station aheadof the jam is given
by the inverseof their chargingtime, or o However, within the jam itself, vehiclesexit

Omax

charging stations only at a rate of G @S they needto fully chargetheir batteries before
departure.

From this rate di erence,we seethat the averagequeuelength at charging stations in the
interval [q / ,gmax/ ] hasto grow in time:

C = > 0.
Omax Q Omax

A similar argument resolveswhat occurs at charging stations in the main body of the
chargingjam. At thesestations, vehicleswhich enqueueoriginate in congestedregions. Thus,
the averagerate of vehiclesentering and leaving the queueis the same, and the expectec
gueuelength doesnot changeover time. In Figure 3.19, this region can be observedin all
sub- gures,and the averagequeueand the average ow hereis spatially constant. The ow
matches the congested ow calculated in eq. (3.14) and seenin the fundamental diagram

g. 3.12.
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3. Propagating congestionand phaseseparationin electric vehicle charging dynamics

Figure 3.19.: Pro les of a charging congestionwave in ow Q and queue length. a The queue
lengths at the upstream end of the charging jam. In front of the jam queue lengths
are shorter than the driver patience. At the beginning of the jam the queuelengths
reach a peak, before settling on an elevated level in the main body of the tra ¢ jam.
b Queuelengths at the downstream end of the tra c¢ jam. The queuelengths are
approximately constant in the main body of the tra ¢ jam and decreasecontinuously
to the free ow level at the en of the jam. c,d The vehicle ow alongthe tra c jam.
In front of the tra cjam the ow matchesthe free ow value (dotted greenline). At
the beginning of the jam (c) the ow increasesand reachesa maximum value above
the congested ow value, mirroring the behaviour of the queuelengths. In the main
body of the tra c¢ jam the ow falls to the expected congested ow (dotted purple
line, compare g. 3.12). The congested ow is maintained until the end of the tra ¢
jam, whenthe ow decreasedo free ow levels.
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The dynamicsof the chargingjam at the downstreamend, however,remainto be explained.
A precisemathematical description of the queueingdynamicsat the downstreamend involves
complex dependencien the order in which vehiclesenteredthe congestionwave in the rst
place. Qualitative understanding can however be gained by, again, employing the continu-
ity of vehicles. Inside the congestionwave the ow is Qcongested: according to eq. (3.14).
Downstream of the congestionthere is free  ow with Qfree < Qcongested- CONsequently,at the
downstreamboundary region betweencongestionand free ow, the density of vehiclesneeds
to grow. As the density of vehiclesgrows in this boundary region, parts of it becomecon-
gested, thus shifting the boundary region downstream, which accountsfor the downstream
propagation of charging congestionwaves.

3.8. Robustness of congestion waves

In the previous sectionswe have investigated the e ect of charging dynamics on the tra ¢
ow in astrongly simpli edmodel. However,severalof the assumptionsmadecanbeloosenec
without substantially changingthe qualitative behavior of the tra ¢ ow.

3.8.1. Heterogeneity

One of the assumptionsmadeis the homogeneityof drivers and vehicles. We only considerec
the casein which the chargingthreshold q isthe samefor everydriver, in which the maximum
range gmax is the samefor every vehicle, and in which every vehicle rechargesat the same
rate . Figure 3.20 showsthat evenwhen these parametersare chosento be heterogeneou
acrossdrivers or vehicles,we still observecongestionwaves.

Furthermore, up to now we investigated only the casein which chargingstations are equidis-
tantly distributed along the road. Congestionwaveshowever also occur when the distances
between charging stations vary (see g. 3.21). However, when there are large distancesbe-
tween subsequentcharging stations, more drivers will needto rechargebefore the gap, to
be able to crossit, and after the gap anxious drivers might charge more often. Therefore,
sectionsof the road with sparsecharging stations form bottlenecks, which induce spatially

xed charging congestion(see ¢. 3.21c and d).

Bottlenecks absorba fraction of the vehicleson the road, which reducesthe vehicle density
elsewhere.Thus, in the casewherethe number of vehicleson the road is xed, the existence
of a bottleneck will causefree ow elsewhere.

Similar e ectscan be observedin equally spacedcharging stations with a varying number
of charging ports. Figure 3.22 showsthe queuelengths of charging stations with randomly
distributed numbers of charging ports. The number of charging ports was drawn randomly
from {m ,m+ } with {0,1,2,3 with probabilities chosento x the averagenumber
of charging ports at m = 4. Large di erencesin the number of ports also create bottlenecks,
at which the systemcongestslocally.

Overall we see,that the e ect of charging congestionwavesis robust and can occur even
when road conditions and driver population is heterogeneous. Only strong variation will
disrupt the emergenceof congestionwaves,through the creation of bottlenecks.

3.8.2. Fluctuations

We extendthe EV tra ¢ ow modelto a more generalsetting in which the number of vehicles
is not xed. In this generalizedsetting each charging station is accompaniedby an on- and
o -ramp, where vehiclesmay enter and leavethe road randomly. This leadsto a uctuating
number of vehicleson the road. The detailed description of this setting and its implications
are describedin appendix C.4.
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Figure 3.20.: Existence of congestionwaveswhen the driver population is heterogeneous.a Conges
tion waveswith a homogeneouddriver population. b Congestionwaveswhen charging
speedsfor EVs are distributed uniformly between3 and 5 times the driving velocity
(correspondingto 360km/h and 600km/ h). ¢ Congestionwaveswhen the range anx-
iety is distributed uniformly between 0% and 90% of the total range. d Congestior

waveswhen the maximum range of EVs is distributed uniformly between100km and
720 km.

Figure 3.21.: Congestionwaveson heterogeneoushighways. a Top: congestionwaveson a homoge:
neoushighway. Bottom: the distance distribution betweenstations is a -distribution.

b-d Congestion waves for log-normally distributed charging station distances. The

averagesare kept xed at 15 km between stations and the standard deviations are

b= 0.28km, .= 0.57km, 4= 0.9km. When the variation in distancesis large,

bottlenecks form causing certain charging stations to be always occupied. Neverthe-

less,even for moderately broad distributions of distancestraces of propagating waves
can be seen(seec).

90



3.9. Real world infrastructure

a b C d

o=0 o=1 o=2 o=3
— 15 >40
g 30 s
o~ (@)}
5 101 - - - 5
(0] 20 (O]
2 5. ] . ] 2
8 10 >
o =
© 0 . . . . 0

0 50 1000 50 1000 50 1000 50 100
time [h] time [h] time [h] time [h]

Figure 3.22.: Congestion waves form when the number of ports is distributed heterogeneously. a
Reference. Each charging station has four ports. bcc Congestion waves also form
when for heterogeneouscharging stations. In ¢ propagating wavesare faint. d When
the variation in ports becomeslarge, bottlenecks appear which absorb most of the
vehiclesand prevent wavesfrom propagating.
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Figure 3.23.:EV tra ¢ ow for uctuating numbers of EVs. a,b When the number of vehiclesis
not conserved,congestionwavesmay occur at any time, but may dissolve after short
times. While there is no abrupt transition from free ow to congestionwavesglobally,
there is a global transition to overload c, where queueson each charging station grow
linearly in time.

When the number of drivers on the road uctuates, congestionwaves can occur even at
overall low densities. There is no clear transition from the free ow phaseto the congestior
wave phase. The congestionwavesin settings with uctuating number of vehiclesare inter-
mittent and will randomly dissolve (see g. 3.23). There is however still a critical in ux of
vehicles . at which the systemwill overload and congestfully (see g. 3.23c).

Using this extended model we can study the EV charging dynamics on real infrastructure.

3.9. Real world infrastructure

Our model for EV tra cis shownto be robust with respectto heterogenousdistribution of
parameters and producescharging congestionwavesfor heterogeneousnfrastructure and a

uctuating number of vehicleson the road. Could this form of charging congestionalso occur
on real roads?

We apply the EV tra ¢ modelwith uctuating vehiclesto the infrastructure on the Ger-
man BundesautobahnA7 (according to data collectedin 2020), chosenfor being the longesit
continuous Autobahn in Germany. We usedthe data describedin section 3.2.4to create a
simple model of the charging infrastructure on the A7. First, we determined every charging
station within 1000metersof the A7. Then, thesecharging stations weremappedto the node
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3. Propagating congestionand phaseseparationin electric vehicle charging dynamics

Figure 3.24.:EV charging dynamics on the A7-Autobahn. Left: Distribution of charging points
along the A7. Top: Queuelengths of the charging stations for a small in ow rate of
30 veh/ h. On the left charging stations are scaledby their distance from the south-
ernmost part of the A7, on the right enumerated. The road is mostly in free ow, and
only a few charging stations exhibit a noticeablequeuelength. Center: At intermediate
in ow rates somecharging stations already overload. Most notably theseare charging
stations which are situated at sectionsof the A7 with few charging stations. Drivers
are forced to chargethere to continue to the next station. Bottom: High in ow rates.
Charging stations in sparse section of the A7 are completely overloaded. However,
the propagation of congestioncan be observedthroughout the A7, most visibly at the
southern end (inset).

on the line graph, of the A7 which is closestaccordingto Euclidean distance. The line graph
itself was obtained from OpenStreetMap [178], viathe use of osmnx [34]. If more than one
charging station was assignedto the samenode, their charging points were pooled. Finally,
nodeswithout charging stations were removed from the graph. We then simulate the EV
tra ¢ owing from south to north with vehicles randomly entering and leaving, according
to the samerules describedin appendix C.4. Parameters of the vehicles are the same as
describedin section 3.3.1. The patienceis setto one, and the range anxiety is chosento be
20% of the range of the vehicle.

As visible in g. 3.6 the charging infrastructure on the A7 is exceedinglyheterogeneous
with strongly varying distancesbetween charging stations, and number of charging points.
Thesestark di erencesresult in a handful of bottlenecks that dominate the tra ¢ ow. We
do not observe persistent congestionwaves in this default state of the A7. At low in ow
rates, most of the infrastructure is in free ow, and queuesoccasionallyoccur only at the
same few charging stations (see g. 3.24, top). As the in ow rate increasesthe stations
with the lowest local charging point density, i.e. fewestcharging points and large distances
before the charging station, becomestrongly congested,while the rest of the road remains
in free ow ( g. 3.24, center and bottom). Microscopically viewed, the rst charging station
which congestsis precededby a long stretch of road without any charging opportunities,
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and followed by another long stretch of road without charging opportunities, forcing many
vehiclesto rechargethere, thus locally overloading the charging station.

Even though the EV tra ¢ ow here is dominated by a small number of bottlenecks,
at high ow rates forward propagating density uctuations can be observed. The inset in

g. 3.24,bottom showshow queuelengths propagatein the ow direction from charging sta-
tion to charging station. Collective dynamics stemming from driver interactions can thus be
observedevenin highly heterogeneougonditions dominated by obvious gapsin the charging
infrastructure.
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3.10. Discussion

Electric vehicles subtly changethe rules which governtra ¢ ow. The charging process
which takes longer for electric vehicles than refueling takes for ICEVs, introduces a new
dimension of complexity to the tra ¢ dynamics.

Interactions arise between drivers at charging stations. By trying to myopically avoid
gueuesdrivers may inadvertently contribute to the emergenceof forward propagating con-
gestionwavesat charging stations.

This dynamic congestionphenomenonoccursbetweenthe free ow state and the overloadec
state of the road, and is characterized by the formation of localized clusters of congestet
charging stations, with long queues.

Congestionwavesare likely to emerge whenthe density of vehiclesapproachesa mean- eld
critical value. A su ciently well-developedcharginginfrastructure is necessaryto avoid these
congestedstates. However, market forcesmay drive the providers of charging infrastructure
towards this critical value, increasingthe probability for charging congestion.

The new dimension which EVs bring to tra ¢ dynamics opensup the question of how
charging congestioninteracts with conventional tra c. Future work will hopefully answel
this question.

Electric vehiclesaddressone speci c issueassociatedwith ICEVs: carbon emissions.How-
ever, they do little to mitigate other challenges.EVs experienceconventional congestionand
may evenintroduce a new form of congestion. A common factor acrosscongestionissuesis
that a smaller total number of vehicles can alleviate the problem. A sustainable mobility
landscape,therefore, needsto include highly e cient transport modeswhich reducethe neec
for private vehicles.
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4. Collective dynamicsin ride-pooling

Table 4.1.: Glossaryof Symbols

Symbol Description Formula
request rate -
request distance -
average request distance -

Y vehicle velocity -

B eet size -
(0] Occupancy: Number of passengersin a vehicle -
A Assignancy: Number of passengersassignedto a vehicle -
ts service time -
tq driving time -
L ariv total distance travelled by a vehicle eet -
B load per vehicle /B
L req total travel distance requestedby passengers -

q load eq. (4.13)

s stop time: Time that a vehicle pausesto pickup or deliver a passenger -

Oc critical load: Lowest load at which all vehicles are utilized all the time -
total delay that passengersexperience eq. (4.15)

tw waiting time: time between request appearanceand pickup -

tr time requestedfrom the ride-pooling system by a passenger Y

i relative delay /trequested

p pickup distance: Distance from an idle vehicle to an assignedrequest -
origin

Ve e ective velocity as experienced by a passenger [ tariving
s segmentlength: Length betweentwo stops of the trajectory of a vehicle eqg. (4.20)
short timescale at which an autocorrelation function decaysfor small times -
long timescale at which an autocorrelation function decaysfor large times -
Wi weights of constituents of the correlation function -

i timescales of constituents of the correlation function -

h averagedistance of an inserted stop from the planned route segmentin -
which it was inserted

MSD Mean squared Displacement eq. (4.2)
directional autocorrelation function eqg. (4.5)
D di usion coe cient eg. (4.3)

exponent with which the di usion coe cient dependson the load q -

exponent with which the di usion coe cient dependson the eet size -

B

SP(xi,x;) | shortest path from x; to x; -
s(t) shortest path survival function eqg. (4.26)

R planned route length after the assignment of a request -

I, r indices of adjacent ride-pooling regions: left and right -

q exponent of the load in R R q
exponent of the eetsizein R R B 8
combined scaling exponent describing vehicle distribution qof( g+ B)
minimum distance between two ride-pooling service regions -

c maximum allowed delay / slack -

O critical load in constrained ride-pooling -
Corit critical slack / critical maximum allowed delay -
¢ exponent of the eetsizewhich leadsto a collapseof the ty, vs. ¢ curves. -
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4.1. Introduction

Modern digital mobility platforms enable on-demand exible transport. Replacing ICEVs
with EVs will reduce greenhousegas emissions. Doesthe combination of digital platforms
and zero-emissionvehiclesresult in sustainable human mobility?

Not all issueswith today’s mobility landscapewill be solvedthrough thesemeansalone. Car
ownershipis rising acrossthe globe [183, 184]. More cars use more resources.The resource:
necessaryfor the construction and maintenanceof additional vehicles, might undermine the
strides made by switching to electric vehicles. Additional vehiclesuse up additional space
More spaceneedsto beallocatedto parking and roadsneedto be widened. However,in urban
regionsspaceis a preciousand nite resourceand inde nite expansionof car infrastructure is
not possible. Outsideurban regions, there might be more space,but sealingareasin asphalt
and concretedisrupts local ecosystemsand causesa loss of biodiversity [86, 203].

4.1.1. Athird way

The issuesmentioned above can be tackled by reducing the number of cars necessaryto
transport people. Spontaneousshort range trips can be performed with bicycles, which do
not produce greenhousegasemissionsand presentvery space-e cient vehicles. Longer range
trips might be done by public transport which pools numerouspassengersogether resulting
in e cient vehicle usage[74, 197].

Thesemodesof transport, however,are no one-size-ts-all solution. Not everyonecan or is
willing to usea bicycle for daily trips. Disabilities, unfavorable weather or terrain, and unsafe
road conditions may preclude a large scaleswitch to bicycles[173]. Similarly, conventional
public transport cannot replace every trip. Trams and bussesoperate on xed networks.
Travelling from origins or towards destinations outside this network requires the use of a
di erent mode. This, may add a level of complexity to a daily commute, which many people
are not comfortable with [90, 111].

One option to satisfy the demandfor exible transportation might be ride-hailing services
like the onescovered inchapter 2. However, taxis existed in cities before the invention of
the automobile and have donellittle to curb the rising car-ownership. Even the recentrise of
ride-hailing platforms, which for along time o eredmorea ordabletrip fares,did not curtail
the increasingcar-ownership[66, 230, 244, 247].

On the contrary, ride-hailing itself in addition to having no e ect on car-ownership even
exacerbatestra c congestion. For every trip made with a ride-hailing vehicle, the vehicle
must rst drive empty to pick up the passenger.This createsadditional tra ¢ and contributes
to congestion[2, 66, 204].

A sustainable exible on-demand transport mode needsto reduce car tra ¢ e ectively.
Ride-pooling may achievethis by combining similar trips of di erent passengersnto single

exible routes. This reducesthe required number of vehiclesin an on-demand transport
service [4], savestraveled distance [202, 264] and reducestra c¢ [124]. Sharing trips, alsc
allows trip faresto be lower, making ride-pooling more a ordable [107,137].

4.1.2. Ride-pooling

Fundamentally, ride-pooling operatessimilar to conventional ride-hailing services.Customers
maketransportation requestsusually by using an app, signifying that they want to movefrom
an origin to a destination (see g. 4.1top). A central dispatcher assignsthe requestto a
vehicle in the eet. In ride-hailing requests, which occur at similar times are assignedto
separatevehicles(see g. 4.1 bottom left). In ride-pooling, requestsmay be assignedto the
samevehicleif their trips aresimilar. Ride-poolingvehicleseachhavea plannedroute of stops,
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Transportation Requests
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Figure 4.1.: Ride-pooling vs. Ride-hailing. Both present exible on-demandtransportation services
Each ride-hailing vehicle can serve passengeronly sequentially, whereasin ride-pooling
trips are shared, which allows one vehicle to servemore customersin the sameamount
of time.

consisting of pickup and delivery stops of previously assignedrequests. They continuously
work through the planned route, picking up and delivering passengers.

Typically, an algorithm matchesrequestswith vehiclessuchthat either certain constraints
are satis ed (e.g. passengersnay not be delayed more than ve minutes) or by nding the
optimum of an objective function (e.g. minimize the longestdriving time). New requests
that are assignedto vehicleschangethe planned routes of the vehicle. Additional stops may
be inserted or appendedto the planned route to pick up and deliver a passenger.

Routes generated by optimization or constraint satisfaction schemesare challenging to
determine due to the NP-hard nature of the problem [144] and the lack of straightforward
rules governingthem. The shapeof routes dependssensitively on the exact distancesbetweer
points. Any changemay lead to drastically di erent outcomes[22]. Ride-pooling dynamics
inherit this level of complexity, but contain complicated interactions in addition. Both,
movementof vehiclesand assignmentof requests,which a ectthe shapeofthe plannedroutes,
depend themselvesnonlinearly on the con guration of all planned routes. The interplay
between planned trajectories of vehiclescreatesa unigue dynamical systemin ride-pooling,
capable of producing complex collective dynamics.

How complexis ride-pooling as a physical system? Doesit give rise to collective dynamics,
and if sohow do thesedynamicsa ect its suitability asa transport mode?

In this chapter we will approachride-pooling from multiple perspectives. First, we reveal
macroscopicscaling relations that govern performance metrics such as the waiting time for
passengers. Then, we turn to the spatio-temporal dynamics of ride-pooling vehicles, and
reveal microscopic mechanismsin the formation of vehicle trajectories that ultimately give
rise to a scaling law connectedto the scaling relations found for ride-pooling performance
metrics.

Inspired by our results for the spatio-temporal dynamics of ride-pooling, we nd a mech-
anism that governsthe spatial distribution of vehiclesin cities that exhibit heterogeneou
demand densities.

Finally, we evaluate the e ect that constraints have on ride-pooling systems,and in the
processuncover a paradox, whereby constraining the delay that passengersexperiencemay
increasethe passengersaveragedelay.
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4.1.3. Publications

This chapter covers multiple publications and manuscripts. Some results of section 4.4.2
have beenpublished in [154]in particular g. 4.14is part of that publication. Section4.4.4
is part of a manuscript prepared for publication [162]. Section 4.5 coversthe results of a
manuscript submitted [163]. Figures4.22,4.25,4.28and 4.29 are taken from the manuscript,
while gs. 4.30, 4.31, 4.33to 4.36 and D.2 can be found in the respective Supplementary
Material.

The results presentedin section 4.6 and section4.7 may be published separatelyat a later
date.

[154] Lotze, C., Marszal , P., Jung , F., Manik, D., Timme, M., & Schroder, M. (2023).
Identifying the threshold to sustainableridepooling. arXiv preprint arXiv:2306.05851
( shared rst authors)

[162] Marszal,P., Manik, D., Timme, M., & Schrdder, M. (in preparation). Self-organizec
ine cienciesin ride-hailing systemsdueto hysteresis

[163] Marszal, P., Molkenthin, N., Timme, M., & Schroder, M. (submitted 2024). Multi-
timescaledi usion in ridepooling dynamics

Moreover, the simulation framework presentedin section 4.3.3 has been usedin severa
other publications and thesesincluding [131, 134, 151-153].

[152] Lotze,C., Marszal, P., Schréder, M., & Timme, M. (2022). Dynamic stop pooling for
exible and sustainableride sharing. New Journal of Physics, 24(2), 023034.

[151] Lotze C. (2023). Collective Dynamics of Ride Sharing Systemswith Pooled Stops
Doctoral thesis. TechnischeUniversitat Dresden, Dresden.

[131] Kohler B. (2023). The Non-Markovian Random Walks of Ridepooling Master’s thesis
TechnischeUniversitat Dresden,Dresden.

[153] Lotze,C., Marszal, P., Schréder,M., & Timme, M. (2024). Taming travel time uctu-
ations through adaptive stop pooling. Journal of Physics: Complexity, 5(2), 025001.

[134] Krall V. (2024). Collective phenomenain exible and digitized mobility services Doc-
toral thesis. TechnischeUniversitat Dresden,Dresden.
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4.2. Random walks

In this chapter we will make heavy use of statistical physics methodsto study and explain
the dynamics underlying ride-pooling. Among these methods, tools related to random walks
take center stage.

Being the archetypal example of a stochastic processthere is scarcelya eld that is un-
touched by random walks. In economicsand nance,random walks are usedto model stock
prices [185]. In computer science,random walks inspired network centrality measuresand
searchalgorithms [256]. In biology, random walks are usedto understand how proteins and
polymers behavein solution [84], how living things, ranging from bacteria to blue whales
[12, 28], move, and how geneschange over time [101]. Most notably in physics, random
walks were key to understanding, that our world is made up from tiny particles, atoms and
molecules[73].

Discrete random walks

Random walks can be de ned on a variety of metric spaces. Here we focus primarily on
random walks in two dimensions. A simple discrete time random walk X R? is then
de ned by

Xt+1 = Xt + b .

At eachtime stept N arandom stepb. R is made. If the distribution of b doesnot
dependon the past trajectory of x, the random walk is said to be Markovian:

De nition 6. A stochasticprocessis said to havethe Markov property if
P(bx[Xt, Xt 1,Xt 2,...,X0) = P(kxt).

A processhas the Markov property, if the probability distribution P (k) of the next step
only dependson the current state X¢, and not on its history.

The random contribution b, to a random walk can be decomposednto a deterministic drift
term by , given by the expectedvalue of the random jumps, and the random uctuation
around that mean = b b :

Xt+1 = Xt + b + .

For the sakeof brevity we considerhere Iy = 0, also called an unbiasedrandom walk.

A continuous-time random walk is a generalizationof this stochasticprocess.A continuous-
time random walker, waits for a certain time betweensubsequentumps. This waiting time,
or sojourntime, is itself a random variable. The position of a continuous-time random walker
at any time is determined by [185]

X
p(x,t) = Pn(t)pn(Xx),
n=0

where p,(x) is the probability for the random walker to be at x after n jumps, and P,(t) is
the probability for n jumps occurring up to time t.

For a continuous-time randomwalk to havethe Markov property, the distribution of waiting
times needsto be memory-less.The time that the walker has already waited cannot have an
in uenceon how much longer it will wait. The only probability distribution satisfying this
property is the exponential distribution with density,

p()= e . (4.1)
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Figure 4.2.: Random walks are microscopic models of di usion processes. a Example of a 2-
dimensional random walk. b The width of the probability distribution of a random
walker increasesover time. The probability di uses

The stochastic point process,i.e. the sequenceof points in time, de ned by the sequenceof
time intervals each sampledfrom an exponential distribution is the Poissonprocess,which
previously played a minor role in chapters2 and 3. We will make use of the Poissonproces:
extensively here.

For uncorrelated random walks the central limit theorem[122]guaranteesthat for everyini-
tial condition the probability distribution of the location of the random walker asymptotically
approachesa Gaussiandistribution N (, 2), with

)(1
Mt = n o
n=0
X1D E
2= (n ) =t-var[].
n=0

For uncorrelated increments the variance of the distribution  ? thus grows linearly in time.
The variance of the probability distribution is equivalent to the mean squareddisplacemen
(MSD) of a random walk, if the distribution of is centeredaround zero:

D E
MSD(t) = (x(t) x(0))% , (4.2)
* Xl 2+
= Y n ,
Xl
="
n=0
- 2
= 2

Random walks can be viewed as the microscopicmechanismbehind physical di usion pro-
cesses.The probability distribution of a random walker approximates the concentration of
many non-interacting particles eachperforming a random walk and di usingin the surround-
ing medium (see g.4.2). There arethree typesof di usionprocesseswhich are characterizec
via the MSD of trajectories. In general,the MSD asymptotically follows a power law in time
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[167]:

MSD(t) ' Kt ,
whereK is the generalizeddi usioncoe cient. A particle which moveswith a xed velocity
in the samedirection will resultin = 2, which is ballistic motion. An uncorrelated random
walk as describedaboveyields = 1, exhibiting conventional di usion. For conventional

di usionthe mean squareddisplacementobeys
MSD(t)' 2dDt, (4.3)

where d is the dimensionality of the space,and D is the di usion coe cient as enployedin
Fick's laws of di usion [28].

An exponent = 1 indicates anomalousdi usion, speci cally processeswvith < 1 are
referred to as sub-di usive, i.e. slowerthan di usion, and processeswvith > 1 are super-
di usive,i.e. faster than di usion.

Anomalous di usion can arise when the jumps of the random walker are correlated, i.e.

n k = 0. Correlations introduce a dependenceof the mean squareddisplacementof the
random walk on the covarianceof the jumps,

D E
(x(t)  x(0)* ,
* Xl !2+

= () )

n=1

MSD(t)

K1
oJt+2 (t n)Cov[o, n],
n=1
K 1
t Var[ o]+ 2 Cov[o, n]

n=1

|
<
Q
=

The asymptotic behavior of the mean squared displacement dependson whether the sum
over the covariancesconverges.If it does,the correlated random walk qualitatively behave:
like an uncorrelated random walk for long time scales.This fact is usedin polymer physics.
where the sum of the covariancesdeterminesthe persistencelength of a polymer, i.e. the
length over which segmentsof the polymer align [143]. On long length scalesa correlated
polymer behavesas an uncorrelated polymer with segmentsthat have the length of twice the
persistencelength [226].

If the sum over the covariancesdoesnot converge,it contributes an additional dependenc
on the time, which causesthe asymptotic behavior of the MSD to be nonlinear and hence
constitute anomalousdi usion.

On short time scaleseven a correlated walk with a persistencelength exhibits anomalous
behavior, asthe sumchangessigni cantly for smalltimes. Typically, persistentrandom walks
exhibit nearly ballistic motion on short time scalesand becomedi usive at long time scales

The covariancestructure of a random walk thus governsits dynamics on every time scale
and is of central interest when studying random motion in every context.

Continuous random walks

Randomwalks canbereadily translated into continuousprocessesather than jump processes
In the continuum limit in nitely many jumps occur in any given time interval. Given that
eachindividual jump hasa nite variance, the central limit theorem then demandsthat the
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Figure 4.3.: Mean squared displacement of random walks. The mean squared displacementfor an
uncorrelated random walk is linear in time (disregarding times on the order of magnitude
of the length of the jumps). Correlated random walks exhibit ballistic behavior at short
time scalesand di usive behavior at large time scales.

sum of all stochasticjumps in the timeframe t, is normally distributed:
V4 t+ t
dt N(O, t). 4.4)
t
Here takesthe placeofthe individual randomjumps. describesa stochasticprocesscalled
Wiener process. It can be understood as in nitely frequent and vanishingly weak random
kicks of the system, where the limits of their frequency and their strength are taken such
that eq. (4.4) holds. A random walk, or in the continuum limit, is then describedby the

stochasticdi erential equation

dx _
gt
This di erential equation describesthe most basic form of Brownian motion.

Multiple formalisms exist for treating stochastic di erential equations. We will not in-
troduce any formalisms in-depth, asthe calculusin this chapter is mostly restricted to this
introduction and the appendix. It is, however, useful to understand the analytical treat-
ment of random walks to internalize the complex nature of the random walks encounteredin
section 4.5. For a more detailed introduction into the methods we applied here and in the
appendix we refer the readerto [91] and [252].

As we strive to describethe movement of vehicles, we needto account for the fact that
this movementis not causedby thermal uctuations of the environment. Cars drive, becaust
they utilize stored energy. They are self-propelled. Examples of self-propelled particles are
common in nonequilibrium physics, with applications acrossall biological scales [12,117,
188]. Every living organismpossessemternally stored energyto drive its movement, making
an understanding of self-propulsion essential for describing these diverse examples. Self-
propelled particle modelsare also crucial for simulating human behaviors, such as pedestrian
movement [105]. Here we introduce an archetypal example of a self-propelledpatrticle, with
the goal of obtaining an intuitive understanding of the methods which may be employedto
study such dynamics.
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We consider an over-damped self-propelled Brownian particle in two dimensions. Its
velocity is given by:

d—x—v cos
dt ~ ° sin

and its orientation is the result of random uctuations,

d -4
dt '
where is uncorrelated Gaussiannoisewith () (s) = (t s). Like the correlateddiscrete
random walk, this active particle exhibits ballistic motion,
D E

(x(t)  x(0)*  t3,

on short time scalesand di usive motion,
D E

(x(t)  x(0)* t,

on long time scales.

To reveal the reasonfor the transition between ballistic motion and di usive motion we
calculate the velocity autocorrelation of this process.Sincethe absolute value of the velocity
is constant, the velocity autocorrelation is only in uencedby the di erencein the angle

\lev(t) -v(s) = cos( (t) (s)) -
0

The term

(t,s) = cos( (t) (s) . (4.5)

is also called directional autocorrelation, and it will be central to this chapter. Assuming
that the processis stationary we sets = 0 and usethe rotational symmetry of the problem
to set (0) = 0. Hence,we only needto consider cos( (t)) .

The quantity cos( (t)) is itself a stochastic processAs  uctuates randomly, the alignment
of the direction of the particle with its initial direction uctuates too, only viewed through
adi erentlens’. We skip over the details of the calculation here and reveal that the average
of cos( (1)), i.e. the directional autocorrelation, is given by,

a2

cos( (1)) =e zt. (4.6)
The velocity autocorrelation, thus, decaysexponentially with the time t (see g. 4.4). The

persistencetime ps of this systemis given by

2
? .

ps =
It capturesthe approximate time scaleat which the motion of the particle transitions from
ballistic to di usive,i.e. the approximate location of the in ection point of the meansquarec
displacement (see g. 4.3). For small times, t ps the particle movesin a consistent
direction (ballistic motion), but after long times t ps its direction becomese ectively
uncorrelated (di usive motion).

1The self-propulsion force balances with the friction caused by the movement and results in a constant
velocity modulus of the particle.

2The exact stochastic di erential equation that describeshow cos( (t)) changesover time can be obtained
in the Ito formalism, speci cally by applying Ito’s lemma [91].
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Figure 4.4.: Trajectory of an active Brownian particle (left) and its directional correlation (right).
The solid line depicts the measureddirectional autocorrelation from the trajectory, and
the dotted line the theoretical form presentedin eq. (4.6).

4.3. Model

Our model of ride-pooling consists of severalinterlocked components: Requestswhich are
producedby a stochastic point process,vehicles,which move deterministically with constant
velocity and contain an internal representation of their planned future, and a dispatcher,
which assignsrequeststo vehicles by following an algorithm. Like the simulation of the
dynamics of electric vehiclesin chapter 3, ride-pooling dynamics are event driven, and we
employ event-basedsimulations to model the system.

Demand process

One important sourceof eventsis the demand process. Often in transportation sciencethe
transportation demand is modelled by agents. The population in a city might be approx-
imated by a set of agents, eachwith a clearly de ned schedulealong the day, with agents
starting at home, driving to work, returning from work, goingto school,etc. Suchmodelsare
typically usedto study congestionpatterns in cities becausepersistent agentsallow adapting
route choicesby simulating a kind of learning [14, 23, 110, 157]. For the purposesof studying
the dynamics of ride-pooling, such a complicated demand processis unnecessary.Although
ride-pooling passengerscan interact, and these interactions have a critical impact on the
acceptanceof ride-pooling ([225, 254]), they are not the focus of this work.

Rather, we study the dynamics of ride-pooling arising solely from the algorithm, the topol-
ogy and the transporter eet. The demand processis modelled as a Poissonprocessin time
with rate . Eachrequestis assigneda random origin and a random destination.

During this work, ride-pooling is studied predominantly on a two-dimensional Euclidean
spacewith periodic boundary conditions (see g. 4.5). The origin of a requestis choser
uniformly from the entire space. The destination is chosenfrom a disc around the origin,
whoseradius is at most half the edge length of the Euclidean square. The restriction of
the destination distribution ensuresthat all directions are equally likely, and the systemis
isotropic.

During later sectionsof this work, simulations of ride-pooling on networks are discussed
wherethe origins and destinations of requestsare chosenuniformly at random from the nodes
of the network.

4.3.1. Vehicles

Vehiclesin the model system carry passengergrom their origin to their destinations. In this
model they have in nite capacity and can carry arbitrarily many passengers. The choice
of in nite capacity can be justi ed, as a limited capacity e ectively reducesthe number of
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Figure 4.5.: Schematic depiction of a requeston a 2D torus. The gray area contains all possible
destinations for the request.

vehiclesin the system, as somevehiclesare full and are not available to servenew requests
asdiscussdin [262].

Vehiclesdrive with constant velocity and start a simulation without any passengersched-
uled at random locations in the consideredtopology. Each vehicle has a planned route,
which evolvesover time as requestsare assignedto a vehicle. The planned route consistsof
the sequenceof stops, be it pickup or delivery stops, that the vehicle will drive towards. If
the planned route of a vehicle is empty, it will simply remain at its location and wait for a
passengelto be assignedto it.

4.3.2. Algorithm

One of the most active areas of ride-pooling researchis the development of dispatching
algorithms. Many algorithms use a batch approach, where requestsare gathered for some
time and then assignedto vehiclesat once.

An important batching algorithm hasbeenpublishedby Alonso-Moraet al. [4] who map the
assignmentproblem onto two graphs, and assignmentsare the result of an optimal covering
of thesegraphs. Sinceits publication in 2017, severalimprovements have beenmade [75, 77,
82, 201]. However, this algorithm is still computationally taxing, becauseentire previously
planned routes can be changedby future information, resulting in a large searchspace,when
the eetsizeand the demandis large.

In practical settings, waiting secondsfor the assignmentof a few passengerdo a vehicle
is not a problem. For large scale simulations of ride-pooling systemsunder di erent set-
tings, such assignmenttimes make scaling analysesdi cult. This work considersa simpler
parameter-freeheuristic algorithm.

Assignmentsare made on-line as requestsoccur, i.e. without batching. Instead of costly
recomputation of all pre-plannedroutes, routes can only be modi ed by the insertion of new
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Figure 4.6.: The model algorithm minimizes the vehicle planned route length after assignment
Shown are schematic planned routes of three vehicles. Green dots denote pickups, blue
dots deliveries. The further to the right a stop lies, the later it is planned to occur.
When a new request appears, the best insertions of its pickup (orange) and delivery
(red) stops is found for each vehicle. These insertions would lead to changesto the
planned routes of each vehicle indicated by the dotted lines. Then out of all vehicles
the one which hasthe shortest planned route is chosen.

stops’. When a new requestoccurs, rst for each vehicle the best possibleway to include
that requestin the planned route is found using brute force. Inserting the origin and the
destination into the planned route should minimize the additional distance travelled by the
vehicle. Figure 4.6 visualized this process.

After determining the hypothetical modi ed planned routes, the vehicle with the shortest
planned route, i.e. the vehicle which will nish all its assignmentsthe earliest, is chosenas
the vehicle to servethe new request.

In a later sectionthe model algorithm is extendedto include constraints on the allowed
delay for passengersthe particulars of which are discussedin sectionsection4.7.

4.3.3. Simulation framework

The simulation framework is written in C++ and built up in a modular fashionwith modules
encodingthe behavior and properties of the fundamental building blocks of a ride-pooling
system. We illustrate the simulation framework with a owchart in g. 4.7.

Topology The topology module includes distance calculation and path calculation on the
simulated topology.

Demand process The demandprocesgyenerateghe times, origins and destinations of trans-
portation requests. It can either procedurally generatethem in a simple fashion, or may read
existing requesteventsfrom a le. The latter hasthe advantagethat real world data can be
usedto generaterequestsor alternately complex demand patterns may be generatedsepa:
rately from the simulation.

Vehicles The vehicle module contains the state of a vehicle, position, speed,current carried
passengerand its plannedroute. It generateseventsrelated to a state changeof the vehicle
which are: Arrival (the physical arrival of the vehicleat a location), Departure (the departure
from alocation), Wait and Resume(mark forcedidle times of the vehicle suchasa stop time
to pick up a passenger),Pickup (the pickup of a passenger)and Delivery (the delivery of a
passenger).The planned route of a vehicle consistsof a sequenceof these events.

Dispatcher The dispatcher module managesthe assignmentof a requestto a vehicle. Here,
the assignmentalgorithm ndsthe optimal assignmentof a requestgiven the current planned
routes of the vehicles. Upon assignmentan Assignment event is generatedand the planned
route of the chosentransporter is modi ed accordingto the insertions determined.

3As opposedto the reordering of entire routes.
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Figure 4.7.: Overview of the event loop of the simulation framework. The request/demand process
generatesrequests consisting of appearancetime, origin and destination. The event
queue determines the next event to occur, i.e. the earliest event. If the event is a
requestappearance the requestis assignedwith the algorithm and the planned route of
the vehicle is updated. Then a new requestis generated. If the next event is a vehicle
event, such as arrival, pickup, delivery or a departure, only the planned route of the
vehicle is updated. Each event is written out to an event log for analysis.

Event loop The event loop managesthe time evolution of the simulation. It is shownin

g. 4.7. Events changethe system state, i.e. vehicle positions and planned routes. New
events may be generatedfrom previous events: a request event will lead to an assignmen
event, which will add arrival, departure, pickup and delivery eventsto the planned route of
a vehicle. The event queueis a priority queuecontaining only the earliest events schedulec
in the planned routes of the vehiclesand the next requestevent. Becausethe assignmentof
a request may changethe rst eventin the planned route of a vehicle, the event queueis
updated after eachassignment.

Event log Each event that occursin the simulation is savedin an event log, detailing the

history of the simulation. While essentialobservablescan be computed during the simulation,
the event log allows more detailed analysis afterwards.
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4.4. Scaling relations of ride-pooling

Here we introduce a number of important macroscopicperformance metrics of ride-pooling
and exposetheir scaling behavior. We highlight the similarities between ride-pooling and
gueueingsystemsand reveal a hysteretic transition in conventional ride-hailing services,i.e.
taxi services. While individual scaling laws have been described elsewherein [168, 262],
here we give a comprehensiveoverview over many key performancemetrics and their scaling
behaviour and exposehow these scaling laws relate to eachother.

4.4.1. Vehicle utilization metrics

Occupancy Ride-pooling, beingatransport modeembeddedinto the already complexland-
scapeof human mobility, is studied with respectto alargeamount of di erent measures.Since
its central goalis to combinetrips of individual passengersit is critical to identify observable:
which capture how this goal is achieved. The occupancyof ride-pooling vehiclesO captures
this aspectto a limited extend. If there are two passengersn a vehicle, i.e. the occupancy
is two, then two trips are necessarilyshared. Averaging the occupancy of ride-pooling vehi-
clesover time and vehicleshints at an overall ability of the ride-pooling systemto combine
trips. The occupancyis often usedto quantify the performanceof ride-pooling systemsand
companies,and has beenevenincluded as a central variable usedto classify transportation
providers [109, 187].

The occupancyalone, however, is hardly able to completely describethe performance of
ride-pooling. A trivial example for why occupancyalone is an inadequate measureof ride-
pooling e ciency, is that if a large number of passengerds picked up, and simply never
delivered, the occupancy of the ride-pooling system would be high, but it would not be a
very goodtransport service.

Assignhancy Similar to the occupancy,the assignancyA is a measureof how many passenger
are assignedto eachvehicle. Rather than counting only passengerswhich have beenalready
picked up by a vehicle, the assignancyalso takes into account passengersvhich have beer
scheduledto be picked up in the future. While the assignancydoesnot indicate whether
trips are shared, it doesindicate how many passengersare still waiting to arrive at their
destination. In [168]the assignancyhas beenusedto nd universal scaling relations for the
e ciency of ride-pooling.

An analogueto the assignancyin queueingtheory is the queuelength. The queuelength
is the number of customerswaiting to be served,the assignancyis the number of passenger
waiting to be delivered. The chief di erencebetweenthe assignancyin ride-pooling and the
queuelength in queueingtheory is that a single bus can servemultiple customersat onceas
the central mechanismof ride-pooling meansthat trips overlap.

Little’s Law for Ride-pooling The similarity betweenassignancyin ride-pooling and the
gueuelength in queueingtheory becomesevenmore apparent asit is possibleto derive Little's
Law for ride-pooling.

During the averageservicetime tg, i.e. the time from the requestbeing madeto the nal
delivery of the passengerthe number of new requestswhich occur is given by  ts . This
matches the averagenumber of passengerghat are in the systemat any given time. Per
vehicle,we nd that the averagenumber of passengerscheduledalong the route of a vehicle
is

A =gts 4.7)
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Figure 4.8.: The occupancy and assignancysatisfy v
eg. (4.8). This is eventhe casewhen the
requestrates g, suggestinga more general
here. The ride-pooling systemconsidered
with a maximum requesteddistance of 1/2.

A denotesthe averageassignancyof a transporter. The averageof the assignancyis a long
term averageover time, while the averageof the servicetime is an averageover the requests
which occur in this time. The asterisk representsthe fact that Little’s Law holds only for a
steady state, when the averageover somelarge time interval of quantities doesnot change
over evenlonger times.

A similar expressioncan be derived for the averageoccupancy,i.e. the averagenumber of
passengersnside a bus at any given time [168],

o = 5 tg (4.8)
where tyg denotesthe averagedriving time of requests,i.e. the averagetime a request
spendsinside a vehicle. Going forward we will omit the asterisk, and all averagesare to be
understood as the expectedvalues of the steady state of a ride-pooling systent.

While a combination of assignancyand occupancy does not conclusively determine the
performance of a ride-pooling system, it can indicate poor performance. For example a
taxi system, in which only one customer can be servedat a time will have a small ratio
O/ A = tgq / tg,ascustomersspendonly asmall amount of time beingdriven and most
time is spentwaiting. Waiting time might be more undesirablethan the samedelay incurred
while driving [181, 209], but studies examining the perceivedinconvenienceof waiting time
and driving time often are restricted to conventional line transport, and the results may not
translate to ride-pooling.

Scaling in one dimension The connection betweenthe assignancyand the servicetime in
the systemallows predictions on how the assignancy,or the occupancy,will scaleasymptot-
ically, with the requestrate in speci ¢ topologiesand somesimple algorithms. Consider

“From our simulations the expected values are determined as averagesover time, vehiclesand often also over
separatesimulations with the sameparameters. Whether a simulation reacheda steady state is determined
using the method describedin [52] basedon maximising the number of uncorrelated measurementsof the
assignancy.
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Figure 4.9.: Scaling of the assignancyand occupancyfor two di erent algorithms on the one dimen-
sional torus. a The averageassignancy,i.e. the number of assignedrequestsper vehicle.
b The averageoccupancy of vehicles,i.e. the number of passengersn a vehicle. An
algorithm which minimized the arrival time for passengerswithout delaying previously
assignedpassengersprohibits additional delays. On a ring, this prevents vehiclesfrom
switching driving directions. Thus, servicetimes and driving times are independent of
the requestrate , and the assignancyand occupancy grow linearly with the requesi
rate. An algorithm that allows detours for previously assignedpassengersgivesrise to
service times, which dependon the request rate and therefore, to an assignancyand
occupancywhich scalenonlinearly with the requestrate

the algorithm usedin [168] on a ring. This algorithm assignsnew requeststo bussessuch
that their arrival time is minimized, under the condition that no already assignedpassenge
is delayed.

Sucha setting createstrajectories, which rarely changedirection on the torus, and instead
drive continuously in the samedirection. Thus, new passengerscan be assignedwithout
detours, and waiting times are bounded by the time it takes a vehicle to ful Il a complete
circle. The averageservicetime tg = const and the averageassignancy A will scale
linearly in the requestrate g. 4.9.

Using the algorithm describedin section 4.3.2, which delays already assignedpassenger
if it keeps the system nishing time small, detours strongly a ect the scaling. Becauseeact
additional requestcan delay previously assignedbut not yet delivered requests,the average
servicetime ts increaseswith increasingrequestrate. In turn the assignancyscalessuper-
linearly with the requestrate in accordancewith eq. (4.7) (see g.4.9).

Scaling behavior dependson the speci ¢ algorithm used, and will complicate advancesto
derive a generalscalingrelation. While we will study scalinglawsfor oneparticular algorithm,
the microscopic mechanismswe describein sections4.5.3 and 4.7.4 are much more genera
and can be found in other algorithms as well.

We will touch upon the di erencesn algorithms, in particular the in uenceof constraints
on ride-pooling performancein section 4.7. We will seethat the choice of algorithm will
in uencewhich microscopic mechanismsdominate the dynamics. For now, we keepto the
algorithm describedin section 4.3.2 and all simulations are performed using this algorithm
unlessexplicitly stated otherwise.

Scaling of assignancyin two dimensions In Euclidean space,the assignancyexhibits sig-
ni cantly di erent scaling behavior (see g. 4.11). The assignancy,and the occupancyboth
show exponents larger than two, which suggest, that there is somerelation between the
dimensionality of the underlying topology, and the dynamics of ride-pooling.

A rough estimate for the scaling of the assignancycan be derived from the known behavior
of solutions to the many vehicle routing problem (MVRP) in two dimensions. There exists a
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4. Collective dynamicsin ride-pooling

Figure 4.10.: Stops per bus N/ B are proportional to the assignancy

generalapproximation for the behavior of the total distancel 4, travelled by all B vehicles
in a vehicle routing problem with N total stops[3],

r

N N TN+ ko o+ keB. (4.9)

L driv Ky

N

Here k1,ko and kg are constants which dependon the speci ¢ topology of the problem.
denotesthe areaover which the stops are distributed.

We relate this estimate for a many vehicle routing problem to a ride-pooling system by
expressingthe total number of scheduledstopsN in terms of the parametersof a ride-pooling
system.

We considera snapshotof the ride-pooling systemat a moment in time. At this time, all
vehicleshave someplanned route, which in the best casescenariominimizes the total driven
distance L 45y while serving N stops.

The number of scheduledstops N is boundedfrom aboveby twice the number of request:
currently assignedin the system, becausefor any assignedrequestat most two stops can be
planned, a pickup stop and a delivery stop. Empirically one nds the number of stopsN in
the systemto be proportional to the assignancyA of vehiclesin the system (see g. 4.10).
Thus, we expressthe total number of scheduledstopsN asa linear function of the assignanc
and the eetsize,

N = cAB, (4.10)

for someconstantc 2. In g. 4.11we observethat the assignancygrows with the request
rate . For large A, i.e. large N, the rst term in eq. (4.9) dominates the expression,and
the other two can be neglected. ReplacingN and consideringonly the rst term in eq. (4.9)
we obtain,

A 1 —
Akch A

N[

L ariv B:. (4.11)

We demandthat the systemis in stationary and thus during the time it takesto drive the
planned route Lg, /B there should be N new stops appearing on average, such that the
planned route length remains constant:

I—driv
vB

N = CAB = 2
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4.4, Scaling relations of ride-pooling

Figure 4.11.: Scaling of the assignancyand the
guadratically with the request rate
tion.

Inserting this into the eq. (4.11) yields

2
CAZVB A leAcAl ¢ AZB?Z,
— 2
A% ki ¢ T
cvB 2
4 2
A ki 733 (4.12)

This is the baselinescaling we would expect from a service which optimizes the order and
distribution betweenvehiclesof all scheduledstopsto minimize the driven distance. Online
ride-pooling, however, does not behave as optimally. Firstly, there are constraints on the
routes: Passengersannot be delivered beforethey have beenpicked up. This directionality
of the requestsreducesthe number of possibleassignmentoptions and may a ect how the
assignancyscales.

Secondly,online ride-pooling doesnot have all the information about future points, which
leadsto ine cient route planning, when comparedto a MVRP solution. Thus, actual ride-
pooling will exhibit scaling behavior that is worse, i.e. a faster growing assignancy,than
this estimate suggests.Figure 4.11 showsthat in fact the minimal nishing time algorithm
producesa scaling of the assignancywith an exponent larger than two, i.e. worsethan the
scaling of a similar MVRP solution, whosescaling is depicted as a dotted line.

Length- and timescales We have seenthe scaling of the assignancywith the requestrate
. How doesthe assignancychangewhen the distancestravelled change?In the ride-pooling
systemitself only the time betweenevents, such as pickups, requestsand deliveries matters.
Thus, disregarding somesolely distance based constraints that could be implemented, dis-
tancesonly occur in conjunction with velocities, such as the vehicle speedv. Important for
ride-pooling, as suggestedby Little’s Law, is only the product of the requestrate and the
characteristic time scaleof serviceresulting from the typical distance and the vehicle velocity
/v. A uniform changein all distancesinvolved can be compensatedfor by a changein the
requestrate (seeFigure 4.12).
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4. Collective dynamicsin ride-pooling

Figure 4.12.: Assignancy of
with three busses.
a ectthe dependence
to a changein the
requestand the travel time matters. Thus, rescalingthe requestrate with the length
scale of the systemleadsto a collapseof the assignancycurves.

Scaling with eet size The scalingrelation for MVRP solutions eq. (4.12) also states how
the assignancyscaleswith the eetsize,

B 1
A k12 ?B .

Here g = /B hasbeenintroduced to consistently compare di erent system sizes. Fig-
ure 4.13 showshow the assignancychangeswhenthe eetsizeis changed.In contrast to the
MVRP solution, the actual scaling obtained from the simulations is closeto

1
A B 2z,
a comparatively slow decreasewith increasing eet size.

4.4.2. Load and sustainability

Ride-pooling aims to reducethe number of vehicleson the road, by combining similar trips.
Ideally, ride-pooling would replace trips that people would otherwise make with their own
private vehicle. The relative distance travelled L in a ride-pooling system is one way to
quantify these systemic distance savings. It is given as the distance travelled by the entire
ride-pooling eet Lgiy in a given amount of time divided by the distance requestedby all
the passengerservedduring this time L eq.

Naively one would expect that if the occupancyis larger than one, then, since trips are
shared, the ride-pooling system should lead to lessdistance travelled comparedto every re-
questdriving individually. Figure 4.14ahowevershowsthat this is not the case. Depending
on the eet size, a ride-pooling system might lead to more distance travelled even if the
occupancyis larger than one. Vehiclesdrive additional distance just to pick up passenger:
This e ectalsoa ectsride-hailing servicesand contributes to ride-hailing increasingconges
tion [2, 66]. In ride-pooling this additional distance may be incurred while passengersare
in the vehicle, thus increasingthe averageoccupancy. In contrast to ride-hailing, the e ect
diminishesat high transportation demand. At high demand, the bene ts of sharingtrips, i.e.
distance saving through the combination of trips, outweigh the additional distance incurred
through pickups.
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4.4, Scaling relations of ride-pooling

Figure 4.13.: Larger eetsleadto fewer scheduled
showa behaviorof A B ! ride-po
causethe assignancyis proportional
this meansincreasingthe eetsizein
performancethan in a comparablefull

Figure 4.14.: 1t is not possibleto concludehow much distance is savedusing the occupancyalone. a
Even if the averageoccupancyis larger than one,and trips are shared,the ride-pooling
system may still drive more distance, and produce more tra c, than private vehicles
would. b The load q adequately describesthe transition point at which ride-pooling
savesdistance travelled comparedto private cars.
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4. Collective dynamicsin ride-pooling

In [154]we showthat a better indicator of the distancetravelled by a ride-pooling system.
is the load q de ned to be the ratio between the requestedtime by passengersand the
serviceabletime available to the entire system

_ requested time
available time

In a simple system, where passengerson averagewant to travel a distance and the B
vehicleshave a constant travel speedv, this resultsin the load

~

BT wB '

Here T is a sample time, chosenlarge enough such that the use of the averagerequestec
distance isjusti ed.

The load can be extendedto caseswhere vehiclesare periodically rebalanced,have down-
times and where passengempickups and deliveriescause xed delays, called stop times ¢ here
[154].

Stop times, for example,can be taken into accountin the following way. Every requestwill
generatetwo stopsin the system, eachwill causea vehicle to stand still for s. In contrast
to the driving times, the stop times can not overlap, i.e. they can not be parallelized. Each
requestwill reducethe available time of the ride-pooling systemby 2 s. The expressionfor
the load taking this reduction into accountis given by,

q:

T+
4= =
TB 2 T4
CIE—— 4.13
vB 2v ¢ ( )

A maijor di erent between ride-pooling systemswith stop times and without, is that the
former system can overload. For the certain combinations of the requestrate and the stop
time the load diverges,and the systemcan not serveall incoming requests.

Figure 4.14bshows,that not only doesthe load predict whena ride-pooling systembecome:
more sustainablethan private vehicletravel, at g = 1, it alsocorrectly describeshe functional
form of the ratio of distance travelled and distance requested. The requesteddistance is

T , and the distance travelled is the available time multiplied by the vehicle velocity
vT(B 2 ), if vehiclesare busy all the time. Thus, the load is nothing elsebut the inverse
of the relative distance travelled L

[ = Laiv

I-req

VI(B 2 )

—,

=1 (4.14)

q

This relation holds when every vehicle is busy, i.e. serving passengersll the time. At small
loads g < 1 this is generally not true. Firstly, hereride-pooling is not strictly necessaryand
ataxi servicewithout any sharingis capableof servingthe requestsaswell. Secondly,at very
low requestrates and therefore loads, vehicleswill remain idle for large amounts of time.

There is a critical load g at which vehiclesin the systembecomebusy all the time. The
dynamics of the ride-pooling system at this point transition from taxi-like serviceto actual
ride-pooling. Consequently, we refer to it asthe (ride-)pooling transition. And the regime
g> @ is referredto asthe pooling regime. The exact value of . dependson the scaleof the
systemand occursat larger loadsthe larger the eetsizeB is.
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4.4, Scaling relations of ride-pooling

Becausethe eet size B, or equivalently the absolute value of the requestrate , a ect
the dynamics of the ride-pooling systemevenwhen the load q is kept constant, at least two
parameters are necessaryto describethe dynamics of ride-pooling. Thus, we will considel
the load g and the systemscale,representedby the eetsizeB, asthe two main parameters
in ride-pooling, and we will investigate the spatio-temporal dynamics of ride-pooling with
respectto thesetwo parameters.

4.4.3. Service quality: Waiting time, delivery time and delay

In contrast to the systemic quantities such asthe assignancyand the occupancy,the observ-
ablesmost pertinent to ride-pooling customersare the waiting time, the servicetime and the
delay they experienceduring service.

The servicetime hasbeenshownto be connectedto the assignancy(and the waiting time
to the occupancy)via Little's Law (seesection4.4.1). The empirical scalingof the serviceand
waiting time can thus be calculated from the scaling of the assignancyand the occupancy
shownin g. 4.11. Both exhibit exponentsin the requestrate larger than one, which
implies, that the perceivedservicequality decreasesvhen the demand for transport is large.
Although combining trips becomesmore likely as the demand increases,on the Euclidean
plane, combining trips always leadsto detours that vehiclestake, which negatively a ects
the servicetime.

The total delay isthe di erencebetweenthe servicetime tg and the direct travel time t;,
which a passengemwould experienceif they usedtheir own vehicle. It includes the waiting
time ty, aswell asthe detour made along the route,

td + tW tr, (4.15)

tr

Here  denotesthe relative delay experiencedby the passenger.

Generally, if the delay is not constrained by the algorithm, no generalway to calculate it
from the system parametersis known. It is, however, possibleto determine the delay for the
simple limiting caseof g 0, when sharing of trips becomesvery unlikely.

At loads closeto zero, the driving time ty will match the requesteddistance exactly, and
the delay is causedonly by the waiting time t,,. For any algorithm, which minimizes the
delay , the waiting time t,, will be determined by the distance of the closestvehicle to the
passengerrigin. The distanceto the closestvehicle dependson the distribution of vehicles
on the topology. Rebalancingalgorithms seekto distribute vehiclesin a region suchthat the
waiting times are minimized [241]. If, however, no rebalancing occurs, one can assumethat
vehicle positions match the destination distribution of the requestprocessafter long enougt
times. In this casethe expectedvalue of the waiting time t,, can be obtained by computing
the rst order statistic (distribution of the minimum) of the distance distribution betweer
the random origin point of a requestand B random locations of the vehicles. The explicit
calculation for a circle has beenperformed by me in [161]. A generalcalculation follows.

Let (s) wheres [0,smax] be the probability distribution of the distance, between a
randomly chosenrequestorigin point and a randomly chosenvehicle location®. If there are
B vehicleswith independently chosenrandom locations, and the topology is homogeneou
(there are no boundary e ects)then, onecan obtain the distribution of the minimum distance

1(s) of a requestorigin to B vehicle locations by adhering to the following calculation.

The probability P(s, s) that the nearestvehicle to the requestorigin is in the interval
[s s, s] is given by the product of the probability that exactly one vehicle falls into this

5The distribution of the distance depends on the distribution of the randomly chosen points, but is not
central to the argument presented here.
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interval and all others are further away®:

z s Smax B 1
P(s, s)=B (s)ds (s)ds
S S S
A factor of B accountsfor the interchangeability betweenvehicles. In the limit s 0 one
obtains the probability density of the distance to the nearestvehicle,

1(s) s=B (91  (s)° ' s, (4.16)
where (s) = OS (s)ds denotesthe cumulative distribution of the distances. The average
waiting time t, = p/vinthelimit g O can be calculated from this distribution by
averaging,

Z Smax
p = p 1( p)dp
Smax

=B e (@ ()" dp.

Using,

L@ (= B (pa (1
p

we can partially integrate to obtain,

Smax

p = (1 (p)Pdyp
0Sma

= B (g .
0

For large valuesof B only the smallestdistances  contribute to the integral. In this case

one can expandthe term i%the exponential,
s = Bl @ 0 & Ol i)y,
0

As B only the rst non-vanishingterm of the expansioncontributes to the integral. For
distance distributions in d-dimensional continuous topologiesthe rst non-vanishing order of
the expansionwill be proportional to g This is becausefor small , the measureof points at
the distance , matchesthe surfaceof a d-dimensionalsphere,ie. (p) § ' asp, O.
Upon integration” of the approximation to the rst non-vanishing term the averagepickup
distance , scalesas

[

» B (4.17)
Networks. On networks, however, when there is a nite probability for any vehicle to be

exactly at the same position as the request origin (0) > 0, the averagepickup distance
decreasedaster than a power law in B.

p B!, asB
Here, cx < 1 comesfrom the cumulative distance distribution and dependson the request
origin x and the distanceto its nearestneighbor. A derivation of this scaling can be found
in appendix D.1.

®The calculation is similarly possiblefor non-homogeneoustopologies, in which casethe distance distribution
(s;x) dependsalso on the location. For the sake of brevity this caseis not considered here.
"The integration involves the substitution of ¢ YB § 7 u, and results in the sought after factor B ¢
as well asa Gamma function.

118
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Euclidean plane. On the Euclidean plane the waiting time t,, is proportional to B 2. The
distance that vehiclesdrive to pickup passengersontributes to the relative driven distance
L when the load is small g < 1, which accountsfor the di erencesin the driven distance at
low loads seenin g. 4.14. The eet size impacts the dynamics of ride-pooling separately
from the load g. The eetsizestrongly impacts the number of options from which any opti-
mization algorithm can choose,and therefore needsto be taken into account when studying
the dynamics of ride-pooling.

Even though the aboveargumentsonly considerthe limiting caseofq 0, the calculations
reveal an essentialmechanismin ride-pooling connectedto the eetsize. The largerthe eet
size,the more options there arefor the assignmentof a requestto a vehicle. With more options
better assignmentscan be found, and the delay should therefore follow order statistics, with
distributions taking forms similar to eq. (4.16).

4.4.4. Waiting time and ride-hailing hysteresis

The dependenceof the pickup distance on the eet sizedoesnot only occur in ride-pooling
but is a central part of the dynamics of a ride-hailing system. Here we brie y revealthat the
dependenceof the pickup distance on the number of vehiclesgivesrise to a hysteresisloop
in ride-hailing, that may severelya ect the performanceof such a service.

Like in ride-pooling, ride-hailing servicesreceive transportation requestsfrom customers
and assignvehiclesto pick up thosecustomersand drive them to their destination. In contrast
to ride-pooling, ride-hailing servicestypically do not plan trips far into the future. Platform
services,like Uber, do not know which drivers are available or will accepta requestbefore
that requestis made. Instead, requestsare assignedto the closestidle vehicle. If no vehicles
areidle, requestsenter a queueand will be assigned tothe next vehiclethat becomesavailable
accordingto a rst-in- rst-out policy.

Like in ride-pooling the servicetime for a ride-hailing system consists of two parts, the
drive time tq, which is xed for eachrequest, as no detours are made, and the waiting time
tw, which is determined by the distance ,, betweenthe vehicle and the requestorigin when
the requestis assigned.

The pickup distance p, dependson the number of available vehiclesBigie, i.e. idle vehicles
which are currently waiting to be assigneda request, obeying the scaling relations derived
abovein eq. (4.17). The servicetime ts = tyq + t,, is thus coupledto the utilization of the
ride-hailing system. We show how this coupling givesrise to two steady states of the system
dynamicsthat in turn lead to a hysteresisloop in ride-hailing (see g. 4.15).

We simplify the state of the systemby employing a mean- eld description, averaging over
the spatial distribution of vehiclesand requestsin the system. This reducesthe state of the
systemto only the averagenumber of idle vehicles Bige and the number of requestsin the
queue C .

The number of idle vehicles Bige , decreasesver time as new requestsappear with the
requestrate . Simultaneously, new vehiclesbecomeidle asthey servepassengersThe rate
at which vehiclesbecomeidle is given by the the number of busy vehiclesand the rate at
which they nish servingrequests ts 1.

The mean- eld rate equation for the fraction of idle vehiclesis then given by,

dBige/B _ 1 Bidle
dt B ts(Bidke) B

Similarly, the averagenumber of requestsin the queueis describedby

dC/B _ 1

dt B ts(Bige)
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4. Collective dynamicsin ride-pooling

Now considera system with an in nite number of vehiclesB . When there is any
nite fraction of vehicleidle Bige/ B > 0, the pickup distancesvanish,i.e. t, 0.
In this casethe rate equation for the number of idle vehiclesis given by,

d Bige/B _ 1 Bidle

= —+ — 1
dt B tq B

By using the load asde nedin eq. (4.13), this equation can be rewritten as,

d Bige/ B 1 Bidle
- - - = +
dt tyg a+ (1 B

)

When g < 1 this rate equation has a stable xed point at
Bidle/B =1 q, (4.18)

matching the queueingtheoretic interpretation of q as the utilization of a queueingsystenr
[55]. The rate equation of the queuelength converselyyields,

dC/B
dt

- 1@ p<o,
tq

showingthat any existing queuewould vanish over time, and, sincethe queuelength cannot
decreasebelow zero, there is no queueat this xed point. When the load g is smaller than
one, there existsa xed point of the systemin which vehiclesare idle and there is no queue
This is the operating state of the ride-hailing system.

At g > 1this xed point disappears,as the fraction of idle vehiclescannot fall below O.
Instead, the queuelength C grows,

dc/B _ 1 1
a1y 0 1+ tw(1) tg

Starting from a point in which there are no idle vehicles,we obtain a rate equation for the
fraction of idle vehiclesas,

d Bige/B _ 1 . 1
dt Tty I )t

1

9>
1+ tw(1)/ tg

the changeof the fraction of idle vehiclesis always negative. This leadsto a self consistent
state, in which there are no idle vehicles. We call this state the overloadedstate, becaus:
all vehiclesare fully utilized. Below the threshold g < (1+ ty(1)/ tg) 1 the number of idle
vehicles grows over time. This meansthat the assumption of no idle vehiclesfor such low
loadsis not correct. In fact, the overloadedstate doesnot exist for theseloads.

This leavesa range of loads

— < g< 1,
T+ @ity 9
where both states coexist. Thesestates exist evenfor nite numbersof vehiclesB <, and
give rise to a hysteresisloop depictedin g. 4.15.

When the demand uctuates over time, the load parameter q changeswith it. Periods
of increaseddemand can drive the system from the operating state with idle vehiclesinto
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Figure 4.15.: Hysteresisloop in ride-hailing systems. a The number of idle vehicles Bige determines
the servicetime of the system. Bige Iis a linearly decreasingfunction of the load
g. b When the system overloads, i.e. all vehiclesbecomebusy, the queuelength C
of requestswaiting for assignmentgrows linearly in time. Shown here is the queue
length Cgueue Normalized by the total number of requestsmade C . The systemcan
overloadthrough random uctuations (which are strongerthe lower the total number of
vehicles),onceoverloadedthe growing queuelength preventsthe systemfrom returning
to the operating regime. Only if the load reducedbelowq = 1/2, canthe systemreturn
to an operating state in which there are idle vehicles.

the overloadedstate, with a growing queue. This locks the systemin this state, evenif the
demand decreasedo its original level afterwards. In order to force the ride-hailing system
back into the operating state, the load needsto be decreasedfar enough, such that the
overloadedstate ceasedo exist, i.e. q< (1+ tw(1)/tq) .

Simulations usingtaxi trip data in New York, highlight this fact (see g.4.16). The demand
in Manhattan uctuates over the day (see g. 4.16b). Fluctuations in the requestrate, but
alsothe distribution of the requestsin space,canforce the systeminto overload. This is seer
in g.4.16c,wherein responseto a small increasein the requestrate on a Saturday night,
the number of idle taxis drops to zero suddenly. It then remainsin this overloaded state,
despite the requestrate decreasingbelow its original value. Taxis only start to becomeidle
again, when the requestrate drops even further. Plotting the fraction of idle taxis against
the hourly averagedrequestrate, revealsthe hysteresisloop of the system (see g. 4.16d).
For the majority of the day the fraction of idle taxis follows the curve given by eq.(4.18), i.e.
the xed point of the dynamics correspondingto the operating state. During the afternoon
the requestrate increasesand the number of idle vehiclesdrops to zero. The system only
returns to the operating state oncethe requestrate drops to lessthan half of its maximum.

Becausethe overload of a ride-hailing leads to longer waiting times for passengersand
lessthroughput for a ride-hailing operator, ride-hailing platforms attempt to avert it. They
employ dynamic pricing to both incentivize drivers to seekout in-demand regions,decreasing
the load by increasing supply, and to nudge passengerdo postponetheir trips, smoothing
out sharp peaksin the demand.

In appendix A we discussother measuresthat can mitigate the impact that overloading
can have on the system. Ride-pooling, the main topic of this chapter, circumvents this issue
entirely. Becausein ride-pooling trips are shared, vehicles never becomeunavailable. New
requestscan always be assignedto the planned route of a ride-pooling vehicle. In this sense
ride-pooling, at leastwhenthere are no stop-times, and the capacity of vehiclesis unbounded,
cannot overload. Later, in section 4.7 we will showcasehow ride-pooling may nevertheles:
exhibit hysteretic dynamics when the assignmentalgorithm works with constraints.
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Figure 4.16.: Hysteresisin Manhattan Taxis. a Heatmap of request origins from historic taxi data
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in Manhattan (all trips in the rst half of 2016). b time seriesof the fraction of idle
taxis and the empirical requestrate for a week of requestsin March 2016. ¢ Zoomin
on a two daysin b. d Fraction of idle taxis plotted against the rate of requests. At
high requestrates, which occur during the evening rush hours, the system overloads
and only returns to the operating state with idle vehicles,oncethe requestrate drops

during the night.
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Figure 4.17.: Scaling of the averagewaiting time. a Scaling of the waiting time with the load q.
The waiting time grows super-linearly with the load g oncethe load is large enougf
for trip sharing to occur. b The waiting time decreasesvith B %58 when the load is
kept constant. Very small loads, describea system where few trips are combined and
thus obey di erent scaling laws.

4.4.5. Service quality: Scaling with gand B

We return to the ride-pooling system. While we observeno hysteresisin an unconstrained
ride-pooling system, the dependenceof the servicetime on the system state, especiallythe
eet sizeB, introduces collective e ects. The scaleof a ride-pooling system matters.

Intuitively, the most important performancemetric appearsto be the time to delivery for
any request, or its delay. However becausethe delay consistsof two parts, the detour and
the waiting time, and both of thesedependon the eetsizeand the load in di erent ways,
it is sensibleto study them on their own.

We nd that both the waiting time and the detour incurred while driving follow di erent
scalinglaws in both the load q and the eetsizeB (see gs.4.17and 4.18). The waiting time
increasesmuch more slowly with the load and decreasesnore quickly with increasing eet
sizes. For large loads and large system scalesone expectsthe dominating sourceof the delay
for passengerdo stem from the detours incurred while driving. The caseof very low loads
has been describedabove. At intermediate loadsq 1 the waiting time and the driving
detour are of the sameorder of magnitude and play a comparablerole for the servicequality
of the system.

How doesthe detour for passengerdbehavewhen it is comparedto the distancethat they
requested?Are long requestsdelayed more than short requests?

There are two points of view which onecanadopt. Firstly, onecanconsiderthe time driven
divided by the time requested t4/t; , the relative detour. This quantity bearsresemblanci
to the relative driven distance L in eq. (4.14). The di erenceis that, while L pro ts from
more sharing, i.e. the relative driven distance decreaseghe more trips are combined, the
relative detour is adverselya ected by sharing asthe detour grows with more sharing.

The scaling of the relative driven time is shownin g. 4.19,again highlighting performance
improvements with increasing eet size,and performancelossfor increasingloads.

The secondpoint of view is one of velocity, correspondingessentiallyto the inverse of the
above

Ve =V t/tg . (4.19)

As the inverseis a convex function, the averagee ective velocity will necessarilybe larger
than the inverse of the averagerelative detour. Comparing the exponents of the scaling
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Figure 4.18.: Scaling of the averagedetour. a Scaling of the driven detour time with the load g.
Detours grow superlinearly, and faster than the waiting times (compare g.4.17), with
the load g. b With increasing eet sizethe detours decrease,albeit slower than the
waiting times decrease.
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Figure 4.19.: Scaling of the average detour factor " 1. The detour factor exhibits very similar

scaling to the averagedetour time. a Scaling with load g at constant eetsizeB. b
Scalingwith eetsizeB at constant load g.

relation of the e ective velocity and the detour, we nd that the e ective velocity decrease
more slowly with increasingload or decreasing eet sizethan the detour. The exponent of
the load in the scaling relation of the e ective velocity is approximately 1.1, in contrast
the exponent of the load for the scalingrelation of the inverse of the detour is approximately

1.5. Similarly for the eetsizewe obtain an exponentof approximately 0.2 for the e ective
velocity and 0.45for the inverse of the detour.

This suggestghat not only doesthe averagevalue of the detour changewith increasingload
and decreasing eet size,the width of the distribution of detours experiencedby passengers
increasesas well. In particular, it becomesmore likely for a requestto experiencea very
large detour at higher loads and lower eet sizes.

This is con rmed whenviewing the distribution of the detours conditioned on the requestec
distancein g.4.21. The variance of the distribution of relative detoursincreasedor increas-
ing load, as doesthe expectedrelative detour for requestsof any length. Very large valuesof
detour are common, and a ect the scaling of the averagerelative detour. Theselarge values
contribute lessto the averagevelocity of ride-pooling, making it a better performancemetric
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Figure 4.20.: Scaling of the averagee ective velocity ve . Despite being the proportional to the
inverse of the detour factor , the averagee ective velocity ve , doesnot show the
inverse scaling relation of the averagedetour factor. This indicates that the relative
detours are very broadly distributed and large detour factors are not rare. a Scaling
with load q at constant eetsizeB. b Scalingwith eetsizeB at constant load q.
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Figure 4.21.: Distribution of detours conditioned on the requesteddistance. a Intermediate load, b
High load. The distribution of the relative detour for short requestsis peakedat zero,
meaning a large fraction of short request experienceno detour. However, someshort
requestsexperiencea high relative detour, tied to the fact that any detour for a short
trip will delay it by a large factor. Longer requestsexperiencesigni cant detour. b
showsthat at high loadsthe mode of the detour distribution is at a nite value.
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4. Collective dynamicsin ride-pooling

to capture the experienceof the bulk of passengers.

4.4.6. Discussion

Collective dynamics often lead to the emergenceof power laws. Each part of the system
a ectsevery other part of the system. In ride-pooling the addition of a vehicle improves the
performanceof all other vehicles,becausethe algorithm now has more assignmentoptions to
choosefrom and can nd better combinations of requestand vehicle. Conversely, additional
demand decreaseghe performance of all vehicles, passengersare delayed more, and new
requestsappear before others are delivered.

These interactions are re ected in the scaling laws observed here. Additional demand

increasesthe number of passengersvaiting to be delivered super-linearly. Doubling the
number of requestsper vehicle, more than quadruplesthe number of passengerswvaiting to
be delivered. Inversely, adding vehiclesto a eet, decreaseshe number of scheduledrequests
nonlinearly. Ride-pooling, however,is much more sensitiveto the eetsizeB, indicated by
the scaling exponentsof the load g and the eetB together.

The scaling laws found highlight that ride-pooling is an economy of scale. The larger
the eet size, the more requestsper vehicle can be served while achievinga xed level of
performance. Adding a vehicleto aride-pooling eetmeansthat every vehicle becomesmore
e cient. Similar qualitative observations have been made independently in [83], where a
more complex ride-pooling systemwith nite capacity has beenstudied at di erent scalesof
demand, howeverwithout consideringthe impact of eet size explicitly.

A simple qualitative explanation for why ride-pooling performance metrics improve for
larger eetsizesat constant load, is that alarger eeto ersmore options for the dispatching
algorithm to choosefrom when assigningrequests. However, a quantitative explanation of
the scaling laws of ride-pooling and the mechanismsthat give rise to them is still missing.
In the next section we shedlight on these mechanisms,by uncovering the spatio-temporal
dynamics of ride-pooling, and tieing it to the scaling laws of other performancemetrics.

4.5. Spatio-temporal dynamics of ride-pooling

We attributed the scalinglaws in ride-pooling to the fact that with more vehiclesany algo-
rithm hasmore options to choosefrom when matching requeststo vehicles. The options that
an algorithm can choosefrom are howeverencodedin the planned routes of the vehicles,and
their shapeis the key to understand how scaling laws in ride-pooling arise.

In this sectionwe considerthe trajectories of ride-pooling vehicles,which are remnants of
the planned routes. We bridge the microscopic dynamics of vehicles and the macroscopic
scaling laws of ride-pooling, and show that understanding the spatio-temporal dynamics of
ride-pooling vehiclesenablesus to understand the scaling laws observedin ride-pooling.

4.5.1. Qualitative ride-pooling trajectories

The trajectories of ride-pooling vehiclesare the result of a complex online optimization pro-
cess,but behind every assignmentof a requestto a vehicle is at rst a request which is
produced by a Poissonprocess. Thus, the movement of the vehiclesthemselvesconstitutes
a stochastic process,which can be seenin g. 4.22, where trajectories qualitatively resemble
random walk trajectories.

The two parameters, eetsizeB and load g, in uencethe shapeof the trajectories. Both
e ectively changethe extent of trajectories, or radius of gyration, evenwhen their arc length
is the same. Large loads q decreasethe observedextent of the trajectories, while large eet
sizesincreaseit.
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. 128
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Figure 4.22.: Overview over the shapesof ride-pooling vehicle trajectories. The arc length of every
route is the same. Load and eetsizea ect the extent of the routes. Increasingload
g leads to trajectories which are compact, while increasing eet sizesB lead to more
extendedtrajectories.

We have seenin the previous sections, that load and eet size govern the macroscopic
observableswhich are critical to quantify the performance of a ride-pooling system. The
shapeof the trajectories showsthat theseparametersalsoa ectthe spatio-temporal dynamics
of ride-pooling and raise the question: Do the spatio-temporal dynamics reveal more about
the operation of a ride-pooling systemthan macroscopicobservablesalone?

4.5.2. Segment lengths and alignment

Maybe the simplest spatial property observableis the segmentlength, which is the distance
betweenthe two stops on the vehicles’trajectory. How doesthe segmentlength dependon
the eetsizeand the load?

Naive mean- eld description

When the ride-pooling dynamicsare stationary, the assignancyaveragedover somelarge time
interval [t T/2,t+ T/2] doesnot changeover time.

dA 1

a0

This can only be the caseif the rate at which passengersare delivered matches the rate
at which they are assignedto a vehicle. While they are assignedto a vehicle according
to a Poissonprocess,as per the de nition of the requestdynamics, the rate at which they
are serveddependson the complicated internal state of the system. One can avoid making
assumptionsabout the internal state by focussingon the segmentlength ¢ of ride-pooling
trajectories. The sum over all segmentlengths s; ,i Mt is the entire driven distance of
the vehicle over this time. When the load is high enough, suchthat there are no idle times
this amounts to:

X
S,i = VT
i Mt
Al
sT — Ns,T .
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4. Collective dynamicsin ride-pooling

Figure 4.23.: Distribution of
the load b. The
The load a ects
segmentlength
depict the standard deviation of the distribution of segmentlengths for the system
with B = 256.

Where Ng 1 is the total number of segmentsin the observedroute. For the simplicity of
the argument stop times are assumedto be zero, but the following calculation still works if
stop times are non-zero. Since half of these segments correspondo deliveries, or in other
words, since every passengerassignedwill create two new segments,the number of assignec
passengerdN, matcheshalf the number of segments:

ST Na=gT
VT
s—m
_VvB
2
- 1
—7q : (4.20)

For ride-pooling systemswhich are almost always busy the averagesegmentlength ¢ is
inversely proportional to the load, and moreover, doesnot additionally dependon the eet
size. Figure 4.23 showsthe averagesegmentlength of ride-pooling trajectories as a function
of load for di erent eetsizes.It con rms the naive mean- eld approachusedabove.

The segmentlength alone might be able to explain the qualitative behavior in g. 4.22
when increasing the load, that is: routes clumping and covering lessarea at higher loads.
However, it alone doesnot explain the changesin trajectories when di erent eet sizesare
used.

Angle distribution

Since the segmentlength alone does not account fully for the shape of the ride-pooling
trajectories, maybe the in uenceof the eet sizeis accountedfor by the distribution of the
anglesbetweensubsequentsegments.

Figure 4.24 showsthe distribution of anglesbetweensegmentsfor a varying eet size at
constantload ( g.4.24a)and varying load at constant eetsize( g.4.24b). Both parameters
a ect the anglesbetweensegments.The qualitative in uencecan be most clearly seenfrom
the changesin the distribution when comparedto referencevalues( g. 4.24bottom row). In
( 9.4.24a,bottom)the di erence f = f|g f|gz_,isshown. The overalle ectthat the eet
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Figure 4.24.: Distribution
sizes. b di erence
xed eet size
relative to the angle o} angle suggests
smaller eetsizesand higher loadsleadto straighter trajectories, which is the opposite
of what is observed.

size has on the angle distribution is small. The most signi cant changewhich occurs with
larger eet sizesis the relative increasein very steepanglesbetweensegments.Importantly
the load chosenfor these plots is g = 3, such that all these simulated systemsoperate in
a regime in which sharing is necessaryand vehicles do not becomeidle. As the average
segmentlength is approximately the samefor thesesimulations (seesectionabove) one could
expectthat ride-pooling trajectories in systemswith large eet sizesare lessstraight, which
contradicts the qualitative observationin g. 4.22.

How doesthe load impact the distribution of angles?In g. 4.24bthe distribution of angles
is plotted for di erent loadsat a constant eetsizeB = 128. At higher loads the frequency
of very large angles > 7/8 decreaseswhile in comparisonsmall and intermediate angles
becomemore common. Only consideringthe angle distribution, one would conclude that
vehicle trajectories are more straight or persistent at high loads. This seeminglycontradicts
the qualitative changesin the trajectories seenin g. 4.22. We expect higher loads to lead
to more tortuous trajectories.

The length of the segments and the distribution of anglesbetweensegmentsare not enougt
to explain the qualitative shapesof the vehicle trajectories. We needto considera more
holistic view of the ride-pooling trajectories by calculating correlation functions.

4.5.3. Multitime scale dynamics of ride-pooling

Figure 4.25 showsthe directional autocorrelation for ride-pooling systemswith a eet size
of B = 128, for varying loadsq [2.0,4.5] (for smaller loads it is di cult to obtain good
statistics on long vehicle trajectories which have not beeninterrupted by idle times).

If the segmentlength and the angle distribution were the only determinating factor of
the spatio-temporal dynamics of ride-pooling, one would expect to seean autocorrelation
function which follows an exponential decay. However this is not what is observed.

In every casethe correlation function decays quickly over short times and then settles
into a slower exponential decay over long timescales. This qualitatively di erent behavior at
di erent timescalesindicates complex dynamics, in particular non-Markovian dynamics.
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Figure 4.25.: Correlation functions reveal three time scalesin microscopic ride-pooling routes. a
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Schematicillustration of the mechanismsunderlying the three time scalesemergingin
the directional correlations of ride-pooling trajectories. On short time scales,vehicles
travel in a straight line betweentwo consecutivestops (green). On intermediate time
scales,insertions of new stopsinduce detours (zigzag patterns) from the original route
(blue). On long time scales, new requests preferentially extend the planned route
in a direction similar to the overall route (red). b Directional correlations of the
trajectories of ride-pooling vehiclesfor B = 128 vehicles and variable load g reveal
three time scales(compare panel a). On short time scales,the correlation decays
quickly with a correlation time st (gray dotted line). On long time scales,the
correlation decays slowly with a correlation time ong (gray dashedline). As the
load g increases(yellow lines comparedto blue lines), a third, intermediate time scale
emergeswhere the correlation becomessmall or negative. The correlation functions
are well describedby a sum of three exponentials eq. (4.21), illustrated by the black
dotted line for q= 4.0.
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A similar autocorrelation function hasbeenfound for active particles in which the velocity
and the direction uctuate overdi erenttime scaleg188]. In appendix D.4 we presenta sim-
ple two timescale model in which only directional uctuations produceto a multi timescale
autocorrelation function. A critical component for the emergenceof a multi-timescale au-
tocorrelation function in the simpli ed model is the existence of a long-term directional
preference.

Such long-term direction preferencesare intrinsic parts of the microscopic ride-pooling
vehicle dynamics. When a requestis assignedthe vehicle will consequentlymove towards
the passengerpickup location, and afterwards to the passengerdrop-o location. It will
not move directly in these directions, becausethe vehicle will needto pick up or deliver
other passengersand thus its short timescale direction will changerapidly, but an average
movement towards planned stopsis inevitable.

The initial decay of the autocorrelation function thus, describesthe immediate changesin
the planned route and short time scaledetours, e.g. the lengths of segmentsand the angles
between subsequentsegments(see ¢. 4.25a, greenarrows). The long time scale decay of
the autocorrelation function captures the more generaltendency of requestsbeing assignec
to vehicleswhich have planned routes going in a similar direction as the requesttrip (see

g. 4.25a,red arrows arrows).

At increasingloadsa local minimum starts to showin the directional autocorrelation func-
tion. The local minimum arisesin betweenthe short time scalerapid decay of correlation
and the long timescaleslow decay. At this point a third in uenceon the directional autocor-
relation function of vehiclesbecomesmportant.

The shape of the autocorrelation function can be approximated by the superposition of
three exponential functions, with di erent decayrates and weights.

t
(t) we T4 woe 4 wze 3 (4.21)

The weights ful Il the condition P Wi = 1, but they do not necessarilyneedto be positive.
For simplicity we assume ; 2 3. A logarithmic least-squares t of this approximation
is shownin g. 4.25b asthe dotted line. While there are three separatetime scalesin this
approximation, they are not the sameasthe time scales short and |ong indicated in  g. 4.25.
Expanding eq. (4.21) around t = 0, revealsthe short time scaleto be the weighted harmonic
meanof 1, o> and g3,

Wig W2 W3

1 =+ =+ =t
1 2 3

The long time scale |ong is given by

long = 3-

For a local minimum to emergein this approximation the coe cient correspondingto »
needsto be negative. Thus, the intermediate time scale , is connectedto a mechanismwhich
decorrelatesthe vehicle direction.

At high loadsqg > 4.0, the autocorrelation function becomesegative at the local minimum.
This means,that vehiclese ectively turn around after a sometime and the vehicles’velocity
vectors becomeanti-aligned. The mechanismcausingthe local minimum thus, needsto cause
anti-aligned portions of the vehicle trajectory.

A mechanismwhich causesanti-alignment results from repeatedly inserting stops into an
existing segmentvisualized in g. 4.26. Inserting a stop into segment, creates two new
segments(see ¢. 4.26a,b). The greater the distance of the inserted stop from the original
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a b c
Figure 4.26.: Insertions far from the route causeanti-alignment. a Inserting a stop into a segment
of a planned route createstwo segments:one (red) e ectively pinting away from the
plannedroute, and the other (blue) e ectively pointing towardsit. b When the inserted
stop is far from the original segment, these two segmentsare anti-aligned. ¢ When

multiple insertions happen sequentially, two regionsemergewhich on averagepoint in
opposite directions.

H
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Figure 4.27.: Factors contibuting to the anti-aligned segmentsobservedin ride-pooling trajectories.
a The distance of inserted stops from the segmentthey are inserted in, bars demark
the standard deviation around the mean. Small eet sizeslead to on averagelarger
distancesand more variation. Large distancesintrinsically lead to negative alignment.
b Number of inserted stopsinto originally a single segment. The segmentsconsiderec
come from requestswhich have beenfully appendedto the end of the planned route.
At higher loads more stops are inserted betweeenpickup and dropo , providing more
possibilities for the planned route to baloon out from the original segment,and lead
to negative alignment on the rst and last resulting segment.

segment,the lessalignedthe two new segmentsare. In ride-pooling the distance of stopsfrom
the route they are inserted in, dependson how many planned routes there are, i.e. the eet
size,and how long they are. As both factors contribute to the density of planned routes in
the space.Figure 4.27ashowshow the distance of an inserted stop from the original planned
route of a vehicle dependson the eetsize.

A secondfactor contributing to anti-alignment of ride-pooling routes is the number of
inserted stops. The initial anti-aligned segmentsfrom a single stop-insertion can be exacer-
bated with multiple insertionsinto the new segments(see g. 4.26¢). This increaseghe time
that a vehicle drives approximately anti-aligned to another section of its trajectory. In the
autocorrelation function it widens the local minimum. The number of stopsinserted into a
planned route predominantly dependson the load g, asshownin g. 4.27b.

A exampleroute showcasingthe mechanismby which anti-alignment arisescan be seenin
appendix D.2.

4.5.4. Di usion of ride-pooling busses

The autocorrelation of ride-pooling trajectories exhibits multiple timescales,but overall the
correlation still decaysexponentially fast after long times. Thus, after long times ride-pooling
vehiclesfollow regular di usive dynamics. The mean squared displacemengrows linearly in
time at a su ciently long timescale (see g. 4.28a). Using the timescale approximation
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Figure 4.28.:Di usion constant connectsmicroscopicdynamics and macroscopicsystemparameters.
a The meansquareddisplacement(MSD) of ride-pooling vehicles(at q= 3) is ballistic
on short time scaleson individual segmentsof the trajectory, subdi usive on inter-
mediate time scalesdue to negative directional correlations (compare g. 4.25), and
di usive with di usion constant D for long times. b,c The di usion constant follows
power law scaling b with the load g and c with the eetsizeB for su ciently large
load q.

eg. (4.21) we can calculate an asymptotic expressionfor the di usion coe cient,

Z tZ t
MSD(t) = v2 (s s )dsds, (4.22)
0 O
b2 (wy 1+ Wy 2+ W )t (4.23)
2
Vv
D = E(Wl 1+ Wy o+ W3 3) (424)

Each microscopic mechanism, the segmentlength, angle distribution, anti-alignment, and
long term alignment of similar requests, contribute to the di usion coe cient. They de-
termine foremost the location and shapeof the transition from ballistic motion to di usive
motion.

At high loadsand small eetsizes,whenthe local minimum of the autocorrelation function
becomemegative, the meansquareddisplacementgrowsonly sub-di usively at the transition
from ballistic to di usive motion (for an example seeappendix D.3).

As the transition from ballistic to di usive motion determinesthe value of the di usion
coe cient, the dependenceof the autocorrelation function, i.e. weights w and the timescales

,onthe eetsizeB and the load g, arere ectedin the di usioncoe cient. We nd that all
thesein uencesculminate in a di usion coe cient that dependson the load g and the eet
sizeB asa power law (see g. 4.28Db,c),

D gqB . (4.25)

When the load is q > 3 a least-squares t of the data suggeststhat the exponent is
approximately 3/2, shownin g.4.28basa dotted line.

Similarly, the power law scalingin the eetsize B becomesmost apparent at high loads.
Here we nd the exponent to be approximately 1/3,as indicated by the dotted line in
g. 4.28c.
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Why are these exponentsrational? Both the exponent of the power law of the load and
the exponent of the eet sizeare eerily closeto simple rational numbers.

A possible explanation is that while ride-pooling vehicle in this model drive on a two-
dimensional surface, the matching between vehicles and planned routes occursin a three-
dimensional spaceconsisting of both location of the trip (origin or destination) and direction.
The algorithm prefers matching a requestwhich is both closeto a planned route and has a
similar direction as a vehicle. Ride-pooling might then be governedby minimal distancesin
three-dimensions,which in accordancewith our calculationsin eq. (4.17), would indicate an
exponent 1/3.

However, we have not been able to derive such a geometric scaling law for ride-pooling
from rst principles. Nevertheless,the geometric scaling of ride-pooling trajectories proves
useful in understanding other performancemetrics.

The spatio-temporal correspondence

We have shown that the microscopic mechanismsof ride-pooling, lead to characteristic
timescalesin the correlations of vehicle trajectories. These correlations in turn translate
into macroscopicdi usion statistics. We have found that the di usion coe cient follows a
power law in the eetsizeB and the load g. Previously, we have observedother power laws
emergingin ride-pooling for other observables.It is thus not surprisingto nd another. How-
ever,we will seethat the powerlaw observedfrom the di usion statistics is usefulto describe
the scaling of the other observablessuch asthe assignancy,the detour and the waiting time,
linking the microscopicdynamicsto macroscopicsystem observables.

When performance metrics are plotted against the scaling quantity g B (the inverse
of the di usion coe cient), their curves approximately collapseonto singular curvesin the
ride-pooling regime.

E ective velocity and detour. We considerthe e ective velocity introduced in g. 4.20,

Ve = — .
tg requests

While neither the load, nor the eetsizealone capture the shapeof the e ective velocity of
ride-pooling vehicles( g. 4.29inset), the combination in accordancewith the scaling of the
di usioncoe cient leadsto a collapseof the curvesonto a single curve ( g. 4.29).

Occupancy and Assignancy. At low loadsq 1 the assignancyis well describedby the
gueueingtheoretical result. There is no sharing, and the pickup and driving times are inde-
pendent of the load. The assignancyscaleslinearly in the requestrate , and for large eet
sizes,when the waiting times becomenegligible, also linearly in the load g.

At high loads, abovethe pooling transition, the assignancyA collapsesonto a single curve
in the ride-pooling regime, when plotted against the scaling of the di usion coe cient (see

g. 4.30).

This alsoapproximately appliesto the occupancy(see g.4.31). At low loadsthe occupancy
is determined by Little’'s law eq. (4.8), at high loads the occupancydependson the scaling
of the di usion coe cient.

The averageplannedroute length, measuredafter the assignmentof a request,alsocollapses
when plotted againstthe scalingrelation of the di usion coe cient (see g.4.32). However,
additional rescalingof the planned route length is necessaryto collapsethe curves.
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Figure 4.29.: Scaling law of ride-pooling observablescharacterizessysteme ciency. (inset) Macro-
scopic observables,like the averagee ective velocity of customerseq. (4.19), depenc
on both the number of vehiclesB and the load q of the system. A transition from fast,
direct trips in ataxi-like regime, v 1, to sharedtrips with larger detours, ve 1,
occursat di erent loads for di erent eetsizes. (main panel) Plotting the sameob-
servableve asa function of g and B accordingto the scalingof the di usion constant
eq. (4.25) collapsesall observationsto a single curve, illustrating the connection of the
microscopicrouting dynamics to macroscopicobservables.

Driving and Waiting time. In eq.(4.7) and eq. (4.8) we have derived a relationship betweer
the assignancy,occupancy and the servicetime and driving time of ride-pooling requests
We found that the occupancyand the assignancycollapseonto singular curveswhen plotted
againstthe di usioncoe cient. Doesthis automatically apply to the involved servicequality
measuresj.e. the waiting time and the driving time?

Becausethe di usion statistics emergefrom how vehiclesmove, the scaling of the di usion
coe cient can capture the averagedriving time of requests(see g. 4.33). The connectionto
the waiting time is lessapparent. Waiting passengersre not directly a ecting the trajectories
of the vehiclesand the waiting time curvesdo not collapseonto a single curve when plotted
against the scaling of the di usion coe cient. However, when the waiting time is corrected
by a factor of BY3 the curves collapse(see g. 4.34), suggesting,again, a connectionto a
three-dimensionalspace.

455. Random routes on networks

Real ride-pooling systemsdo not operate on continuous or even Euclidean spaces,they op-
erate on road networks, typically planar graphs with edgesof di erent length. So doesthis
meanthat the results obtained for the Euclidean torus are irrelevant?

No, the qualitative behavior of ride-pooling observedon the torus also extends to road
networks. The core phenomenonof vehicle trajectories becoming more straight asthe eet
sizeis increased,or the load is decreasedalso exists on networks However, to quantify this
e ectone rst needsto de ne what one meansby straight in a network.

Straight paths on networks

Here we extend our analysis of the spatio-temporal dynamics of ride-pooling to network
topologies.

A straight line in Euclidean spaceis the geodesicline, that is the connecting line which
produced the smallest arc length between two points. Accordingly, a "straight" line on
a network should be the shortest path betweentwo nodes. So far the parallel is simple.
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Figure 4.30.: At low loadsq 0, the averagenumber of assignedrequests A is well describ y
queueingtheory, A g and approximately independentof the eetsizeB. For high
loads, the averageassignancybecomesa function of the di usion constant and depends
on both g and B, but only via their combination D q 32B13 .
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Figure 4.31.: At low loadsq
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0, the averageoccupancy O is well describedby queueingtheory,

O g, and approximately independentof the eetsizeB. For high loads,the average
occupancybecomesa function of the di usion constant and dependson both qand B,
but only via their combination D q ¥?2B13.
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Figure 4.32.:In contrast to the occupancy and assignancy,the average planned routelength after
assignmentexhibits an additional dependencyon the eet size. Here the curves only
collapse, when the planned routelength is additionally rescaledwith B¢ . However,
the di usion scalingg®? B 3 still applies.
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4.5. Spatio-temporal dynamics of ride-pooling
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Figure 4.33.: At low loads q 0 trips are rarely shared and the averagedriving time matches
the averagedistance of requests, tq4 /v. For higher loads g sharing introduces
detours into the routes which increasesthe driving time of requests. Detours, a ecting
the route of vehicles,arere ectedin the di usion statistics of the ride-pooling vehicles
and their behavior at large loads dependson the di usion constant of the ride-pooling
systeminstead of two independent parametersB and q.
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Figure 4.34.: For observableson smaller time scales,like the waiting time t,, of requestsuntil they
are picked up, the scaling laws derived from the scaling of the di usion constant do
not match the observations. However, similar scaling functions may be found (here
empirically without a theoretical derivation): rescaling the waiting time with B3
again leadsto an approximate collapseof the rescaledwaiting time asa function of the
di usion coe cient scaling. As expected, this scaling also breaks down at low loads,
g 0, where the waiting time is predominantly determined by the distance to the
nearesttransporter, not by the routing dynamics of the vehicles.
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4. Collective dynamicsin ride-pooling

However,oneof the main e ectsobservedin Euclideanride-poolingis that trajectories consist
of straight segmentsand the way in which they are connectedplays a large role in the spatio-
temporal dynamics of the vehicles.

In Euclidean spacethe relationship betweentwo (far away) segmentscan be characterizec
by the angle betweentheir tangent vectors. In a network it is not clear how certain non-
adjacent edgesare related.

This presentsa problem for the formulation of a direct analogueof a directional autocorre-
lation function in Euclidean space.To still be able to quantify how straight trajectories on a
network are we formulate a new measure:the shortest path survival function s(t). A straight
trajectory on a network will follow a shortest path for a long time. A tortuous trajectory
will deviate from a shortest path quickly. For a trajectory® x(t) of vehicle b starting at to,
we formulate an indicator function (t + tg,tg), which is 1 if the trajectory hasnot deviated
from a shortest path betweenty and t and 0 otherwise:

1 ifx() SP(X(to), x(t + to)) for [t to+ t]

obto) = g giee

where SP(x(tp), X(t + tg)) denotesset of nodesde ned by the shortest path between x(tg)
and x(t + tp).

The survival function is the averageof the indicator functions of all vehiclesand all possible
times tg, i.e. choosingevery node along a vehicle trajectory asthe start of a trajectory.

11)@X

IBI g, 0 2

where{tp} is the setof all times whentransporter b arrived at a node (not necessarilypicking
up or delivering a passenger).

Figure 4.35 showsthe survival function for ride-pooling trajectories with di erent loads.
Higher loadsleadto a quick decayof the survival function, indicating that vehicletrajectories
do not follow shortest paths. Already at a load g = 3 the survival function of ride-pooling
trajectories resemblesthe survival function obtained from trajectories of a non-backtracking
random walk®.

For small loads g = 1 the survival function approachesan ideal survival function given by
the complementof the cumulative distribution over the shortest path lengths,

X
ssp(t) = (length( ) 1t),

all shortest paths

where is the Heavisidedistribution.

For large eetsizesthe qualitative behavior of the ride-pooling systemmatchesthe behavior
describedfor ride-pooling on the Euclidean plane. Larger eetsizesleadto trajectories which
are straight for longer times. Importantly the di erencein the survival function is most
pronouncedfor intermediate times 0.5< t < 1, while the survival function changeslittle at
timest < 0.25.

This implies that the load predominantly e ectsthe decayof the survival function at short
timescales, similar to how the load in Euclidean ride-pooling a ected the segmentlength,
and the shapeof the correlation function at short times. The eet size, on the other hand,
a ectsthe shapeof the survival function at larger timescales.

8Because going from one node to another takes time, it is necessaryto de ne how x(t) behaveswhile a
vehicle is on and edge. We chooseto update x only when the vehicle arrives at a node.

9The walker movesrandomly (uniformly) to adjacent nodesbut doesnot jump to the previous node. Edges
of the network may have di ering lengths, which the random walker crosseswith a constant velocity v = 1.
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4.5. Spatio-temporal dynamics of ride-pooling

Figure 4.35.: Survival of
pooling systems
survival function
a sequenceof (dashed line).
ride-pooling trajectories behavelike non-backtracking random walks (dotted line). b
Fleet size predominantly a ectsthe decay at larger timescales. Inset: For small eet
sizes,increasingthe eetsizeB leadsto lessstraight routes. This indicates a change
in the overall dynamics of ride-pooling on networks at a critical eet size.

Mean squared displacement As for the Euclidean ride-pooling onecan nd the aggregate
long timescale behavior of ride-pooling by studying the mean squared displacement. The
network consideredis non-periodic and, thus, the mean squared displacementis bounded
by the diameter of the network. The chief di erencehowever, which allows a comparisor
of straightness of vehicle trajectories is the time after which a vehicle reachesthe network
boundary. Figure 4.36 showsthe mean squareddisplacementalso replicates the qualitative
dynamics of ride-pooling found for the Euclidean caseand describedby the survival function
in the above section.

4.5.6. Discussion

By studying ride-pooling trajectories as random walks we have uncovereda complex multi-
timescalestructure in the autocorrelation of the trajectories. Up to three di erent timescales
emerge, and they are the result of the assignment mechanicsof ride-pooling algorithms.
Regardlessof the objective function, a ride-pooling algorithm will always need to either
append stops to a planned route, or insert them. Over short timescalestrajectories remain
straight, at high loadsthey may exhibit anti-alignment at intermediate timescales,overlonger
timescalesthe planned routes have a preferred direction tied to the fact, that they will
inevitably move towards the destinations of the passengerghey have picked up.

These microscopic dynamics enter into the macroscopicdi usion statistics of the ride-
pooling eet. The di usion coe cient obeysa power law in both the load and the eet
size. Rather than presenting just another power law of ride-pooling, the scaling laws of the
di usioncoe cienttranslate into the scalinglaws of other observablesdescribedin section4.4.
Plotting other observables suchas the assignancyand e ective velocity against the scaling
obtained from the di usioncoe cient, leadsto a collapseof the curves. This points to the fact
that ride-pooling performancein generalis tied strongly to the shapeof vehicles'trajectories,
and understanding more deeply howthesetrajectories emergefrom the evolution of planned
routes is a promising avenueto fully capture the collective dynamics of ride-pooling.

We expandedthe study of the spatio-temporal dynamics of ride-pooling to networks, where
directional correlations are di cult to de ne. Using the shortest path survival function as
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4. Collective dynamicsin ride-pooling

Figure 4.36.: Mean squared
mean squared
loads. For low
est paths drawn
like a self avoiding random walk. b Mean squared displacement at load q = 2 for
di erent eetsizes.

a stand-in, we showedthat ride-pooling vehicle trajectories on network exhibit qualitatively
the samedynamicsasin Euclidean space. The straightnessof vehicle trajectories is similarly
in uencedby the load and the eet size. We have seenthat the load predominantly leads
to vehicles deviating from shortest paths after short times, similarly to how the load in
Euclidean ride-pooling decreasedhe segmentlength, and a ectedthe short timescaleof the
autocorrelation.

These results suggestthat the same microscopic mechanicsstudied for Euclidean ride-
pooling also play a role in ride-pooling on networks. This is a particularly promising result,
becausat is known that the network topology a ectsride-pooling performance[168], howevel
the exact reasonsfor its in uenceare not yet understood. Random walks and trajectories
are closelytied to the topology on which they occur and may provide the meansby which
topological factors governing ride-pooling may be understood.

4.6. Di usion in heterogeneous service areas

We have shownthe that the di usion statistics of ride-pooling dependon the eetsizeand in
particular the load of the ride-pooling systemin section4.5.4. A questionthat arisesis, what
if the demand varies acrossa service region? Doesthe di erencein the di usion constant
a ect the distribution of vehiclesacrossthe serviceregion?

A high transportation demandin aregionwithin a city, leadsto a smallerdi usionconstant
in that region. Vehiclesspendmore time in that region. At the sametime this means,that
there are more vehiclesin this region, counteracting the e ect of the load. How do the
complex dynamics of ride-pooling a ect the vehicle distribution in heterogeneougities?

Figure 4.37 showsa mock model for a city with heterogeneousransportation demand.
Requestorigins are distributed normally, and destinations are distributed normally around
the origin of the request. Rather than leading to a proportional distribution of ride-pooling
vehicles,vehiclesare overrepresentedin the outskirts of the city wheredemandis scarce.

The fundamental mechanicsof this phenomenonare best understoodwith an evensimpler
model for a city: a city consisting of two adjacent identical regions, left and right (see

g. 4.38). For eachregion requestsoccur, which want to be transported only inside the same
region, i.e. for each passengertheir destination is in the sameregion as their origin. The
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4.6. Di usionin heterogeneousserviceareas

Figure 4.37.:"Normal" cit
(mean O standard
distribution
distribution
city, the area
contains 83%
over the y-axis.
density. Regions
ride-pooling

Figure 4.38.: Simple example of a heterogeneousdemand density. On the left the request rate is
low, while it is high on the right. Vehiclescan be assignedto either half.
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4. Collective dynamicsin ride-pooling

requestrate in the regionsis given by p and (1 p;) . While passengergdo not travel
betweenregions, vehiclescan be assignedto servepassengergrom any region.

Vehicles whose planned route ends deepwithin a region, are unlikely to presentthe best
option for the serviceof a requestin the other region. However, when the planned route ends
closeto the boundary betweenthe regions,a vehicle might be the best option to servesome
requestin the opposite region, in particular if the requestorigin is closeto the boundary.
There exists a steady state where detailed balanceis satis ed, vehicles switch from left to
right at the samerate asfrom right to left.

While it is di cult to determine the exact form of the transition rate of vehiclesfrom one
region to the other, there is a simple criterion which hasto hold true in the steady state. In
conventional equilibrium thermodynamics, particles ow from one phaseto another until the
chemical potentials pi(n1) and p2(ny) of the two phasesare equal, at which point detailed
balanceis achieved[143]. Something similar occursin the caseof this ride-pooling system.

If the expectedobjective function1®, herethe plannedroute length R , in regionl is smaller
than in regionr, vehiclesfrom region| can be assignedto requestsin regionr. This occursfor
vehicleswhich are closeto the boundary and requestswhoseorigin is closeto the boundary,
suchthat the price of switching, i.e. the additional distanceincurred from switching regions
is low. It follows that whenthe expectedobjective functions R are not equal, there will be
a ow of vehiclesfrom one region to the other. In the stationary state, expectedobjective
functions R for the assignmentof requestsin both regionsneedto be the same,

R (B)= R (rBy).

It is possiblethat assigninga requestfrom one region to a vehicle in another region incurs
a xed costin the objective function. For example, if the two regions are separatedby a
distance , the planned route length for a cross-regionalassignmentwill always increaseby
at least . In this casethe expectedobjective function on both sidesis not necessarilyequal,
but their di erenceis at most the cross-regionalassignmentcost

|R (1,B)) R (B

For simplicity, we consideronly the case = 0, meaningfor an algorithm with the planned
route length as an objective function that the two regionsare adjacent.

The planned route length after assignmentexhibits power law scalingin load and eet size
(compare g.4.32),

R (,B)=k- B (8% d),

Where we have substituted the load qwith its correspondingexpression(eq. (4.13)) containing
the requestrate , and absorbedthe averagedistance and vehicle velocity into the constant
k. We nd the exponentsto be = 1.18+ 0.02and g = 0.44+ 0.02.

In the following we assume,that the vehiclesare distributed homogeneouslywithin eact
region, and that the expectedobjective function is the result of the total humber of vehicles
within a region. Equating the expectedobjective function R of both regionsand solving
for the vehicle distributions yields the distribution of vehiclesin both regions,

R ( IlBI): R ( raBr)
c- IqBIB+q:C_ rqBrB+q
By r
= , 4.27
Br + B | + ( )
where = ¢/( B+ ¢) = 0.73+ 0.01is an exponentthat describesthe relative impact of the

requestrate on the expectedobjective function. Figure 4.39ashowshow eq. (4.27) predicts
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4.6. Di usionin heterogeneousserviceareas

I

Figure 4.39.: Vehicle distribution is determined by objective function scaling. a The distribution of
vehiclesfor two regionswith requestrate p, and (1 p;) (g= 2.5, B = 16). The
fraction of vehiclesin the right region, is larger than the fraction of requeststhat occur
there. The inset showsthe averageobjective function, i.e. planned route length, when
arequestfrom either region is assigned.Both regionsshow similar objective functions,
despite having di erent request rates. Assuming a balance of the objective in both
regionsaccurately describesthe distribution of vehicles(dashedline). b The principles
of balancing objectivesalsoappliesto systemswith more heterogeneousegions. Shown
here are three regions, |, I | and I I | whoserequest probabilities are given by p ,

1 p)l)025+p)and (1 p)O.75 p/) (seeinset,q= 2.5,B = 10). Even in
this casethe distribution of vehiclesin all regionsis accurately describedby eq. (A.1)
(dashedline).

the distribution of vehiclesin a two-region systemaccurately.

The calculation above doesnot depend explicitly on the objective function usedin the
algorithm. In principle, di erent objective functions could be used, and as long as they
follow a similar scaling relation would predict the vehicle distribution. In fact, di erent
objective functions may scaledi erently with the requestrate or eetsizeand thereforelead
to more or lesshomogeneousrehicle distributions.

This approach can be extendedto more than two regions(see g. 4.39b), the fraction of
vehiclesin regioni canthen be written as,

Bi

- p i
BPi.

i

Important caveatsare, that regionsneedto be convex and adjacent (such that the cost of
switching is negligible) and that there are no interregional requests, which can changethe
spatial distribution of vehiclessimply through transit.

The approach can be further extendedto continuously varying demand like the demand
pattern encounteredin the introductory example. Conceptually, one can approximate a
continuously changing demand pattern by dividing it into bins of constant request density
and applying eq. (A.1) to eachbin. Blindly applying this approximation for the demand
distribution ignoresthe fact that requestslikely travel beyond their region, and may even
travel through other regionsto their destination. Nevertheless,the resulting distribution,

f(x)

T8 () = R dxdy”

9 Becauserequests are assumedto occur according to a Poisson processin any region, the expectation value
is equivalent to a time average.
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4. Collective dynamicsin ride-pooling

Figure 4.40.: The objective
tinuously varying
requestsare presen

ts the observeddistribution much more closely,and presentsa goodestimator for the vehicle
distribution (see g. 4.40).

The parallels between the thermodynamics of di using particles and the distribution of
ride-pooling vehiclesin heterogeneoustities, highlight once again, that understanding the
spatio-temporal dynamics, the mechanismsbehind the route formation and the collective
behavior of ride-pooling vehiclesis critical to the designand operation of ride-pooling systems

4.7. Constrained ride-pooling

An important limitation of the parameter-freealgorithm in section4.4is a lack of control over
the ride-pooling performancebeyond the eet sizeand the load, leading to excessivedelays
shownin section4.4.3, where passengersnay be delayedten times their originally requestec
trip distance. Should such a serviceexist in the real world it would be very unappealing to
passengers.

In practice, ride-pooling algorithms often apply delay constraints on their trip assignments
No passengemay be delayedmorethan certain time, which may bea xedamount [4, 202]or
an amount proportional to the requestedtrip distance[107,161]. Including such constraints
in ride-pooling meansthat somerequestsmay not be possibleto accept, while satisfying the
constraints of all already assignedpassengersSuchrequestsare rejected by the system. The
number or fraction of rejections presentsanother service quality measureof a ride-pooling
system.

In this sectionwe showthat constrainedride-pooling algorithms behavelike unconstrained
algorithms when the eet size is large. Moreover, there is a sharp transition between
constrained dynamics and unconstrained dynamics, which givesrise to a paradoxical phe-
nomenon: systemsthat allow larger delaysto occur may experiencesmaller delays on aver-
age.

4.7.1. Maximum allowed delay constraint

We modify the algorithm describedin section4.3.2to enforcea xed maximum allowed delay
constraint. The sum of the waiting time and the detour of any passengercannot exceedthe
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4.7. Constrained ride-pooling

Figure 4.41.: Fraction of rejections as a function of the load g. The rejection probability of requests
undergoesa continuous transition in the load. For low loads no rejections occur, for
large loads a large fraction of requestsis rejected. Larger eet sizesboth sharpenthe
transition and shift the critical load q. to larger values. At very small eet sizesthere
is always a probability to reject any request, becausevehicles might be too far away
from the requestorigin to serviceit.

maximum allowed delay c. We also refer to ¢ as slack, a more concise expressionwhich
adequately captures that at large c, or large slack, there is more room to assignrequests
The slack ¢ is the samefor every requestin this investigation.

4.7.2. Rejections and service time

With delay-constraints a new ride-pooling performance measure emerges: the fraction of
rejections. Like the other performance measuresit dependson both the eet size and the
load. Figure 4.41 showsthe rejection curve as a function of the load g for di erent eetsizes

In the limit of smallloadsg 0, the fraction of rejectionsis connectedto the waiting time
distribution, which we calculated in section4.4.3. For nite eetsizesand slack ¢ which are
smaller than the largest distance on the topology, there is always a possibility that a request
is madetoo far from the nearestvehicle, suchthat its waiting time is too large to satisfy its
delay constraint. Thus, the fraction of rejectionsis always larger than 0 in thesecases.

With increasingload, the fraction of rejections exhibits a continuoustransition at a critical
value q.. At this critical load the number of rejection starts to grow quickly. The transition
from a non-rejecting constrained ride-pooling systemto a rejecting constrained ride-pooling
system when the load is varied is studied in-depth in an upcoming publication by Jung et.
al. [118].

The qualitative lessonstaken from the unconstrainedride-pooling systemalso apply here.
With larger eet sizesthe ride-pooling systemis lesslikely to reject requestsat a constant
load. The ride-pooling system becomesmore e cient. And for loads larger than a critical
load, system performance, measuredas the fraction of rejections, becomesworse when the
load is increased.

4.7.3. A discontinuous ride-pooling transition

Where Jung et al. [118]focuson the transition when the load is varied, here we examinethe
transition from another perspective. We havetreated in-depth the dynamicsof unconstrainec
ride-pooling systems, which can be interpreted as constrained ride-pooling with in nitely
large slack ¢ . When the slack is decreasedat what point do the dynamics of ride-
pooling changequalitatively?
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4. Collective dynamicsin ride-pooling

Figure 4.42.: At xed load, varying the allowed delay of the ride-pooling systemshowsa steepdrops
in the fraction of rejections at somecritical delays. A small change inallowed delay
can lead to the system being suddenly able to serve all requests. b Paradoxically,
increasingthe allowed delay can reducethe actual averageservicetime for passengers
At the critical point the servicetime of passengersirops drastically.

Figure 4.42ashowsthe fraction of rejections for ride-pooling simulations with varying slack
c. At a critical slack cgit the rejections drastically drop to zero. In fact, where we have
observeda continuous transition for varying the load (in g. 4.41), the transition appears
discontinuous when the slack c is varied.

This discontinuoustransition can also be observedin other observables,such asthe assig
nancy, occupancyand the servicetimes of passengersOf particular interest is the behavior
of the servicetime tg at the transition point (see g. 4.42b). For small valuesof c the service
time increasedlinearly with the slack. However, at the critical point ci; the servicetime tg
drops abruptly to the value expectedfrom an unconstrainedride-pooling system. Beyond the
critical point, the servicetime is almost una ectedby a changingslack. When increasingthe
allowed delay,the actual averagedelay experiencedby passengerslecreaseslin the following
we focus on the mechanicsof this paradoxical response.

A rst glint into the mechanicscan be obtained by considering the constituents of the
service time, the waiting time and the driving time. The drop in servicetime is due to
decreasedvaiting times of the requests(see g.4.43a). While the driving detour passenger
experienceincreasesacrossthe threshold (see g. 4.43 b), this increaseis not enough to
compensatethe drop in waiting times.

At small allowed delays the ride-pooling dynamics are dominated by large waiting times
and at large delays, the waiting times and the driving detours are more balanced.

Moreover, we nd that the allowed delay and the waiting times can be rescaledwith the

eetsizeB ¢, where . 0.625,to collapsethe waiting time curvesfor di erent eet sizes
(see g. 4.43c). This meansthat the critical allowed delay ¢t B ©52%, becomessmaller
for larger eets of ride-pooling vehicles, as doesthe magnitude of the drop in the waiting
time. A similar conclusioncan be drawn from the detours (see g. 4.43d).

As a consequencerery large systemsexperiencethe transition from constrained dynamics
to unconstrained dynamics already at very small allowed constraints, and for any xed c
there is a eetsizeB for which the ride-pooling dynamics are unconstrained.

Thus, our results from sections4.4 and 4.5 are also applicable to constrained ride-pooling
systems,aslong asthe eetsizeand the allowed delay is large enough.

On di erent topologies We nd that the transition doesalsooccurin ride-pooling systems
on networks (see g. 4.44). However, on very small networks, the transition appearscontin-

1The exponentsfound here approximately match the exponents of the completely unconstrained ride-pooling
system in section 4.4.2
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4.7. Constrained ride-pooling

Figure 4.43.: Waiting times and detours acrossthe constrained-unconstrained transition of ride-

pooling. a Waiting times drop sharply acrossthe transition point. b The detours
experiencedby passengersncreasesacrossthe transition point. ¢ Rescalingthe waiting
time t,, and the allowed delay ¢ with a common factor of B%625 collapsesthe waiting
time curvesfrom a onto a single curve. d Similarly it is possibleto rescalethe detours
to collapsethe curves. While the rescalingfactor of the allowed delay is the same,the
detours scaledi erently with the eetsize.
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Figure 4.44.: The constrained-unconstrainedtransition alsooccurson the street network of Dresden.

a The fraction of rejected requestsdrops drastically at a critical allowed delay. b At the
critical allowed delay the servicetime improves, when the allowed delay is increased
c,d the samerescalingfactors found in g. 4.43 apply to Ride-pooling in Dresden.
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Figure 4.45.:On a two-node network, the transition in the fraction of rejections is continuous. a
The network consists of two nodes separatedby a distance = 1. Requestsarrive
randomly at eachnode, and will always travel to the other node. b The fraction of
rejections of di erent ride-pooling eetsat load q= 7 (note that the calculation of the
load includes the correction for stop times in eq. (4.13)). The shadedarea showsthe
standard deviation obtained from 10-20 simulations each. The fraction of rejections
decayssmoothly to zero, asthe slack is increased.

uous (see g. 4.45). This is because,in small networks the planned routes of the vehicles
can cover a signi cant fraction of all possible shortest paths between request origins and
destinations. The fraction of rejectionsis then determined by the complementof the fraction
of shortest paths coveredby the planned routes. As the allowed delay is increased,planned
routes becomelonger and may cover more of the shortest paths. Small changesin allowed
delay will lead to small increasesin the planned route lengths, and the transition become:
continuous.

When the number of nodesis large comparedto the number of vehicles,then plannedroutes
will not cover all shortest paths in the network. When a new request appears,assigningit
meansthat a planned route needsto be changedand somedetour taken. This potentially
delaysother requests. Thus, every assignmentcomeswith a costwith respectto the objective
functions and the constraints of the system. This cost is the reasonwhy the constrained-
unconstrainedtransition appearsdiscontinuousfor large systems.

Figure 4.46 showsresults of ride-pooling simulations on a two-node network. In contrast
to g. 4.45, vehicles stop for a small amount of time, wheneverthey pick up or deliver
a passenger. Thus, each assignmentdelays following passengers.While ride-pooling on a
two-node network with stop times exhibits certain idiosyncrasies, which are discussedin
appendix D.5, it also reproducesthe qualitative dynamics of ride-pooling observedon the
Euclidean plane ( g. 4.43) and large road network ( g. 4.44). When there is always a cost
associatedwith serving a requestthere is a sharp transition between constrained dynamics
and e ectively unconstraineddynamics. Moreover, introducing an associatedcostin the form
of stop times leadsto the emergenceof the servicequality paradox: acrossthe transition from
constrained to unconstrained the waiting time drops drastically when increasing the slack.
Allowing more delay, actually reducesthe delay.

4.7.4. The microscopic mechanics of the constrained-unconstrained
transition

We nd that the two-node network provides a goodtest-bed to understand the microscopic
mechanismsof the constrained-unconstrainedtransition. In g. 4.46we note that larger eet
sizeslead to sharpertransitions, this is dueto large uctuations in ride-pooling settings with
small eetsizes,while at large eetsizesrelative uctuations are small and the ride-pooling
system never leavesthe found equilibrium state.
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4.7. Constrained ride-pooling

Figure 4.46.: Ride-pooling on a two-node network with stop times. a The fraction of rejections
spontaneouslydrops to zero when the slack c is increased. Large eet sizesexhibit
a sharper transition, due to reduced relative uctuations. b With stop-times, the
paradoxical responseof the servicetime to increasesin the allowed delay ¢ reemerge:
in the two-node-system. The shaded area representsthe standard deviation of 10-
20 simulations for eetsizesB 4, larger eet sizesexhibit weaker uctuations not
visualized here.

However, due to large uctuations systemswith small eet sizesprobe both sidesof the
transition at once. A ride-pooling system may be in the constrained state at one moment,
and uctuate randomly into the unconstrained state at a di erent time. An example of
this can be seenin g. 4.47, where the servicetime of passengersielivered and the binned
number of rejections is shown as a function of time. The time seriesshowsthat the system

uctuates betweentwo states: the constrained state, which is characterisedby a high service
time and rejections ocurring, and an unconstrained state in which the servicetime is low and
no requestsare rejected.

Even with just two locations, the state spacefor this ride-pooling system is exceedingly
complicated. To simplify this, we focus on how restricted the vehicles’ planned routes are
at any given time. These planned routes are a seriesof pickup and delivery events. The
maximum allowed delay only directly a ectsdeliveries, meaningthey can only be postponec
up to acertain limit. At any moment, a delivery might already be delayed,sothe key measure
is how much more delay can be added. Along the planned route the level of constraint is
determined by the smallestremaining slack of any future delivery. The length of the planned
route alsoa ectsthe level of constraint. When the plannedroute is longerthan the maximum
allowed delay, no requestmay be appendedto the planned route.

Figure 4.48showsthe level of constraint of the plannedroute of a vehiclein the constrained
state and in the unconstrainedphase. The greenshadedareashowsthe possibledelaythat can
be addedat this point in the planned route. When the ride-pooling systemis unconstrained,
this is re ected in the planned route of the vehicles. It is possibleto insert new stops of
new requestsalong the entire planned route without delaying any delivery by too much (see

g. 4.48a). Becausethere are more options to insert passengersnto the planned route,
better insertions can be found, which decreaseshe servicetime. A lower servicetime in turn
meansthat, what level of constraint hasbeenaccumulatedalongthe plannedroute is quickly
diminished, as passengersare more frequently delivered. This contributes to the stability of
the unconstrained state.

In constrast, constrained vehicles have almost no slack along their planned routes (see

g. 4.48b). The passengerto be delivered last is already maximally delayed, which means
no new stop can be inserted into the route. New requestscan only be appendedto the back
of the planned route. This, however, causesthem to be heavily delayedfrom the beginning,
meaning the vehicle remains constrained. This presentsthe central feedback mechanisn
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4. Collective dynamicsin ride-pooling

Figure 4.47.: Time seriesof a ride-pooling simulation on a two-node network. a Number of acceptec
and rejected requestsin bins of width 10. Rejections occur clustered in time showing
that the system uctuatesinto metastable stateswhereit rejectsrequests.b Similarly
the servicetime uctuates around two values. Shownis the time seriesof servicetimes
when passengersare delivered and the averagein bins of width 10. When rejections
occur the servicetime is increased,and periods without rejections also exhibit lower
servicetimes.

which leadsto the stability of the constrained state.

We identi ed the constrained and unconstrained states from the time seriesshown in

g.4.47by tting a hidden Markov model [108]. From this we can identify di erencesn the
insertion mechanicsbetweenthesetwo states. Figure 4.48c,showswere the delivery stops of
assignedrequestsfall on the planned route. When the ride-pooling systemis unconstrained,
delivery stops are roughly equally likely to be appendedat the end of the planned route,
asinserted into it. In periodswhen the ride-pooling systemis constrained it becomesmuch
more likely for a delivery stop to be appendedto the end of the planned route.

4.7.5. Discussion

In this sectionwe have shownthat constrainedride-pooling undergoesa transition when the
maximum allowed delay is varied. For small allowed delays, ride-pooling systemsare dom-
inated by constrained dynamics. The delay passengerexperienceis closeto the maximum
allowed delayand a large fraction of requestsis rejected. As the allowed delay is increasec
large ride-pooling system undergo a discontinuous transition. Suddenly, no requestsare re-
jected anymore, and the servicetime dropssharply to the levelsof unconstrainedride-pooling.
The drop in the servicetime is largely causedby a drop in the waiting time. Once the ride-
pooling systemis no longer dominated by constraints, it is possibleto insert stopsinto the
planned routes of vehicles,which meanspassengersire picked up earlier in the plannedroute.

We have shown that this discontinuous transition occurson the idealized Euclidean torus
aswell asreal street networks and is tied to feedbackloopswhich lead to the stability of the
unconstrained and constrained state of a ride-pooling system.

Importantly, we have shown through scaling analysis, that the critical maximum allowed
delay, at which this discontinuoustransition occurs,tendsto zeroasthe eetsizeis increased
Ride-pooling serviceswith large eetsizescanthereforeimplement a maximum allowed delay,
and functionally exhibit the dynamicsof a ride-pooling systemwithout suchconstraints. Our
resultsin section4.4 and section4.5arethereforealsovalid whenassignmentsare constrained,
aslong as either the constraint is su ciently relaxed, or the eetsizeis large.

Theseresults open up the way to leveragethe microscopic dynamics of constrained ride-
pooling. Acknowledging the feedbackmechanismsunderlying the stability of the constrained
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4.7. Constrained ride-pooling

Figure 4.48.: Microscopic mechanicsof the constrained-unconstrained transition in the two node
network. a Microscopic state of the planned route of a vehicle in the unconstrained
state. Top: pickup (P) and delivery (D) stops along the planned route. Bottom: The
remaining slack at any point of the planned route (green line and shadedarea), the
maximum allowed delay (blue dotted line). The lightly shadedareaindicatesa low level
of constraint after the last passengewill be delivered. At any point along the planned
route a hypothetical delay could be addedwhile still satisfying all assigned passenget

Thus, it is possibleto insert new requests route,rather than appendingthem.
b In the constrainedstate the last deliv constrainsthe vehicle. No newrequests
can be inserted. The next requestassigned ehiclewill be appendedto the end
of the planned route, at which point it will e delayed heavily. This keeps

the vehicle constrained. ¢ When the ride-p  ng systemis in the constrained state
the delivery stops of new requestsare most often appendedto the end of the route,
which contributes to the level of constrain  In unconstrained systemsappending and
inserting delivery stopsis balanced.
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4. Collective dynamicsin ride-pooling

state, meansthat actions can be taken to mitigate them. For example one could adapt
the maximum allowed delay dynamically to circumvent the hysteretic transition into a con-
strained state. Alternatively a ride-pooling provider might implement an admission control
policy, to prevent an unconstrained systemfrom uctuating into a constrained state.
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4.8. Discussior

4.8. Discussion

Ride-poolingbecomeanore and more prevalent all overthe world. Its e ciencyand exibility
may make it a crucial componentin the human mobility landscapein the near future.

We have shown that ride-pooling, as a complex dynamical system, givesrise to a variety
of emergentbehaviors. Componentsof a ride-pooling systeminteract, and theseinteractions
lead to the emergenceof power laws. The addition of a single vehicle to a ride-pooling eet,
doesnot only improve the performancelinearly. Its addition increasesthe spaceof available
options which the ride-pooling dispatcher has to match vehiclesto passengers. Adding a
vehicle improves the performanceof all other vehicles.

We have shownthat the spatio-temporal dynamics of ride-pooling exhibit complex multi-
timescale behaviors, which are in uencedby the load and the scale of the system. These
microscopicmulti time scaledynamicsgive riseto macroscopicdi usion, whose statisticsobey
power laws, re ecting again the collective nature of the dynamics underlying ride-pooling.

Thesepowerlaws discoveredin the spatial structure of ride-pooling vehicletrajectories seen
to be critical for ride-pooling dynamics as a whole. Other ride-pooling performancemetrics,
which are of particular interest to ride-pooling providers and customers, are intrinsically
connectedto the spatio-temporal dynamics of ride-pooling, re ected by the fact that the
same power law found for the di usion statistics leadsto a collapse of observable curves
acrossdi erent scalesof ride-pooling services.

Taking inspiration from the di usion dynamics of ride-pooling, we extrapolated that het-
erogeneousequestdensitieswill a ect the distribution of vehiclesin a servicearea. We usec
the scaling of the objective function of ride-pooling to predict the distribution of vehicles
from rst principles.

We then extended our analysisto include constrained ride-pooling, where passengersnay
not be delayedinde nitely. Suchsystemsturn out to behavelike unconstrained ride-pooling
systemsat large eetsizes. This can bein part understood as a reduction in complexity of
the systemat large scales.When the eetsizeis large, certain parameters,herethe maximum
allowed delay, becomeirrelevant for the dynamics of the system.

Moreover, we found that the transition from a constrainedride-pooling systemto an e ec-
tively unconstrainedsystemis abrupt. Paradoxically, acrossthis abrupt transition, increasing
the allowed delay decreaseghe averagedelay passengerexperience. While this transition
occursonly at relatively large slacksfor small ride-pooling eets,and the e ect sizebecome:
smaller for larger eets,it still presentsthe slack as a valuable parameter to adjust when the
ride-pooling system operatescloseto its critical point, generally when it has somelow but

nite rejection rate.

We tied the abrupt transition to microscopic feedbackloops that emergein constrained
ride-pooling. Once the planned route of a vehicle is constrained to its limit, new requests
will be assignedwith considerabledelay perpetuating the high level of constraint.

Throughout this chapter we have approachedthe dynamics of ride-pooling from two direc-
tions, the macroscopic,re ectedin scaling laws and their e ects, and the microscopic, the
mechanicsunderlying the planned routes and trajectories of ride-pooling vehicles. We man-
agedto connectthesetwo viewpoints to form a systemic physical description of ride-pooling
and its dynamics.

153






5. Discussion

The goldenthread of this work is viewing human mobility asa complexsystem[29], focussing
on interactions betweenparts, and describing collective dynamics that arise from it.

In chapter 2 ride-hailing drivers interact by competing and cooperatingin a dynamic pric-
ing game. The incentive structure laid out by the dynamic pricing algorithm enablesthe
emergenceof arti cial supply shortages,an inherently collective phenomenon,requiring the
interplay of many ride-hailing drivers.

This collective dynamic is only possible,becausemodern ride-hailing providers are highly
digitalized [266] and can both analyze instantaneousdemand and supply and communicate
a new price quickly to customersand drivers. Where dynamic pricing was at rst a tool,
made possiblethrough digitization, to balance supply and demand, unintended side e ects
stemming from collective behavior can bring about the opposite result.

Most researchon ride-hailing focuseson operating a ride-hailing service[212],its e ectson
tra c and transportation in cities [54, 78, 100, 231, 260], and large scaleeconomice ects of
ride-hailing [9, 210, 248]. Researchon collective dynamicsin ride-hailing, taking into account
non-linear interactions and possiblefeedbackloopsis comparatively sparse. Approachesthat
study modernride-hailing platforms from a complex system’sperspectiveinclude [43] where
dynamic pricing is revealedas an e ective way to adapt to demand uctuations, and [132]
who showthat market segmentationand competition betweenride-hailing servicesimpedes
servicequality and pro tability of services.

Our researchcomplementsthe existing literature on ride-hailing and dynamic pricing in
that it uncoversmechanismsat the core of modern ride-hailing platforms and shedslight on
the e ect that driver decision-makinghas on the system, a previously neglectedconstituent
of modern ride-hailing dynamics.

In chapter 3 we have shownthat the individual decisionsof electric vehicle drivers collec-
tively give riseto forward propagating congestionwaves. EVs are looked upon asone compo-
nent to solve someof the pressingissuesof human mobility [36, 112], foremostthe emissior
of carbon dioxide [114]. A transition towards electric vehicles, while solving one problem,
might bring with it novel problems. We have shownthat collective dynamics emergingfrom
individually sensiblecriteria for whento rechargecan signi cantly a ect EV tra ¢ ow.

Congestion phenomenaare commonin many elds. Typically, in physicsthe congestior
phenomenonis called jamming, and is observedin granular matter [15, 26]. In tra ¢ science
congestionis one of the most central topics and has beenstudied through many lenses[129,
233,234]. Evenforward propagationdensity uctuations havebeendescribedin tra ¢ science
[58]. The mere existenceof congestionis on its own not necessarilysurprising.

The phenomenonof charging congestionwaves, however, is very surprising. Congestior
waves in EV tra c arise from a slight change of parametersin the dynamics of tra c.
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5. Discussion

Conventional vehiclesalso needto refuel. And drivers of ICEVs also want to avoid queues
Both factors exist in conventional tra c. But becauserechargetimes are longer for EVs,
the interactions between drivers when faced with a queue, give rise to congestion of the
infrastructure. Small conceptual changesproduce new challengesfor future mobility systems
to overcome.

In chapter 4, a central algorithm determines the movement of ride-pooling vehicles. It
coordinatestrips, by nding optimal matchesbetweenvehiclesand passengersRide-pooling
promisesto reducethe needfor private vehicles,by proving exible sharedtransport.

The generaltrend of researchon ride-pooling focuseson operation of ride-pooling services
e.g. how to quantify ride-pooling operations and performance[31, 76, 123, 148, 202, 238,
264], algorithm developmentand improvements [4, 75, 77, 82, 137, 201], local casestudies
[76, 267],and its impacts on tra ¢ or emissions[124, 264].

In contrast, our work aims to understand ride-pooling from a systemic point of view,
by investigating emerging dynamics and collective phenomena. Treating ride-pooling as a
complex system decomposedinto constituents and interactions has allowed researchersto
uncover universal scaling laws [83, 168, 228], to study the incentive structure underlying
adoption dynamics of ride-pooling [225] and identify how individual aspectsof ride-pooling,
such as the capacity [262] and the demand structure [39, 220] in uencethe dynamics of
ride-pooling. We build upon the previous research,and extend it to include not only the
spatio-temporal dynamics of ride-pooling and their connectionto scaling laws, but also by
exposingmicroscopicmechanismsa ecting macroscopicproperties of a ride-pooling service.

In ride-pooling, collective dynamics are enabledbecausethe central algorithm provides a
medium by which individual parts of the systemmay interact with eachother. We focussec
on the interactions betweenvehicles,by not explicitly modelling passengerdecision-making.
The interactions betweenvehiclesare di cult to fully characterize,but they in essencestem
from the optimization that the dispatcher performs. If a requestis assignedto one vehicle
similar requests, with similar origins and destination, are less likely to be assignedto a
di erent vehicle. This algorithm mediated interaction givesrise to collective e ects such as
the scaling laws describedin section4.4.

A recurring idea in our study of ride-pooling is the focus on microscopic mechanisms
Changesin the microscopic mechanismby which routes of vehicles are changed when a
passengelis assignedto them, are re ectedin the macroscopicscaling laws of ride-pooling.
This connection between spatio-temporal dynamics, which may be amenableto rigorous
treatment as a physical system, and macroscopicquantities provides an opening by which
we may develop a more complete description of on-demand mobility. For constrained ride-
pooling, we have seenthat the microscopicmechanismsof the assignmentproduce a feedback
mechanism,which ultimately createstwo possiblestatesin which a ride-pooling systemcan
operate, a constrained and an e ectively unconstrained state. The understanding gained
from uncovering these feedback loopsmay enable ride-pooling operators to better adjust
their systemto operatee ciently.

This work reveals, by providing three explicit examples, how increased connectivity in
the modern mobility landscapegivesrise to new and often unintended collective dynamics.
Treating human mobility asa complex system, where interactions betweencomponentsgive
riseto dynamicsthat are more than the sum of their parts, is essentialfor understanding the
full range of consequenceshat comewith new transport modes. Understanding these new
transport modes,in turn, is a prerequisite for the creation of resilient, e cient and genuinely
sustainable mobility systemsin the future.
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A. Hysteresisin Ride-hailing

In section 4.4.4 we have explained how hysteresisarisesin ride-hailing services. Wehave
discussedprimarily a rst-in- rst out policy in which the oldest requestsin a queue are
assigned rst.

The e ect of the hysteresisloop can be mitigated by foregoingthis rst-in- rst-out policy.
When there is a queueof requestsand no vehiclesare idle, then requestscan be assignedto
vehiclesasthey becomeidle basedon their distance. Previously the dispatcher could choost
the best positioned vehicle from Bige vehiclesto servea request, now, with C passenger
waiting in the queue,the dispatcher can choosethe bestpositioned requestout of C requests
whenevera vehicle becomesidle. Thus, the servicetime can be reducedevenif all vehicles
are busy.

When the systemhas a queue,the rate equation for the queuelength is then given by,

dC/B _ 1

d¢t B tgC) °

The notable di erencenow is that the servicetime, in particular the waiting time t,,, depenc
on the queuelength in the sameway asthey dependon the number of idle vehicles,if there
are idle vehicles. While, the system can still overload, in the sensethat there are no idle
vehicles,the gqueuelength will no longer grow inde nitely while q< 1. Instead, it will settle
ona xed point given by

B
c =t = , (A1)

wherethe 1 indicates the inverse of the servicetime function.

This decreaseghe servicetime for passengersand increasesthe throughput of the ride-
hailing system, becausethe queuedoesnot grow inde nitely. Smaller changes,and uctua-
tions can evenreturn the systemfrom a state with nite queuelength to a state with idle
vehicles.

However, there is still a hysteresisloop, evenif the taxi dispatcher follows a nearest rst
policy, becausethere are still two stable xed points of the ride-hailing dynamics, which
coexistat the sameparameters.
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Figure A.1.: Nearest rst ride-hailing service. a Sketch of the xed points of a ridehailing system
under a nearest rst policy. Either the systemhasa nite number of idle vehicles,or a
nite queuelength. b,c lllustration of the expectedpickup time for new requests(red)
in the operating state, when vehiclesare idle. d,e lllustration of the expected pickup
time for a newly idle taxi (red) in the overloadedstate, when there is a queue. In the
operating state, nearest rst serviceis identical to rst-come- rst-served-service.In the
overloaded state, the pickup distance decreasegqthe service rate increases)when the
gueue length becomeslarge. Closeto the onset of overload the pickup time increase:
(compare panel c,d) and the servicerate decreasesOne stable operating state and one
stable overloadedstate (solid circles) at nite queuelengths exist for loads1/2 < gq< 1
(dotted vertical line), separatedby an unstable operating state (empty circle) at a nite
number of idle buses. The dashedgrey line showsthe theoretical limit rst-come- rst-
servedservicewithout nite sizee ects.
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B. Anomalous Supply Shortages

B.1. Finding Nash equilibria

There are severalacceptedalgorithms to nd all Nash equilibria, mixed or pure, of a game
Here we considerthe algorithm named support enumeration.

The support |; of a mixed strategy of a player i is the set of pure strategieswhich have
non-zeroweights. Support enumeration iterates over all possible combinations of supports,
for all players.

For eachcombination of supports one veri esthat a mixed strategy with this support can
be part of a Nash equilibrium. A mixed strategy ; canonly be part of a Nash equilibrium
if player i isindi erentto all the strategiesin the support of ;. This meansthat, given the
strategy pro le of all other players( 1,..., i 1, i+1, n) playeri’s payo isthe sameover
all strategiesin the support of j:

I( Iywees i 1lsil i+1, n)=V1
for every strategy s; |;. Herev R is someconstant value. This needsto be true for the
support of every player, which resultsin a systemof equationsfor the weights 1, 2, ..., n.

Only if there is a solution for this systemof equations, which producesvalid probabilities ;,
and the mixed strategies ; are best responsesthen a Nash equilibrium has beenfound.

B.2. Tra cin uences Uber's price estimates

Price estimatesfor trips madevia Uber are dynamically adjusted in multiple ways. While the
surgefeeis added arti cially by Uber’s pricing algorithm, tra c¢ along the requestedroute
will alsoa ect prices.

Congestioncausedrips to take longer. Becausepart of the price is calculated basedon the
time the trip takes, this raisesthe price estimate. Increasesin estimated duration of trips is
seenin g. B.1 (blue curves).

During heavy congestionalternative routes may becomefaster, evenif they are nominally
longer. This alsoa ectsthe price estimate as part of the pricing schemeconsidersthe length
of the trip. Figure B.1 (red lines) also showsthese switches of the suggestedroute occuring
during the peak hours of tra c, in particular at DCA.
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B.2. Tra cin uencesUber’s price estimates
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changeintra-day at a DCA, b LAX, ¢ SFO and d IAH (data from 19-06-04)astrip fees
adapt to latest estimates for trip duration (blue) and distance (red). Both estimates
respondto changingtra c¢ conditions, congestionand dynamic route choice. During
commuting hours rising trip duration estimatesre ect congestedstreets, while change:
in trip distance estimates correspondto alternative route choice advise as the fastest
route option changesfor given tra c conditions. Uber Black trip feesbehave qualita-
tively identically sincethey are basedon the sameduration and distance estimates.
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B. Anomalous Supply Shortages

B.3. Price surges and aircraft arrivals at other cities

We have shown that for DCA air travel tra c¢ is not enoughto explain the occurrenceof
recurring price surges(seesection 2.4.2). Here we showthat the sameconclusionis reachec
for other airports around the world. None of the cross-correlation functions between the
surge fee and the number of arrivals at the airport show maxima a consistent delays across
days( g.B.2).
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B. Anomalous Supply Shortages

B.4. Candidates for arti cial supply shortages

The following are locations which exhibit very similar price dynamics as the onesobservec

for ReaganNational airport ( g. B.3). They show recurring short spikesin the surgefeein

addition to slow changesin the price. This resultsin distributions of the price changeswhich

are well describedby two Gaussiandistributions with weights wsyrge and standard deviations
surge Which place them closeto DCA in the overview plot in g. 2.23.
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B.4. Candidatesfor arti cial supply shortages

Figure B.3.: Identifying non-equilibrium surgedynamics and anomaloussupply shortages. Repeatec
price surgessimilar to those observedat DCA emergein locations acrossthe globe
(America, Asia, and Europe) and independent of type of origin (airport, train station,
and other prominent locations). The surge dynamics at the locations identi ed in
g.2.23is qualitatively and statistically similar DCA. In particular, sustained eriod:s
with non-zero likely real supply-demandimbalance at that while
periodswith repeatedsurgepeaksare characteristic for price surgesinduced by arti cial
supply shortages(e.g. Warsaw evening, Montreal evening, Chicago evening, New York
City afternoon and evening).
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C. Congestionwavesin EV infrastructure
C.1. Examples of EVtra ¢ ow

FiguresC.1to C.3include more examplesof EV tra ¢ ow, characteristic for di erent values
of the patiencep, or a di erent number of ports m.
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C.1. Examplesof EV tra ¢ ow

Figure C.1.: Qualitative ow statesfor a patiencep = 0. The maximum range iSgnax = 300km. The
velocity of vehiclesis v = 120km/h. The charging threshold is 50% of the range. The
charging speedis = 480km/h. Each charging station hasm = 1 charging port. The

rst row showsa free ow system,with a vehicle density of ™ = 2.5 vel/ port. Vehicles
move uninhibited along the road with their free ow velocity. The secondrow showsa
system closeto the critical density ™ = 5.0 veh/ port. Vehicles now encounter queues
and clusters of congestedcharging stations propagate along the direction of the ow.
The third row showsan overloadedsystemwith a vehicle density of ™ = 7.5 veh/ port.
Queuesare now unavoidable and xed in space,with every charging station having a
queue, causingwaiting time to dominate the travel time of vehicles.
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C. Congestionwavesin EV infrastructure

Figure C.2.: Qualitative ow states for a patience p = 2. The maximum range is gnax = 300 km.

172

The velocity of vehiclesis v = 120 km/h. The charging threshold is 50% of the range.
The charging speedis = 480 km/h. Each charging station hasm = 1 charging port.
The rst row showsa free ow system, with a vehicle density of © = 2.5 veh/ port.
Vehicles move uninhibited along the road with their free ow velocity. The secondrow
showsa systemcloseat the critical density ™ = 5.0 veh/ port. In contrastto g.C.1and

g. 3.9 no congestionwavescan be observed. This is due to the fact that while queue:
exist, they are not long enough for drivers to be in uencesby them. The third row
showsa systemwith a vehicle density of © = 7.5 veh/ port. Congestion waves emerge
only at vehicle densitiesabove the critical density.



C.1. Examplesof EV tra ¢ ow

Figure C.3.: Qualitative ow states for a patiencep = 0 and m = 4 charging ports at eachcharging
station. The maximum range is gnax = 300 km. The velocity of vehiclesis v =
120 km/h. The charging threshold is 50% of the range. The charging speedis =
480 km/h. The rst row shows a free ow system, with a vehicle density of = =
2.5 vel/ port. Vehicles move uninhibited along the road with their free ow velocity.
The secondrow showsa systemcloseto the critical density ™ = 5.0 veh/ port. Vehicles
encounter queuesand form clusters of congestedcharging stations, which propagate
in the direction of the ow. The third row showsan overloadedsystem with a vehicle
density of © = 7.5veh/ port. Here, queuesare unavoidableand xedin space,with every
charging station experiencing queuesthat signi cantly increasethe vehicles’ waiting
times.
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C. Congestionwavesin EV infrastructure

C.2. Classi cation by correlation

Owing to the fact that charging jams consist of coherent clusters of charging stations with
queues,one expectsa di erencein the correlation of the queue length C; of neighboring
charging stations:

G GC)ECa GCi)

Corr[Ci,Cis1]= —P

P P (C.1)
Var[Ci] Var[Cj+1]

Figure C.4 showsthe averagecorrelation betweenneighboring stations for a simulation with
varying vehicle densities, a patience of 1, a single port per charging station and a charging
threshold of 50%. While there is a clear di erencein the correlation betweenstations at low
densities,i.e. in free ow states, at densitiescloseto the critical density, where we encountel
congestionjams, and fully congestedstatesat high densities,the standard deviation (obtained
by considering 20 realizations with random initial conditions) for the correlation of stations
is large relative to the averagevalue of the correlation.

The neighbor correlation alone is therefore insu cient to capture the intricate dynamics
occurring during congestionwaves.
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Correlation of the queuelengths of neighboring charging stations. Shown are the av-
eragesof the correlation obtained from simulating 20 realizations of highways for each
shown vehicle density ~ (vehicles per charging port). The bars show the standard
deviation of these 20 simulations each.
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C. Congestionwavesin EV infrastructure

C.3. Threshold method

The simplestway to classify congestedand uncongestedstations is to apply a threshold lter
to the queuelength time series. However, this doesnot produce compact congestionwave
indicators. Figure C.5 showsthe result of thresholding to classify the states of charging
stations. Charging stations have been classi ed as congestedif their occupancyC (queue
length + currently charging person)is larger than a threshold , C > . Although the shape
of congestionwavescan be clearly observed,often there are charging stations classi ed asfree
charging stations, eventhough they are surroundedin spaceand time by congestedcharging
stations. Changing the threshold worsensthe classi cation.
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1500 T 6 -
2
c > g
< 1000 - -4 O | o
] © S

(U] o

G o 2
2 500 1 r2 S - - S
© ()
g
0 T T - O T T T T =

0 10 20 0 10 20 0 10 20

time/h time/h time / h

Figure C.5.: Classifying charging stations by applying a threshold. Thresholding the queuelengths
reproducesthe congestedparts of a congestionwave, but fails at the boundary of the
congestionwave.
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C.4. Fluctuating number of vehicles

C.4. Fluctuating number of vehicles

We have observedand understoodthe dynamicsof EV charging congestionin a simple model
with  xed number of vehicles. However, a much more realistic setting has to account for
vehicles leaving and entering roads. In this section we investigate the charging dynamics
when the number of vehicles uctuates, as vehiclesstochastically enter and leave the road.
We considerthe minimalistic homogeneousnodel of the road, in which K charging stations
all have the sameamount of charging ports m and are equally spacedby distances on a
periodic road. Vehicles and drivers are assumedto be homogeneousas well, i.e. they all
have the samerange gmax, the samerange anxiety q , the samevelocity v, and the same
charging speed . However, drivers now have destination charging stations on the road,
chosenrandomly and uniformly for each driver. When a driver reachestheir destination
station, they will leavethe road. In addition, new drivers enter the road at random charging
stations, accordingto a Poissonprocesswith rate . The initial battery level g of the vehicles
is also drawn uniformly from the interval [0,gmax], Which meansthat it is possible that
vehiclesneedto chargeat the charging station at which they enteredthe road.

C.4.1. Critical in ow

Becausethe start and endpoint of the journey, X, and x4 respectively, for eachdriver is choser
at random, the distance eachdriver will drive on the road is a random variable aswell. The
number of stations that a driver will pass, dx , is distributed uniformly:

X
p(dk ) = P(Xo)P((Xo + dk) mod K)

The distancesdriven are calculatedasd = dgx |. The averagedistance driven by the vehicles
in this systemis given by
K L
d = - =5

Using the averagedistancethat vehiclesdrive on the road, we can now determine an input

ow capacity of the entire road, similar to the critical density eq.(3.12). If all charging ports
of the road were utilized, they would provide a sum total of mK of range to the total of
vehiclesin the system. The maximum charge which can be provided by the infrastructure
needsto be comparedto the demandfor chargeby vehiclesentering the road. If the charging
infrastructure cannot provide enoughchargeto meetthe demand, the systemoverloads. At
what input rate . doesthe demandbecometoo much?

Since the rate  denotesthe number of vehicles entering the road per time, and eact
vehicle — disregarding queuesand decision-making— will needto rechargesomeamount r.
The averagedemandfor chargepertime is r . We thereforeneedto nd the averagecharge

r that a vehicle entering the systemwill demand from it.

A vehicle will rechargen times if the di erenceof its initial chargeq, and travel distance

fall within the interval de ned by

g NOmax 9)< d g (M 1)(Gnax a)-
This meansthat the number of charging eventsfor each(q, d) is given by

d (@ a) d (@ a)
Omax 0 Ornax Q

n=
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This constitutes a lower bound on the number of charging events a driver who wants to
drive distance d and whose vehicle has an initial charge of g undergoes. Each individual
charging event demandsa chargeof gnax q , exceptif it is the initial charging event and
the initial chargelies below the charging threshold ggp < g (the driver chargesat the station
they enter to road on). Using the above, we write a lower bound on the averagecharge a
vehicle will drain from the system,

X d
r (q_nax q ) M
don Grax G

P(@d)+(@ @) (b<qg)P(qd.

Here (o < q) denotesan indicator function that is 1 if the condition in the argument
is ful lled and O otherwise. This part concernsthe casewhen a vehicle enters the road with
lessinitial chargethan its charging threshold. In this case,the initial charging processwill
demand more charge. Performing the sum yields,

d  Omax ,9@+1) _

2 2 2(Grax + 1)

A correspondingupper bound is obtained by adding a singleextra charging eventto the lower
bound.

r lMow ¥ Omax 0 -

When the distance driven is large comparedto the maximum range of the vehicles, then
both the upper and the lower bound on the averagechargeddistance approachrasym = K/2
asymptotically. We usethis asymptotic value to de ne the critical rate .

We equate the demand at the critical rate . with the maximum provided charge of the
systemand nd,

clasyml = MK,
c=2mK /IK
2mK /L.

C.4.2. Qualitative charging dynamics with stochastic in ow

We simulate a systemwith the following parameter setting of m = 4, = 480,K = 101,and
L = 1500km. This systemhasthe asymptotic critical rate = 256 veh/h.

In a highway systemwith zerorange anxiety, i.e., drivers do not make consciousdecisions
and always deplete their batteries completely, we observeno propagating congestion. In the
casewhereq = 0, the actual (non-asymptotic) critical rate canbe calculatedto be ., = 264
veh/h. At smallin owrates = 120veh/h, the systemshowsfree ow dynamics. Closerto
the critical rate, at = 240, somestations exhibit lasting queues,but overall the number of
vehiclesin the systemremainsstable. At largerin owrates = 350> , charging stations
becomeincreasingly congested,and queuelengths grow over time.

A non-zerorange anxiety changesthe ow dynamics below the critical rate drastically,
depicted in g. C.7. While free ow still exists, charging stations are generally more often
occupied. In fact, evenin free ow conditions, neighboring charging stations are likely to be
either, both occupied,or both unoccupied,rather than bein di erent states, which indicates
pattern formation, evenfar from the critical rate .

At higherrates, but still belowthe critical rate, oneobservesntermittent congestionwaves,
propagating in the direction ofthetra ¢ ow. Thesewavesemergefrom random uctuations,
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C.4. Fluctuating number of vehicles

Figure C.6.: Stochastic charging dynamics with no range anxiety. a Free ow and c overloaded ow
are visible. b At in ow rates closeto the critical rate ., charging stations exhibit
transient queuesfor long periods of time.

Figure C.7.: Stochastic charging dynamics with range anxiety 20% and patience 0. a Free ow and
c overloaded ow arevisible. b At in ow rates closeto the critical rate . congestion
wavesemerge,which, however, “dissolve” again.

but persist for a long time, during which they move downstream. Finally, they dissolve
once enoughvehiclesleft the jam, becausethey reachedtheir destination. Thesewavesare
especiallypronouncedwhen the patience of drivers is larger (compare g. 3.23, wheredriver
patienceis 1).

C.4.3. Stochastic congestion waves

How do thesecongestionpatterns emergein a stochasticon-o ramp scenario?In the caseof
a conservednumber of vehicles,we have seenthat congestionwavesdo not generally occur at
low densities. For wavesto form, the total vehicle density hasto be larger than the free- ow
density ¢ of the phase-separatedystem. In the stochasticcase wherethe number of vehicles
on the road uctuates, there is always a probability for the local density to uctuate above
¢, the density at which the systemlocally cannot accommodatethe chargedemand. Rather
than drastically undergoing a qualitative changein the ow dynamics, congestionwavesare
presentin any non-overloadedsystem.
This behavior is con rmed by the correlations in the queuelengths between neighboring
charging stations (see g. C.8). The correlations increasecontinuously as the in ow rate
is increased. Indicating that clusters of congestedstations are presentat all in ow rates
below the critical rate . Above the critical rate correlations between charging stations
vanish. This result is the opposite of what is observedfor the non-stochasticsystemwith a
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C. Congestionwavesin EV infrastructure

Figure C.8.: Correlation
The correlation
in ow
waves

enoughsuch that all charging stations are overloaded, the queuelengths becomefully
uncorrelated again.

xed number of vehicles,whereneighboring stations only becomecorrelated when the system
congests(compare g. C.4).

There is a critical transition occurring closeto the asymptotic critical in ow rate . Here,
the system collectively overloadsand every charging station grows a queue. These queues
grow overtime becausevehicleskeepenqueueingfaster than leaving the station. We canwrite
down the dynamics of the queuelengths C;, by consideringa the queuelength at everytime
a vehicle leavesthe station. In the overloadedregime, this occursevery t = Qnax/ :

Ci(t+ t)=C(t) 1+  +7, (C.2)

where + denotes a Poisson distributed random variable with mean t. The rate

= /K consistsof new vehiclesentering the road and charging at station i for the rst
time. Additionally, during eachtime step t, onevehicle leavesthe charging station, as per
de nition of the stroboscopic process,during this time vehicles may arrive at the station
intending to charge for the secondtime, this is captured in the secondstochastic term ~
The abovevalue for t correspondsto a scenariowith oneport per charging station, but the
calculation can easily be extendedto more ports.

Becauseall random variables involved are independent, the averagetrajectory of a queue
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length follows,

* + * +
X X
Ci(to+ n t) = Ci(to)) n+ t * )
k=1 k=1
= Ci(tp) + t+ © 1n
where the average was taken over initial conditions and realizations of and . In the
overloadedregime t+ 7 1> 0andthe averagequeuelengths grow linearly.

Becauseof the stable property of the Poissondistribution, i.e. the sum of Poisson dis-
tributed random variablesis again a Poissondistributed random variable, the variance of the
gueuelength can be determined to:

Var[Ci(ton t)] = Var[Ci(tg)]+ n t + nVar["],

Becausethe arriving vehicles at neighboring stations are independent of each other, the
covariance between neighboring stations is simply given by the covariancein their initial
conditions:

Cov [Ci(1), Ci+1 (1)] = Cov[Ci(to), Ci+1 (to)] -

The temporal evolution of the queuelengths eq. (C.2) only becomesaccurate when C; is
large. At small C; the fact that the queuelength cannot fall below 0 introduces a boundary
e ect, which may introduce correlations. Thus, the initial time to should be taken asa time
when the queuelengths are su ciently large suchthat this boundary e ect losesrelevance
and all relevant correlations are contained in C;i(tp). The covarianceCov [Ci(tp), Ci+1 (to)] is
the result of transient dynamics andgenerally doesnot vanish due to the collective dynamics
of the system.

However, the correlation betweentwo neighboring station is given by

Cov[Ci(to+ n t),Ci+a(to+ n t)]
Var[Ci(to+ n 1)] Var[Ci(to+n 1]
n Cov[Ci(to), Ci+1 (to)] n
n( t+Var["]

Corr[Ci(to+ n t),Ci+1(to+ n t)]= p

0.

Thus the correlation betweenneighboring stations vanishesfor long times, ascan be observec
in g. C.8. This occursimmediately at overload, showing that the transition towards the
overloadedstate is discontinuous.
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D. Ride-pooling

D.1. Waiting time distribution in networks

For low loadsq O, the waiting time correspondsto the averagedistance to the neares
vehicle. In section 4.4.3 we have calculated how the waiting time scaleswith the eet size
for large eet sizes. Here, we extend this calculation to networks. A notable di erencewith
networks is that there is a nite probability, that a vehicle is found at the samelocation as
the requestorigin. This invalidates many of the stepsdonein section 4.4.3, which relied on
the distance distribution to vanish asthe distancetendsto zero.

The form of the probability distribution of the nearestneighbor distance still applies:

X
b= pB (p@  (pN® 1

p

We can bound the averagepickup distance from above, by replacing the cumulative dis-
tances ( p) with ( nn), Where ,, is the distance to the nearest neighbor node on the
network. Becausethe cumulative distribution is monotonic, this givesa valid upper bound
for the pickup distance.

X
p B (@ (m)®? (D.1)
p=0
B(L (m))®*? (D-2)
(D.3)

It is alsopossibleto bound it from below, by only consideringthe contribution to the average
pickup distance from the nearestneighborsof the requestorigin.

p mB ()@ (m)®? (D-4)
B(L (m)® (D.5)
Both the upper bound and the lower bound exhibit the samescaling. Therefore, the pickup

distance, and the correspondingwaiting time of passengerscalesexponentially with a linear
multiplier in the eetsizeB.

D.2. Example of an anti-aligned trajectory

Figure D.1 shows a detailed example of the emergenceof anti-alignment in a simulated
ride-pooling vehicle route. First, a stop is inserted far from the planned route, creating
two oppositely directed segments. Then, further stops are inserted into the newly createc
segmentsover time leadingto evenstronger anti-alignment.
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Figure D.1.: The correlation function revealstimescalesat which alignment and anti-alignment oc-
curs. The mechanicsof thesetimescalescan be understood by the principles governing
the insertion of new stopsinto the planned route.
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D.3. Anomalous di usion in ride-pooling dynamics

In g.4.28we showthe largetimescaledynamicsof ride-poolingto bedi usive. On very small
timescalesthe spatio-temporal dynamics of ride-pooling are ballistic, hencethe magnitude of
the di usioncoe cient is determined by the transition betweenthe ballistic and the di usive
motion. For simple persistent random walks such as describedin section4.2 the MSD curves
consistently transition from ballistic motion towards di usive motion becausethe correlation
function is monotonous.

In ride-pooling, however, the autocorrelation is hot homogeneousand may even locally
becomenegative. Equation (4.22) describeshow the mean squared displacement depends
on the autocorrelation. Becausethe autocorrelation (t) can be negative over sometime
interval, there is a timeframe in which the mean squareddisplacementgrows sublinearly.

Thus, ride-pooling exhibits characteristics of anomalousdi usion on that timescale. An
exampleis shownin g. D.2. At very high loads, the negative local minimum of the auto-
correlation function leadsto a timeframe in which ride-pooling exhibits sub-di usive charac-
teristics.

In practice this e ect is unlikely to emerge, as the loads required are large enough to
incur very large service times, which would make the ride-pooling service unattractive to
passengers.
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Figure D.2.: Anomalous di usion on intermediate time scalesin extreme ride-pooling settings with
high load g= 7 andsmall eetsizeB = 4. In betweenthe ballistic motion on individual
segmentdfor short times and the di  usive motion on long time scalesthe mean-squared
displacement grows with an exponent lessthan one for a substantial amount of time.
The existenceof anomalousdi usionis directly linked to the existenceof multiple time
scalesin the correlation function (compare Fig. 2 and 3 in the main manuscript). Such
high loads and small eet sizesare, however, unlikely to occur in real-world settings,
asthe induced waiting times and delayswould causecustomersto avoid traveling with
the ride-pooling service.
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D.4. Multi time scale random walk

A simple model for a multi time scalerandom walk can be obtained by extending the active
Brownian particle coveredin section4.2.
Instead of a single instantaneous angle (t) subject to noise, we include a secondangle
, Subject to a di erent source of noise, describing a more generallong term movement of
the particle. The relation betweenthese directions is describedby the following di erential
equations:

t =a , (D.6)
c( Y+b . (D.7)

t

The instantaneousdirection  convergesexponentially to the long term direction. The vari-
able describesalong term direction if it is uctuating slowerthan : a< b, andif relaxes
quickly towards : c> a.

The trajectory of the particle is then determined by,

cos (t)

X = sin (t)

(D.8)

This two-timescale system exhibits a complicated directional autocorrelation

()= cos(() (0),

which will be shownnext. It will shown,that sucha simple two-timescalemodelfor a random
walk, will already create a qualitatively similar correlation function.
We make use of the fact that the correlation function:
(t,s) = COﬁ( (t) (S))i :
Re ¢g( (® () (D.9)

The averagehere denotesan averageover all possiblepaths that could take accordingto
the dynamicsdescribedabove. We will calculate this average,using a stochasticpath integral
ansatz [53, 252], utilizing the exponential form of our observablecos( (t)). The action for
the two-timescale model is given by

h i th

s L0 it = ) () c (t) (1) +~(t)t(t)+a§~2(t)+k§~2(t) dt .

g
(D.10)

Figure D.3.: Simple two timescale dynamical model. a Sampletrajectory. b Directional correlation
function (blue: simulated, black dashed: predicted). The correlation function quali-
tatively exhibits the samebehavior as ride-pooling at intermediate loads. Parameters
usedare: a= 1.5,b=8.0andc= 7.0.
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D.4. Multi time scalerandom walk

Where ~ and ~ are the imaginary response eldsfor and respectively. We now evaluate
the averageof the exponential term in eq. (D.9).
z
dl® ) = ppDDE® G s[. v~y~;ti,tf],
Z Ri; -~
DD DD ul®E v () sHdt g s[, . tite]

Z ~ o~
D DD D el tit],

Rather than writing down the entire expressionwe focuson speci ¢ parts  rst, starting with
the term { in the action eq. (D.10). We partially integrate it to obtain:
Z, ) L Z )
¢ dt
t ti ti

() (t) . (D.11)

ti

f

By requiring the initial condition (ti) = O, only the conditions at the time t; survive. We

treat the term ~ ; analogously. The result is an expressionfor K, .7, itiste which is
linear in and
h L i Zy, . .
Ko, st =i t) t ty (t s+ ¢ (t) c(t) (D.12)
t
+ (t) c(t)+ ((t) (D.13)
a’~, b ~,
5 (t) > (t) dt (D.14)
() (tr) (b)) (tr) (D.15)

Since and occuronly linearly in the exponentK an integration with respectto all possible
paths D and D hasthe e ect of a delta functional, which xesthe valuesof and

z h i
gl &) = p'p” T o+t t) (t 9,
h _ R
X t +C s
X (tr) (tr)
. Rt;

2~ 2~
x @ t a-72(t) B T2(t)dt _

(D.16)

Here, the boundary terms from eq. (D.11) x the nal statesof the response elds” and  to
be exactly zeroif we perform the integration over all possibleend states. Thus, the responst
elds are determined by two ordinary di erential equations,

( ()= c(t)
c(t)=c(t) (@t t+ (t ),
which can be solvedto obtain for ~,
Tt)y=€et ot o) (4 ot e S (t s (4 9,

which ful lls the boundary condition ~(tf) = 0. Further, we candemandt; > t and t; >
s to be always the case, since nothing prevents us from choosingan arbitrarily large ts.
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This simpli es some notation by setting the Heaviside functions which contain t; to one.
Performing the integral of to obtain yields,

go(t max{ts}) 4 gc(t min{t,s}) if t < min{t,s}
N(t ) = et max{ts}) 4 1 if t<t < max{t,s}
else

Squaring the response elds gives,

~2(t):e20(t t) (t t)+e20(t s) (S t) Zec(Zt t s) (t t) (S t),

et S 4 g2t U g2t s 1) if t < min{t,s}
2(t)= et max{tsh)  ge(t max{tsh) 4 1 jf min{t,s} <t < max{t,s}
0 else

To evaluate the time integrals in the exponentin eq. (D.16) we make useof the the fact that,
t t) (s t)= (min{t,s} t),
and
2min{t,s} t s= |t ¢|.

We start with the integral of ~ 2,
Z te Z Zs
2(t)ydt = &t Ddt + 2 gt
t; t; t;
z min{t,s}
2ec(2t t S)dt ’
tj

1 1
=— 1 ezc(ti t) + — 1 eZC(ti S)
2c 2c

% ec|t S| ec(2ti t s)
Sl et gt sty ?
o 2c
For the integral over "2 we obtain,
Z te Z min{t,s}
2('[ )d'[ — eZC(t s)+ e2c(t t) 2ec(2t s t)dt

t; ti

Z max{t,s}

+ e2;:(t max{t,s}) 2ec(t max{t,s}) +1dt + 0

min{t,s}

:i e 2cs 4 e 2ct 2e c(s+t) e2cmin{'[,s} eZCti
2c
1 e 2c|t s| 3

+ 1 1 edtsl 4t g,
2 | |

1 2 .
=~ 1+e 2clt S| 2e clt s| e B e ct e20t.

+i162c|ts| 4+4ec|ts|+|t s|
2c

“lgeas g g Lewtn) sy’
c 2c

With that we can write down the directional correlation function:

2 2 2 2
T eds Ty |+a+bzec(sti) e Ct 1)

cos( (t) (s)) =exp > > s 7
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which simpli esto

a2 g a2
cos( (t s)) =ex 1 e® s —t sl ,
(M) () =exp — St s
when the initial time t; t and t; s, i.e. after any transient dynamics of (t). This

correlation function exhibits a similar shapeto the two-timescale correlations observedin
ride-pooling, that meansat rst the correlation drops quickly when|t s| is small, but drops
at a slowerexponential rate at large |t S|.

As expectedover short timescalesthe correlation function decaysexponentially with the
rate b?/2, the uctuations of the fast variable, while over long timescalesthe correlation
decays with a%/2, the strength of the uctuations of the slow variable.

D.5. Rejections in the two-node network with stop times

Figure 4.46 shows more than just a discontinuous transition in the fraction of rejections
for a two node topology. For a range of maximum allowed delays the fraction of rejections
becomesndependentof the alloweddelay. As found in section4.7.4in the constrainedregime
requestsare preferentially appendedto the end, whenthey appear. This meansthey are often
very delayed from the outset, preventing other requestsfrom being assignedto the vehicle.
In the extreme case,a vehicle currently driving towards the right node will be assigneda
request from right to left that is maximally constrained. Thus when the vehicle arrives at
the right node, no other requestfrom right to left can be assigned. The vehicle picks up its
single passengerand movestowards the left node. Beforeit arrives it is assignedthe next
maximally constrained requestfrom left to right.

In this casethe vehicle servesone passengeevery /v+2t (amounting to 1.2in g. 4.46).
This time is xed, and doesnot dependon the slack c. With a requestrate = 3v/ , this
meansthat 72% of requestscannot be served.

Paradoxically, this value is only reachedfor very large eetsizes,whererelative uctuations
are low. For smaller eetsthe uctuations lead to vehiclesbecomingidle occasionally. An
idle vehicle can then be assigneda requestwithout fully constraining its route.

Thus, in this simple system, at small slack, smaller eet sizesperform better, than large
scaleride-pooling systems.
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