








8.4 Evaluation of Influence Factors

Figure 8.18: Registration errors of ICP with three surface roughness levels

Figure 8.19: Point cloud measurements with five flight heights

h = 4m achieve more accurate position estimation than others in the flying
direction x. Flight height h = 24m has the largest estimation error in z
direction. Except for this, performance differences among flight heights are
not obvious in y and z direction. For the attitude estimation, however, flight
height h = 2m has the largest estimation errors than others in roll and yaw
angles. Attitude estimation results of larger flight heights are more accurate,
except around pitch direction, but all flight heights have errors of the same
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magnitude.

Figure 8.20: Global position estimation of Nav1 with five flight heights

Figure 8.21: Global attitude estimation of Nav1 with five flight heights

Figure 8.22 gives ICP registration errors with different flight heights. Stan-
dard deviation of the errors are given in Table 8.13. It is interesting to see that
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there is an optimal flight height (around h = 16m) with the minimal standard
deviation of the ICP registration errors, both in translation and rotation,
except in yaw angle. However, there are clear offsets in the translational
registration errors for h = 8,16,24m, which accumulate themselves and build
up to drifts in the position estimation, especially in x and z direction, shown
in Figure 8.20. For h = 2,4m the translational registration errors have no
such offsets and lay around zero, meaning that when the relative translations
are concatenated one after another to compute global position, their errors
may compensated to each other, resulting in relatively small estimation errors.
For the rotational registration results, offsets are observed in pitch angle for
larger flight heights, leading to drifts in the estimation.

Figure 8.22: Registration errors of ICP with five flight heights

As pointed out in Section 8.1.2, with a constant resolution of the flash LiDAR
FPA, small flight height brings small surface area with much details of high
frequency information. On the one hand, the ICP benefits from much high
frequency information in the point clouds with small GSD (high GSR) for
accurate registration. On the other hand, the small surface area might not
contain many distinguishable rocks or surface undulation that are beneficial
for the registration. Those two factors affects the point cloud registration in
two opposite ways.
According to the test results above, it turns out that, for position estimation
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Table 8.13: Standard deviation of ICP registration errors with different flight
heights

Flight heights h [m] 2 4 8 16 24
Translational standard deviation

σδx [m] 0.018 0.011 0.004 0.004 0.006
σδy [m] 0.012 0.004 0.003 0.003 0.004
σδz [m] 0.002 0.001 0.001 0.001 0.001

Rotational standard deviation
σδφ [◦] 0.116 0.027 0.011 0.004 0.005
σδθ [◦] 0.117 0.036 0.024 0.004 0.005
σδψ [◦] 0.733 0.119 0.034 0.023 0.012

of Nav1, smaller flight heights having more high frequency information in
the point cloud delivers more accurate estimation results than larger flight
heights. Offsets in ICP registration results with larger flight heights accumu-
lates themselves and lead to drifts in position estimation.
Attitude estimation errors with small flight heights are large due to large
ICP rotational registration errors. However, because of offsets in rotational
registration errors in pitch angle, attitude estimation of pitch angle with large
flight heights is not more accurate than that with small flight heights, but
subjects to drifts.
For the Nav2, it shall be mentioned that, with constant flash LiDAR FoV
and FPA resolution, higher flight height means larger GSD (smaller GSR).
In order to guarantee that there are sufficient number of point measurements
to compute surfels in the surfel grid map, resolution of the surfel grid map
shall be adjusted according to h. Following Table 8.14 gives resolutions of
surfel grid map regarding different flight heights.

Table 8.14: Resolution of surfel grid map according to flight height h

Flight heights h 2 or 4m 8m 16 or 24m
Resolution of SGM 0.1m 0.2m 0.4m

Figure 8.23 and Figure 8.24 show respectively representative global position
and attitude estimation results of Nav2. The position estimation errors with
h = 2 and h = 4 are larger than the others. Reason is the small size of
area detected by the point cloud measurements that do not contain much
distinguishable rocks or surface undulation. The attitude estimation errors
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become slightly smaller as the flight height increases.

Figure 8.23: Global position estimation of Nav2 with five flight heights

Figure 8.24: Global attitude estimation of Nav2 with five flight heights

Lessons-learned with respect to the factor flight height:
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• For the Nav1, lower flight heights achieves more accurate global position
estimation, while larger flight heights have generally more accurate
attitude estimation.

• For the Nav2, position estimation accuracy with different flight heights
has little difference. Reduction of attitude estimation errors with in-
creasing flight heights is minor.

• Both ICP and S2M have an optimal flight height (around h = 16m)
with minimal registration errors.

8.4.3 Influences of flash LiDAR inclination

In this test case, navigation variants Nav1 and Nav2 with the ICP are tested
in the reference flight B (Table 8.1) to investigate influences of continuous
increase of pitch angle θincl of the spacecraft (as well as of the flash LiDAR)
on the state estimation performances. A maximal pitch angle θincl,max, from
which the navigation state estimate has large errors, might be determined.
As test results, Figure 8.25 and 8.26 are global position and attitude estima-
tion of both navigation variants with respect to the pitch angle. After the
pitch angle reaches approximately 65◦, the Nav2 divergents due to divergence
of the S2M, while the Nav1 works with degenerated performance but does
not completely devergent. The Nav1 is more robust against large pitch angle.
Reason for this is that the ICP in the Nav1 registers consecutive point clouds
that have similar GSD and point distribution and density over the surface,
leading to successful and accurate point cloud registration. The S2M in the
Nav2 registers point clouds to a surfel grid map that is with certain grid
resolution. When the GSD of the point cloud is close to the surfel grid map
resolution, there are insufficient point measurements assigned to one surfel,
which results in inaccurate registration results. This observation will be
discussed more deeply in the next section.
When pitch angle is smaller than 55◦ before divergence, it is noticed in Figure
8.27 that Nav1 has more accurate horizontal position estimation than the
Nav1. Although the global relative navigation has accumulated state estima-
tion errors in the Nav1, more accurate registration result of the ICP than
that of the S2M plays a more important role than the navigation framework
in this test case.

Lessons-learned with respect to the factor inclination (pitch angle):
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Figure 8.25: Global position estimation of Nav1 and Nav2 in reference flight B

• Given a certain flash LiDAR sensor setup, there exists a certain maximal
pitch angle θincl,max, above which the Nav2 divergents completely and
the Nav1 can not estimate the system states accurately anymore.

• The S2M is more sensitive than the ICP to the large pitch angle.

• Before a certain maximal pitch angle is reached, the Nav1 has more
accurate position estimation than the Nav2.

8.4.4 Influences of flash LiDAR field of view

In this test case, navigation variants Nav1 and Nav2 perform the reference
flight B with three FoVs (Table 8.1). The same as investigation on the
inclination, a maximal pitch angle θincl,max is to be determined. Performance
of state estimation in both navigation solutions are studied as well.
Figure 8.28 shows point cloud measurements with the three FoVs (αFoV =
30◦, 60◦, 90◦). Larger FoV means larger detected surface area (αFoV = 30◦

covers an area with size approximately 4 × 4m2, while αFoV = 60◦ with
8× 8m2 and αFoV = 90◦ with 16× 16m2). Due to constant resolution of the
FPA, larger FoV has larger point cloud GSD.
Figure 8.29 and 8.30 are representative global position and attitude estimation

129



Chapter 8 Performance Evaluation

Figure 8.26: Global attitude estimation of Nav1 and Nav2 in reference flight B

Figure 8.27: Global position estimation of Nav1 and Nav2 in reference flight B
before divergence
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Figure 8.28: Point cloud measurements with three flash LiDAR FoVs

results of the Nav1 with respect to the increasing pitch angle. In Figure 8.29
before the pitch angle reaches 60◦, Nav1 with αFoV = 30◦ has slightly larger
position estimation errors than the other two. After the pitch angle reaches
60◦, position estimation errors of the Nav1 with all three FoVs increase, but
stay in the range of ±1 meter. Attitude estimation errors are small due to
accurate gyroscopes (Section A.6.1.1) and αFoV = 90◦ has slightly larger
attitude estimation error after the pitch angle reaches 60◦.

Figure 8.29: Global position estimation of Nav1 with different flash LiDAR FoVs

The ICP registration errors before reaching the pitch angle 60◦ are given in
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Figure 8.30: Global attitude estimation of Nav1 with different flash LiDAR FoVs

Figure 8.31. The standard deviations (Table 8.15) of the registration errors
indicate that the larger the FoV is, the accurate is the registration result.
From the rotational aspect, this observation corresponds to the investigation
analysis for the flight height (Section 8.4.2): larger size of detected surface
area is more beneficial for rotational registration. As for the translation,
larger FoV detects more distinguishable rocks or surface undulation, which is
beneficial for the point cloud registration, while the different GSD (shown in
Figure 8.32) do not influence the performance much in this test case.

Table 8.15: Standard deviation of ICP registration errors with different FoVs

Field of view αFoV 30◦ 60◦ 90◦

Translational standard deviation
σδx [m] 0.006 0.004 0.003
σδy [m] 0.011 0.006 0.004
σδz [m] 0.002 0.002 0.002

Rotational standard deviation
σδφ [◦] 0.058 0.026 0.010
σδθ [◦] 0.034 0.030 0.006
σδψ [◦] 0.078 0.040 0.023
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Figure 8.31: Registration errors of ICP in the reference flight B with different FoVs

Figure 8.32 shows number of valid flash LiDAR range measurements, as well
as average GSD of the point clouds with increase of the pitch angle. With
wider FoV, number of valid range measurements decreases earlier. Given a
constant resolution of the flash LiDAR FPA, the GSD becomes larger with
larger FoV and with larger pitch angle. When valid number of flash LiDAR
range measurements starts decreasing, the average GSD of the point clouds
reaches 0.2 meter and stays regardless of increasing pitch angle. By comparing
Figure 8.29 and Figure 8.32, we can see that less valid point measurements
results in larger position estimation errors. Furthermore, larger GSD with
αFoV = 90◦ than those with the other two does not lead to worse estimation
results.
For the Nav2, Figure 8.33 and 8.34 are representative global position and
attitude estimation results with respect to the pitch angle. As given in Section
8.4.3, the Nav2 is less robust than the Nav1 against large pitch angle. With
FoV αFoV = 30◦, the Nav2 starts diverging at pitch angle −45◦, while for
αFoV = 60◦ with −65◦ and for αFoV = 90◦ with −70◦. Smaller FoV observes
smaller surface area and there is little overlapping between point clouds and
the surfel grid map, leading to erroneous registration and earlier divergence
of the state estimation in the Nav2.
It shall be mentioned that, with constant resolution of the flash LiDAR FPA,

133



Chapter 8 Performance Evaluation

Figure 8.32: Number of flash LiDAR valid range measurements and average GSD
with different FoVs

Figure 8.33: Global position estimation of Nav2 with different flash LiDAR FoVs

larger FoV results in larger GSD and smaller GSR. In order to guarantee
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Figure 8.34: Global attitude estimation of Nav2 with different flash LiDAR FoVs

that there are sufficient number of point measurements to compute surfels
in the surfel grid map, resolution of the surfel grid map shall be adjusted
according to αFoV . Following Table 8.16 gives resolutions of surfel grid map
regarding different FoVs.

Table 8.16: Resolution of surfel grid map according to αFoV

Flash LiDAR FoV αFoV 30◦ 60◦ 90◦

Resolution of SGM 0.1m 0.2m 0.4m

Looking back to Figure 8.32, Although number of valid range measurements
decreases earlier with αFoV = 90◦ than the other two FoVs, the S2M is still
able to work until the pitch angle is −70◦. It is due to one advantage of
the S2M over the ICP that a surfel grid map is maintained and updated
accumulatively with new point cloud measurements. Therefore, number of
valid range measurements is not a critical factor for divergence of the S2M in
this test case.
As for the case with αFoV = 60◦, its divergence at pitch angle −65◦ might be
due to the fact that when the GSD of point cloud measurements is close to the
map resolution, in this case 0.2 m, there are insufficient point measurements
in one cell to compute a comprehensive likelihood of those points in the
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surfel/3D Gaussian distribution, which causes difficulty of finding the correct
relative transformation and further, divergence of the S2M.
Furthermore, by looking at S2M registration results (Figure 8.35) and local
position estimates (Figure 8.36) before the divergence (before −45◦), we
can see that larger FoV lead to more accurate registration results and local
position estimation with less standard deviation. Reason for this is the same
as the one in the Nav1: smaller size of detected surface area due to smaller
FoV results in less distinguishable rocks or surface undulation detected, which
worsens the point cloud registration.

Lessons-learned with respect to the factor field of view of the flash LiDAR:

• Field of view of the flash LiDAR influences point cloud measurements
in terms of size of detected surface area, number/ratio of valid range
measurements and GSD.

• Before the θincl,max is reached, both the ICP and S2M achieve more
accurate registration results with larger FoVs due to larger detected
surface area.

• For the S2M the larger the FoVs is, the larger is the θincl,max, while for
the ICP there is not a ditinguishable θincl,max.

• After the θincl,max is exceeded, the S2M divergents much faster than the
ICP.

• The number/ratio of valid range measurements influences the ICP
greater than the S2M.

• The S2M is more sensitive to the GSD than the ICP.

8.4.5 Summary of evaluation of influence factors

Table 8.17 summarizes investigation results regarding the influence factors.
Influences are positive (marked with ++) when they increase the estimation
accuracy, while negative influences (marked with --) lead to larger estimation
errors. As pointed out in Section 8.1.2, the four factors affecting the texture
(information of high frequency, size of surface area, ground sampling distance,
valid point measurements) of the point cloud measurements and the different
formulation of the registration in the ICP and S2M lead to different navigation
behaviors and performances.
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Figure 8.35: S2M registration errors in the reference flight B with different FoVs

Figure 8.36: Local position estimation of Nav2 in the reference flight B with
different FoVs

137



Chapter 8 Performance Evaluation

8.5 Evaluation of Mapping Algorithms

The two terrain mapping algorithms proposed are evaluated in this section.
A summary of the evaluation can be found in Table 8.11.

8.5.1 Extended digital elevation mapping

The extended digital elevation mapping of the Nav1 is evaluated in the refer-
ence flight A (Section 8.1). For this evaluation, a reference extended DEM
(ground truth) is prepared by the simulator. Table 8.18 gives configuration of
the extended DEM generated by the Nav1. Figure 8.37 shows the extended
DEM generated by the Nav1.

Figure 8.37: Generated extended DEM in the reference flight A

Figure 8.38: Errors of the extended DEM
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Table 8.18: Configuration of extended DEM

Map size Resolution Covering area

Value 550× 100 cells 0.1m [xmin,xmax,ymin,ymax]
=[-50,5,-5,5]m

Figure 8.38 illustrates error image between the generated and reference ex-
tended DEM. Value of each pixel in the image indicates error (or difference)
of height between the corresponding grid cell in the generated extended DEM
and the reference. Due to discretization of map grids, the flash LiDAR range
measurement error and state estimation error, mapping errors where there
are rocks are observable and relatively large (maximal error of 0.5 meter with
the rock in size of 2.5 meters diameter), therefore contours of rocks are visible
in the error image. Table 8.19 gives average mapping errors of different parts
of the extended DEM. The overall average mapping error is 0.036 meter.
The accumulated mapping error due to the global navigation framework is
observable in Figure 8.38. Mapping errors of the area close to the start place
(right part) are smaller than the errors of the area on the left part close to the
destination. As pointed out in Section 8.3.1, using relative state observation
for global state estimation results in accumulated state estimation errors.
The terrain map that is built based on these global state estimates is subject
to the accumulated errors as well.

Lessons-learned in the extended digital elevation mapping:

• Mapping error in the extended DEM is clearly observable in places
where there are rocks with locally large height difference on the flat
surface.

• Accumulated mapping error is observable in the map.

Table 8.19: Mapping error of the extended DEM

Average error of
the entire map

Average error of the
right half map

Average error of the
left half map

0.036m 0.012m 0.063m
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8.5.2 Surfel grid mapping

The surfel grid mapping in the Nav2 generates a local surfel grid map (SGM)
in each node frame. After a complete flight, multiple local SGMs are gener-
ated. Figure 8.39 shows one SGM computed by the Nav2 in the reference
flight A. Table 8.20 gives configuration of the local SGM. For comparison, the
same region in the ground truth DEM expressed in the surface-fixed frame
{S} is shown in Figure 8.40.

Table 8.20: Configuration of surfel grid map

Map size Resolution Covering area

Value 60× 50 cells 0.2 m [xmin,xmax,ymin,ymax]
=[-6,6,-5,5]m

Figure 8.39: One generated local surfel grid map in the reference flight A

In order to evaluate the mapping accuracy of the surfel grid mapping, the
ground truth point cloud from the sub-region is used to generate the reference
SGM. We compare the generated SGM with the reference SGM from three
aspects: mean points of surfels in the SGM, their roughnesses as well as their
inclinations.
Figure 8.41 (a) shows the Euclidean distances as errors between mean points
of the corresponding surfels in the generated and reference SGM. Average
error of the mean points is 0.019 meter. The errors are relatively large in
surfels around a large rock. Reasons are twofold. First, due to discretization
on the grid map and abstraction using surfels, geometric information with
high frequency, exactly the shape and steep contours of the rocks, is smoothed
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Figure 8.40: The sub-region in the ground truth DEM

(a) Euclidean distance between surfel
mean points in generated and reference
SGM

(b) Errors between surfel roughness in gener-
ated and reference SGM

Figure 8.41: Comparison of surfel mean points and roughness between generated
and reference SGM

or removed. Second, local state estimation errors and flash LiDAR range
measurement errors as well result in the mapping errors.
Effects of the smoothing of point clouds can also be seen in errors of rough-
ness and inclination. Figure 8.41 (b) shows roughness errors between the
corresponding surfels in the generated and reference SGM. In the area
{(x,y)| − 2 < x < 0,3 < y < 4} where there is a large rock in the map,
the roughness errors around contour of the rocks are relatively large (around
0.05 meter).
Figure 8.42 shows errors of inclination. Once more, large inclination errors
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(up to 60 degrees) in the area {(x,y)| − 2 < x < 0,3 < y < 4} where there
is a large rock in the map can be seen. Figure 8.43 shows that there are
some surfels transitioning smoothly from the steep rock contour to the flat
surface in the generated SGM, while a clear boundary between rock and flat
surface exists in the reference SGM. This difference is once more due to the
smoothing of the point clouds in building the SGM.

Figure 8.42: Errors between surfel inclination in generated and reference SGM

In summary, besides outliers of surfels modeling the terrain surface around
large rocks, average surfel height value, roughness, inclination and their errors
compared with the reference SGM are given in Table 8.21.

Table 8.21: Errors of surfel grid mapping

Average surfel height Average roughness Average inclination
Value 7.447m 0.012m 8.914◦

Average surfel height
error

Average roughness
error

Average inclination
error

Value 0.019 m 0.008 m 3.752◦

Computational time of the extended DEM (eDEM) and SGM are given in
Table 8.22. Reason for the significantly longer duration of the SGM than the
eDEM is that the SGM needs at first to find all point measurements belonging
to each surfel and compute its variance. Such searching and calculation are
time consuming, while the eDEM updates height information according to
every point measurement one after another, which is simple and fast.

Lessons-learned in the surfel grid mapping:
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(a) Generated SGM (b) Reference SGM

Figure 8.43: Comparison between rocks in the generated and reference SGM

• The surfel grid mapping algorithm smoothens the surface point clouds
and filters out high frequency part within it, resulting in mapping errors.
This effect is especially observable in area where there is rapid change
of surface height, e.g. large rocks.

• Except representing rocks with observable errors, the surfel grid map
is capable of representing the flat terrain surface and provides directly
surface properties such as height, roughness and inclination/slope.

Table 8.22: Computational time of two mapping algorithms

eDEM SGM
Computational time 0.02s 1.88s

8.6 Evaluation of Projected Contour Histogram

Validation of the extraction and description methods is made through eval-
uation of the matching results of two lists of rock point clouds Lrpc,P and
Lrpc,Q from two point clouds P and Q measured in different viewpoints by
the flash LiDAR but looking at the same surface region in the reference flight
A. The point clouds P and Q accumulate respectively three consecutive flash
LiDAR scans in order to collect sufficient points for each rock object. A good
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point cloud descriptor shall be capable of representing uniqueness of every
rock point cloud and therefore detecting the point clouds belonging to the
same rock in different point cloud measurements.
In the validation, the extraction and description methods applied parameters
given in Table 8.23. By finding neighbouring points on the 2D FPA level
instead of in the 3D space, extraction of 15 rock point clouds took only 0.03s.
Computation time of describing 15 rock point clouds using the PCH was only
0.01s due to the simple projection on 2D planes. Having the descriptor dpch
in size of np × nh = 80 for each point cloud, matching between Lrpc,P and
Lrpc,Q took only 0.0015s in finding 5 match pairs. Lrpc,P and Lrpc,Q have
respectively 15 rock point clouds.

Table 8.23: Parameters and computation time for matching Lrpc,P and Lrpc,Q

Patameters Computation time

Extraction ηpl = 0.1m
ηpc = 0.07m 0.03s

Description ηp = 4
ηh = 20 0.01s

Matching ηm = 0.9 0.002s

Figure 8.44 depicts as matching results the correspondences between rock
point clouds in the two lists. The two point clouds are captured from different
viewpoints of the flash LiDAR (P observed from the left and Q observed
from the right) and are oriented in a way in Figure 8.44 so that they show
the same surface area. Because of the different viewpoints and different
point distribution on the rocks, the measured points do not cover a few rocks
completely and sufficiently. Consequently, those rock point clouds might
not be extracted successfully or their PCH descriptors might not be com-
prehensive, which leads to failure in the matching (for example, unmatched
rock point clouds Cr4,P and Cr4,Q that do represent the same rock). Figure
8.45 displays four rock point clouds in their DRFs as well as their PCHs.
The PCHs of point clouds Cr1,P and Cr1,Q share large similarity because
their match score spch(Cr1,P ,Cr1,Q) = 0.94 is large and therefore, they are
matched to each other. In contrast, when comparing Cr1,P , Cr2,P and Cr3,P ,
differences in their PCHs are obvious. The match score between Cr1,P and
Cr2,P is spch(Cr1,P ,Cr2,P ) = 0.42 and the one between Cr1,P and Cr3,P is
spch(Cr1,P ,Cr3,P ) = 0.66. Those two small match scores indicate that these
two matches are incorrect and they are derived from different rocks.
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Figure 8.44: Match results among rock point clouds (Lrpc,P and Lrpc,Q) in two
point clouds (P and Q)

Figure 8.45: Four extracted rock point clouds and their PCHs
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8.7 Evaluation of Terrain-based Surfel Grid Map A* Path
Planning

The surfel grid map generated in one node frame in the reference flight A is
visualized in Figure 8.46 (a). Flat areas, slopes and obstacles become "visible’
through surfels" patterns in the map. A start and goal points are given for
path planning in this local region. Three paths generated by the path planning
algorithm with three different configurations of (ηr ηi η∆hwdw∆hwrwi) (Table
8.24) are also shown in Figure 8.46. In Figure 8.46(a) with larger wi, the
influence of inclination si is larger than other costs, leading to a path with
small surfel inclination on orange horizontal area. With larger weight wr
on surfel roughness, the cost f(cj) depends primarily on roughness cost sr,
which results in the path shown in Figure 8.46(b) through smoother, but
more inclined surfels. When the roughness threshold ηr is set from 0.030m
to 0.028m, fewer surfels with even lower roughness are taken into account in
the path planning. As a result, the path shown in Figure 8.46(c) stays only
on horizontal area with smooth surface but at the cost of longer path to the
goal cell. Average computational time of this terrain-based surfel grid map
A* path planning is 0.5 second.

Table 8.24: Parametrization of the path planning

Variants ηr ηi η∆h wd w∆h wr wi
(a) 0.03 20 0.2 0.1 0.1 0.1 0.7
(b) 0.03 20 0.2 0.1 0.1 0.7 0.1
(c) 0.028 20 0.2 0.1 0.1 0.7 0.1
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(a) (b)

(c)

Figure 8.46: Surfel grid map in one node frame and generated paths with different
configurations (colors indicate altitude/z coordinate of the node frame)

8.8 Summary of Performance Evaluation

Investigation and performance evaluation conducted with the proposed mini-
mum sensor setup (flash LiDAR and IMU) reveals insights and lessons-learned
of the proposed navigation variants and the four influence factors, which
enables us to answer the Question 6 : Which navigation configuration
with which characteristics is suitable for a specific mission?
Since only relative state measurements are available in the mission of in-situ
exploration on the asteroid surface, the local relative navigation framework
outperforms the global relative navigation in terms of state estimation accu-
racy (Section 8.3.1).
When local operations (e.g. landing, obstacle avoidance) are the main focus
of the mission, the local relative navigation is recommended. When a target
spot and a reference trajectory are clearly pre-defined in a global reference
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frame (e.g. the surface-fixed frame), the global relative navigation is better
to be used than the local one.
In mission scenarios where hazardous rocky environment is to be expected on
the asteroid surface, the iterative closest point (ICP) is recommended in the
point cloud-based registration for accurate state estimation (Section 8.3.3).
When terrain surface properties are of importance in the mission (e.g. for
landing site detection or terrain path planning), the surfel grid map (SGM)
is preferred over the extended digital elevation map (eDEM) (Section 8.5 and
Section 8.7).
When low flight height is desired in the mission for detailed observation
closely to the terrain surface, the ICP is recommended. When a reference
trajectory with high altitude is required for broad detection of surrounding
terrain region, the S2M is more suitable than the ICP (Section 8.4.2) and a
large flash LiDAR FoV is recommanded (Section 8.4.4).
Large pitch angle shall be avoided in the relocation mission, because there is
a limit of maximum pitch angle, beyond which the state estimation is subject
to large estimation errors or even divergence (Section 8.4.3).
In operations such as landing or observing surrounding environment while
hovering where accuracy in attitude estimation is more critical than in po-
sition estimation, larger flash LiDAR field of view (FoV) or larger hovering
height are recommended (Section 8.4.4 and Section 8.4.2).
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Chapter 9

Conclusions and Outlook

9.1 Conclusions

Exploration on small solar system bodies, like asteroid, reveals the origin and
evolution of the solar system and the life beings in it, and permits planetary
defence for our Earth against the asteroids that could potentially crash on
our Earth causing severe damages. Besides, valuable mineral resources might
be found on the asteroids. However, the asteroids appear to be unfriendly
and challenging for the exploration task. Among all possible exploration
methods, the most intensive and comprehensive, but also the most difficult
one is in-situ exploration that conducts scientific investigation and observation
directly on-site the terrain surface. Project Astrone proposed an advanced
mobility concept of a automatically controlled hovering relocation manoeuvre
carried out by a multicoptor-like spacecraft for the asteroid exploration. Such
relocation manoeuvre relies on an autonomous Guidance, Navigation and
Control (GNC) system.
As a part of design of the GNC system, this dissertation focuses on design,
implementation, validation and evaluation of the navigation system including
state estimation of the spacecraft and mapping of the asteroid terrain surface
with a minimum sensor setup (an IMU and a flash LiDAR sensor) equipped
on-board.
With the proposed navigation architecture shown in Figure 9.1, this disserta-
tion achieves following contributions.
Contribution C1 : Global and local relative navigation frameworks
based on a flash LiDAR aided-inertial navigation system are proposed.

Contribution C2 : IMU pre-integration method in a non-inertial refer-
ence coordinate system is proposed.

Contribution C3 : An ICP variant and a scan-to-map matching
registering point clouds to a surfel grid map that are suitable for registering
point clouds from asteroid terrain surface are proposed.
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Figure 9.1: Navigation system architecture

Contribution C4 : An error state Kalman filter and an optimization-
based sliding window estimator are proposed for state estimation.

Contribution C5 : A surfel grid mapping and a path planning
method is proposed to represent the asteroid terrain surface environment.
Leveraging terrain properties provided by the surfel grid map, a surfel grid
map A* path planning algorithm is proposed as well.

Contribution C6 : A flash-LiDAR-sensor-based extraction and the
projected contour histogram descriptor for rock point clouds are pro-
posed for semantic understanding of the asteroid terrain surface environment.

Contribution C7 : The proposed navigation algorithms and methods are
tested, validated and evaluated within three navigation variants in multiple
test scenarios in a high-fidelity simulation environment. Furthermore, insights
and lessons-learned of behaviors of the navigation under influences of four
factors are obtained, which is beneficial for selection, development and further
optimization of the navigation solutions according to requirements.
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As results and conclusions of this dissertation, following core questions for
design of the navigation system for the exploration on asteroid terrain surface
mentioned in Section 1.2 are answered.

To Question 1 of navigation framework, the local relative navigation frame-
work is suitable for in-situ exploration on asteroid terrain surface, given only
inertial measurements and point cloud measurements without global position
or attitude measurements of the spacecraft.

To Question 2 of processing sensor measurements, integrating inertial
measurements from the IMU by an inertial navigation system to propagate
system states, or interval-wise to compute inertial delta observation between
two system states is suitable for navigation on the asteroid surface. The flash
LiDAR point cloud measurements can be registered to each other or to a
local map to compute relative state observation. They can also be sampled
and segmented using rock point cloud descriptor for better understanding of
the surface environment.

To Question 3 of spacecraft state estimation, the error state Kalman
filtering-based state estimator that fuses INS nominal states and relative
state observation from the point cloud-based registration delivers accurate
system state estimates, which is efficient and suitable for navigation on the
asteroid surface. Applying optimization-based state estimator achieves little
accuracy enhancement in the local relative navigation framework in the test
scenarios.

To Question 4 of asteroid terrain surface mapping, 2D grid-based mapping
algorithms such as extended digital elevation mapping and surfel grid map-
ping are suitable due to their efficient data traversal and simple structure.
Furthermore, the surfel grid map stores and provides directly terrain surface
properties, which is beneficial for the guidance system.

To Question 5 of supporting the guidance system, the navigation system
could pre-process the point cloud measurements by extracting and describing
rock point clouds, which are beneficial for e.g. obstacle avoidance and landing
site detection in the guidance. The surfel grid map with terrain surface
properties can be used directly for path planning in the guidance.
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To Question 6 of performance evaluation and further investigation, the nav-
igation systems are tested with translational and rotational flight behaviors.
System state estimation error is the criterion evaluating the performances.
Different navigation frameworks, state estimators, point cloud-based regis-
tration methods and terrain mapping algorithms are compared, in order to
conclude and summarize their characteristics, advantages and disadvantages.
Different factors influencing the navigation state estimation accuracy are
investigated as well. Finally, based on these insights and lessons-learned,
recommendations and advices in design of the navigation are given according
to different mission tasks and requirements.

9.2 Outlook

Further development and optimization of the navigation system for in-situ
exploration on asteroid terrain surface could be foreseen in following aspects.

• Cameras can be equipped onboard the spacecraft to enhance capability
of sensing the environment. Additional image measurements permit
multi-sensor fusion (flash LiDAR, IMU and camera) in the navigation
system, leading to more robust and accurate state estimation and terrain
mapping.

• In the point cloud-based registration, instead of registering the entire
point clouds, features such as rocks or boulders on the terrain surface can
be extracted and tracked with help of AI-based methods. Using the flash
LiDAR and camera measurements, AI-based semantic segmentation
of the rocks can reduce computational complexity and may increase
robustness of the registration.

• Impact of uncertainty of the gravity field model on the navigation
performance can be investigated.

• Using the local rock point cloud descriptor, the projected contour
histogram, loop closure detection and pose graph optimization of the
navigation can be designed to increase further state estimation accuracy.
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Appendix

A.1 Quaternion and Rotation Matrix

There are several representations of rotation used to describe attitude and to
transform a vector from a coordinate system to another, for example rotation
matrix, quaternion, Euler angles or Euler parameters (Markley and Crassidis,
2014, Phillips, Hailey, and Gebert, 2001). In this dissertation, the rotation
matrix, Euler angles and quaternion are used in design of the navigation
algorithm. To avoid misunderstanding of fundamentals, rotation-related
configurations and definitions are given at first.

Quaternion
Authors in Sommer et al., 2018 mentioned that there are two quaternion
multiplications in common use, Hamilton’s multiplication and JPL’s. In
Sola, 2017, these two conventions are compared in details. Throughout this
dissertation, Hamilton’s convention of quaternion is used for attitude rep-
resentation, because most literatures that are of great importance for the
dissertation use the Hamilton’s convention, including Titterton, Weston, and
Weston, 2004, Kuipers, 1999, Barfoot, Forbes, and Furgale, 2011 and Phillips,
Hailey, and Gebert, 2001.
A unit quaternion qAB describes attitude of a rotating frame {B}with respect
to a fixed frame {A}. Originally, the quaternion is defined as a hyper complex
number of rank 4 (Kuipers, 1999, Markley and Crassidis, 2014, Wertz, 2012),

q = iq1 + jq2 + kq3 + q4 (A.1)

where i,j,k are the hyper-imaginary numbers satisfying the conditions:

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j. (A.2)
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Quantities q1, q2, q3 and q4 of a unit quaternion are four real numbers
satisfying:

q2
1 + q2

2 + q2
3 + q2

4 = 1. (A.3)

For computational purposes in this dissertation, a quaternion is formulated
as a 4-component column vector:

qAB =


q1
q2
q3
q4

 =
(

qu
qw

)
=
(

µsin( θ2)
cos( θ2)

)
(A.4)

where qu = (q1 q2 q3)T is its vector or imaginary part and qw = q4 is its scalar
or real part. (µ, θ) is the Euler axis/angle parameterization for rotation. We
also define the inverse (equivalent to complex conjungate in Kuipers, 1999
and Wertz, 2012) of the unit quaternion qAB as:

q−1 = q∗ =
(
−qµ
qw

)
. (A.5)

Given a vector Ar coordinatized in a fixed coordinate system {A}, its coor-
dinates Br in an another coordinate system {B} is (Kuipers, 1999, Wertz,
2012):(

Br
0

)
= q∗

AB ⊗
(
Ar
0

)
⊗ qAB (A.6)

where operator⊗ refers to quaternion multiplication. Rotation matrix R(qAB)
corresponding to the quaternion qAB is,

R(qAB) =

q
2
1 + q2

2 + q2
3 + q2

4 2(q1q2 + q3q4) 2(q1q3 − q2q4)
2(q1q2 − q3q4) −q2

1 + q2
2 − q2

3 + q2
4 2(q2q3 − q1q4)

2(q1q3 + q2q4) 2(q2q3 − q1q4) −q2
1 − q2

2 + q2
3 + q2

4

 .
(A.7)

According to Equation A.4 and with the small angle approximation, a unit
quaternion that describes a small rotation can be written as,

δq =
(

µsin( δθ2 )
cos( δθ2 )

)
(A.8)
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When the small angle error δθ → 0, we have,

lim
δθ→0

δq ≈
(

1
2δθ
1

)
(A.9)

with δθ = δθ ·µ = ω ·dt denoting a small 3D rotation vector, ω is an angular
velocity vector and dt is a short time period.
Lastly, time derivative of quaternion is (Kuipers, 1999, Trawny and Roumeli-
otis, 2005),

q̇t = lim
dt→0

1
dt

(qt+dt − qt) = lim
dt→0

1
dt

qt ⊗ (δq(ω · dt)−
(

0
1

)
)

≈ 1
2qt ⊗

(
ω
0

) (A.10)

Rotation matrix
The rotation operation in this dissertation indicates rotation of the coordinate
systems, while vectors of interest are fixed (Kuipers, 1999). Rotation sequence
in the Euler angles paradigm is specified as: Z(ψ)−Y ′(θ)−X ′′(φ), indicating
the first rotation with angle ψ around the Z axis of the starting coordinate
system, the second rotation with θ around the Y ′ axis of the current coordinate
system and the third rotation with φ around the X ′′ axis of the current
coordinate system (Kuipers, 1999). By defining the three Euler angles as
ϕ = (φ θ ψ) and considering the elemental rotation matrix around the Z, Y ′

and X ′′ axes,

RZ(ψ) =

 cos(ψ) sin(ψ) 0
−sin(ψ) cos(ψ) 0

0 0 1



RY ′(θ) =

cos(θ) 0 −sin(θ)
0 1 0

sin(θ) 0 cos(θ)



RX′′(φ) =

1 0 0
0 cos(φ) sin(φ)
0 −sin(φ) cos(φ)



, (A.11)

159



Appendix A Appendix

the rotation matrix indicating rotation in a three-dimensional space R3 is
then formulated as:

RZY X = RX′′(φ)RY ′(θ)RZ(ψ) (A.12)

=

 c(θ)c(ψ) c(θ)s(ψ) −s(θ)
s(φ)s(θ)c(ψ)− c(φ)s(ψ) s(φ)s(θ)s(ψ) + c(φ)c(ψ) s(φ)c(θ)
c(φ)s(θ)c(ψ) + s(φ)s(ψ) c(φ)s(θ)s(ψ)− s(φ)c(ψ) c(φ)c(θ)


(A.13)

where sφ = sin(φ) and cφ = cos(φ) as well as for θ and ψ.
The rotation matrix RAB indicates rotation from the frame {A} to the frame
{B}. Taking an example where a vector Ar is expressed in the frame {A} and
Br expressed in the frame {B}, transformation between Ar and Br is given
below.

Br = RAB · Ar (A.14)
Ar = RAB

T · Br (A.15)

In Sola, 2017(equ.78), Barfoot, Forbes, and Furgale, 2011(equ.14), Markley
and Crassidis, 2014(equ.2.108), we have the Euler axis/angle parameterization
(µ, θ) of a rotation matrix,

R(µ,θ) = cosθ · I + (1− cosθ)µµT − sinθ · [µ]× (A.16)

where θ is a rotation angle and µ a unit vector indicating the rotation axis
(according to Euler axis/angle parameterization in Markley and Crassidis,
2014). I is an identity matrix. Operator []× indicates symmetric skew matrix
of x = (x1 x2 x3)T .

[x]× =

 0 −x3 x2
x3 0 −x1
−x2 x1 0

 (A.17)

Because of Equation A.4, we have

R(q) = (2q2
w − 1) · I + 2qµqTµ − 2qw[qµ]× (A.18)

With small angle approximation and Equation A.9, we can have, by neglecting
second order terms,

R(δq) = I + 2δθδθT − [δθ]× ≈ I − [δθ]×. (A.19)
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Assumed that we have an estimated rotation matrix R̂AB and we know the
small angular vector error δθ between the estimate R̂AB and the true one
RAB. The true rotation matrix can be computed by (Koch et al., 2020, Li
and Mourikis, 2012),

RAB = R(δq) · R̂AB ≈ (I − [δθ]×)R̂AB (A.20)

where R(δq) is small rotational discrepancy between estimated R̂AB and
RAB. The smalle angle vector δθ is defined with respect to R̂AB. This is the
equation of perturbing rotation matrix RAB.

A.2 INS Equations in Non-inertial Reference Frame

In Section 3.3.1 we have,

pIB = pTB = pTS + pSB. (A.21)

Differentiating the equation above in the inertial frame and considering
Coriolis theorem (J. Marion, 2007) for dpSB

dt
|I :

dpSB
dt
|I=

dpSB
dt
|S +ωIS × pSB, (A.22)

we have:

vB |I= vS |I +vB |S +ωIS × pSB (A.23)

where vB |I= dpIB

dt
|I is velocity of the spacecraft with respect to the inertial

frame {I} derived in the inertial frame {I},vS |I= dpIS

dt
|I is velocity of the

origin of frame {S} with respect to the inertial frame {I} derived in the
inertial frame {I},vB |S= dpSB

dt
|S is velocity of the spacecraft with respect to

the surface-fixed frame {S} derived in the frame {S}.
Note that:

ωIS = ωIT + ωTS. (A.24)

Because there is no relative rotation between frames {T} and {S} (Section
3.1), ωTS = 0, therefore,

ωIS = ωIT (A.25)
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meaning that ωIS is equal to the rotation rate of the target body with respect
to the inertial frame.
Note that the frame {S} is fixed in the frame {T} and pIS = pTS is constant,
time derivative of pIS derived in the frame {S} is dpIS

dt
|S= 0. Based on the

Coriolis theorem, the term vS |I can be represented by,

vS |I = dpIS
dt
|I=

dpIS
dt
|S +ωIS × pIS

= ωIS × pTS

(A.26)

Differentiating the Equation A.23 in the inertial frame {I} yields,

dvB |I
dt

|I=
dvS |I
dt

|I +dvB |S
dt

|I +dωIS

dt
|I ×pSB + ωIS ×

dpSB
dt
|I
(A.27)

Note that the rotation rate ωIS (self-rotation rate of the target body ωIT ) is
assumed to be constant and therefore dωIS

dt
|I= 0.

The time derivative of vS |I , which is the velocity of origin of the frame
{S} derived in the frame {I} on the right side of the equation above can be
represented by,

dvS |I
dt

|I= ωIS × vS |I= ωIS × (ωIS × pTS). (A.28)

Applying the Coriolis theorem on time derivative dvB |S
dt
|I , we have,

dvB |S
dt

|I=
dvB |S
dt

|S +ωIS × vB |S . (A.29)

By combining Equations A.28, A.26, A.29 and A.22, we obtain finally,

aB |I= aB |S +2ωIS × vB |S +ωIS × [ωIS × (pTS + pSB)] (A.30)

where aB |I= dvB |I
dt
|I is acceleration of the spacecraft with respect to the

frame {I} derived in the frame {I}, aB |S= dvB |S
dt
|S= Sv̇B is acceleration of

the spacecraft with respect to the frame {S} derived in the frame {S}.
For motion on the asteroid surface, acceleration aB |I can be represented by
(Titterton, Weston, and Weston, 2004, J. Marion, 2007),

aB |I= asp + g0 (A.31)
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where g0 is acceleration caused by gravitational attraction of the asteroid,
asp is specific force that denotes sum of external forces (e.g. electromagnetic,
thruster) other than gravitation. The asp is measured by the accelerometers
and is expressed in the IMU sensor frame {U}. With an assumption that the
IMU sensor frame is aligned with the spacecraft body frame {B} and given
the rotation matrix from the body frame to the surface-fixed frame RBS,
Equation A.30 expressed in the surface-fixed frame {S} can be formulated as,

Sv̇B = RBS
Basp + Sg0 − SωIS × [SωIS × (SpTS + SpSB)]

−2 SωIS × SvB.
(A.32)

On surface of a target body, the spacecraft experiences an effective gravitation
("plumb bob") g (Titterton, Weston, and Weston, 2004, J. Marion, 2007)

g = g0 − ωIS × [ωIS × (pTS + pSB)] (A.33)

With the effective gravitation above, Equation A.32 is given by

Sv̇B = RBS
Basp + Sg − 2 SωIS × SvB. (A.34)

A.3 INS Error Model

Attitude error
Differentiating the quaternion perturbation model (Equation 3.18) and re-
calling that

q̇ ≈ 1
2q ⊗

(
ω
0

)
, ˙̂q ≈ 1

2 q̂ ⊗
(

ω̂
0

)
, (A.35)

we have,

1
2q ⊗

(
ω
0

)
= 1

2 q̂ ⊗
(

ω̂
0

)
⊗ δq + q̂ ⊗ ˙δq. (A.36)

Multiplying q̂−1⊗ on the left on both sides of the equation above and according
to the quaternion multiplication introduced in Kuipers, 1999 and Koch et al.,
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2020, the equation above can be rewritten as,

1
2

(
−[ω]× ω
−ωT 0

)
δq = 1

2

(
[ω̂]× ω̂
−ω̂T 0

)
δq + ˙δq (A.37)

˙δq = 1
2

(
−[ω + ω̂]× ω − ω̂
(ω̂ − ω)T 0

)
δq. (A.38)

With small angle approximation, we have(
1
2

˙δθ
1

)
≈ 1

2

(
−[ω + ω̂]× ω − ω̂
(ω̂ − ω)T 0

)(
1
2δθ
1

)
(A.39)

and finally,

˙δθ = −1
2[ω + ω̂]×δθ + ω − ω̂. (A.40)

By combining Equation 2.1 and 3.14, the angular velocity of the body frame
with respect to the surface-fixed frame BωSB expressed in the body frame is

BωSB = BωIB −RSB
SωIS = ωgyro − bω − nω −RSB

SωIS. (A.41)

The estimated Bω̂SB can be computed by

Bω̂SB = ωgyro − b̂ω − R̂SB
SωIS, (A.42)

with the assumption that true angular velocity vector SωIS is known. Due
to Equation A.20, we have,

BωSB − Bω̂SB = δbω − nω − [R̂SB
SωIS]×δθ (A.43)

with δθ expressed locally in the frame {B}.
When the angular velocities ω and ω̂ in Equation A.40 are replaced by Bω̂SB

and BωSB, we have

˙δθ = −1
2[2 Bω̂SB + δbω − nω − [R̂SB

SωIS]×δθ]×δθ + δbω − nω

−[R̂SB
SωIS]×δθ.

(A.44)
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After neglecting the second order term [δbω − nω − [R̂SB
SωIS]×δθ]×δθ,

differential equation of the attitude angle error δθ is

˙δθ = −[Bω̂SB + R̂SB
SωIS]×δθ + δbω − nω

= −[ωgyro − b̂ω]×δθ + δbω − nω

. (A.45)

Velocity error
For the true velocity v expressed in the surface-fixed frame {S}, we have,

v̇ = RBS(aacc − ba − na) + g0 − ωIS × [ωIS × (pTS + p)]− 2ωIS × v.
(A.46)

For the estimated velocity v̂ we have,

˙̂v = R̂BS(aacc − b̂a) + ĝ0 − ωIS × [ωIS × (pTS + p̂)]− 2ωIS × v̂
(A.47)

where R̂BS = RT (q̂) is rotation matrix from the body frame to the frame
{S}. p̂, q̂, b̂a and ĝ0 are estimated position, quaternion, acceleration bias
instability and gravitational acceleration, respectively. We assume that the
true ωIS and pTS are known.
Recalling the perturbation model (Section 3.3.2.1) and Equation A.20, we
have differential equation of velocity error ˙δv,

˙δv = ˙̂v − v̇ = RT (q̂)(−δba+na)−RT (q̂)[δθ]×(aacc − b̂a + δba − na)
+ δg − ωIS × (ωIS × δp)− 2ωIS × δv

.
(A.48)

By neglecting the second order term RT (q̂)[δθ]×(δba − na) and reorganizing
the cross product RT (q̂)[δθ]×(aacc − b̂a), we have:

δv̇ = −ωIS × (ωIS × δp)− 2ωIS × δv + RT (q̂)[aacc − b̂a]×δθ
+RT (q̂)(−δba + na) + δg

. (A.49)
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A.4 Error Observation Model based on ICP

Recalling that we have the real measurement of relative state observation
from the ICP (Equation 5.6),

zk =
(

∆qk
∆pk

)
=
(

q−1
k−m ⊗ qk

R(qk−m)(pk − pk−m)

)
(A.50)

and estimated relative state observation (virtual measurement, Equation 5.5)

ẑk =
(

∆q̂k
∆p̂k

)
=
(

q̂−1
k−m ⊗ q̂k

R(q̂k−m)(p̂k − p̂k−m)

)
. (A.51)

By considering the perturbation model introduced in Section 3.3.2.1 and
Equation A.20,

pk−m = p̂k−m − δpk−m

qk−m = q̂k−m ⊗ δqk−m

pk = p̂k − δpk
qk = q̂k ⊗ δqk

(A.52)

R(qk−m) = (I − [δθk−m]×)R(q̂k−m), (A.53)

and neglecting the second order term [δθk−m]×R(q̂k−m)(−δpk + δpk−m) and
using the minimal attitude error representation δθk−m and δθk and error
quaternion properties given in Koch et al., 2020(section 3.8), we have,

δzk =
(

−1
2R(q̂k)R(q̂k−m)T δθk−m + 1

2δθk
R(q̂k−m)(δpk − δpk−m)− [R(q̂k−m)(p̂k − p̂k−m)]×δθk−m

)
.

(A.54)

A.5 Cost Function in Scan-to-map Matching

From Equation 5.14 and 5.17 we have,

P (ϑ) =
N∏
n=1

M∑
m=1

p(pn(ϑ), zn = m | ϑ) (A.55)

Q(ϑ) = −logP (ϑ) = −
N∑
n=1

log(
M∑
m=1

p(pn(ϑ),zn = m|ϑ). (A.56)
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According to the Jensen’s inequality (Mitrinović and Pečarić, 1993) and that
function f(x) = log(x) is convex, we have,

log(
M∑
m=1

p(pn,zn = m|ϑ)) = log(
M∑
m=1

p(zn = m|pn,ϑ)p(pn,zn = m|ϑ)
p(zn = m|pn,ϑ))

≥
M∑
m=1

p(zn = m|pn,ϑ)logp(pn,zn = m|ϑ)
p(zn = m|pn,ϑ)

.
(A.57)

Upper bound of the cost function Q(ϑ) is

Q(ϑ) ≤ −
N∑
n=1

M∑
m=1

p(zn = m|pn,ϑ)logp(pn,zn = m|ϑ)
p(zn = m|pn,ϑ) . (A.58)

From Section 5.2.1 we have,

p(zn = m|pn,ϑ) = p(pn,zn = m|ϑ)∑M
m=1 p(pn,zn = m|ϑ)

(A.59)

p(pn,zn = m|ϑ) = 1
M

1√
(2π)3|Σm|

exp(−1
2(pn − µm)TΣ−1

m (pn − µm)),
(A.60)

so that,

log
p(pn,zn = m|ϑ)
p(zn = m|pn,ϑ) = log( 1

M

1√
(2π)3|Σm|

)− 1
2(pn − µm)TΣ−1

m (pn − µm)

− log(p(zn = m|pn,ϑ)).(A.61)

Because the first and third terms above are constant, they do not need
to be considered in the optimization of the transformation vector ϑ and
therefore are neglected. By neglecting the coefficient 1

2 and recall that
p(zn = m|pn,ϑ) = w(pn,µm), the final cost function has the form,

Q(ϑ) =
N∑
n=1

M∑
m=1

w(pn,µm) · eTnmΣ−1
m enm (A.62)

enm = pn(ϑ)− µm = R(ϑϕ)pn + ϑt − µm. (A.63)
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A.6 Setups for Performance Evaluation

In this section, setups of simulation and test environments for the performance
evaluation are introduced, including firstly sensor specifications. Second, the
asteroid surface environment simulated by the Astos simulator CamSim (Astos
Solutions, 2022) and its configuration are introduced. Lastly, configuration
of test environment is given.

A.6.1 Sensor specifications

Inputs of the navigation system include sensor measurements of an inertial
measurement unit (IMU) and a flash LiDAR. For a reliable performance
evaluation, specifications of these two sensors shall be clearly defined, based
on which the navigation solutions are tested.

A.6.1.1 IMU sensor specification

The IMU sensor is rigidly mounted on the spacecraft. For simplicity and
without losing generality, the IMU sensor frame is assumed to be coincident
with the spacecraft body frame. White noise and bias instability in measure-
ments of the accelerometers and gyroscopes (Section 2.3.1) are considered and
simulated using Allan Variances method (Farrell et al., 2020). Parameters of
the Allan Variances are given in Table A.1. They are derived from datasheets
of available IMU sensor in navigation grad (AIRBUS, n.d., Honeywell, n.d.).

Table A.1: Allan Variances parameters for IMU measurement noises

Gyroscopes Accelerometers
Angle/Velocity ran-
dom walk (N)

5.8178× 10−8◦/s(1/2) 6.8670× 10−5m/s(3/2)

Gyro./Acc. bias in-
stability (B)

4.6296× 10−8◦/s 1.0900× 10−8m/s2

Based on the GNC design in Martin et al., 2021, the simulated IMU delivers
inertial acceleration and angular velocity measurements in a frequency of
10 Hz to the navigation system. Such relatively low frequency compared
to that in applications on Earth (usually more than 100 Hz) is reasonable
and sufficient accounting for the slow dynamic (limited maximal velocity of
0.05m/s for the spacecraft) in the asteroid surface environment.
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A.6.1.2 Flash LiDAR specification

The reference flash LiDAR sensor (Amzajerdian et al., 2016) in the simulation
environment has a focal plane array (FPA) with 256 × 256 pixels and captures
256 × 256 = 65536 range measurements with one single laser pulse. The
direction vectors rd of pixels are assumed to be perfectly calibrated and
therefore have no distortion or errors. We presume further that noise of range
measurements dr follows a Gaussian distribution N ∼ (µ, σ2) with mean value
µ = 0 meter and standard deviation σ = 0.05 meter. The flash LiDAR is
rigidly mounted on the spacecraft as well. For simplicity and without losing
generality, the flash LiDAR sensor frame is assumed to be coincident with
the spacecraft body frame. Table A.2 gives specification of the flash LiDAR.

Table A.2: Flash LiDAR sensor specification

FPA reso-
lution

Min. and max.
valid range value

Range measure-
ment noise Direction vectors

256× 256 rmin = 0.5m,
rmax = 50m N ∼ (0, 0.052)m

constant and as-
suming perfectly
known

A.6.2 Simulation environment

Figure A.1: A screenshot of asteroid surface and spacecraft in the simulated
environment

A high-fidelity special 3D simulation environment shown in Figure A.1 for
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simulating asteroid surface environment and the flash LiDAR measurements
has been established using the Astos simulator CamSim (Astos Solutions,
2022). In Figure A.1, the simulated asteroid surface contains unstructured
and irregular landform with rough surface, boulders, rocks and hills. In this
simulation environment, the comet 67P/Churyumov-Gerasimenko (Martin
et al., 2021) is chosen as the target body because its baseline parameters and
surface environment have been studied and investigated intensively (Poulet
et al., 2016, Mottola et al., 2015, Cambianica, P. et al., 2019). An area
named Hatmehit (Thomas et al., 2018) on the comet shown in Figure A.2 is
simulated because the terrain surface environment of this area is well studied
and it is relatively flat, less hazardous and suitable for potential exploration
tasks.

Figure A.2: The Hatmehit area and a flight trajectory in the chosen sub-region
(modified from Mission Rosetta n.d.)

According to environment data, origin of the frame {S} with respect to frame
{T} is:

TpTS =

 2.305084
−0.224064
0.111887

× 103m. (A.64)
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Rotation matrix from frame {T} to {S} is:

RTS =

 0.0299161077 0.7870658127 0.6161431919
0.0971977619 0.6112071187 −0.7854797597
−0.9948153705 0.0833862364 −0.0582160974


= RX′′(124.921◦)RY ′(84.163◦)RZ(72.892◦).

(A.65)

The start position pstart = (0 0 − 8)Tm of the reference flight A in the
surface-fixed frame {S} in Section 8.1 has its coordinates with respect to {T}:

TpTB = RST
SpSB + TpTS =

 2.31304
−0.22473
0.11235

× 103m. (A.66)

Initial rotation matrix from frame {I} to {T} is:

RIT = RX′(20.7◦)RZ(154.1◦), (A.67)

with rotation rate of frame {T} w.r.t. the inertial frame {I}, expressed in
the T frame,

TωIT = TωIS =

 0.0
0.0

0.1447205018

× 10−3rad/s. (A.68)

Note that there is no relative rotation between frame {T} and frame {S}.
Considering the cruise flight velocity given in Section 8.1:

vcr = SvB|S =

0.03
0.0
0.0

m/s, (A.69)

the Coriolis acceleration expressed in frame {S} is:

Sacoriolis = 2 SωIS × SvB|S = 2RTS
TωIT × SvB|S

=

 0.0
−0.5055
6.8205

× 10−6m/s2 (A.70)

with norm 6.8392× 10−6m/s2.
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The centripetal acceleration expressed in frame {S} is:

Sacentri = SωIS × [SωIS × (RTS
TpTB)] =

 0.2255
−0.1832
4.8586

× 10−5m/s2

(A.71)

with norm 4.8673× 10−5m/s2.
According to the gravitation model provided, the local gravitation expressed
in frame {S} is:

Sg0 =

0.0
0.0
1.3

× 10−4m/s2. (A.72)

Angle α(Sg0,
Sacoriolis) between the Coriolis acceleration and the local gravi-

tation is

α(Sg0,
Sacoriolis) = acos(

Sg0 · Sacoriolis
|Sg0| · |Sacoriolis|

) = 4.23875◦. (A.73)

Of great relevance in the simulated asteroid surface environment is rock/boul-
ders distribution. According to Cambianica, P. et al., 2019, distribution of
rocks on the asteroid surface follows the power law distribution:

N(d) = k · d−D (A.74)

where N(d) is number of rocks whose diameters are larger than d, k is a
constant and D is the power-law exponent. Figure A.3 depicts the power-law
distribution of rocks in the simulation environment. References Mottola et al.,
2015 and Cambianica, P. et al., 2019 mentioned that the power-law exponent
in the rock distribution on the Hatmehit area is around −2.7. Based on
analysis of rock distribution conducted by Cambianica, P. et al., 2019, we
have Table A.3 configuring simulated terrain surface environment in the test
scenarios.

Table A.3: Configuration of simulated terrain environment

Simulated
area

power-law
exponent

max. number of
rocks

min. rock
radius

max. rock
radius

Hatmehit -2.7 1× 106/km2 0.1m 2m
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Figure A.3: The power-law distribution of rocks N(d) = 106×d−2.7 on the asteroid
surface

Figure A.4 displays an example of the simulated flash LiDAR point cloud.
From this point cloud measurement, the unstructured landform with rough
surface and unevenly distributed rocks can be seen.

Figure A.4: Example of the flash LiDAR point cloud measurements

The hardware platform for the simulation and testing consists of a desktop
computer with a processor Intel® Core(TM) i7-9700K, RAM 32 GB and a
graphics card NVIDIA GeForce GTX 1650.

A.6.3 Test environment

For validation of the navigation solutions, a test environment in Figure A.5
is defined, allowing comfortable configuration of the simulation setup and
comprehensive performance evaluation of the navigation solutions. Config-
uration of the test environment starts with selection of test scenarios and
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Figure A.5: Test environment for validation and performance evaluation

their corresponding reference trajectory profiles, which will be introduced
in Section 8.1. Based on the reference trajectory in each test scenario and
the dynamic model of the spacecraft, IMU measurements and flash LiDAR
measurements are simulated accordingly and provided as sensor inputs to
the navigation system. Moreover, a gravity field model provides gravitational
acceleration to the navigation as well. Introduction of the gravity field model
is given in Appendix A.7. Ground truth of the system states and reference
terrain maps of the test scenario are available as well. Outputs of the naviga-
tion system includes the state estimates and the generated terrain maps that
will be post-processed and analyzed for the performance evaluation.

A.7 Gravity Field Model for Small Solar System Bodies

Small solar system bodies (SSSBs) such as asteroids have small mass and
size, and are in irregular shape, e.g. contact-binary or rubble-pile. To model
gravity field of the SSSBs, especially gravity field in proximity to them,
several methods are proposed such as interior and exterior spherical Bessel
gravity field models (Takahashi, 2013, Takahashi and Scheeres, 2014), mass
concentration approach (Chanut, Aljbaae, and Carruba, 2015) and polyhedral
gravity model (Werner and Scheeres, 1996).
In this dissertation, the polyhedral gravity model is used to provide gravita-
tional acceleration to the strapdown inertial navigation system. The asteroid
is modeled as a 3-dimensional constant-density polyhedron consisting of
planar polygonal faces. Figure A.6 shows the asteroid Bennu (OSIRIS-REx,
2013) modeled by a 3D mesh model consisting of triangular faces.
The polyhedral gravity model possesses several benefits (Werner and Scheeres,
1996, Takahashi, 2013). First, it is an exact analytical solution for the gravity
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Figure A.6: A 3D mesh model of the asteroid Bennu (OSIRIS-REx, 2013)

field up to the SSSBs surface, given a body shape and density. Convergence
region of the polyhedral gravity model is the entire space around the SSSBs,
including inside the circumscribing sphere. This is a very attractive and rele-
vant character for navigation on the SSSBs surface. Second, modeling errors
are reduced to errors of shape and density determination, and resolution of
discretization chosen for the shape and density of the SSSBs.
However, the polyhedral gravity field model treats the irregular shaped small
body as a constant-density polyhedron, which is usually not the case in reality.
Furthermore, the polyhedral gravity model is computationally costly, because
the entire surface of the body shall be scanned to calculate the potential at
one field point (Werner and Scheeres, 1996).
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