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1 | INTRODUCTION

The most elementary version of Poincaré’s lemma is the statement that, given a C!-vector field v : R"” — K" satisfying
dju, = 0kv; forall j,k = 1,..., n, there exists a potential p € C?(R™) for v, that is, grad p = v. The main issue of this paper
is to present proofs of the following two distributional versions of this kind of existence theorem.

Theorem 1.1 (“de Rham style”). Let Q C R" be open and connected. Let G = (G, ...,G,,) € D'(Q)", and suppose that
(G,p)=0  (p € D(Q)", dive =0). 1.1)

Then there exists a distribution F € D'(Q) such that grad F = G. Ifn > 2 and G has compact support, then F can be chosen
with compact Support.

Theorem 1.2 (“Poincaré style”). Let Q C R" be open and simply connected. Let G € D'(Q)" be such that ;G = 9xG; for
all j,k €{1,...,n}. Then there exists F € D'(Q) such that grad F = G.

Proofs of these theorems have been provided by Mardare [10, Theorems 4.1 and 2.1]. In this paper, the author explains
that “to this day, there is no proof, to the best knowledge of the author,” of Theorem 1.2 in the existing literature; and
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concerning Theorem 1.1, the proof given in [12, § 22, Theorem 17’] is said to require “an important prerequisite about
chains and flows on differential manifolds.” For more motivation and background we refer to [10]. A proof of the local
part of Theorem 1.2, on the basis of de Rham’s regularization, is given in [11, Corollary 3.6(i)].

The author was intrigued by these theorems as well as motivated by related problems connected with the Stokes opera-
tor, and this led to proofs of the theorems that are quite different from those presented in [10, 11]. Let us comment briefly
on some differences between Mardare’s and our proofs of Theorem 1.2, which is Theorem 2.1 in [10]. Given G € D'(Q)"
as in Theorem 1.2, Mardare first carries out the local part of the proof on sets w = H;.lzl(a j» bj) by presenting—following
Schwartz [13, chap. II, § 6]—a formula for the solution F € D’(w). Our approach is to deal with the local part on bounded
open sets that are star-shaped with respect to an open ball and to approximate G by C*-vector fields satisfying the compat-
ibility conditions. In both proofs, the global part is achieved by a homotopy argument: Mardare just exploits the existence
of local solutions, whereas our proof is arranged in a way to permit the application of the divergence theorem on the
parameter set [0, 1]? of the homotopy.

The proofs of Theorems 1.1 and 1.2 are the content of Sections 2 and 3, respectively. In the remaining part of the paper,
we treat applications of the theorems stated above to Sobolev space versions of the theorems. In these results, the task is
finding potentials in L,(Q) for suitable vector fields in H~1(Q)". Here, the author was motivated, among others, by the
recent paper [1].

2 | PROOF OF DE RHAM’S THEOREM

In the proof of Theorem 1.1, we will need the Bogovskil operator that we discuss next. Let Q C R"” be an open set, Q
star-shaped with respect to every point of an open ball B(x°,r,) C Q. Let p € CX(R"), := {go eECE(Q);p 2 0} with
sptp C B(x% ry) and [p(x)dx = 1. For ¢ € D(Q), we define Bp € D(Q)" by

Bo(x) := / o) (x — ) / o +rx—y)rldrdy  (x e Q).
Q 1

It is not too difficult to show that indeed B¢ belongs to C*(Q)", and

sptBe C {1z, + (1 — D)z,; z; € spte, z, Esptp, 0K A< 1}, 2.1)

a compact subset of Q.

Remark 2.1. The linear mapping B : D(Q) — D(Q)" is the Bogovskil operator; we refer to [3] for its first appearance. It
has the important property that /Q @(x)dx = 0 implies that div By = ¢; see Remark 3.3 below. This property will also be
used in the less explicit version that for any ¢ € D(Q) with f @(x)dx = 0, there exists a vector field ® € D(Q)" with the

property div ® = ¢. (The reader should be aware of the fact that the Bogovskii operator depends on the function p; so the
use of the definite article “the” might be somewhat misleading.)

Lemma 2.2. The operator B : D(Q2) — D(Q)" is continuous with respect to the standard topologies.

Proof. The function By can be rewritten as

Bqa(x):/ o(x — z) Zn/ p(x+si)(s+|z|)”‘1dsdz
zZERM 1zI™ J, |z|

(where p and ¢ are considered as functions in D(R")). This shows that derivatives of By can be estimated by derivatives
of ¢ and p of the same and lower order. This fact together with the support property (2.1) shows the assertion. O

Proof of Theorem 1.1.

(1) In this part of the proof we suppose that Q is star-shaped with respect to an open ball B(x’,r) C Q. Let p € C®(R"),,
spto € B(x°,r)and f p(x)dx =1,andlet B : D(Q) — D(Q)" be the corresponding Bogovskil operator. For ¢ € D(Q),
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we define
<Fa¢> = —<G,B§0>

Then Lemma 2.2 implies that F € D'(Q).
In order to show that grad F = G let ¢ € D(Q), j €{1,...,n}. Then /6j<p(x) dx =0, hence div(Bd;p — gpe;) =
djp — 9 = 0 (where e; denotes the jth unit vector), and hypothesis (1.1) implies

(Gj,p) = (G, pej) = (G,Bdjp) = —(F,0;p) = (3,;F, ).

This shows that G = grad F.
For the proof of the general case let (B(xk , rk)) reN be a countable covering of Q by open balls contained in Q, with
1 € N C N. To ease notation, we put Q; := B(x,r;) (k € N). For each k € N, let p; € C*(R"), with spt o, C Q,
f pr(x)dx =1, and let B, : D(Q;) - D(Q;)" be the corresponding Bogovskil operator.

For k € N and some ¢, € K, we define F), € D'(Qy) by

(Fr, @) i=cp fp(x)dx — (G,Brp)  (p € D(Qy)).

Then part (1) shows that grad F;, = G on Q. We are going to show that the constants ¢, can be chosen such that the
family (F))ren of distributions is consistent.

For k € N, we observe that there exists a function ®, € D(Q)" such that div ®, = p; — py; this can be seen by
connecting Q; with Q, by a finite chain of consecutively intersecting open balls and applying Remark 2.1 repeatedly.
With this function, we choose c;, in such a way that (Fy, px) = (G, ®;); then

(Fi, ) = (Fi, pic + div By (¢ — pi)) = (G, @ — Bip — p)) (¢ € D(Qy), [o(x)dx = 1).

In order to show that the family (F) )¢y is consistent, let k, I € N be such that Q, N Q; # @, and let ¢ € D(Q) with
spte € Q, N Qy, [p(x)dx = 1. Then

(Fi @) = (F1,9) = (G, P = Bi(¢ — pi) = @, + Bi(p — p1)) = 0,

because the divergence of the function to which G is applied turns out to be (o1 — px) — (¢ — pr) — (o1 — p1) +
(¢ — p;) = 0. It follows that (Fy, p) = (F}, @) for all p € D(Q). N Q)).

We conclude that the family (Fj)xeny composes to a distribution F € D'(Q) satisfying grad F = G.
Now suppose that n > 2 and that G has compact support. There exists ) € D(Q) with 1 = 1 in a neighborhood of the
support of G. Then

(G.9) :=(G.pp)  (p € DR
defines an extension of G to D(R")", satisfying 0 jCA}k =4,6G jforall j,k €{1,...,n}. According to part (2) above, there

exists F € D'(R") such that grad F = G. Denote by Q, the unbounded component of R" \ spt G. Then grad F = 0on
Q,; hence there exists ¢ € K such that F=con Q- Then the restriction of F — cto D(Q) is as asserted. O

| PROOF OF THE DISTRIBUTIONAL VERSION OF POINCARE’S LEMMA

We start with a property that will be needed in the proof of Theorem 1.2.

Lemma 3.1. Let Q C R" be open. Let v € C'(Q; K") be a vector field satisfying

ajl)k = 6kvj (],k = 1,...,1’1).
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Lety,7 : [0,1] = Q be C'-paths with y(0) = 7(0) =: x°, y'(0) = 7'(0) = 0, y(1) = 7(1) =: x', ¥'(1) = %'(1) = 0. Suppose
that T : [0,1]*> —» Q is an FEP-homotopy between y and ¥, that is, T is continuous, T(-,0) =y, I'(-,1) = ¥, I'(0, ) = x°,
I'(1,-) = x'. (FEP stands for “fixed end points”). Then

/y” = /0 W)y (s)ds = /0 W) 7s)ds = /7u.

Proof.

(1) In this step, we suppose additionally that T' is twice continuously differentiable. We define the vector field
w : [0,1]7 = K2,

w(s,t) := <U(F(s, t)) - %F(s, t),—v(I(s, 1)) - %F(s, t)> .

Then, using the hypothesis on v, one easily obtains divw = 0; hence the divergence theorem yields /6[0 1]zw(s, t)-
v(s, t) do(s, t) = 0, where v is the outer unit normal and o the surface measure. The integrals over the lines with s = 0
and s = 1 vanish, because %F(s, t)=0fors=0,s =1,and all ¢t € [0, 1]. Hence the remaining integrals yield

1 1
/ v(I'(s,0)) - i1“(s, 0)ds — / v(I'(s, 1)) - i1“(s, 1)ds =0,
0 as 0 ds

which is just the asserted equality.

(2) Inorder toapply step (1) by smoothing the given homotopy I', we first “contract and extend” I as follows. We define the
continuous function « : [—1/4, 5/4] - [0,1] bycx|[_1/4,1/4] =0, cx|[3/4,5/4] =1, oc|[ affine linear, and then we
putT : [-1/4,5/4)% - Q,T(s,t) :=T'(a(s), a(t)). It is easy to see that then

/ v= /U and / v= /v. (3.1)
I'(,0) ¥ (.1 i3

|[o,1] |[0,1]

1/4,3/4]

Observe that

=1(s,0), I, =1(s,1) (s €[-1/4,,5/4])

F(Ss ')|[_1/4’1/4] .)|[3/4’5/4]

and

= _ 0 = 1
F|[—1/4,1/4]><[—1/4,5/4] =X F|[3/4,5/4]><[—1/4,5/4] =X

Now let (o )xen be a sequence in CP(R),, spt o C [—1/k,1/k], [pr(x)dx = 1forall k € N, and put

5/4 .5/4
Ti(s,t) = / / T, (s — et —t)ds’dt’ (st €[0,1], k > 4).
~1/4J-1/4

The properties mentioned above imply that T (-, j) = T(-, j) * px and Tx(j,-) = ¥(j) on [0,1] for j = 0,1 and all k > 4.

Using the uniform continuity of I' one shows that there exists k, > 4 such that T ([0, 1]?) € Q for all k > k.
Having established these properties, we can apply part (1) of the proof to conclude that

/ v= / v (k = ko). 3.2)
Tk (-,0) LD
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From Ty (-, j) = T(, j) * pr = T(-, j) in C1([0,1];R") (k = c0), it follows that
lim / V= / v (j=0,1). (3.3)
RRSaRS VICT) NS OV)] PR
Combining (3.2), (3.3), and (3.1), we obtain the assertion of the lemma. O
Proof of Theorem 1.2.

(1) In this part we prove the theorem for the case that Q is bounded and star-shaped with respect to an open ball
B(x%,r) C Q. Let p € CX(Q), with sptp C B(x’,r) and [p(x)dx =1, and let B be the corresponding Bogovskil
operator. The transpose of B : D(Q) — D(Q)" is the linear mapping B! : D'(Q)" — D'(Q), given by

(B'G,p) :=(G,Bp)  (p € D(Q), G €D'(Q)"),

and B' is continuous with respect to the standard topologies.
The restriction of —B’ to C®(Q; K") is the operator A : C®(Q; K") — C*®(Q), given by

1
Av(x) 1= / o) / o(sy + (1 = 5)x) - (x — y) dsdy; (3.4)
Q 0

see Remark 3.3. It has the property that grad Av = v for all
v e CRKY) 1= {u e C(Q; K"); dju = dgu; (j.k =1,...,n)}.

Now let G € D'(Q)" with 3G, = 6,G| forall j,k € {1, ..., n}. We show that G can be approximated by vector fields
v € C;°(Q; K"). Without restriction, we assume that x? (the centre of the ball mentioned initially) is the origin. In a
first step we introduce distributions G* for 1 € (1, o), defined on 1Q by

(Gh,p) := <G,<p (}1 >> (p € DAQ)").

It is easy to see that G* satisfies the compatibility condition and that for all ¢ € D(Q)" one obtains (G/l, go> - (G, p)
asd — 1.
In order to approximate G* from Cy°(Q; K"), we fix 4 > 1 and observe that 1Q is an open neighbourhood of the

compact set Q, due to the strict star-shapedness of Q. Let (0;),cn be a §-sequence in C°(R™),.. Then, for large I, the
function

x = M) 1= (Gh e = 0)) = ((GL o =),

..... n

is defined on Q and belongs to C*(Q; K"). For all j,k = 1, ..., n one obtains

3, (G- = %)) = (G138, wa1( = %)) = =(GL.8;01(- = %)) = (8;G}. pi(- — X))

= (akGf,Pl(' —x)) == ak,x<G;1apl(' - x));

hence v*! e CP(Q; K™).

In order to keep notation simple, we compute the convergence v — G* in D'(Q)" componentwise (where we use
the same symbol for the function v*! and for the regular distribution generated by this function). Thus, let ¢ € D(Q),
k €{1,...,n}. Then

A,
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(o) = [ (0pe)dx = / (G101 — x))p(x) dx
= (Gﬁ,/pzc - 0)p(x)dx) = (Gl p * ).

Now, p; * ¢ = ¢ in D(1Q), hence vﬁ’l - Gf{‘ (I > o0) in the weak topology o(D’'(Q), D(Q)).

To complete this step, we first recall from above that

—grad B'vM! = grad AvH = vt
Letting I — oo, we obtain — grad B:=G* = G#, and then letting A — 1, we finally get — grad B‘G = G. This shows that
F := —B'G has the asserted property.
For the general case, let (B(x"™,r,,)),en be a countable covering of Q by open balls, with 1 € N C N; for brevity we
put Q,, := B(x™,r,,) (m € N). From part (1), we conclude that for each m € N there exists F,,, € D'(Q,,) such that
grad F,,, = G on Q,,.

Now it remains to show that there exist constants ¢, € K such that (c,,, + F;;,)men is @ consistent family of distribu-
tions. Without restriction, we assume that N = {1, ..., my} or N = N, and that Q,, N Ukmz_l1 Q #@forallm e N\ {1}.
Putc; :=0.

Let m’ € N\ {1} and assume that c¢,,...,c,y_; are found such that the family (c,, + F)me1. m'—1 IS

consistent; without restriction ¢, = --- =c¢,/_; =0. Denote by F,,_, €D’ (U::ll Q,,) the composed dis-
tribution satisfying Fy_,=F, on Q, for all m=1,..,m —1. There exists m € {l,..,m —1} such
that Q,, NQ,, # @, and gradF,, =G =gradF,, on Q,NQ, implies that there exists c,s € K such
that ¢,y +F, =F, on Q, NQ,. In order to make sure that c,s +F,s is consistent with F,,_;,
we have to show that ¢, + F,, is consistent with Fz for all m €{l,..,m' —1}\ {m}. Thus, let m €
{1,...,m" — 1} \ {m} be such that Q,, N Q; # @. Then as before there exists ¢,y € K such that ¢, + F,y = Fj
on Q,y N Q. There exists a continuously differentiable path y : [0,1] —» Q,, U Q,, from x™ to x™ satisfying
y'(0) = y’(1) = 0, and there exists a continuously differentiable path 7 : [0,1] — UZil Q. from x™ to x™ satisfying
y([0,1/2]) C Ukm: Q, 7(1/2) = x™, 7([1/2,1]) € Q5 U Q,y, and 7(0) = 7'(1) = 0. The simple connectedness of
Q implies that there exists an FEP-homotopy I : [0,1]*> — Q between y and 7. As I'([0, 1]?) is compact, there exists
r > 0 such that T'([0, 1]?) + B(0,2r) C Q. Let p € C®(R™),, sptp C B(0,r), [p(x)dx =1, and put

v(x) 1= (G, p(- — x)) (x € T([0,1]?) + B(0,r)).

Thenv € C®(T([0,1]%) + B(0, r); K"), and the hypothesis on G implies that dju = gvjforall j,k =1,...,n. Applying
Lemma 3.1 with the open set T'([0, 1]%) + B(0, ), we conclude that

/yv: /}70 (3.5)

The distributions F,,, ¢,y + F,, are consistent; call F € D'(Q,, U Q) the combined distribution. Then grad F = G
on Q,, UQ,,, and

(G, = V() () = (grad F, o = () - 7'()
= —(F,grad p(- = 7(5)) -7'(8) = 5= (F. - = VO,

1
/v - / (G p(- = 7(5)) - V() dt = (F, pl- — X)) — (E, pl(- — x™))
y 0

= Cp + (For, (- = X)) = (F s p(- = X™)) = Cpr + (Fppry o = X)) = (Epr_1, p(- = X™)).
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By the same token,

1 1/2 1
/v= / (G p(- —F(5))) - 7/(s)ds = / (Gp( =T -7 ds+ | (G.o( = FE)) - 7(s)ds
7 0 0 1/2

= (B2, p(- = X)) = (1, p(- = X™)) + (G + o, p(- = X™)) = (Fii, (- = x™)

= Cpr + (Fpr, pC = X)) = (B, p(- = x™)).

.....

the constants c,, can be chosen such that the family (c,,, + F},,)men is consistent. |

Remark 3.2. 'We note that Theorem 1.2 implies classical versions of Poincaré’s lemma: If Q C R” is open and simply
connected, and g € C!(Q; K") (for some [ € N,) is a vector field satisfying

98k = 9ig; (j,k=1,..,n),

then there exists f € C*1(Q) with grad f = g. Indeed, the distributional solution F of grad F = g obtained by Theorem 1.2
is automatically a regular distribution generated by a C!+!-function.

Remark 3.3. On the Bogovskil operator B : CP(Q) — CP(Q; K™) and the operator A : C®(Q; K") — C®(Q) from (3.4).
Let Q and p be as at the beginning of Section 2. It is a standard exercise of calculus that grad Av = v for all
v € C°(Q; K"). Substitution of variables yields f(Av)go dx =— fv -Bpdx forallv € C*(Q; K"), p € CZ(Q).
Let g, € CX(Q), [p(x)dx = 0. Note that grad ¢ € Cy°(Q; K"), therefore grad(A grad ) — i) = 0; hence A grady — ¢
is constant, /(A gradi —1)p dx = 0. This implies that

/zpdiquadx=—/grad¢-Bgadx=/(Agradzp)godxz/z,bqodx.

As this equality holds for all € C°(Q) one obtains divBy = ¢.

4 | THE “COARSE” AND “SIMPLIFIED” VERSIONS OF DE RAHM’S THEOREM

In this section, we treat the existence of potentials in a Hilbert space context. Let QO C R" be a connected bounded open
set. We define the Sobolev spaces

H (K" = {u € H(Q:K"); divu = 0},

- H!
H! (Q;K") 1= C(QKm) ',
where C&(Q; K") 1= {¢ € C(Q;K"); divp = 0}. For a subspace V C H}(Q;K"), we define the polar
Ve :={g € H ()" (g @)y =0(p €V)},
where H™'(Q) is the anti-dual space of H}(Q) in the Gelfand triple H}(Q) C L,(Q) € H(Q).
We adopt the terminology in the title of this section from [1] (formerly used already in [8, Chap. I, § 2]), where it is
defined that the “coarse version of de Rham’s theorem” holds (for Q) if
forallg € HéG(Q; K™)° there exists f € L,(Q) with g = grad f, (Hy)

and the “simplified version of de Rham’s theorem” holds if

for all g € C,(Q; K")® there exists f € L,(Q) with g = grad f. (H)
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Note that property (H.) could have been stated equivalently with H ;,0(9; [K") instead of C¢%,(Q; K"), because these spaces
have the same polar. Also note that in both of these properties the existence of f could have been stated with the additional
property that f € L)(Q) := {g € L,(Q); [g(x)dx =0}.

From H é, (& K")° C H;,O(Q; [K")°, it is clear that property (H.) implies (H,). It is shown in [1, Theorem 4.1] that for Q
with Lipschitz boundary, “J. L. Lions’ lemma” together with (H,) implies (H,); see also Remark 4.6. We are going to show
that (H,) is “hereditary” (Proposition 4.3), that (H,) holds and implies (H,) for strictly star-shaped sets (Remark 4.4) and
that (H,) holds for sets with Lipschitz boundary (Corollary 4.5).

Remark 4.1. Let grad denote the operator grad : L,(Q) —» H}(Q)", f + grad f. Then ran(grad) C Hé -(Q; K™")° C
H! (;K")° (= C&(Q;K™)°), and (Hp) is equivalent to ran(grad) = H; (Q;K")°, whereas (H,) is equivalent to
ran(grad) = H! (Q;K")°. This implies that (H,) is equivalent to (H,) together with H! (Q;K") = H; (€Q;K"). Note that

[e5]

the last equality is equivalent to the denseness of CZ7,(Q; K") in H é S K™).

We start our investigation of these properties by a proof of the equivalence of property (H.) and “J. L. Lions’ lemma”;
see [1, Theorem 4.1].

Theorem 4.2. Let Q C R" be a connected bounded open set. Then property (H.) for Q is equivalent to the property that for
all F € D'(Q) with grad F € H~'(Q)" there exists f € L,(Q) with F = f (as distributions).

Proof. For the proof of the necessity let F € D'(Q) such that grad F € H~'(Q)". Then grad F € €% (€Q; K™)°; hence (H,)
implies that there exists f € L,(Q) with grad f = grad F, and because Q is connected there exists ¢ € K such that F is
generated by the function f + ¢ € L,(Q).

For the sufficiency let g € Co%(Q; K")°. Then Theorem 1.1 implies that there exists F € D/(Q) such that
grad F = g € H~1(Q; K"); hence there exists f € L,(Q) with F = f, g = grad F = grad f. O

The following proposition shows a hereditary property of (H,).

.....

of Q by connected open sets Q; C Q with property (H.). Then property (H.) holds for Q.

Proof. let g€ H;’O(Q; IK")°. Then clearly g/ := g| H) € H;’O(Q I K™)°, and the hypothesis implies that for all

(Qj;Km)
Jj=1,..,mthereexists f; € L,(Q;)such that g/ =grad f j- Note that each function f; is only determined up to a constant,
and we have to “glue together” suitable versions of these functions.

We apply Theorem 1.1 and obtain a distribution F € D'(Q) such that g = grad F. This implies that for each j € {1, ..., m}
one has grad F = grad f; on Q;, and because Q; is connected, there exists ¢; € K such that F = f; +¢ i1, on Q;.

.....

f|Qj = fj+cjlq, forall j=1,..,m, grad f = grad F = g. O

Next we turn to more concrete sufficient conditions for the validity of (H,). The fundamental source of these conditions
is an important fact from [3, Lemma 1], stated in part (1) of the following remark.

Remark 4.4. Let Q C R" be a bounded open set that is star-shaped with respect to an open ball B(x’, r).

(1) Let p € CX(Q),, sptp CB(x’r), [p(x)dx =1. Then the corresponding Bogovskil operator B : C&(Q) —
CI(Q; K™) possesses a (unique) bounded linear extension B : L,(Q) — H(l)(Q; iK™). (The paper [3] does not con-
tain a proof of this fact, but rather the hint that for the proof one should use [5]; this hint has been executed
in [4, Theorem 2.4], [7, Section IIL.3].) From divBp = ¢ for ¢ € C° nLg(Q) it follows that divBf = f for all
fe Lg(Q).

(2) It is easy to see that the bounded operators div : H(l)(Q; K") — L,(Q) and grad : L,(Q) — H™'(Q)" are neg-
ative adjoints of each other, and therefore ran(grad)® = ker(div)—a well-established relation for operators on
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Hilbert spaces—implies ran(grad) = ker(div)®. As ran(div) = Lg(Q) is closed, the closed range theorem implies that
ran(grad) is closed; hence ran(grad) = ker(div)® = Hé’ A [K)°. This shows that (H,) is satisfied.

(3) We now show that even (H,) is satisfied; this follows if we show that CZ7(Q;K") is dense in H(l),a(Q; K"). Without
restriction x° = 0. Let ¢ € Hé ,(Q;K"). Then the extension of ¢ to R" by zero belongs to Hé SR K™); we keep
the notation ¢ for the extensio,n. For A € (1, o0) we note that (1) € H(lw(Q; iK") has compact s,upport contained in
1laca. Regularisation shows that (4 -) is approximated by functions in C%(Q; K"); hence p(4-) € Hcly’O(Q; iK™).
Taking 4 - 1 we then obtain ¢ € H;’O(Q; K™). (This reasoning has also been used in [14, proof of Lemma 9,
p-31].)

.....

open sets Q; C Q, where each Q; is star-shaped with respect to an open ball. Then property (H.) holds for Q.
These assertions apply to any connected bounded open set with Lipschitz boundary.

Proof. From Remark 4.4(3) we know that the sets Q; have property (H,). Hence Proposition 4.3 implies the assertion.
If Q has Lipschitz boundary, then it is not difficult to see that for all x € Q there exists an open neighborhood U, such
that U, n Qis star-shaped with respect to the points of a ball in U,. N Q. This is obvious for x € Q, and for x € 0Q it results

.....

as required in the first part of the corollary. (See also [1, Theorem 2.1].) O

Remark 4.6. In [1, Theorem 3.1] an “equivalence result” is established between various classical results, e.g. the (classical)
J. L. Lions lemma, the J. Necas inequality, property (H,) and the property thatdiv : H, é,U(Q; K") - Lg(Q) is surjective, for
bounded open sets with Lipschitz boundary. Each of these results by itself is of a notoriously high technical level, and in
[1, Section 2] several sources for the results are mentioned.

A treatment of part of these properties, for the case that Q has C!-boundary, can be found in [14, pp. 26-32]. Related
problems are treated in a more general setting in [2]. For further information, we also refer to [6, 8, 15].

5 | A “WEAK VERSION” OF POINCARE’S LEMMA

In the previous section, we have seen how the distributional version of de Rham’s theorem can be applied in the L,-context.
Here, we present an application of the distributional version of Poincaré’s lemma.

Theorem 5.1. Let Q C R" be a simply connected bounded open set satisfying property (H.). Let g € H-'(Q)" be such
that 8;g; = dig; for all j,k = 1,...,n (with derivatives in the sense of distributions). Then there exists f € L,() such that

grad f = g.

Proof. Theorem 1.2 implies that there exists F € D’'(Q) such that grad F = g. This shows that for all ¢ € C&,(Q; K") one
obtains

(& P)p-1 51 = (grad F, ) = —(F,dive) =0,

thatis, g € CSL(; [K")°. Now property (H.) implies that there exists f € L,(Q) such that grad f = g. O

Recall from Corollary 4.5 that Theorem 5.1 applies to the case that Q is a simply connected bounded open set with Lip-
schitz boundary. For this case, proofs of Theorem 5.1 are contained in [9, proof of Theorem 2.1] and [1, Proof of
Theorem 4.1], without the use of our Theorem 1.2.
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