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Introduction

Overview
In this thesis we study the Cauchy problem{︄

u̇(t) + Au(t) ∋ f(t) (t ∈ [0, T ]),
u(0) = u0,

for an operator A ⊆ X × X on a real Banach space X, T > 0, f ∈ L1(0, T ; X) and
u0 ∈ X. We assume that the operator A is accretive of type ω ∈ R. We call uniform
limits of solutions of implicit Euler schemes corresponding to the Cauchy problem, Euler
solutions. The fundamental questions of existence and uniqueness of Euler solutions were
first discussed in the late 1960s and early 1970s. Crandall and Liggett [CL71] showed in 1971
existence and uniqueness of Euler solutions, if f = 0 and A satisfies some range condition.

For f ̸= 0 with A being m-accretive of type ω, Crandall and Evans were able to show
existence and uniqueness of Euler solutions in 1975 [CE75] by comparing the solutions
of Euler schemes to exact solutions of boundary value problems involving the differential
operator ∂/∂s + ∂/∂τ . In the same year Kobayashi [Kob75a] found an elegant way of
estimating the difference of two solutions of Euler schemes, which gave a direct way of
showing existence and uniqueness of Euler solutions for f = 0 and also established the rate
of convergence O(|π|1/2), where |π| is the mesh size of the time partition π used in the Euler
schemes. Kobayashi was aware, that his results overlapped with the results from Crandall
and Evans in [CE75]. He [Kob75a, Remark 2.2] wrote:

After the preparation of this manuscript, Prof. M. Crandall informed me that
Crandall and Evans [CE75] proved Theorem 2.1 by an entirely different method,
which is interesting in itself. They treat a more general evolution equation [...]
where f ∈ L1(0, T ; X) is given. Our method is also applicable to this case.

However, Kobayashi’s result stated in [Kob75a] is not sufficient to show convergence of
solutions of Euler schemes for f ̸= 0. Crandall and Evans also mention this. They [CE75]
wrote:

Kobayashi’s note came to the attention of the authors after most of the research
in the current paper was complete. There is some minor intersection of our
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development with that of [Kob75a]. The case f ̸= 0 seems genuinely more
complex than the case f = 0, and our main point is not only Theorem 1.2 but
its proof, which is of independent interest.

In this thesis we present a generalization of Kobayashi’s result, which is also sufficient to
treat the case f ̸= 0.

In Chapter 1 we introduce accretive operators and Euler solutions for the Cauchy problem
and we show some basic properties.

In Chapter 2 we establish an upper bound for the difference of two solutions of implicit
Euler schemes. Our main result Theorem 2.16 is a generalization of Kobayashi’s result in
[Kob75a]. We also state a continuous version as Theorem 2.20.

Chapter 3 shows how our main result can be used to get an elegant proof of the well-
posedness of the Cauchy problem and regularity of the Euler solution for good initial data.
Also some joint work with Praveen Sharma is presented, where we combine the main result
with interpolation theory to obtain regularity of the solution and rates of convergence for
the solutions of Euler schemes, if the initial data of the Cauchy problem lie in corresponding
interpolation sets.

Appendix A is an introduction to functions of bounded variation (BV -functions), where
we show some properties of BV -functions, which are used in this thesis.

Notation
For a, b ∈ R we denote by

a ∨ b

the maximum of a and b and by
a ∧ b

the minimum of a and b. We set

a+ := a ∨ 0 and a− := −(a ∧ 0).

We denote intervals of real numbers by

[a, b], (a, b], [a, b) and (a, b),

where a can also be −∞ and b can also be ∞. We use the notation

{n, . . . , m} := {k ∈ Z : n ≤ k ≤ m}

with n, m ∈ Z. The floor and ceiling function ⌊·⌋, ⌈·⌉ : R → Z are defined by

⌊x⌋ := max {z ∈ Z : z ≤ x} and ⌈x⌉ := min {z ∈ Z : z ≥ x} .

We denote the natural numbers by

N := {1, 2, 3, . . .}

and use the notation
N0 := N ∪ {0} .
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The Kronecker delta is

δx,y :=
{︄

1 if x = y,
0 if x ̸= y.

The indicator function 1A : M → {0, 1} of a subset A of the set M is defined by

1A(x) :=
{︄

1 if x ∈ A,
0 if x ̸∈ A.

The characteristic function χA : M → {0, +∞} of a subset A of the set M is defined by

χA(x) :=
{︄

0 if x ∈ A,
+∞ if x ̸∈ A.

Let X be a topological space. We denote the support of a function f : X → R by

supp(f) := {x ∈ X : f(x) ̸= 0}.

Let Df ⊆ R. A function f : Df → R is called

• increasing if f(t) ≤ f (̂t) for all t, t̂ ∈ Df with t < t̂.

• decreasing if f(t) ≥ f (̂t) for all t, t̂ ∈ Df with t < t̂.

• monotone if f is increasing or decreasing.

Let (X, dX) and (Y , dY ) be metric spaces. A function f : X → Y is Lipschitz continuous if
there exists a constant L > 0, such that

dY (f(x), f(x̂)) ≤ L · dX(x, x̂)

for all x, x̂ ∈ X. A function f : X → Y is Hölder continuous of exponent α > 0 if there
exists a constant C > 0, such that

dY (f(x), f(x̂)) ≤ C · dX(x, x̂)α

for all x, x̂ ∈ X. Let X be a Banach space, n ∈ N and Ω ⊆ Rn be open. For k ∈ N and
1 ≤ p ≤ ∞ we denote the corresponding Sobolev space by

W k,p(Ω; X) := {u ∈ Lp(Ω; X) : ∂αu ∈ Lp(Ω) for all α ∈ Nn with |α| ≤ k}

and endow it with the norm

∥u∥W k,p(Ω) :=
∑︂

α∈Nn,|α|≤k

∥∂αu∥Lp(Ω) .

Here, ∂α denotes the weak derivative. We set

Hk(Ω; X) := W k,2(Ω; X).

We use the notation
W k,p(a, b; X) := W k,p((a, b); X)
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and
W k,p(Ω) := W k,p(Ω;R).

We define
W k,p

0 (Ω) := C∞
c (Ω)W k,p(Ω),

where C∞
c (Ω) is the space of test functions and set

Hk
0 (Ω) := W k,2

0 (Ω).
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1. Accretive operators
Let X be a Banach space with norm ∥·∥X . In this chapter we introduce the notions of
accretive operators and of Euler solutions to Cauchy problems.

1.1. The bracket
Definition 1.1. For u, v ∈ X and λ > 0 we define the brackets

[u, v]λ := ∥u + λv∥X − ∥u∥X

λ
and [u, v] := inf

λ>0
[u, v]λ.

Lemma 1.2 (Properties of the brackets). Let u, v, w ∈ X. Then the following statements
are true.

(a) The bracket [·, ·] : X × X → R is upper semicontinuous.

(b) The function λ ↦→ [u, v]λ is increasing on (0, ∞).

(c) [u, v] = limλ→0+[u, v]λ,

(d) [0, v] = ∥v∥X ,

(e) [αu, βu + γv] = β ∥u∥X + γ[u, v] for all α > 0, β ∈ R and γ ≥ 0.

(f) |[u, v]| ≤ ∥v∥X ,

(g) [u, v + w] ≤ [u, v] + [u, w].

Proof. Let u, v, w ∈ X.

(a) Since the bracket [·, ·] : X × X → R is a pointwise infimum of a family of continuous
functions, it is upper semicontinuous.

(b) Let 0 < λ ≤ µ. Then

[u, v]λ = 1
λ

(∥u + λv∥X − ∥u∥X)
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= 1
λ

(︃⃦⃦⃦⃦
λ

µ
(u + µv) +

(︃
1 − λ

µ

)︃
u

⃦⃦⃦⃦
X

− ∥u∥X

)︃
≤ 1

λ

(︃
λ

µ
∥u + µv∥X +

(︃
1 − λ

µ

)︃
∥u∥X − ∥u∥X

)︃
= 1

µ
(∥u + µv∥X − ∥u∥X)

= [u, v]µ .

(c) This follows from (a) and (b).

(d) We have [0, v] = infλ>0
1
λ (∥0 + λv∥X − ∥0∥X) = ∥v∥X .

(e) Let α > 0, β ∈ R and γ ≥ 0. For every λ > 0 with α + λβ > 0 we have

[αu, βu + γv]λ = 1
λ

(∥αu + λ(βu + γv)∥X − ∥αu∥X)

= 1
λ

(∥(α + λβ)u + λγv∥X − (α + λβ) ∥u∥X + λβ ∥u∥X)

= β ∥u∥X + α + λβ

λ

(︃⃦⃦⃦⃦
u + λγ

α + λβ
v

⃦⃦⃦⃦
X

− ∥u∥X

)︃

=

⎧⎨⎩β ∥u∥X if γ = 0,
β ∥u∥X + γ[u, v] λγ

α+λβ
if γ > 0.

Taking the limit as λ → 0+ on both sides yields [αu, βu + γv] = β ∥u∥X + γ[u, v].

(f) We have |[u, v]| = infλ>0
1
λ |∥u + λv∥X − ∥u∥X | ≤ infλ>0

1
λ ∥u + λv − u∥X = ∥v∥X .

(g) For every λ > 0 we have

[u, v + w]λ = 1
λ

(∥u + λ(v + w)∥X − ∥u∥X)

≤ 1
λ

(︃⃦⃦⃦⃦1
2u + λv

⃦⃦⃦⃦
X

− 1
2 ∥u∥X +

⃦⃦⃦⃦1
2u + λw

⃦⃦⃦⃦
X

− 1
2 ∥u∥X

)︃
= 1

2λ
(∥u + 2λv∥X − ∥u∥X + ∥u + 2λw∥X − ∥u∥X)

= [u, v]2λ + [u, w]2λ .

Taking the limit as λ → 0+ on both sides yields [u, v + w] ≤ [u, v] + [u, w].

Lemma 1.3. If X is a Hilbert space with inner product ⟨·, ·⟩, then we have

[u, v] =

⎧⎪⎨⎪⎩
⟨u, v⟩
∥u∥X

if u ̸= 0,

∥v∥X if u = 0.

for all u, v ∈ X.

Proof. By Lemma 1.2 (d), we have [0, v] = ∥v∥X . If u ̸= 0, then for every λ > 0 we have

[u, v]λ = ∥u + λv∥X − ∥u∥X

λ
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= ∥u + λv∥2
X − ∥u∥2

X

λ(∥u + λv∥X + ∥u∥X)

= ∥u∥2
X + 2λ⟨u, v⟩ + λ2 ∥v∥2

X − ∥u∥2
X

λ(∥u + λv∥X + ∥u∥X)

= 2⟨u, v⟩
∥u + λv∥X + ∥u∥X

+ λ ∥v∥2
X

∥u + λv∥X + ∥u∥X

.

Taking the limit as λ → 0+ yields the result.

1.2. Accretive operators
Definition 1.4. We call any set A ⊆ X × X an operator on X and we define

dom A := {u ∈ X : (u, v) ∈ A for some v ∈ X} ,
range A := {v ∈ X : (u, v) ∈ A for some u ∈ X} ,

Au := {v ∈ X : (u, v) ∈ A} for u ∈ X,
λA := {(u, λv) : (u, v) ∈ A} for λ ∈ R,

A + B := {(u, v + w) : (u, v) ∈ A and (u, w) ∈ B} for B ⊆ X × X,
A + x := {(u, v + x) : (u, v) ∈ A} for x ∈ X,

A−1 := {(v, u) : (u, v) ∈ A} and
I := {(u, u) : u ∈ X} .

Remark 1.5 (Functions as operators). Let DA ⊆ X. A function A : DA → X is identified
with its graph {(u, A(u)) : u ∈ DA} ⊆ X × X and is therefore an operator on X.
Definition 1.6. An operator A ⊆ X × X is accretive of type ω ∈ R if

[u − û, v − v̂] + ω ∥u − û∥X ≥ 0 (1.1)

for every (u, v), (û, v̂) ∈ A. We say that A is accretive if A is accretive of type 0 and that
A is quasi-accretive if A is accretive of type ω for some ω ∈ R.

If A is accretive of type ω ∈ R and

range(I + λA) = X

for all λ > 0 with λω < 1, then A is called m-accretive of type ω. We say that A is m-
accretive if A is m-accretive of type 0 and that A is quasi-m-accretive if A is m-accretive
of type ω for some ω ∈ R.

A quasi-accretive operator A is said to satisfy the range condition if there exists λ0 > 0
such that

dom A ⊆ range(I + λA)
for every λ ∈ (0, λ0). Clearly, every quasi-m-accretive operator satisfies the range condition.
Remark 1.7 (Monotone operators on Hilbert spaces). If H is a Hilbert space with inner
product ⟨·, ·⟩H and induced norm ∥·∥H , then, as a consequence of Lemma 1.3, an operator
A ⊆ H × H is accretive of type ω ∈ R if and only if

⟨u − û, v − v̂⟩H + ω ∥u − û∥2
H ≥ 0 for every (u, v), (û, v̂) ∈ A. (1.2)

An operator A on a Hilbert space H satisfying (1.2) is called monotone of type ω.
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Remark 1.8 (Dissipative operators). Some authors work with dissipative operators instead
of accretive operators. An operator A ⊆ X × X is called dissipative of type ω ∈ R if −A
is accretive of type ω.

Lemma 1.9. Let A ⊆ X × X and ω ∈ R. Then the following statements are equivalent.

(i) A is accretive of type ω.

(ii) A + ωI is accretive.

(iii) For every λ > 0 and every (u, v), (û, v̂) ∈ A

∥u − û + λ(v − v̂)∥X ≥ (1 − λω)∥u − û∥X .

(iv) For every λ > 0 and every u, û, w, ŵ ∈ X with u + λAu ∋ w and û + λAû ∋ ŵ

∥w − ŵ∥X ≥ (1 − λω)∥u − û∥X .

Proof. To prove the equivalence of (i) and (ii), we can observe that according to Lemma 1.2
(e), for all u, û, v, v̂ ∈ X

[u − û, v − v̂] + ω∥u − û∥X = [u − û, v + ωu − (v̂ + ωû)].

Therefore, A is accretive of type ω if and only if

[u − û, v + ωu − (v̂ + ωû)] ≥ 0

for all (u, v), (û, v̂) ∈ A. This condition is equivalent to

[u − û, w − ŵ] ≥ 0

for all (u, w), (û, ŵ) ∈ (A + ωI). By definition, this means that A + ωI is accretive, which
proves the equivalence of (i) and (ii).

To prove the equivalence of (i) and (iii), let (u, v), (û, v̂) ∈ A. Then

[u − û, v − v̂] + ω∥u − û∥X ≥ 0

if and only if
[u − û, v − v̂]λ + ω∥u − û∥X ≥ 0 for all λ > 0. (1.3)

Since λ([u − û, v − v̂]λ + ω∥u − û∥X) = ∥u − û + λ(v − v̂)∥X + (λω − 1)∥u − û∥X , (1.3) is
equivalent to

∥u − û + λ(v − v̂)∥X ≤ (λω − 1)∥u − û∥X for all λ > 0.

This proves the equivalence of (i) and (iii).
The equivalence of (iii) and (iv) follows from the fact that u + λAu ∋ w if and only if

there exists v ∈ Au with u + λv = w. This completes the proof.
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Example 1.10 (Subgradients). Let H be a Hilbert space with inner product ⟨·, ·⟩H and let
E : H → (−∞, +∞] be semiconvex of type ω, which means that

u ↦→ E (u) + ω

2 ∥u∥2
H

is convex. Then the subgradient

∂E =
{︃

(u, v) ∈ H × H : lim inf
λ→0+

E (u + λû) − E (u)
λ

≥ ⟨û, v⟩H for all û ∈ H

}︃
is accretive of type ω ∈ R.

Example 1.11 (Dirichlet-p-Laplace). Let n ∈ N, Ω ⊆ Rn be a bounded, smooth domain
and p ∈ (0, ∞). Let E : L2(Ω) → [0, ∞] be given by

E (u) :=

⎧⎪⎨⎪⎩
1
p

∫︂
Ω

∥∇u∥p if u ∈
◦
V 1

p,2(Ω),

∞ otherwise,

where
◦
V 1

p,2(Ω) is the closure of the test functions C∞
c (Ω) in the Sobolev space

V 1
p,2(Ω) :=

{︂
u ∈ L2(Ω): ∇u ∈ (Lp(Ω))n

}︂
with ∇u being the distributional gradient of u ∈ L2(Ω). The energy function E is densely
defined, lower semicontinuous and convex. Its subgradient

−∆p := ∂E

is a realization in L2(Ω) of the negative p-Laplace operator with homogeneous Dirichlet
boundary condition u = 0 on ∂Ω. The negative Dirichlet-p-Laplace operator −∆p is m-
accretive and densely defined on L2(Ω).

1.3. The Cauchy problem and Euler solutions
We look at the Cauchy problem{︄

u̇(t) + Au(t) ∋ f(t) (t ∈ [0, T ]),
u(0) = u0,

(CP: f , u0)

with A ⊆ X × X, T > 0, f ∈ L1(0, T ; X) and u0 ∈ X. We define different notions of
solutions.

Definition 1.12. Let a, b ∈ R, a < b. Any finite subset {t0, t1, . . . , tN } ⊆ [a, b] containing
a and b is called a partition of the compact interval [a, b]. We usually think, without loss
of generality, that the elements t0, t1, . . . , tN ∈ π are ordered, and we write

π : a = t0 < t1 < . . . < tN = b.

For every partition π : a = t0 < t1 < . . . < tN = b we define the time steps

hi := ti+1 − ti
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for every i ∈ {0, . . . , N − 1} and the mesh size of the partition

|π| := sup {hi : i ∈ {0, . . . , N − 1}} .

We further define the floor function ⌊·⌋π : R → R by

⌊s⌋π :=
{︄

ti if s ∈ [ti, ti+1), i ∈ {0, . . . , N − 1},
s if s ̸∈ [a, b),

and the ceiling function ⌈·⌉π : R → R by

⌈s⌉π :=
{︄

ti+1 if s ∈ [ti, ti+1), i ∈ {0, . . . , N − 1},
s if s ̸∈ [a, b).

A function f : [a, b] → X is adapted to the partition π, if

f is constant on [ti, ti+1) for every i ∈ {0, . . . , N − 1}.

A discretization θ is any triple of the form (πθ, fθ, u0
θ), where πθ is a partition of the

interval [0, T ], fθ : [0, T ] → X is a step function adapted to the partition πθ and u0
θ ∈ X.

For a given operator A ⊆ X × X and a discretization θ = (πθ, fθ, u0
θ) we consider the

implicit Euler scheme⎧⎪⎨⎪⎩
uθ(ti+1) − uθ(ti)

hi
+ Auθ(ti+1) ∋ fθ(ti) for i ∈ {0, . . . , N − 1},

uθ(0) = u0
θ.

(Eθ)

We say that uθ ∈ C([0, T ]; X) is a solution of the implicit Euler scheme (Eθ), if
(Eθ) holds and uθ is affine on the intervals [ti, ti+1], that is,

uθ(t) = ti+1 − t

ti+1 − ti
uθ(ti) + t − ti

ti+1 − ti
uθ(ti+1)

for all t ∈ [ti, ti+1] and all i ∈ {0, . . . , N − 1}.
Let f ∈ L1(0, T ; X) and u0 ∈ X. We call a function u ∈ C([0, T ]; X)

• an Euler solution of (CP: f , u0) if there exists a sequence of discretizations (θn) =
((πθn , fθn , u0

θn
)) and a sequence (uθn)n in C([0, T ]; X), such that uθn is a solution of

the implicit Euler scheme (Eθn) for all n ∈ N,

lim
n→∞

|πθn | = 0,

lim
n→∞

∥fθn − f∥L1(0,T ;X) = 0 and

lim
n→∞

∥uθn − u∥C([0,T ];X) = 0,

• a classical solution of (CP: f , u0) if u ∈ C1([0, T ]; X), u(0) = u0 and

u̇(t) + Au(t) ∋ f(t) for every t ∈ [0, T ],
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• a strong solution of (CP: f , u0) if u ∈ W 1,1(0, T ; X), u(0) = u0 and

u̇(t) + Au(t) ∋ f(t) for almost every t ∈ [0, T ],

• a mild solution of (CP: f , u0) if there exist sequences (un) in W 1,1(0, T ; X), (fn)
in L1(0, T ; X) and (u0

n) in X, such that un is a strong solution of (CP: fn, u0
n) for all

n ∈ N,

lim
n→∞

∥fn − f∥L1(0,T ;X) = 0,

lim
n→∞

∥u0
n − u0∥X = 0 and

lim
n→∞

∥un − u∥C([0,T ];X) = 0,

• an integral solution of (CP: f , u0) if for some ω ∈ R and for every (û, v̂) ∈ A and
every s, t ∈ [0, T ] with s ≤ t

∥u(t) − û∥X ≤ ∥u(s) − û∥X + ω

∫︂ t

s
∥u(τ) − û∥X dτ

+
∫︂ t

s
[u(τ) − û, f(τ) − v̂] dτ ,

• a good solution of (CP: f , u0) if for every integral solution û of (CP: ˆ︁f , û0) withˆ︁f ∈ L1(0, T ; X) and û0 ∈ X and every s, t ∈ [0, T ] with s ≤ t

∥u(t) − û(t)∥X ≤ ∥u(s) − û(s)∥X + ω

∫︂ t

s
∥u(τ) − û(τ)∥X dτ

+
∫︂ t

s
[u(τ) − û(τ), f(τ) − ˆ︁f(τ)] dτ .

Remark 1.13. Let A ⊆ X ×X, f ∈ L1(0, T ; X), u0 ∈ X and u ∈ C([0, T ]; X). Then [BCP]

u is a classical solution of (CP: f , u0)
⇓

u is a strong solution of (CP: f , u0)
⇓

u is a mild solution of (CP: f , u0)
⇓

u is an Euler solution of (CP: f , u0).

If, in addition, the operator A is quasi-accretive, then

u is an Euler solution of (CP: f , u0)
⇓

u is a good solution of (CP: f , u0)
⇓

u is an integral solution of (CP: f , u0).

If u ∈ W 1,1(0, T ; X) is an integral solution and A is maximally quasi-accretive, then u is a
strong solution of (CP: f , u0).
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Lemma 1.14 (Existence and uniqueness of solutions of the implicit Euler scheme). Let
A ⊆ X × X and let θ = (πθ, fθ, u0

θ) be a discretization. The following statements are true.

(a) If A is accretive of type ω ∈ R and |πθ|ω < 1, then (Eθ) has at most one solution.

(b) If A is m-accretive of type ω ∈ R and |πθ|ω < 1, then (Eθ) has at least one solution.

(c) If A satisfies the range condition and fθ = 0, then (Eθ) has at least one solution.

Proof. Let A ⊆ X × X and let θ = (πθ, fθ, u0
θ) be a discretization.

(a) Let A be accretive of type ω ∈ R and |πθ|ω < 1. If uθ and ûθ are solutions of the implicit
Euler scheme (Eθ), then for all i ∈ {0, . . . , N − 1},

uθ(ti+1) + hiAuθ(ti+1) ∋ hifθ(ti) + uθ(ti) and
ûθ(ti+1) + hiAûθ(ti+1) ∋ hifθ(ti) + ûθ(ti),

so by Lemma 1.9 (iv) and noting that 1 − hiω ≥ 1 − |πθ|ω > 0, we get

∥uθ(ti+1) − ûθ(ti+1)∥X ≤ 1
1 − hiω

∥uθ(ti) − ûθ(ti)∥X

for all i ∈ {0, . . . , N − 1}. Since ∥uθ(t0) − ûθ(t0)∥X = ∥u0
θ − u0

θ∥X = 0, this implies
uθ(ti) = ûθ(ti) for all i ∈ {0, . . . , N}, and therefore, uθ = ûθ. This proves uniqueness.

(b) Note that we could write the first equation of (Eθ) equivalently as

(I + hiA)uθ(ti+1) ∋ uθ(ti) + hifθ(ti). (1.4)

If A is quasi-m-accretive, then range(I + hiA) = X. Thus, we can always find uθ(tj+1)
satisfying (1.4) if uθ(ti) and fθ(ti) are given. Therefore, we can always iteratively
construct a solution uθ of (Eθ). This proves existence.

(c) If fθ = 0, then the first equation of (Eθ) is equivalent to

(I + hiA)uθ(ti+1) ∋ uθ(ti). (1.5)

If A satisfies the range condition, then we can always find uθ(tj+1) satisfying (1.5) if
uθ(ti) is given. Therefore, we can always iteratively construct a solution uθ of (Eθ).
This proves existence.
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2. A priori estimates for solutions of
implicit Euler schemes

Let X be a Banach space with norm ∥·∥X , T > 0 and A ⊆ X ×X be accretive of type ω ∈ R.
In this chapter we let θ = (πθ, fθ, u0

θ) and θ̂ = (πθ̂, fθ̂, u0
θ̂
) be discretizations, uθ ∈ C([0, T ]; X)

be a solution of the implicit Euler scheme (Eθ) and uθ̂ ∈ C([0, T ]; X) be a solution of (Eθ̂).
For i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂} we define

ai,j := ∥uθ(ti) − uθ̂ (̂tj)∥X .

Our goal is to find an estimate for ai,j , which only depends on the discretizations θ and θ̂.
To see that ai,j gets small, if |ti − t̂j |, |πθ| and |πθ̂| are small, we want to obtain an upper
bound, which works for all partitions with small mesh sizes |πθ| and |πθ̂|.

In Section 2.1 we establish an upper bound for ai,j , which depends on the discretizations
θ and θ̂. There we use some recursively defined density function ρi,j . Properties of this
density are studied in Section 2.2. In Section 2.3 we land on our main result Theorem 2.16,
which gives the desired upper bound for ai,j and is a generalization of Kobayashi’s result in
[Kob75a]. Theorem 2.20 is the continuous version of our main result, which does not only
consider ti ∈ πθ and t̂j ∈ πθ̂, but gives an estimate for ∥uθ(t) − uθ̂ (̂t)∥X for all t, t̂ ∈ [0, T ].

2.1. An implicit upper bound

Lemma 2.1. For i ∈ {0, . . . , N − 1} and j ∈ {0, . . . , N̂ − 1} we have

(1 − (hi ∧ ĥj)ω)ai+1,j+1 ≤
(︃

1 − ĥj

hi

)︃+
ai+1,j +

(︃
1 − hi

ĥj

)︃+
ai,j+1 + hi ∧ ĥj

hi ∨ ĥj

ai,j

+ (hi ∧ ĥj)
[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂
. (2.1)

Proof. Let us first assume ĥj ≤ hi. Using the Euler schemes (Eθ) and (Eθ̂), that A is
accretive of type ω (Definition 1.6) and properties of the bracket (Lemma 1.2), we get

0 ≤ ĥj

[︄
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − uθ(ti+1) − uθ(ti)

hi
− fθ̂ (̂tj) +

uθ̂ (̂tj+1) − uθ̂ (̂tj)
ĥj

]︄
+ ĥjω

⃦⃦⃦
uθ(ti+1) − uθ̂ (̂tj+1)

⃦⃦⃦
X
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=
[︄
uθ(ti+1) − uθ̂ (̂tj+1), ĥj(fθ(ti) − fθ̂ (̂tj)) − (uθ(ti+1) − uθ̂ (̂tj+1))

+
(︃

1 − ĥj

hi

)︃
(uθ(ti+1) − uθ̂ (̂tj)) + ĥj

hi
(uθ(ti) − uθ̂ (̂tj))

]︄
+ ĥjωai+1,j+1

≤ ĥj

[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂
− ai+1,j+1

+
(︃

1 − ĥj

hi

)︃
ai+1,j + ĥj

hi
ai,j + ĥjωai+1,j+1.

Rearranging the terms gives us the desired inequality. The case ĥj > hi can be treated
analogously.

Remark 2.2. For i ∈ {0, . . . , N − 1} and j ∈ {0, . . . , N̂ − 1} we also have

(1 − (hi ∧ ĥj)ω)ai+1,j+1 ≤ hi

hi + ĥj

ai+1,j + ĥj

hi + ĥj

ai,j+1

+ hiĥj

hi + ĥj

[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂
.

Many authors work with this version of an iterative estimate for ai+1,j+1.

Definition 2.3. We define the continuous and strictly increasing function φ : (−∞, 1) → R
by

φ(x) :=

⎧⎨⎩
− log(1 − x)

x
if x ̸= 0,

1 if x = 0.

x
1

1

φ(x)

Figure 2.1.: Graph of φ.

Lemma 2.4. If (|πθ| ∧ |πθ̂|)ω < 1, then

ai+1,j+1 ≤ exp
(︂
φ((|πθ| ∧ |πθ̂|)ω)(hi ∧ ĥj)ω

)︂(︄(︃
1 − ĥj

hi

)︃+
ai+1,j +

(︃
1 − hi

ĥj

)︃+
ai,j+1
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+ hi ∧ ĥj

hi ∨ ĥj

ai,j + (hi ∧ ĥj)
[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂)︄

for i ∈ {0, . . . , N − 1} and j ∈ {0, . . . , N̂ − 1}.

Proof. By assumption we have 1− (hi ∧ ĥj)ω > 0, so we can use Lemma 2.1 and divide both
sides of (2.1) by 1 − (hi ∧ ĥj)ω. Since exp and φ are increasing, we get

1
1 − (hi ∧ ĥj)ω

= exp
(︂
− log(1 − (hi ∧ ĥj)ω)

)︂
= exp

(︂
φ((hi ∧ ĥj)ω)(hi ∧ ĥj)ω

)︂
≤ exp

(︂
φ((|πθ| ∧ |πθ̂|)ω)(hi ∧ ĥj)ω

)︂
.

Note that for ω < 0 we get φ((hi ∧ ĥj)ω) ≥ φ((|πθ| ∧ |πθ̂|)ω), which still works for the
estimate above. This completes the proof.

Lemma 2.5. If |πθ|ω < 1, then for every (u, v) ∈ A and for every i ∈ {0, . . . , N} we have

∥uθ(ti) − u∥X ≤ exp(φ(|πθ|ω)tiω) ∥u0
θ − u∥X

+
∫︂ ti

0
exp(φ(|πθ|ω)(ti − ⌊τ⌋πθ

)ω) [uθ(⌈τ⌉πθ
) − u, fθ(τ) − v] dτ . (2.2)

If |πθ̂|ω < 1, then, as above, for every (u, v) ∈ A and every j ∈ {0, . . . , N̂} we have

∥uθ̂ (̂tj) − u∥X ≤ exp
(︂
φ(|πθ̂|ω)̂tjω

)︂
∥u0

θ̂
− u∥X

+
∫︂ t̂j

0
exp

(︂
φ(|πθ̂|ω)(̂tj − ⌊τ⌋πθ̂

)ω
)︂ [︂

uθ̂(⌈τ⌉πθ̂
) − u, fθ̂(τ) − v

]︂
dτ . (2.3)

Proof. We prove (2.2) by induction over i. For i = 0, both sides are equal to
⃦⃦
u0

θ − u
⃦⃦

X . If
the statement is true for some i ∈ {0, . . . , N − 1}, then note that

u − u

hi
+ Au ∋ v,

so we can use Lemma 2.4 with the discretization θ̂ = (πθ, v, u) and constant solution uθ̂ = u
of the implicit Euler scheme (Eθ̂) to get

∥uθ(ti+1) − u∥X ≤ exp (φ(|πθ|ω)hiω)
(︁

∥uθ(ti) − u∥X + hi [uθ(ti+1) − u, fθ(ti) − v]
)︁

= exp (φ(|πθ|ω)hiω) ∥uθ(ti) − u∥X

+
∫︂ ti+1

ti

exp(φ(|πθ|ω)(ti+1 − ⌊τ⌋πθ
)ω) [uθ(⌈τ⌉πθ

) − u, fθ(τ) − v] dτ .

and together with the induction hypothesis we get

∥uθ(ti+1) − u∥X ≤ exp(φ(|πθ|ω)ti+1ω) ∥u0
θ − u∥X

+
∫︂ ti+1

0
exp(φ(|πθ|ω)(ti+1 − ⌊τ⌋πθ

)ω) [uθ(⌈τ⌉πθ
) − u, fθ(τ) − v] dτ .

This completes the induction. The inequality (2.3) can be shown analogously.
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We can now already establish an upper bound for ai,j , if the partitions are equidistant.

Lemma 2.6. Let N ∈ N>T ω. If πθ = πθ̂ =
{︂

0, 1
N T , 2

N T , . . . , N−1
N T , T

}︂
, then for every

(u, v) ∈ A and for every i ∈ {0, . . . , N} and j ∈ {0, . . . , N} we have

ai,j ≤ exp(φ(|πθ|ω)tiω)∥u0
θ − u∥X + exp(φ(|πθ̂|ω)̂tjω)∥u0

θ̂
− u∥X

+
∫︂ (ti−t̂j)+

0
exp(φ(|πθ|ω)(ti − ⌊τ⌋πθ

)ω) [uθ(⌈τ⌉πθ
) − u, fθ(τ) − v] dτ

+
∫︂ (̂tj−ti)+

0
exp(φ(|πθ̂|ω)(̂tj − ⌊τ̂⌋πθ̂

)ω)[uθ̂(⌈τ̂⌉πθ̂
) − u, fθ̂(τ̂) − v] dτ̂

+
∫︂ ti∧t̂j

0
exp(φ(|πθ|ω)((ti ∧ t̂j) − ⌊τ⌋πθ

)ω)
[︂
uθ

(︂
⌈τ⌉πθ

+ (ti − t̂j)+
)︂

− uθ̂

(︂
⌈τ⌉πθ̂

+ (̂tj − ti)+
)︂

, fθ

(︂
τ + (ti − t̂j)+

)︂
− fθ̂

(︂
τ + (̂tj − ti)+

)︂ ]︂
dτ .

Proof. We prove this by induction over (i, j). Note that |πθ|ω = T
N ω < 1. If j = 0, we can

apply Lemma 2.4 and use (2.2) to get

ai,0 ≤ ∥uθ(ti) − u∥X + ∥u0
θ̂

− u∥X

≤ exp(φ(|πθ|ω)tiω) ∥u0
θ − u∥X + ∥u0

θ̂
− u∥X

+
∫︂ ti

0
exp(φ(|πθ|ω)(ti − ⌊τ⌋πθ

)ω) [uθ(⌈τ⌉πθ
) − u, fθ(τ) − v] dτ .

If i = 0, we can use (2.3) analogously. If the statement is true for (i, j), then note that
hi = hj = |πθ| = |πθ̂|, so by applying Lemma 2.4, we get

ai+1,j+1 ≤ exp(φ((|πθ|)ω)hiω)
(︂
ai,j + hi

[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂)︂
.

By using

exp(φ((|πθ|)ω)hiω)hi

[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂
=
∫︂ ti+1∧t̂j+1

ti∧t̂j

exp(φ(|πθ|ω)((ti+1 ∧ t̂j+1) − ⌊τ⌋πθ
)ω)
[︂
uθ

(︂
⌈τ⌉πθ

+ (ti+1 − t̂j+1)+
)︂

− uθ̂

(︂
⌈τ⌉πθ̂

+ (̂tj+1 − ti+1)+
)︂

, fθ

(︂
τ + (ti+1 − t̂j+1)+

)︂
− fθ̂

(︂
τ + (̂tj+1 − ti+1)+

)︂ ]︂
dτ

and the induction hypothesis for ai,j as well as

(ti − t̂j)+ = (ti+1 − t̂j+1)+ and
(̂tj − ti)+ = (̂tj+1 − ti+1)+,

we get the statement for (i + 1, j + 1). This completes the induction.

To get an upper bound for ai,j , which holds for all partitions πθ and πθ̂, we use the
following density function ρi,j .
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Definition 2.7. Let ρi,j : R2 → R be recursively defined by

ρi,0 := 1[0,ti)×[−1,0) (2.4)

for i ∈ {0, . . . , N},
ρ0,j := 1[−1,0)×[0,̂tj) (2.5)

for j ∈ {0, . . . , N̂} and

ρi+1,j+1 :=
(︃

1 − ĥj

hi

)︃+
ρi+1,j +

(︃
1 − hi

ĥj

)︃+
ρi,j+1 + hi ∧ ĥj

hi ∨ ĥj

ρi,j

+ 1
hi ∨ ĥj

1[ti,ti+1)×[̂tj ,̂tj+1) (2.6)

for i ∈ {0, . . . , N − 1} and j ∈ {0, . . . , N̂ − 1}.

τ
−1 0 ti T

τ̂

−1

0

t̂j

T

τ
−1 0 ti T

τ̂

−1

0

t̂j

T

0

1

2

Figure 2.2.: Plots of the density ρi,j for different partitions πθ and πθ̂. For small mesh sizes
|πθ| and |πθ̂| the density ρi,j is concentrated along the diagonal through the
point (ti, t̂j).

Lemma 2.8. Let (u, v) ∈ A and g ∈ BV (−1, T ; X) with g(τ) = v for τ < 0. If (|πθ| ∨
|πθ̂|)ω < 1, then for all i ∈ {0, . . . N} and j ∈ {0, . . . , N̂} we have

ai,j ≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)(ti + t̂j)ω+

)︂(︃
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X

+ ∥fθ − g∥L1(0,ti;X) +
⃦⃦
fθ̂ − g

⃦⃦
L1(0,̂tj ;X) +

∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ

)︃
.

Proof. We prove this by induction over (i, j). If j = 0, we can use Lemma 2.5 to get

ai,0 = ∥uθ(ti) − u0
θ̂
∥X

≤ ∥uθ(ti) − u∥X + ∥u0
θ̂

− u∥X
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≤ exp(φ(|πθ|ω)tiω) ∥u0
θ − u∥X + ∥u0

θ̂
− u∥X

+
∫︂ ti

0
exp(φ(|πθ|ω)(ti − ⌊τ⌋πθ

)ω) [uθ(⌈τ⌉πθ
) − u, fθ(τ) − v] dτ

≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)tiω

+
)︂(︃

∥u0
θ − u∥X + ∥u0

θ̂
− u∥X +

∫︂ ti

0
∥fθ(τ) − v∥X dτ

)︃
≤ exp

(︂
φ((|πθ| ∨ |πθ̂|)ω)tiω

+
)︂(︃

∥u0
θ − u∥X + ∥u0

θ̂
− u∥X

+ ∥fθ − g∥L1(0,ti;X) +
∫︂ T

−1

∫︂ T

−1
ρi,0(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ

)︃
.

The case i = 0 can be treated analogously. If we assume the statement to be true for (i, j),
(i + 1, j) and (i, j + 1), then we can use Lemma 2.4 to get

ai+1,j+1 ≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)(hi ∧ ĥj)ω+

)︂(︄(︃
1 − ĥj

hi

)︃+
ai+1,j +

(︃
1 − hi

ĥj

)︃+
ai,j+1

+ hi ∧ ĥj

hi ∨ ĥj

ai,j + (hi ∧ ĥj)
[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂)︄
.

Note that

(hi ∧ ĥj)
[︂
uθ(ti+1) − uθ̂ (̂tj+1), fθ(ti) − fθ̂ (̂tj)

]︂
≤ (hi ∧ ĥj)∥fθ(ti) − fθ̂ (̂tj)∥X

= 1
hi ∨ ĥj

∫︂ ti+1

ti

∫︂ t̂j+1

t̂j

⃦⃦
fθ(τ) − g(τ) + g(τ) − g(τ̂) + g(τ̂) − fθ̂(τ̂)

⃦⃦
X

dτ̂ dτ

≤ ĥj

hi ∨ ĥj

∥fθ − g∥L1(ti,ti+1;X) + hi

hi ∨ ĥj

⃦⃦
fθ̂ − g

⃦⃦
L1 (̂tj ,̂tj+1;X)

+ 1
hi ∨ ĥj

∫︂ T

−1

∫︂ T

−1
1[ti,ti+1)×[̂tj ,̂tj+1)(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ .

By using the equalities

1 =
(︄

1 − ĥj

hi

)︄+

+
(︄

1 − hi

ĥj

)︄+

+ hi ∧ ĥj

hi ∨ ĥj

=
(︄

1 − ĥj

hi

)︄+

+ ĥj

hi ∨ ĥj

=
(︄

1 − hi

ĥj

)︄+

+ hi

hi ∨ ĥj

as well as the recursive definition of ρi+1,j+1 in (2.6) we get

ai+1,j+1 ≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)(ti+1 + t̂j+1)ω+

)︂(︃
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X

+ ∥fθ − g∥L1(0,ti+1;X) +
⃦⃦
fθ̂ − g

⃦⃦
L1(0,̂tj+1;X)

+
∫︂ T

−1

∫︂ T

−1
ρi+1,j+1(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ

)︃
.
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This completes the induction.

Lemma 2.8 already achieves the goal of finding an upper bound for ai,j , but it is not clear,
whether the upper bound is small, if the mesh sizes |πθ| and |πθ̂| are small. The next results
show some properties of the density ρi,j and lead to a good explicit estimate of the double
integral ∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ .

2.2. Properties of the density

Lemma 2.9. For i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂} we have

supp ρi,j ⊆ ([−1, ti] × [−1, t̂j ]) \ ([−1, 0) × [−1, 0)).

Proof. This is a direct consequence of the definition of the density ρi,j . We prove this by
induction over (i, j). For (i, j) = (0, 0) the statement is true since supp ρ0,0 = ∅. For
i ∈ {1, . . . , N} we have

supp ρi,0 = [0, ti] × [−1, 0] = ([−1, ti] × [−1, t̂0]) \ ([−1, 0) × [−1, 0))

and for j ∈ {1, . . . , N̂} we have

supp ρ0,j = [−1, 0] × [0, t̂j ] = ([−1, t0] × [−1, t̂j ]) \ ([−1, 0) × [−1, 0)).

If the statement is true for (i, j), (i + 1, j) and (i, j + 1), then

supp ρi+1,j+1 ⊆ supp ρi+1,j ∪ supp ρi,j+1 ∪ supp ρi,j ∪ ([ti, ti+1] × [̂t, t̂i+1])
⊆ ([−1, ti+1] × [−1, t̂j+1]) \ ([−1, 0) × [−1, 0)).

This concludes the induction.

Lemma 2.10. Let i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂}. For all τ ≥ 0 we have∫︂ T

−1
ρi,j(τ , τ̂) dτ̂ = 1[0,ti)(τ),

and for all τ̂ ≥ 0 we have ∫︂ T

−1
ρi,j(τ , τ̂) dτ = 1[0,̂tj)(τ̂).

Proof. We prove the first statement by induction over (i, j). Let τ ≥ 0. If j = 0, then∫︂ T

−1
ρi,0(τ , τ̂) dτ̂ =

∫︂ T

−1
1[0,ti)(τ)1[−1,0)(τ̂) dτ̂ = 1[0,ti)(τ).

If i = 0, then ∫︂ T

−1
ρ0,j(τ , τ̂) dτ̂ =

∫︂ T

−1
1[−1,0)(τ)1[0,̂tj)(τ̂) dτ̂ = 0 = 1[0,t0)(τ).
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If the statement is true for (i, j), (i + 1, j) and (i, j + 1), then together with the recursive
definition of ρi+1,j+1 in (2.6) we get∫︂ T

−1
ρi+1,j+1(τ , τ̂) dτ̂ =

(︃
1 − ĥj

hi

)︃+
1[0,ti+1)(τ) +

(︃
1 − hi

ĥj

)︃+
1[0,ti)(τ)

+ hi ∧ ĥj

hi ∨ ĥj

1[0,ti)(τ) + 1
hi ∨ ĥj

∫︂ T

−1
1[ti,ti+1)(τ)1[̂tj ,̂tj+1)(τ̂) dτ̂⏞ ⏟⏟ ⏞

=ĥj1[ti,ti+1)(τ)

= 1[0,ti+1)(τ).

This concludes the induction. The second statement can be treated analogously.

Remark 2.11. Lemma 2.10 shows that the mass stays constant in some sense. More
precisely, it follows from Lemma 2.10, that∫︂ T

0

∫︂ T

−1
ρi,j(τ , τ̂) dτ̂ dτ =

∫︂ T

0
1[0,ti)(τ) dτ = ti

and ∫︂ T

−1

∫︂ T

0
ρi,j(τ , τ̂) dτ̂ dτ =

∫︂ T

0
1[0,̂tj)(τ̂) dτ̂ = t̂j .

Furthermore one can show that∫︂ T

−1
ρi,j(τ , τ̂) dτ̂ ≤ t̂j for all τ < 0 and

∫︂ T

−1
ρi,j(τ , τ̂) dτ ≤ ti for all τ̂ < 0.

Therefore∫︂ T

0

∫︂ T

0
ρi,j(τ , τ̂) dτ̂ dτ ≤ ti ∧ t̂j ≤ ti ∨ t̂j ≤

∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) dτ̂ dτ ≤ ti + t̂j .

The next lemma shows how the density ρi,j can be computed directly without iteration
over i and j.

Lemma 2.12. For every i ∈ {0, . . . , N}, j ∈ {0, . . . , N̂}, k ∈ {0, . . . , N − 1} and every
l ∈ {0, . . . , N̂ − 1},

ρi,j(tk, t̂l) = 1
hk ∨ ĥl

(︃
(hk − ĥl+1)+ρi,j(tk, t̂l+1) + (ĥl − hk+1)+ρi,j(tk+1, t̂l)

+ (hk+1 ∧ ĥl+1)ρi,j(tk+1, t̂l+1) + δ(i,k+1),(j,l+1)

)︃
.

Proof. In this proof we use the short notation ρi,j
k,l := ρi,j(tk, t̂l) and the Kronecker delta.

Let k ∈ {0, . . . , N − 1} and l ∈ {0, . . . , N̂ − 1}. We prove the statement by induction over
(i, j). For i = 0 or j = 0 this is true since

ρi,0(τ , τ̂) = ρ0,j(τ , τ̂) = 0

for all τ , τ̂ ≥ 0 by definition (see (2.4) and (2.5)) and

1[ti,ti+1)×[̂t0 ,̂t1)(tk+1, t̂l+1) = 1[t0,t1)×[̂tj ,̂tj+1)(tk+1, t̂l+1) = 0.
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Now let us assume that the statement is true for (i + 1, j), (i, j + 1) and (i, j). Using the
definition of ρi+1,j+1 in (2.6) and our induction hypothesis we get

ρi+1,j+1
k,l =

(︃
1 − ĥj

hi

)︃+
ρi+1,j

k,l +
(︃

1 − hi

ĥj

)︃+
ρi,j+1

k,l + hi ∧ ĥj

hi ∨ ĥj

ρi,j
k,l + 1

hi ∨ ĥj

δ(i,j),(k,l)

=
(︃

1 − ĥj

hi

)︃+ 1
hk ∨ ĥl

(︂
(hk − ĥl+1)+ρi+1,j

k,l+1 + (ĥl − hk+1)+ρi+1,j
k+1,l

+ (hk+1 ∧ ĥl+1)ρi+1,j
k+1,l+1 + δ(i+1,j),(k+1,l+1)

)︂
+
(︃

1 − hi

ĥj

)︃+ 1
hk ∨ ĥl

(︂
(hk − ĥl+1)+ρi,j+1

k,l+1 + (ĥl − hk+1)+ρi,j+1
k+1,l

+ (hk+1 ∧ ĥl+1)ρi,j+1
k+1,l+1 + δ(i,j+1),(k+1,l+1)

)︂
+ hi ∧ ĥj

hi ∨ ĥj

1
hk ∨ ĥl

(︂
(hk − ĥl+1)+ρi,j

k,l+1 + (ĥl − hk+1)+ρi,j
k+1,l

+ (hk+1 ∧ ĥl+1)ρi,j
k+1,l+1 + δ(i,j),(k+1,l+1)

)︂
+ 1

hi ∨ ĥj

δ(i,j),(k,l).

By using the identities(︃
1 − ĥj

hi

)︃+
δ(i+1,j),(k+1,l+1) = (hi − ĥj)+

hi ∨ ĥj

δ(i+1,j),(k+1,l+1) = (hk − ĥl+1)+

hi ∨ ĥj

δ(i,j),(k,l+1),(︃
1 − hi

ĥj

)︃+
δ(i,j+1),(k+1,l+1) = (ĥj − hi)+

hi ∨ ĥj

δ(i,j+1),(k+1,l+1) = (ĥl − hk+1)+

hi ∨ ĥj

δ(i,j),(k+1,l),

hi ∧ ĥj

hi ∨ ĥj

δ(i,j),(k+1,l+1) = hk+1 ∧ ĥl+1

hi ∨ ĥj

δ(i,j),(k+1,l+1) and

1
hi ∨ ĥj

δ(i,j),(k,l) = 1
hk ∨ ĥl

δ(i+1,j+1),(k+1,l+1)

and rearranging the terms we get

ρi+1,j+1
k,l

= (hk − ĥl+1)+

hk ∨ ĥl

(︃(︃
1 − ĥj

hi

)︃+
ρi+1,j

k,l+1 +
(︃

1 − hi

ĥj

)︃+
ρi,j+1

k,l+1 + hi ∧ ĥj

hi ∨ ĥj

ρi,j
k,l+1 +

δ(i,j),(k,l+1)

hi ∨ ĥj

)︃

+ (ĥl − hk+1)+

hk ∨ ĥl

(︃(︃
1 − ĥj

hi

)︃+
ρi+1,j

k+1,l +
(︃

1 − hi

ĥj

)︃+
ρi,j+1

k+1,l + hi ∧ ĥj

hi ∨ ĥj

ρi,j
k+1,l +

δ(i,j),(k+1,l)

hi ∨ ĥj

)︃

+ hk+1 ∧ ĥl+1

hk ∨ ĥl

(︃(︃
1 − ĥj

hi

)︃+
ρi+1,j

k+1,l+1 +
(︃

1 − hi

ĥj

)︃+
ρi,j+1

k+1,l+1 + hi ∧ ĥj

hi ∨ ĥj

ρi,j
k+1,l+1

+
δ(i,j),(k+1,l+1)

hi ∨ ĥj

)︃
+ 1

hk ∨ ĥl

δ(i+1,j+1),(k+1,l+1)

= 1
hk ∨ ĥl

(︂
(hk − ĥl+1)+ρi+1,j+1

k,l+1 + (ĥl − hk+1)+ρi+1,j+1
k+1,l

+ (hk+1 ∧ ĥl+1)ρi+1,j+1
k+1,l+1 + δ(i+1,j+1),(k+1,l+1)

)︂
.
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This concludes the induction.

We only need one more technical lemma before we can state the main estimate for ρi,j .

Lemma 2.13. Let a, b, c > 0. Then

a + b − 2ab

c
≤
√︂

(a − b)2 + ac.

Proof. If 4b ≤ c, then we have a + b − 2ab
c ≤ a + b =

√︁
(a − b)2 + 4ab ≤

√︁
(a − b)2 + ac.

If 4b > c, then we consider the function h : [0, ∞) → R, a ↦→
√︁

(a − b)2 + ac − a − b + 2ab
c

and get

h′(a) = 2(a − b) + c

2
√︁

(a − b)2 + ac
+ 2b

c
− 1 and

h′′(a) = c(4b − c)
4 ((a − b)2 + ac)

3
2

for a ≥ 0. Since h(0) = 0, h′(0) = c
2b + 2b

c − 2 =
(︃√︂

c
2b −

√︂
2b
c

)︃2
≥ 0 and h′′(a) ≥ 0 for all

a ≥ 0, we get h(a) ≥ 0 for all a ≥ 0, which proves the statement.

The following lemma shows the concentration of mass on the diagonal.

Lemma 2.14. Let t ∈ R. For every i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂} we have

∫︂ t

−1

∫︂ T

t
ρi,j(τ , τ̂) dτ̂ dτ +

∫︂ T

t

∫︂ t

−1
ρi,j(τ , τ̂) dτ̂ dτ

≤
√︂

(ti − t̂j)2 + |πθ|(ti ∧ (ti − t)+) + |πθ̂|(̂tj ∧ (̂tj − t)+).

Proof. For this proof we use the notation

κi,j(t) :=
∫︂ t

−1

∫︂ T

t
ρi,j(τ , τ̂) dτ̂ dτ +

∫︂ T

t

∫︂ t

−1
ρi,j(τ , τ̂) dτ̂ dτ . (2.7)

First, let t ≥ 0. Note that by Lemma 2.10, for every i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂} we
have

κi,j(t) ≤
∫︂ T

t
1[0,̂tj)(τ̂) dτ̂ +

∫︂ T

t
1[0,ti)(τ) dτ = (ti − t)+ + (̂tj − t)+. (2.8)

In particular κi,j(t) = 0 for t ≥ ti ∨ t̂j . We now prove the statement by induction over (i, j).
If j = 0, then we have

κi,0(t) = 0 + (ti − t)+ ≤ ti =
√︂

(ti − t̂0)2.

If i = 0, we have
κ0,j(t) = (̂tj − t)+ + 0 ≤ t̂j =

√︂
(t0 − t̂j)2.
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Now let us assume that the statement is true for (i, j), (i+1, j) and (i, j +1). We first treat
the case that ĥj ≤ hi. Then by the recursive definition of ρi+1,j+1 in (2.6) we have

κi+1,j+1(t)

=
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t)

+ 1
hi

(︄∫︂ t

−1

∫︂ T

t
1[ti,ti+1)(τ)1[̂tj ,̂tj+1)(τ̂) dτ̂ dτ +

∫︂ T

t

∫︂ t

−1
1[ti,ti+1)(τ)1[̂tj ,̂tj+1)(τ̂) dτ̂ dτ

)︄

=
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t)

+ 1
hi

(︄
((t − ti)+ ∧ hi)((̂tj+1 − t)+ ∧ ĥj) + ((ti+1 − t)+ ∧ hi)((t − t̂j)+ ∧ ĥj)

)︄
. (2.9)

If 0 ≤ t ≤ ti ∧ t̂j , then we have (t − ti)+ = (t − t̂j)+ = 0, so the last term in (2.9) vanishes.
Using also the induction hypothesis and the concavity of the square root function, we get

κi+1,j+1(t) =
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t)

≤
(︃

1 − ĥj

hi

)︃√︂
(ti+1 − t̂j)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj − t)

+ ĥj

hi

√︂
(ti − t̂j)2 + |πθ|(ti − t) + |πθ̂|(̂tj − t)

≤
(︃(︃

1 − ĥj

hi

)︃(︂
(ti+1 − t̂j)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj − t)

)︂
+ ĥj

hi

(︂
(ti − t̂j)2 + |πθ|(ti − t) + |πθ̂|(̂tj − t)

)︂)︃ 1
2

=
(︃

(ti+1 − t̂j+1)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj+1 − t)

+
(︃

1 − ĥj

hi

)︃(︁
2(ti+1 − t̂j+1)ĥj + ĥ2

j − |πθ̂|ĥj
)︁

+ ĥj

hi

(︁
2(ti+1 − t̂j+1)(ĥj − hi) + ĥ2

j − 2ĥjhi + h2
i − |πθ|hi − |πθ̂|ĥj

)︁)︃ 1
2

=
√︂

(ti+1 − t̂j+1)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj+1 − t) − ĥj(|πθ| − hi) − |πθ̂|ĥj − ĥ2
j

≤
√︂

(ti+1 − t̂j+1)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj+1 − t).

If ti < t < t̂j , then we can use (2.8), (2.9), the induction hypothesis and the preceding
calculation to get

κi+1,j+1(t) =
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t) + 1

hi
((t − ti) ∧ hi) ĥj

≤
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
(̂tj − t) + ĥj

hi
(t − ti)
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=
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
(̂tj − ti)

≤
(︃

1 − ĥj

hi

)︃√︂
(ti+1 − t̂j)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj − t)

+ ĥj

hi

√︂
(ti − t̂j)2 + |πθ|(ti − t) + |πθ̂|(̂tj − t)

≤
√︂

(ti+1 − t̂j+1)2 + |πθ|(ti+1 − t) + |πθ̂|(̂tj+1 − t).

If t̂j < t < ti, then we can use (2.8) and (2.9) to get

κi+1,j+1(t) =
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t) + 1

hi
hi

(︂
(t − t̂j) ∧ ĥj

)︂
≤
(︃

1 − ĥj

hi

)︃
(ti+1 − t) + ĥj

hi
(ti − t) + t − t̂j

= ti+1 − t̂j+1

=
√︂

(ti+1 − t̂j+1)2.

If ti ∨ t̂j ≤ t < ti+1 ∧ t̂j+1, then we can use (2.8), (2.9) and Lemma 2.13 to get

κi+1,j+1(t) =
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t) + 1

hi

(︂
(t − ti)(̂tj+1 − t) + (ti+1 − t)(t − t̂j)

)︂
≤
(︃

1 − ĥj

hi

)︃
(ti+1 − t) + 1

hi

(︂
(t − ti+1 + hi)(̂tj+1 − t) + (ti+1 − t)(t − t̂j+1 + ĥj)

)︂
= ti+1 − t + t̂j+1 − t − 2

hi
(ti+1 − t)(̂tj+1 − t)

≤
√︂

(ti+1 − t̂j+1)2 + hi(ti+1 − t)

≤
√︂

(ti+1 − t̂j+1)2 + |πθ|(ti+1 − t).

If ti+1 ∨ t̂j ≤ t, then we can use (2.8) and (2.9) to get

κi+1,j+1(t) =
(︃

1 − ĥj

hi

)︃
κi+1,j(t) + ĥj

hi
κi,j(t) + 1

hi

(︂
hi(̂tj+1 − t)+ + 0

)︂
= (̂tj+1 − t)+ =

√︃(︂
(̂tj+1 − t)+

)︂2
≤
√︂

|πθ̂|(̂tj+1 − t)+.

We now have shown

κi+1,j+1(t) ≤
√︂

(ti+1 − t̂j+1)2 + |πθ|(ti+1 − t)+ + |πθ̂|(̂tj+1 − t)+

for every t ≥ 0. The case ĥj > hi can be treated analogously. This concludes the induction.
If t < 0, then note that by Lemma 2.9, ρi,j(τ , τ̂) = 0 for τ < 0 and τ̂ < 0 and therefore

κi,j(t) ≤ κi,j(0) ≤
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj .

This concludes the proof for all t ∈ R.
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κi,j

Figure 2.3.: Plot of the density ρi,j on the left and of the functions κi,j(t) as defined in
(2.7) and hi,j(t) :=

√︂
(ti − t̂j)2 + |πθ|(ti ∧ (ti − t)+) + |πθ̂|(̂tj ∧ (̂tj − t)+) on the

right for some randomly chosen partitions πθ and πθ̂. Lemma 2.14 shows, that
κi,j(t) ≤ hi,j(t) for all t ∈ R.

Lemma 2.15. Let g ∈ BV (−1, T ; X). Then for i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂} we have∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ ≤

√︂
(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj · essVar(g).

Proof. Let gr : [−1, T ] → X be a representative of g and let π : −1 = t̃0 < t̃1 < . . . < t̃Ñ = T
be a partition of [−1, T ]. We define gπ : [−1, T ] → X by

gπ := gr(0) +
n∑︂

k=1

(︁
gr (̃tk) − gr (̃tk−1)

)︁
1[̃tk,T ].

Then

gπ(τ) − gπ(τ̂) =
n∑︂

k=1

(︁
gr (̃tk) − gr (̃tk−1)

)︁ (︂
1[̃tk,T ]×[−1,̃tk)(τ , τ̂) − 1[−1,̃tk)×[̃tk,T ](τ , τ̂)

)︂
for all τ , τ̂ ∈ [−1, T ]. Therefore, by using Lemma 2.14 and the notation κi,j as defined in
(2.7), we get ∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥gπ(τ) − gπ(τ̂)∥X dτ dτ̂

≤
n∑︂

k=1

⃦⃦
gr (̃tk) − gr (̃tk−1)

⃦⃦
X κi,j (̃tk)

≤
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj ·
n∑︂

k=1

⃦⃦
gr (̃tk) − gr (̃tk−1)

⃦⃦
X

≤
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj · Var(gr). (2.10)

Note also that by Lemma 2.10 and Remark 2.11 we have∫︂ T

−1
ρi,j(τ , τ̂) dτ̂ ≤ t̂j ∨ 1
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for all τ ∈ R. Therefore

∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g(τ) − gπ(τ)∥X dτ̂ dτ

=
∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) dτ̂ ∥gr(τ) − gπ(τ)∥X dτ

≤ (̂tj ∨ 1)
∫︂ T

−1
∥gr(τ) − gπ(τ)∥X dτ

= (̂tj ∨ 1)
n∑︂

k=1

∫︂ t̃k

t̃k−1
∥gr(τ) − gπ(τ)∥X dτ

= (̂tj ∨ 1)
n∑︂

k=1

∫︂ t̃k

t̃k−1

⃦⃦
gr(τ) − gr (̃tk)

⃦⃦
X dτ

≤ (̂tj ∨ 1)
n∑︂

k=1

∫︂ t̃k

t̃k−1
Var(gr|[̃tk−1 ,̃tk]) dτ

≤ |π|(̂tj ∨ 1)
n∑︂

k=1
Var(gr|[̃tk−1 ,̃tk])

= |π|(̂tj ∨ 1) Var(gr). (2.11)

and analogously

∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g(τ̂) − gπ(τ̂)∥X dτ̂ dτ ≤ |π|(ti ∨ 1) Var(gr). (2.12)

Combining (2.10), (2.11) and (2.12) we get

∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g(τ) − g(τ̂)∥X dτ̂ dτ

≤
∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) (∥g(τ) − gπ(τ)∥X + ∥gπ(τ) − gπ(τ̂)∥X + ∥gπ(τ̂) − g(τ̂)∥X) dτ̂ dτ

≤
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj · Var(gr) + (ti ∨ 1)|π| Var(gr) + (̂tj ∨ 1)|π| Var(gr).

Taking the infimum over all partitions π of [−1, T ] and over all representatives gr of g
completes the proof.

2.3. An explicit upper bound

We are now able to state an upper bound for ∥uθ(ti) − uθ̂ (̂tj)∥X , which only depends on the
mesh sizes |πθ|, |πθ̂|, the given data of the discretizations u0

θ, u0
θ̂
, fθ and fθ̂ as well as some

arbitrary (u, v) ∈ A and g ∈ BV (0, T ; X).

Theorem 2.16. If (|πθ| ∨ |πθ̂|)ω < 1, then for all (u, v) ∈ A, g ∈ BV (0, T ; X) and all
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i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂}, we have

∥uθ(ti) − uθ̂ (̂tj)∥X ≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)(ti + t̂j)ω+

)︂(︄
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X

+
∫︂ ti

0
∥fθ(τ) − g(τ)∥X dτ +

∫︂ t̂j

0

⃦⃦
fθ̂(τ̂) − g(τ̂)

⃦⃦
X

dτ̂

+
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj · (essVar(g) + ∥g(0+) − v∥X)
)︄

.

Proof. We first apply Lemma 2.8 with g̃ ∈ BV (−1, T ; X) defined by

g̃(τ) =
{︄

v if τ < 0,
g(τ) if τ ≥ 0,

which gives us

ai,j ≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)(ti + t̂j)ω+

)︂(︄
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X

+
∫︂ ti

0
∥fθ(τ) − g(τ)∥X dτ +

∫︂ t̂j

0

⃦⃦
fθ̂(τ̂) − g(τ̂)

⃦⃦
X

dτ̂

+
∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g̃(τ) − g̃(τ̂)∥X dτ̂ dτ

)︃
.

By Lemma 2.15, we have∫︂ T

−1

∫︂ T

−1
ρi,j(τ , τ̂) ∥g̃(τ) − g̃(τ̂)∥X dτ̂ dτ ≤

√︂
(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj · essVar(g̃).

Since essVar(g̃) = essVar(g) + ∥g(0+) − v∥X , this completes the proof.

Remark 2.17 (Properties of φ). Recall that φ : (−∞, 1) → R is given by

φ(x) =

⎧⎨⎩
− log(1 − x)

x
if x ̸= 0,

1 if x = 0.

Having the limit
lim
x→0

φ(x) = 1

is quite advantageous when the mesh size tends to 0. Note that for −1 ≤ x < 1 we have the
series representation

φ(x) =
∞∑︂

k=0

xk

k + 1 = 1 + x

2 + x2

3 + x3

4 + · · · .

By using φ(x) ≤ 2 for 0 ≤ x ≤ 1
2 , we can see, that Theorem 2.16 is a generalization of the

result by Kobayashi [Kob75a, Lemma 2.1].
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Theorem 2.18 (Kobayashi 1975). If (|πθ| ∨ |πθ̂|)ω ≤ 1
2 , then for all (u, v) ∈ A and all

i ∈ {0, . . . , N} and j ∈ {0, . . . , N̂}, we have

∥uθ(ti) − uθ̂ (̂tj)∥X ≤ exp
(︂
2(ti + t̂j)ω+

)︂ (︂
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X +
∫︂ T

0
∥fθ(τ)∥X dτ

+
∫︂ T

0

⃦⃦
fθ̂(τ̂)

⃦⃦
X

dτ̂ +
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj · ∥v∥X

)︂
.

Proof. Apply Theorem 2.16 with g = 0 and use φ(x) ≤ 2 for 0 ≤ x ≤ 1
2 .

Remark 2.19. Note that Theorem 2.16 only evaluates uθ and uθ̂ at time points in the
partitions πθ and πθ̂. Therefore, Theorem 2.16 is also true, if the solutions to Euler schemes
were defined to be piecewise constant. The following version of our main result however
uses our definition of piecewise affine solutions of Euler schemes to give an upper bound for
∥uθ(t) − uθ̂ (̂t)∥X for all t, t̂ ∈ [0, T ].

Theorem 2.20. If (|πθ| ∨ |πθ̂|)ω < 1, then for all (u, v) ∈ A, g ∈ BV (0, T ; X) and all
t, t̂ ∈ [0, T ] we have

∥uθ(t) − uθ̂ (̂t)∥X

≤ exp
(︂
φ((|πθ| ∨ |πθ̂|)ω)(⌈t⌉πθ

+ ⌈̂t⌉πθ̂
)ω+

)︂(︄
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X

+
∫︂ ⌈t⌉πθ

0
∥fθ(τ) − g(τ)∥X dτ +

∫︂ ⌈̂t⌉π
θ̂

0

⃦⃦
fθ̂(τ̂) − g(τ̂)

⃦⃦
X

dτ̂

+
√︂

(|t − t̂| + |πθ| + |πθ̂|)2 + |πθ|t + |πθ̂ |̂t · (essVar(g) + ∥g(0+) − v∥X)
)︄

.

Proof. Choose i ∈ {0, . . . , N − 1} and j ∈ {0, . . . , N̂ − 1}, such that t ∈ [ti, ti+1] and
t̂ ∈ [̂tj , t̂j+1], so there exist λ, λ̂ ∈ [0, 1] such that t = λti+(1−λ)ti+1 and t̂ = λ̂t̂j +(1−λ̂)̂tj+1.
Since uθ and uθ̂ are piecewise affine, we get

∥uθ(t) − uθ̂ (̂t)∥X = ∥λuθ(ti) + (1 − λ)uθ(ti+1) − λ̂uθ̂ (̂tj) − (1 − λ̂)uθ̂ (̂tj+1)∥X

≤ λ
(︂
λ̂ai,j + (1 − λ̂)ai,j+1

)︂
+ (1 − λ)

(︂
λ̂ai+1,j + (1 − λ̂)ai+1,j+1

)︂
.

For k ∈ {i, i + 1} and ℓ ∈ {j, j + 1}, we can use Theorem 2.16 to get an upper bound for
ak,ℓ. Note that tk ≤ ⌈t⌉πθ

and t̂ℓ ≤ ⌈̂t⌉πθ̂
. By using |tk − t̂ℓ| ≤ |t − t̂| + |πθ| + |πθ̂| and the

concavity of the square root function, we get

λλ̂
√︂

(ti − t̂j)2 + |πθ|ti + |πθ̂ |̂tj + λ(1 − λ̂)
√︂

(ti − t̂j+1)2 + |πθ|ti + |πθ̂ |̂tj+1

+ (1 − λ)λ̂
√︂

(ti+1 − t̂j)2 + |πθ|ti+1 + |πθ̂ |̂tj

+ (1 − λ)(1 − λ̂)
√︂

(ti+1 − t̂j+1)2 + |πθ|ti+1 + |πθ̂ |̂tj+1

≤
(︂
(|t − t̂| + |πθ| + |πθ̂|)2 + λλ̂(|πθ|ti + |πθ̂ |̂tj) + λ(1 − λ̂)(|πθ|ti + |πθ̂ |̂tj+1)

+ (1 − λ)λ̂(|πθ|ti+1 + |πθ̂ |̂tj) + (1 − λ)(1 − λ̂)(|πθ|ti+1 + |πθ̂ |̂tj+1)
)︂ 1

2
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=
√︂

(|t − t̂| + |πθ| + |πθ̂|)2 + |πθ|t + |πθ̂ |̂t.

This completes the proof.

Corollary 2.21 (Distance in C([0, T ]; X)). If (|πθ| ∨ |πθ̂|)ω < 1, then for all (u, v) ∈ A and
g ∈ BV (0, T ; X) we have⃦⃦

uθ − uθ̂

⃦⃦
C([0,T ];X) ≤ exp

(︂
φ((|πθ| ∨ |πθ̂|)ω)2Tω+

)︂ (︂
∥u0

θ − u∥X + ∥u0
θ̂

− u∥X

+ ∥fθ − g∥L1(0,T ;X) +
⃦⃦
fθ̂ − g

⃦⃦
L1(0,T ;X)

+
√︂

(|πθ| + |πθ̂|)2 + |πθ|T + |πθ̂|T · (essVar(g) + ∥g(0+) − v∥X)
)︂
.

Proof. Use Theorem 2.20 and choose t = t̂. Using t ≤ ⌈t⌉πθ
≤ T as well as t̂ ≤ ⌈̂t⌉πθ̂

≤ T
yields the desired result.
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3. Applications
Let X be a Banach space with norm ∥·∥X .

3.1. Wellposedness of the Cauchy problem
Theorem 3.1. Let A ⊆ X × X be quasi-accretive, f ∈ L1(0, T ; X) and u0 ∈ dom A. If
there exists a sequence of discretizations (θn) of the form θn = (πθn , fθn , u0

θn
) satisfying

lim
n→∞

|πθn | = 0,

lim
n→∞

∥fθn − f∥L1(0,T ;X) = 0,

lim
n→∞

∥u0
θn

− u0∥X = 0

and if the implicit Euler scheme (Eθn) has a solution for every n ∈ N, then there exists a
unique Euler solution of the Cauchy problem (CP: f , u0).

Proof. Let A be accretive of type ω ∈ R. Let the sequence (θn) be as in the assumption. For
every n ∈ N let un ∈ C([0, T ]; X) be a solution of the implicit Euler scheme (Eθn), which
exists by assumption. Since limn→∞ |πθn | = 0, there exists an n0 ∈ N such that |πθn |ω < 1
for all n ∈ N≥n0 . By Corollary 2.21, for every n, m ∈ N≥n0 , every (û, v̂) ∈ A and every
g ∈ BV (0, T ; X), we get

∥un − um∥C([0,T ];X)

≤ exp
(︂
φ((|πθn | ∨ |πθm |)ω)2Tω+

)︂(︂
∥u0

θn
− û∥X + ∥u0

θm
− û∥X

+ ∥fθn − g∥L1(0,T ;X) + ∥fθm − g∥L1(0,T ;X)

+
√︂

(|πθn | + |πθm |)2 + |πθn |T + |πθm |T · (essVar(g) + ∥g(0+) − v̂∥X)
)︂
.

As a consequence,

lim sup
n,m→∞

∥un − um∥C([0,T ];X) ≤ 2e2T ω+ (︂∥u0 − û∥X + ∥f − g∥L1(0,T ;X)

)︂
.

Since dom A is dense in its closure and BV (0, T ; X) is dense in L1(0, T ; X), the right hand
side can be made arbitrarily small, and it follows that (un) is a Cauchy sequence and hence
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convergent in C([0, T ]; X). By definition, the limit u is an Euler solution of the Cauchy
problem (CP: f , u0), and we have proved existence.

Now let u, û ∈ C([0, T ]; X) be two Euler solutions of (CP: f , u0). Then there are se-
quences of discretizations (θn)n = ((πθn , fθn , u0

θn
))n and (θ̂n)n = ((πθ̂n

, fθ̂n
, u0

θ̂n
))n with

lim
n→∞

|πθn | = lim
n→∞

|πθ̂n
| = 0,

lim
n→∞

∥fθn − f∥L1(0,T ;X) = lim
n→∞

∥fθ̂n
− f∥L1(0,T ;X) = 0,

lim
n→∞

∥u0
θn

− u0∥X = lim
n→∞

∥u0
θ̂n

− u0∥X = 0

and there are sequences (un)n and (ûn)n in C([0, T ]; X), such that un is a solution of (Eθn)
and ûn is a solution of (Eθ̂n

) for all n ∈ N and

lim
n→∞

∥un − u∥C([0,T ];X) = lim
n→∞

∥ûn − û∥C([0,T ];X) = 0.

Since limn→∞ |πθn | = limn→∞ |πθ̂n
| = 0, there is an n0 ∈ N such that (|πθn | ∨ |πθ̂n

|)ω < 1
for all n ∈ N≥n0 . By Corollary 2.21, for every n ∈ N≥n0 , every (ũ, ṽ) ∈ A and every
g ∈ BV (0, T ; X) we get

∥un − ûn∥C([0,T ];X)

≤ exp
(︂
φ((|πθn | ∨ |πθ̂n

|)ω)2Tω+
)︂(︂

∥u0
θn

− ũ∥X + ∥u0
θ̂n

− ũ∥X

+ ∥fθn − g∥L1(0,T ;X) + ∥fθ̂n
− g∥L1(0,T ;X)

+
√︂

(|πθn | + |πθ̂n
|)2 + |πθn |T + |πθ̂n

|T · (essVar(g) + ∥g(0+) − ṽ∥X)
)︂
.

Therefore

∥u − û∥C([0,T ];X) = lim
n→∞

∥un − ûn∥C([0,T ];X) ≤ 2e2T ω+(︂∥u0 − ũ∥X + ∥f − g∥L1(0,T ;X)

)︂
.

Since dom A is dense in its closure and BV (0, T ; X) is dense in L1(0, T ; X), the right hand
side can be made arbitrarily small. Thus, u = û and we have proved uniqueness.

Theorem 3.2 (Crandall-Evans [CE75]). Let A ⊆ X×X be m-accretive of type ω ∈ R. Then
for every f ∈ L1(0, T ; X) and for every u0 ∈ dom A there exists a unique Euler solution
u ∈ C([0, T ]; X) of (CP: f , u0).

If for (û, v̂) ∈ A we define fv̂ ∈ L1(−T , T ; X) by

fv̂(τ) :=
{︄

f(τ) if τ ≥ 0,
v̂ if τ < 0,

then, for all t, t̂ ∈ [0, T ],

∥u(t) − u(̂t)∥X ≤
(︂
etω + et̂ω

)︂
∥u0 − û∥X +

∫︂ t∨t̂

0
eτω∥fv̂(t − τ) − fv̂ (̂t − τ)∥X dτ . (3.1)

Moreover, if f , ˆ︁f ∈ L1(0, T ; X) and u0, û0 ∈ dom A, u is the Euler solution of (CP: f , u0)
and û is the Euler solution of (CP: ˆ︁f , û0), then, for every t ∈ [0, T ],

∥u(t) − û(t)∥X ≤ etω∥u0 − û0∥X +
∫︂ t

0
e(t−s)ω[u(s) − û(s), f(s) − ˆ︁f(s)] ds. (3.2)
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Proof. Let (θn) be a sequence of discretizations of the form θn = (πθn , fθn , u0
θn

) satisfying

sup
n∈N

|πθn |ω < 1,

lim
n→∞

|πθn | = 0,

lim
n→∞

∥fθn − f∥L1(0,T ;X) = 0 and

lim
n→∞

∥u0
θn

− u0∥X = 0.

Note that such a sequence exists for every f ∈ L1(0, T ; X) since step functions are dense in
L1(0, T ; X). Specifically, one could choose the conditional expectation

fθn(t) := 1
ti+1 − ti

∫︂ ti+1

ti

f(τ) dτ

for t ∈ [ti, ti+1), i ∈ {0, . . . , N − 1}. By Lemma 1.14 (b), the Euler scheme (Eθn) has a
solution for all n ∈ N, so by Theorem 3.1, the Cauchy problem (CP: f , u0) has a unique
Euler solution.

To prove (3.1), we take a sequence of discretizations (θ̂n) of the form

θ̂n = (πn : 0 = 0
n

T < 1
n

T < . . . < n

n
T = T , fn, u0),

such that
lim

n→∞
∥fn − f∥L1(0,T ;X) = 0.

For every n ∈ N let un ∈ C([0, T ]; X) be the solution of the corresponding Euler scheme
(Eθ̂n

). By Lemma 2.6, for all n ∈ N>ωT , every (û, v̂) ∈ A and all tn
i , tn

j ∈ πn

∥un(tn
i ) − un(tn

j )∥X ≤ exp(φ(|πn|ω))tn
i ω) ∥u0 − û∥X + exp

(︂
φ(|πn|ω))tn

j ω
)︂

∥u0 − û∥X

+
∫︂ |tn

i −tn
j |

0
exp(φ(|πn|ω))((tn

i ∨ tn
j ) − ⌊τ⌋πn)ω)∥fn(τ) − v̂∥X dτ

+
∫︂ tn

i ∧tn
j

0
exp(φ(|πn|ω))((tn

i ∧ tn
j ) − ⌊τ⌋πn)ω)

∥fn(τ + (tn
i − tn

j )+) − fn(τ + (tn
j − tn

i )+)∥X dτ .

Taking the limit as n → ∞, tn
i → t and tn

j → t̂ yields

∥u(t) − u(̂t)∥X ≤
(︂
etω + et̂ω

)︂
∥u0 − û∥X +

∫︂ |t−t̂|

0
e((t∨t̂)−τ)ω∥f(τ) − v̂∥X dτ

+
∫︂ ti∧t̂j

0
e((t∧t̂)−τ)ω∥f(τ + (t − t̂)+)) − f(τ + (̂t − t)+)∥X

=
(︂
etω + et̂ω

)︂
∥u0 − û∥X +

∫︂ t∨t̂

0
eτω∥fv̂(t − τ) − fv̂ (̂t − τ)∥X dτ .

To prove (3.2), we take two sequences of discretizations (θn) and (θ̂n) of the form

θn = (πn : 0 = 0
n

T < 1
n

T < . . . < n

n
T = T , fn, u0

n) and

θ̂n = (πn, ˆ︁fn, û0
n)
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such that

lim
n→∞

∥fn − f∥L1(0,T ;X) = 0,

lim
n→∞

∥ ˆ︁fn − ˆ︁f∥L1(0,T ;X) = 0,

lim
n→∞

∥u0
n − u0∥X = 0 and

lim
n→∞

∥û0
n − û0∥X = 0.

Let un ∈ C([0, T ]; X) be the solution of the corresponding Euler scheme (Eθn) and let
ûn ∈ C([0, T ]; X) be the solution of (Eθ̂n

). By Lemma 2.6, for all n ∈ N>ωT , every (û, v̂) ∈ A
and all tn

i ∈ πn,

∥un(tn
i ) − ûn(tn

i )∥X ≤ exp(φ(|πn|ω)tn
i ω)

(︂
∥u0 − û∥X + ∥u0 − û∥X

)︂
+
∫︂ tn

i

0
exp(φ(|πn|ω)(tn

i − ⌊τ⌋πn)ω)∥fn(τ) − ˆ︁fn(τ)∥X dτ .

Taking the limit as n → ∞ and tn
i → t yields

∥u(t) − û(t)∥X ≤ etω∥u0 − û0∥X +
∫︂ t

0
e(t−s)ω[u(s) − û(s), f(s) − ˆ︁f(s)] ds.

This completes the proof.

Theorem 3.3 (Crandall-Liggett [CL71]). Let A ⊆ X × X and ω ∈ R. Suppose that A
is accretive of type ω and that A satisfies the range condition. Then for every initial value
u0 ∈ dom A the Cauchy problem (CP: 0, u0) admits a unique Euler solution u ∈ C([0, T ]; X).
Moreover, if u is an Euler solution for initial value u0 ∈ dom A and û is an Euler solution
for initial value û0 ∈ dom A, then, for every t ∈ [0, T ],

∥u(t) − û(t)∥X ≤ eωt∥u0 − û0∥X .

If, in addition, u0 ∈ dom A, then u is Lipschitz continuous with Lipschitz constant eωT |Au0|.

Proof. The existence and uniqueness of solutions, as well as the stability estimate, are
proved in the same way as in the proof of Theorem 3.2. The only difference is the existence
of solutions of appropriate implicit Euler schemes. For zero right hand sides and for initial
values u0 ∈ dom A, this existence follows from Lemma 1.14 (c).

Definition 3.4. For any B ⊆ X we define the set norm

|B| := inf
x∈B

∥x∥X .

Let A ⊆ X × X. For x ∈ X we define

|x|A := lim inf
x̂→x

|Ax̂| = sup
r>0

inf
x̂∈B(x,r)

|Ax̂|,

where B(x, r) := {x̂ ∈ X : ∥x − x̂∥X ≤ r}. The set

˜︃dom A := {x ∈ X : |x|A < ∞}

is called the generalized domain of A.
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Remark 3.5. Let A ⊆ X × X. Since |x|A = lim inf x̂→x |Ax̂| ≤ |Ax| for all x ∈ X and
|x|A = ∞ if x ̸∈ dom A, we have

dom A ⊆ ˜︃dom A ⊆ dom A.

Lemma 3.6. Let A ⊆ X × X and u, x ∈ X. Then |u|A+x ≤ |u|A + ∥x∥X .

Proof. As a direct consequence of Definition 3.4, we get

|u|A+x = lim inf
x̂→x

|Ax̂ + x|

= lim inf
x̂→x

inf
v∈Ax̂

∥v + x∥X

≤ lim inf
x̂→x

inf
v∈Ax̂

(∥v∥X + ∥x∥X)

= lim inf
x̂→x

|Ax̂| + ∥x∥X

= |u|A + ∥x∥X .

This completes the proof.

Corollary 3.7. Let A ⊆ X ×X be m-accretive of type ω ∈ R, f ∈ BV (0, T ; X), u0 ∈ ˜︃dom A
and u ∈ C([0, T ]; X) be the Euler solution of (CP: f , u0). Then u is Lipschitz continuous
with Lipschitz constant

eT ω+(︂|u0|A−f(0+) + essVar(f)
)︂

.

Proof. Let (un, vn) be a sequence in A with

lim
n→∞

∥un − u0∥X = 0 and

lim
n→∞

∥vn − f(0+)∥X = lim inf
û→u0

|Aû − f(0+)| = |u0|A−f(0+).

Let t, t̂ ∈ [0, T ]. By Theorem 3.2, we can use (3.1) and get

∥u(t) − u(̂t)∥X ≤
(︂
etω + et̂ω

)︂
∥u0 − un∥X +

∫︂ t∨t̂

0
eτω∥fvn(t − τ) − fvn (̂t − τ)∥X dτ

≤ eT ω+
(︄

2∥u0 − un∥X +
∫︂ t∨t̂

0
∥fvn(t − τ) − fvn (̂t − τ)∥X dτ

)︄
≤ eT ω+(︂2∥u0 − un∥X + essVar(fvn)|t − t̂|

)︂
= eT ω+(︂2∥u0 − un∥X + (∥vn − f(0+)∥X + essVar(f)) |t − t̂|

)︂
for all n ∈ N. Here we used Lemma A.3 to estimate the integral term. Taking the limit as
n → ∞ we get

∥u(t) − u(̂t)∥X ≤ eT ω+(︂|u0|A−f(0+) + essVar(f)
)︂

|t − t̂|.

This completes the proof.

Definition 3.8. A Banach space X has the Radon-Nikodym property if

Lip(0, T ; X) = W 1,∞(0, T ; X).
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Example 3.9. Every reflexive Banach space (and therefore every Hilbert space) and every
separable dual space has the Radon-Nikodym property [DU77].

Corollary 3.10. Let X be a Banach space, which has the Radon-Nikodym property, and let
A ⊆ X × X be quasi-m-accretive. Then the following statements are true.

(a) For every f ∈ BV (0, T ; X) and every u0 ∈ ˜︃dom A every Euler solution of (CP: f , u0)
is a strong solution of (CP: f , u0).

(b) For every f ∈ L1(0, T ; X) and every u0 ∈ dom A every Euler solution of (CP: f , u0) is
a mild solution of (CP: f , u0).

Proof. Let X be a Banach space, which has the Radon-Nikodym property, and let A ⊆ X×X
be m-accretive of type ω ∈ R.

Let f ∈ BV (0, T ; X), u0 ∈ ˜︃dom A and u be the Euler solution of (CP: f , u0). Then by
Corollary 3.7, u ∈ Lip(0, T ; X) = W 1,∞(0, T ; X). By Remark 1.13, u is a strong solution of
(CP: f , u0).

Now let f ∈ L1(0, T ; X), u0 ∈ dom A and u be the Euler solution of (CP: f , u0). Since
BV (0, T ; X) is dense in L1(0, T ; X) and ˜︃dom A is dense in dom A, there exist sequences (fn)
in BV (0, T ; X) and (u0

n) in ˜︃dom A, such that

lim
n→∞

∥fn − f∥L1(0,T ;X) = 0 and

lim
n→∞

∥u0
n − u0∥X = 0.

For n ∈ N let un be the Euler solution of (CP: f , u0). By assertion (a), un is a strong
solution of (CP: f , u0) and by Theorem 3.2,

∥un − u∥C([0,T ];X) ≤ eT ω+ (︂∥u0
n − u0∥X + ∥fn − f∥L1(0,T ;X)

)︂
.

Therefore,
lim

n→∞
∥un − u∥C([0,T ];X) = 0

and u is a mild solution of (CP: f , u0).

We end this section by showing some examples of Cauchy problems with accretive oper-
ators, where the shown results can be applied. We just give an overview and refer to the
literature for details.

Example 3.11 (Sandpiles). Let n ∈ N and let

K :=
{︂

z ∈ L2(Rn) : ∥∇z∥ ≤ 1 almost everywhere
}︂

,

where ∇z is the distributional gradient. Let f ∈ BV (0, T ; L2(Rn)) and let u0 ∈ K. A
solution of the Cauchy problem{︄

u̇(t) + ∂χKu(t) ∋ f(t) (t ∈ [0, T ]),
u(0) = u0,

(3.3)

can be seen as the shape of a growing sandpile, where f models introduced sand particles
into the system. As additional sand falls onto the sandpile, the slope gradually rises until it
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reaches the critical value of one. Beyond this point, the sand becomes unstable and triggers
instantaneous sliding. Since ∂χK ⊆ L2(Rn) × L2(Rn) is m-accretive, by Theorem 3.2, the
Cauchy problem (3.3) has a unique Euler solution.

For more details on how sandpiles can be modelled by accretive operators, we refer to
[AEW96] and [Igb10].

Example 3.12 (Porous medium equation). The porous medium equation in R3 is given by{︄
ẏ − ∆β(y) ∋ f in (0, T ) × R3,
y(0, x) = y0(x) for x ∈ R3,

(3.4)

where β ⊆ R × R is m-accretive with (0, 0) ∈ β. This serves as a model for the density
dynamics in a substance undergoing diffusion, as described by Fick’s first law. Additionally,
it finds application in simulating phase transition dynamics, such as the Stefan problem,
as well as other physical processes characterized by diffusion phenomena, including heat
propagation, filtration, and the dynamics of biological groups.

We define the operator A ⊆ L1(R3) × L1(R3) by

dom A :=
{︂

y ∈ L1(R3) : w(x) ∈ β(y(x)) for a.e. x ∈ R3 for some w ∈ L1(R3)
}︂

,

Ay :=
{︂

−∆w : w(x) ∈ β(y(x)) for a.e. x ∈ R3 and w, ∆w ∈ L1(R3)
}︂

,

where ∆w is taken in the sense of distributions. Now, (3.4) can be written as the Cauchy
problem {︄

ẏ(t) + Ay(t) ∋ f(t) (t ∈ [0, T ]),
y(0) = y0.

(3.5)

The operator A ⊆ L1(R3) × L1(R3) is m-accretive [Bar10, Theorem 3.7]. Therefore, by
Theorem 3.2, we get existence of Euler solutions of the porous medium equation for every
f ∈ L1(0, T ; L1(R3)) and y0 ∈ dom A.

Example 3.13 (Hamilton-Jacobi equation). Let n ∈ N and H ∈ C(Rn). Consider the
following Hamilton-Jacobi equation{︄

ut + H(∇u) = 0 in [0, T ] × Rn,
u(0, x) = u0(x) for x ∈ Rn.

Following [BCP], we work with spaces of 2-periodic functions, which are

Cp(Rn) := {u ∈ C(Rn) : u(x) = u(y) if x − y ∈ 2Zn} and
C1

p(Rn) := Cp(Rn) ∩ C1(Rn).

The norm on Cp(Rn) is given by

∥u∥Cp(Rn) := sup
x∈Rn

∥u(x)∥ .

Then the operator
A0 :=

{︂
(u, H(∇u)) : u ∈ C1

p(Rn)
}︂
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is accretive in Cp(Rn) [BCP, Proposition 9.17]. The extension

A := {(u, v) ∈ Cp(Rn) × Cp(Rn) : A0 ∪ {(u, v)} is accretive}

is m-accretive in Cp(Rn) [BCP, Theorem 9.19]. By Theorem 3.2, the Cauchy problem{︄
u̇ + Au ∋ f ,
u(0) = u0 (3.6)

has a unique Euler solution for every f ∈ L1(0, T ; Cp(Rn)) and u0 ∈ Cp(Rn).
For problems like the Hamilton-Jacobi equations, there is also the notion of viscosity

solutions. For a definition see [BCP]. If f ∈ C([0, T ]; Cp(Rn)) and u0 ∈ Cp(Rn), then the
Euler solution of (3.6) is the unique viscosity solution of ut +H(∇u) = f(t, x) in (0, T )×Rn

with u ∈ C([0, T ]; Cp(Rn)) and u(0, x) = u0(x) for x ∈ Rn.

Example 3.14 (Navier-Stokes). The classical Navier-Stokes equations⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
yt − ν0∆y + (y · ∇)y = f + ∇p in Ω × (0, T ),
∇ · y = 0 in Ω × (0, T ),
y = 0 on ∂Ω × (0, T ),
y(x, 0) = y0(x) for x ∈ Ω,

(3.7)

describe the non-slip motion of a viscous, incompressible, Newtonian fluid in an open domain
Ω ⊆ R3. Here y = (y1, y2, y3) is the velocity field, p is the pressure, f is the density of an
external force, and ν0 ∈ R>0 is the viscosity of the fluid. We used the notation

∇ · y = ∂y1
∂x1

+ ∂y2
∂x2

+ ∂y3
∂x3

and (y · ∇)y =

⎛⎜⎝y1
∂y1
∂x1

+ y2
∂y1
∂x2

+ y3
∂y1
∂x3

y1
∂y2
∂x1

+ y2
∂y2
∂x2

+ y3
∂y2
∂x3

y1
∂y3
∂x1

+ y2
∂y3
∂x2

+ y3
∂y3
∂x3

⎞⎟⎠ .

We define the space
H :=

{︂
y ∈ (L2(Ω))3 : ∇ · y = 0

}︂
,

where ∇·y is the distributional divergence of y. The space H is a closed subspace of (L2(Ω))3

and it is a Hilbert space with the inner product

⟨y, z⟩H :=
∫︂

Ω
y(x) · z(x) dx.

We also define the space
V :=

{︂
y ∈ (H1

0 (Ω))3 : ∇ · y = 0
}︂

with the norm

∥y∥V :=
(︃∫︂

Ω
∥∇y(x)∥2 dx

)︃ 1
2

.

We denote by P : (L2(Ω))3 → H the orthogonal projection of (L2(Ω))3 onto H and set

A :=
{︂

(y, −P∆y) : y ∈ (H2(Ω))3 ∩ V
}︂
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and
B := {(y, P (y · ∇)y) : y ∈ V } .

Now the Navier-Stokes equations can be formulated as the Cauchy problem{︄
ẏ(t) + v0Ay(t) + By(t) = f(t) (t ∈ [0, T ]),
y(0) = y0.

(3.8)

The operator v0A + B is not quasi-m-accretive in H, but we consider the following approx-
imation. For M > 0 let

BM :=
{︄(︄

y,
(︄

1 ∨ M2

∥y∥2
V

)︄
P (y · ∇)y

)︄
: y ∈ V

}︄
.

Now the operator v0A + BM ⊆ H × H is quasi-m-accretive [Bar10, Lemma 5.2].
Let f ∈ BV (0, T ; H) and y0 ∈ (H2(Ω))3 ∩ V . By Theorem 3.2, the Cauchy problem{︄

ẏ(t) + v0Ay(t) + BM y(t) = f(t) (t ∈ [0, T ]),
y(0) = y0,

(3.9)

has a unique Euler solution yM for every M > 0. By Corollary 3.10, yM is a strong
solution of (3.9). Barbu [Bar10, Theorem 5.9] shows, that there exists some M > 0 and
T ∗ = T ∗(∥y0∥V ) ∈ (0, T ] such that

sup
t∈[0,T ∗]

∥yM (t)∥2
V ≤ M .

Hence BM yM = ByM on [0, T ∗] and so yM is a strong solution of the Navier-Stokes equations
on [0, T ∗].

The question of existence and smoothness of strong solutions of the Navier-Stokes equa-
tions for arbitrary time horizons [0, T ] is an open question and one of the seven Millennium
Problems designated by the Clay Mathematics Institute.

3.2. Interpolation theory
In this section we introduce the interpolation of functions following Chill, Sharma and Sri-
vastava [CSS22]. The results presented in this section are joint work with Praveen Sharma.

Definition 3.15. A Banach space E is called a Banach function space over (0, ∞), if

(a) L1 ∩ L∞(0, ∞) ⊆ E ⊆ L1 + L∞(0, ∞) and

(b) E is an order ideal of L1 + L∞(0, ∞), that is, for every f , g ∈ L1 + L∞(0, ∞)

(|g| ≤ |f | and f ∈ E) ⇒ (g ∈ E and ∥g∥E ≤ ∥f∥E).

Example 3.16. Typical Banach function spaces are the polynomially weighted spaces

E = Lp(0, ∞, tp(1−α)−1 dt) for p ∈ [1, ∞) and α ∈ (0, 1), as well as
E = L∞(0, ∞, t1−α dt) with ∥f∥L∞(0,∞,t1−α dt) = ess sup

t∈(0,∞)
|f(t)|t1−α for α ∈ (0, 1).
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The polynomial weights
wα,p(t) = tp(1−α)−1 (α ∈ (0, 1))

appearing here are (restrictions of) typical Muckenhoupt Ap-weights on the real line for each
p ∈ [1, ∞). For an arbitrary Muckenhoupt Ap-weight w on the real line, the space

E = Lp(0, ∞, w(t) dt)

is a Banach function space, too. Other examples of Banach function spaces are the Lorentz
spaces Lp,q(0, ∞), the Orlicz spaces LΦ(0, ∞), general rearrangement invariant Banach func-
tion spaces over (0, ∞), weighted versions of these spaces as well as intersections and sums
of such spaces.

Definition 3.17. For a function f : X → [0, ∞] we call

dom f := {x ∈ X : f(x) < ∞}

the effective domain of f .
A pair N = (N0, N1) of functions N0, N1 : X → [0, ∞] is called an interpolation couple

of functions on X.

Example 3.18 (Linear interpolation). Let (X0, ∥·∥X0
) and (X1, ∥·∥X1

) be Banach spaces,
which are continuously embedded into a Hausdorff topological vector space. In this Haus-
dorff topological vector space one can define the sum space X := X0 +X1, which is a Banach
space for the norm

∥x∥X0+X1 = inf
{︂

∥x0∥X0
+ ∥x1∥X1

: x0 ∈ X0, x1 ∈ X1 and x = x0 + x1
}︂

.

On the sum space we define N0, N1 : X0 + X1 → [0, ∞] by

N0(x) :=
{︄

∥x∥X0
if x ∈ X0,

∞ otherwise,
and N1(x) :=

{︄
∥x∥X1

if x ∈ X1,
∞ otherwise.

Both functions N0 and N1 satisfy all properties of a norm with the exception that both
functions actually take values in [0, ∞]; the value ∞ is explicitly allowed. By abuse of
language, we still call such functions norms. The couple N = (N0, N1) is an interpolation
couple of functions.

Example 3.19 (Interpolation and operators). Let A ⊆ X × X. Then

N A := (∥·∥X , |·|A)

is an interpolation couple of functions.

Definition 3.20. Let N = (N0, N1) be an interpolation couple of functions on X and let
E be a Banach function space over (0, ∞). We define the K-function by

K(x, t, N0, N1) := inf {N0(x − v) + tN1(v) : v ∈ X} for x ∈ X and t ∈ (0, ∞),

and the function NE : X → [0, ∞] by

NE(x) :=
⃦⃦⃦⃦
t ↦→ K(x, t, N0, N1)

t

⃦⃦⃦⃦
E

,
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with the interpretation, that the right hand side is ∞, if the function under the norm is not
in E. We call NE the interpolation function with respect to the K-method associated
with the Banach function space E. For 0 < α < 1 and 1 ≤ p ≤ ∞ we use the notation

Nα,p :=
{︄

NLp(0,∞,tp(1−α)−1 dt) if p < ∞,
NL∞(0,∞,t1−α dt) if p = ∞.

Example 3.21 (Classical real interpolation spaces). Let (X0, ∥·∥X0
) and (X1, ∥·∥X1

) be
Banach spaces, which are continuously embedded into a Hausdorff topological vector space,
like in Example 3.18. Let 0 < α < 1 and 1 ≤ p ≤ ∞. Then

dom(∥·∥X0
, ∥·∥X1

)α,p,

where ∥x∥Xi
is interpreted as ∞, if x ̸∈ Xi, i ∈ {0, 1}, is equal to the interpolation space

(X0, X1)α,p

constructed by the classical real interpolation method.

Let us recall, that for all f ∈ L1(0, T ; X) and u0 ∈ dom A, by Theorem 3.2, the Cauchy
problem (CP: f , u0) has a unique Euler solution u ∈ C([0, T ]; X). By using the space of
Lipschitz continuous functions Lip([0, T ]; X) with its seminorm

[f ]Lip([0,T ];X) := sup
t,̂t∈[0,T ],t ̸=t̂

∥f(t) − f (̂t)∥X

|t − t̂|
,

Corollary 3.7 shows, if f ∈ BV (0, T ; X) and u0 ∈ ˜︃dom A, then u ∈ Lip(0, T ; X).
The following theorem shows, that, if f and u0 are in the corresponding interpolation

sets, then so is u.

Theorem 3.22. Let A ⊆ X × X be quasi-m-accretive, E be a Banach function space over
(0, ∞),

f ∈ dom(∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X))E,
u0 ∈ dom(∥·∥X , |·|A)E

and u be the Euler solution of (CP: f , u0). Then u ∈ dom(∥·∥C([0,T ];X) , [·]Lip([0,T ];X))E.

Proof. Let A be m-accretive of type ω ∈ R. For every g ∈ BV (0, T ; X) and v ∈ ˜︃dom A we
denote the Euler solution of (CP: g, v) by ug,v. By Theorem 3.2, we can use (3.2) to get

∥u − ug,v∥C([0,T ];X) ≤ eT ω+(∥u0 − v∥X + ∥f − g∥L1(0,T ;X)). (3.10)

By Corollary 3.7, ug,v ∈ Lip(0, T ; X) with

[ug,v]Lip([0,T ];X) ≤ eT ω+(|v|A−g(0+) + essVar(g))
≤ eT ω+(|v|A + ∥g(0+)∥X + essVar(g))

≤ eT ω+
(︃

2 ∨ 1
T

)︃(︂
|v|A + ∥g∥BV (0,T ;X)

)︂
, (3.11)
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where we used Lemma A.5 for the last inequality. Using (3.10) and (3.11), we get

K
(︂
u, t, ∥·∥C([0,T ];X) , [·]Lip([0,T ];X)

)︂
= inf

{︂
∥u − ĝ∥C([0,T ];X) + t[ĝ]Lip([0,T ];X) : ĝ ∈ Lip([0, T ]; X)

}︂
≤ inf

{︂
∥u − ug,v∥C([0,T ];X) + t[ug,v]Lip([0,T ];X) : g ∈ BV (0, T ; X), v ∈ ˜︃dom A

}︂
≤ eT ω+

(︃
2 ∨ 1

T

)︃
inf
{︂

∥u0 − v∥X + ∥f − g∥L1(0,T ;X)

+ t(|v|A + ∥g∥BV (0,T ;X)) : g ∈ BV (0, T ; X), v ∈ ˜︃dom A
}︂

= eT ω+
(︃

2 ∨ 1
T

)︃(︂
K(f , t, ∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X)) + K(u0, t, ∥·∥X , |·|A)

)︂
.

Therefore

(∥·∥C([0,T ];X) , [·]Lip([0,T ];X))E(u) ≤ eT ω+
(︃

2 ∨ 1
T

)︃(︃
(∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X))E(f)

+ (∥·∥X , |·|A)E(u0)
)︃

,

where the right-hand side is finite. This completes the proof.

Corollary 3.23. Let A ⊆ X × X be quasi-m-accretive, 0 < α < 1,

f ∈ dom(∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X))α,∞,
u0 ∈ dom(∥·∥X , |·|A)α,∞

and u be the Euler solution of (CP: f , u0). Then u is Hölder continuous of exponent α.

Proof. By Theorem 3.22, u ∈ dom(∥·∥C([0,T ];X) , [·]Lip([0,T ];X))α,∞. Therefore

C :=
⃦⃦⃦⃦
⃦t ↦→

K(u, t, ∥·∥C([0,T ];X) , [·]Lip([0,T ];X))
t

⃦⃦⃦⃦
⃦

L∞(0,∞,t1−α dt)

= ess sup
t∈(0,∞)

t−αK(u, t, ∥·∥C([0,T ];X) , [·]Lip([0,T ];X))

is finite. Let t, t̂ ∈ [0, T ], t ̸= t̂. For all û ∈ Lip([0, T ]; X)

∥u(t) − u(̂t)∥X ≤ ∥u(t) − û(t) − (u(̂t) − û(̂t))∥X + ∥û(t) − û(̂t)∥X

≤ ∥u − û∥C([0,T ];X) + [û]Lip([0,T ];X)|t − t̂|.

Taking the infimum over all û ∈ Lip([0, T ]; X) gives us

∥u(t) − u(̂t)∥X ≤ K(u, |t − t̂|, ∥·∥C([0,T ];X) , ∥·∥Lip([0,T ];X))
≤ C|t − t̂|α,

so u is Hölder continuous of exponent α.
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Note, that if A ⊆ X ×X is quasi-m-accretive, then by Theorem 3.2, for all f ∈ L1(0, T ; X)
and u0 ∈ dom A, there exists a sequence of solutions of corresponding Euler schemes, which
converges to the Euler solution of (CP: f , u0). By Theorem 2.20, we obtain the rate of
convergence O(|π|1/2) as |π| → 0 for f ∈ BV (0, T ; X) and u0 ∈ ˜︃dom A. The following
theorem establishes the rate of convergence O(|π|α/2), if f and u0 are in the corresponding
interpolation sets.

Theorem 3.24. Let A ⊆ X × X be quasi-m-accretive, 0 < α < 1,

f ∈ dom(∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X))α,∞ and

u0 ∈ dom(∥·∥X , |·|A)α,∞.

Then there are constants C, τ0 > 0, such that for all partitions π and π̂ of [0, T ] with
|π|, |π̂| ≤ τ0 there are discretizations θ = (π, fθ, u0

θ) and θ̂ = (π̂, fθ̂, u0
θ̂
), such that for the

solutions uθ of (Eθ) and uθ̂ of (Eθ̂) we have⃦⃦
uθ − uθ̂

⃦⃦
C([0,T ];X) ≤ C(|π| + |π̂|)α/2.

Proof. Let A ⊆ X × X be m-accretive of type ω ∈ R. Since

f ∈ dom(∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X))α,∞,

there exists a constant Cf > 0, such that

K(f , t, ∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X)) ≤ Cf tα

for all t > 0 and analogously there exists a constant Cu0 > 0, such that

K(u0, t, ∥·∥X , |·|A) ≤ Cu0tα

for all t > 0. Now we can choose

C := 2e4T ω+(︂1 + 2(T + 1)Cu0 + (2T + 3)Cf

)︂
and

τ0 := 1
2(ω ∨ 1) .

Notice, that C and τ0 only depend on f , u0, T and ω.
Let π and π̂ be partitions of [0, T ] with |π|, |π̂| ≤ τ0. By definition of τ0 we now have

|π|, |π̂|, |π|ω, |π̂|ω ≤ 1
2 . To shorten notation, we use

τ := |π| + |π̂|

for the rest of the proof. Since ˜︃dom A is dense in dom A, we can choose u0
θ, u0

θ̂
∈ dom A with

∥u0
θ − u0∥X ≤ τ and ∥u0

θ̂
− u0∥X ≤ τ .

Since the K-function is an infimum, there exists a ˜︁f ∈ BV (0, T ; X) with

∥f − ˜︁f∥L1(0,T ;X) + τ∥ ˜︁f∥BV (0,T ;X) ≤ 2K(f , τ , ∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X)) ≤ 2Cf τα.
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Now we choose fθ : [0, T ] → X adapted to the partition π : 0 = t0 < t1 < . . . < tN = T by
setting

fθ(ti) := ˜︁f(ti+) for all ti ∈ π.

This gives us

∥fθ − ˜︁f∥L1(0,T ;X) =
N−1∑︂
k=0

∫︂ ti+1

ti

∥fθ(τ) − ˜︁f(τ)∥X dτ =
N−1∑︂
k=0

∫︂ ti+1

ti

∥ ˜︁f(ti) − ˜︁f(τ)∥X dτ

≤
N−1∑︂
k=0

hi essVar( ˜︁f |[ti,ti+1]) ≤ |π|
N−1∑︂
k=0

essVar( ˜︁f |[ti,ti+1]) = |π| essVar( ˜︁f).

By construction we get

∥fθ − f∥L1(0,T ;X) ≤ ∥ ˜︁f − f∥L1(0,T ;X) + ∥fθ − ˜︁f∥L1(0,T ;X)

≤ ∥ ˜︁f − f∥L1(0,T ;X) + |π| essVar( ˜︁f)
≤ 2Cf τα.

Analogously we can construct fθ̂ : [0, T ] → X adapted to the partition π̂ such that

∥fθ̂ − f∥L1(0,T ;X) ≤ 2Cf τα.

By using Theorem 2.20 and noting, that φ(x) ≤ 2 for x ≤ 1
2 , we get

∥uθ(t) − uθ̂(t)∥X ≤ e4T ω+(︂∥u0
θ − û∥X + ∥u0

θ̂
− û∥X + ∥fθ − g∥L1(0,T ;X)

+
⃦⃦
fθ̂ − g

⃦⃦
L1(0,T ;X) +

√︁
τ2 + τT

(︂
|û|A + ∥g∥BV (0,T ;X)

)︂ )︂
≤ e4T ω+(︂∥u0

θ − u0∥X + ∥u0
θ̂

− u0∥X + ∥fθ − f∥L1(0,T ;X)

+
⃦⃦
fθ̂ − f

⃦⃦
L1(0,T ;X) + 2∥u − û∥X + 2 ∥f − g∥L1(0,T ;X)

+ 2
√︁

τ2 + τT
(︂
|û|A + ∥g∥BV (0,T ;X)

)︂ )︂
for all t ∈ [0, T ], û ∈ ˜︃dom A and all g ∈ BV (0, T ; X). By taking the infimum over all û and
g on the right hand side, we get⃦⃦

uθ − uθ̂

⃦⃦
C([0,T ];X) ≤ e4T ω+(︂∥u0

θ − u0∥X + ∥u0
θ̂

− u0∥X + ∥fθ − f∥L1(0,T ;X)

+
⃦⃦
fθ̂ − f

⃦⃦
L1(0,T ;X) + 2K(u0,

√︁
τ2 + τT , ∥·∥X , |·|A)

+ 2K(f ,
√︁

τ2 + τT , ∥·∥L1(0,T ;X) , ∥·∥BV (0,T ;X))
)︂

≤ e4T ω+(︂2τ + 4Cf τα + 4Cu0(τ2 + τT )α/2 + 4Cf (τ2 + τT )α/2
)︂

≤ 2e4T ω+(︂1 + 2Cf + 2(T + 1)Cu0 + 2(T + 1)Cf

)︂
τα/2

= Cτα/2.

This completes the proof.
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A. Functions of bounded variation
Throughout this chapter, let X be a Banach space with norm ∥·∥X and a, b ∈ R with a < b.

Definition A.1. A function f : [a, b] → X is of bounded pointwise variation, if

Var (f) := sup
{︄

n−1∑︂
k=0

∥f(tk+1) − f(tk)∥X : n ∈ N, t0, . . . , tn ∈ [a, b], t0 < . . . < tn

}︄
< ∞

and f is of bounded (essential) variation, if

essVar(f) := inf {Var(g) | g : [a, b] → X, f(t) = g(t) for a.e. t ∈ I} < ∞.

For f ∈ L1(a, b; X) we define essVar(f) := essVar(fr), where fr : [a, b] → X is a repre-
sentative of f . We denote the space of all functions in L1(a, b; X) with bounded essential
variation by BV (a, b; X) and endow it with the norm

∥f∥BV (a,b;X) := ∥f∥L1(a,b;X) + essVar(f). (A.1)

Lemma A.2. If f : [a, b] → X is of bounded pointwise variation, then f has a limit from
the right f(t+) at every t ∈ [a, b) and a limit from the left f(t−) at every t ∈ (a, b] and

f(t+) = f(t−) = f(t) (A.2)

for all t ∈ (a, b) except on a countable set.

Proof. Let us first assume, that there exists a t ∈ [a, b), such that the limit from the right
f(t+) does not exist. Then there exists a strictly decreasing sequence (tn)n∈N in (t, b), such
that (∥f(tn+1) − f(tn)∥X)n∈N does not converge to 0. This implies

∞∑︂
k=1

∥f(tk+1) − f(tk)∥X = ∞,

but since f is of bounded pointwise variation, we get
n∑︂

k=1
∥f(tk+1) − f(tk)∥X ≤ Var(f)
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for all n ∈ N. This is a contradiction and therefore f(t+) exists for all t ∈ [a, b). Analogously
f(t−) exists for all t ∈ (a, b].

To prove, that (A.2) holds for all t ∈ (a, b) except on a countable set, we define

Sn :=
{︃

t ∈ (a, b) : ∥f(t−) − f(t)∥X + ∥f(t) − f(t+)∥X ≥ 1
n

}︃
for n ∈ N. For every finite collection of elements t1, t2, . . . , tN ∈ Sn with t1 < t2 < . . . < tN ,
N ∈ N0, we can choose a < t̂1 < t̂2 . . . < t̂3N < b, such that for all k ∈ {1, . . . , N}

t̂3k−1 = tk,

∥f (̂t3k−2) − f (̂t3k−1)∥X ≥ 1
2∥f(tk−) − f(tk)∥X and

∥f (̂t3k−1) − f (̂t3k)∥X ≥ 1
2∥f(tk) − f(tk+)∥X .

Then

N

n
=

N∑︂
k=1

1
n

≤
N∑︂

k=1
(∥f(tk−) − f(tk)∥X + ∥f(tk) − f(tk+)∥X)

≤
3N∑︂
k=1

2(∥f (̂t3k−2) − f (̂t3k−1)∥X + ∥f (̂t3k−1) − f (̂t3k)∥X)

≤ 2
3N−1∑︂
k=0

∥f (̂tk+1) − f (̂tk)∥X

≤ 2 Var(f).

Therefore N ≤ 2n Var(f), so Sn is finite for all n ∈ N. Hence

{t ∈ (a, b) : f(t+) ̸= f(t) or f(t) ̸= f(t−)} =
⋃︂

n∈N
Sn

is a countable union of finite sets and therefore countable.

Lemma A.3. Let f ∈ BV (a, b; X). Then∫︂ b−h

a
∥f(τ + h) − f(τ)∥X dτ ≤ h essVar(f)

for all h > 0.

Proof. Let fr be a representative of f and let h > 0. For τ ≥ 0 we set

Nτ :=
⌊︃

b − a − τ

h

⌋︃
and

tτ ,k := τ + a + kh for k ∈ {0, . . . , Nτ } .
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Then ∫︂ b−h

a
∥f(τ + h) − f(τ)∥X dτ =

N0∑︂
k=0

∫︂ (a+(k+1)h)∧b

a+kh
∥fr(τ + h) − fr(τ)∥X dτ

=
N0−1∑︂
k=0

∫︂ h

0
∥fr(tτ ,k+1) − fr(tτ ,k)∥X dτ

+
∫︂ b−a−N0h

0
∥fr(tτ ,Nτ ) − fr(tτ ,Nτ −1)∥X dτ

=
∫︂ h

0

Nτ −1∑︂
k=0

∥fr(tτ ,k+1) − fr(tτ ,k)∥X dτ

≤
∫︂ h

0
Var(fr) dτ

= Var(fr)h.

Taking the infimum over all representatives fr of f gives the result.

Note that if f ∈ BV (a, b; X), then f has a representative fr that is of bounded pointwise
variation. By Lemma A.2, for every t ∈ [a, b) the limit from the right fr(t+) exists. If ˆ︁fr

is also a representative of f that is of bounded pointwise variation, then fr − ˆ︁fr is also of
bounded pointwise variation and fr − ˆ︁fr = 0 almost everywhere. Therefore (fr − ˆ︁fr)(t+) = 0
and hence

fr(t+) = (fr − ˆ︁fr)(t+) + ˆ︁fr(t+) = ˆ︁fr(t+).

We have shown, that fr(t+) does not depend on the choice of fr. Therefore the following
definition is well-defined.

Definition A.4. Let f ∈ BV (a, b; X) and t ∈ [a, b). Then

f(t+) := fr(t+),

where fr is a representative of f that is of bounded pointwise variation.

We could replace the L1-norm in the definition of the BV -norm (see (A.1)) by ∥f(a+)∥X

and get an equivalent norm. More precisely, we obtain the following lemma.

Lemma A.5. Let f ∈ BV (a, b; X). Then

1
b − a + 1 ∥f∥BV (a,b;X) ≤ ∥f(a+)∥X + essVar(f) ≤

(︃
2 ∨ 1

b − a

)︃
∥f∥BV (a,b;X) .

Proof. Let f ∈ BV (a, b; X). Then

1
b − a + 1 ∥f∥BV (a,b;X) = 1

b − a + 1

(︄∫︂ b

a
∥f(τ)∥X dτ + essVar(f)

)︄

≤ 1
b − a + 1

(︄∫︂ b

a
(∥f(τ) − f(a+)∥X + ∥f(a+)∥X) dτ + essVar(f)

)︄

≤ 1
b − a + 1 ((b − a) (essVar(f) + ∥f(a+)∥X) + essVar(f))
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≤ ∥f(a+)∥X + essVar(f)

= 1
b − a

∫︂ b

a
∥f(a+)∥X dτ + essVar(f)

≤ 1
b − a

∫︂ b

a
(∥f(a+) − f(τ)∥X + ∥f(τ)∥X) dτ + essVar(f)

≤ 1
b − a

(︂
(b − a) essVar(f) + ∥f∥L1(a,b;X)

)︂
+ essVar(f)

= 1
b − a

∥f∥L1(a,b;X) + 2 essVar(f)

≤
(︃

2 ∨ 1
b − a

)︃
∥f∥BV (a,b;X) .

This completes the proof.

Example A.6 (Monotone functions). Let f : [a, b] → R be monotone. Then f is of bounded
pointwise variation. Suppose that f is increasing and a = t0 < t1 < . . . < tn = b. Then

n−1∑︂
k=0

|f(tk+1 − f(tk))| =
n−1∑︂
k=0

(f(tk+1 − f(tk))) = f(b) − f(a),

so Var(f) = f(b) − f(a). Analogously, we get Var(f) = f(a) − f(b), if f is decreasing. In
both cases, we find that

Var(f) = |f(b) − f(a)|.

The following theorem is a result from Camille Jordan, who introduced the notion of
bounded variation in [Jor81] in 1881.

Theorem A.7 (Jordan decomposition). A function f : [a, b] → R is of bounded pointwise
variation if and only if there exist two increasing functions f+, f− : [a, b] → R, such that

f = f+ − f−. (A.3)

Proof. If f : [a, b] → R is of bounded pointwise variation, then for t ∈ [a, b] we can define

f+(t) := f(t) + Var(f |[a,t]) and f−(t) := Var(f |[a,t]).

For all t, t̂ ∈ [a, b] with t < t̂ we now have

f+(t) = f (̂t) + f(t) − f (̂t) + Var(f |[a,t])
≤ f (̂t) + Var(f |[t,̂t]) + Var(f |[a,t])
= f+(̂t).

Thus, f+ is increasing. Also f− is increasing and f = f+ + f−.
To prove the implication in the other direction, note that for any g, h : [a, b] → R we have

Var(g + h) ≤ Var(g) + Var(h).

If we assume that f+, f− : [a, b] → R are increasing, then

Var(f+ − f−) ≤ Var(f+) + Var(−f−) = f+(b) − f+(a) + f−(a) − f−(b) < ∞,

so f+ − f− is of bounded pointwise variation.
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t
1

1

1
log 2

t

Figure A.1.: Graph of t ↦→ 1
log 2

t

.

Example A.8. Every Lipschitz continuous function f : [a, b] → X is of bounded pointwise
variation.

Example A.9. The function

f : [0, 1] → R, t ↦→

⎧⎨⎩
1

log 2
t

if t > 0,

0 if t = 0,

is of bounded pointwise variation and continuous, but not Hölder continuous of any exponent
0 < α ≤ 1.

t
1

1
t sin(1

t )

Figure A.2.: Graph of t ↦→ t sin(1
t ).
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Example A.10. The function

f : [0, 1] → R, t ↦→
{︄

t sin(1
t ) if t > 0,

0 if t = 0,

is continuous, but not of bounded pointwise variation.

Lemma A.11. If f ∈ C1([a, b]), then

Var(f) = essVar(f) =
∫︂ b

a
|f ′(τ)| dτ . (A.4)

Proof. Since f ′ is continuous, the set Ω := {t ∈ (a, b) : f ′(t) > 0} is open, so there exists a
sequence of intervals (In)n∈N, such that

I2n is open for all n ∈ N,
⋃︂

n∈N
I2n = Ω,

I2n−1 is closed for all n ∈ N and
⋃︂

n∈N
I2n−1 = [a, b] \ Ω.

Let (an)n∈N and (bn)n∈N be sequences in [a, b] such that

I2n = (a2n, b2n) and I2n−1 = [a2n−1, b2n−1]

for all n ∈ N. Now, f |In is monotone and Var(f |In) = Var((−f)|In) for all n ∈ N. Therefore∫︂ b

a
|f ′(τ)| dτ =

∫︂
Ω

f ′(τ) dτ −
∫︂

[a,b]\Ω
f ′(τ) dτ

=
∞∑︂

n=1

(︄∫︂
I2n

f ′(τ) dτ −
∫︂

I2n−1
f ′(τ) dτ

)︄

=
∞∑︂

n=1
(f(b2n) − f(a2n) − (f(b2n−1) − f(a2n−1)))

=
∞∑︂

n=1

(︁
Var(f |I2n) + Var(f |I2n−1)

)︁
= Var(f).

Since f is continuous, Var(f) = essVar(f).

Example A.12. Let

C :=
{︄ ∞∑︂

k=1
2ak3−k : ak ∈ {0, 1}

}︄
be the Cantor set. The Cantor function

c : [0, 1] → R, t ↦→

⎧⎪⎪⎨⎪⎪⎩
∞∑︂

k=1
ak2−k if t =

∞∑︂
k=1

2ak3−k ∈ C for ak ∈ {0, 1},

sup {c(τ) : τ ∈ C ∩ [0, t]} if t ∈ [0, 1] \ C,
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t
1

1 c(t)

Figure A.3.: Graph of the Cantor function c.

is increasing and therefore of bounded pointwise variation with

Var(c) = essVar(c) = 1.

Moreover, it is continuous and almost everywhere differentiable. More precisely, the Cantor
function c is differentiable at t ∈ [0, 1] \ C with c′(t) = 0. This example shows, that (A.4)
can be false even if all terms in the equation exist.

51





Bibliography
[AP09] F. Alvarez and J. Peypouquet. „Asymptotic equivalence and Kobayashi-type

estimates for nonautonomous monotone operators in Banach spaces“. Discrete
Contin. Dyn. Syst. 25.4 (2009), pp. 1109–1128.
url: https://doi.org/10.3934/dcds.2009.25.1109.

[AGS08] L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the
space of probability measures. Lectures in Mathematics ETH Zürich. Birkhäuser
Verlag, Basel, 2008.
url: https://doi.org/10.1007/978-3-7643-8722-8.

[AEW96] G. Aronsson, L. C. Evans, and Y. Wu. „Fast/slow diffusion and growing sand-
piles“. J. Differential Equations 131.2 (1996), pp. 304–335.
url: https://doi.org/10.1006/jdeq.1996.0166.

[Bar10] V. Barbu. Nonlinear differential equations of monotone types in Banach spaces.
Springer Monographs in Mathematics. Springer, New York, 2010.
url: https://doi.org/10.1007/978-1-4419-5542-5.

[Bar22] V. Barbu. Semigroup approach to nonlinear diffusion equations. World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2022.
url: https://doi.org/10.1142/12534.

[Bén72] P. Bénilan. „Equations d’évolution dans un espace de Banach quelconque et
applications“. Thèse d’état. Univ. Paris XI, Orsay, 1972.

[BCP] P. Bénilan, M. G. Crandall, and A. Pazy. Nonlinear evolution equations governed
by accretive operators. Unpublished book manuscript.

[BL76] J. Bergh and J. Löfström. Interpolation spaces. An introduction. Grundlehren
der Mathematischen Wissenschaften, No. 223. Springer-Verlag, Berlin-New York,
1976.
url: https://doi.org/10.1007/978-3-642-66451-9.

[BP70] H. Brezis and A. Pazy. „Accretive sets and differential equations in Banach
spaces“. Israel J. Math. 8 (1970), pp. 367–383.
url: https://doi.org/10.1007/BF02798683.

53

https://doi.org/10.3934/dcds.2009.25.1109
https://doi.org/10.1007/978-3-7643-8722-8
https://doi.org/10.1006/jdeq.1996.0166
https://doi.org/10.1007/978-1-4419-5542-5
https://doi.org/10.1142/12534
https://doi.org/10.1007/978-3-642-66451-9
https://doi.org/10.1007/BF02798683


[BB67] P. P. Butzer and H. Berens. Semi-groups of operators and approximation. Springer
Berlin, Heidelberg, 1967.
url: https://doi.org/10.1007/978-3-642-46066-1.

[CF10] R. Chill and E. Fašangová. Gradient systems. Theory and applications. Matfyz
press, Prague, 2010.

[CK17] R. Chill and S. Król. „Real interpolation with weighted rearrangement invariant
Banach function spaces“. J. Evol. Equ. 17.1 (2017), pp. 173–195.
url: https://doi.org/10.1007/s00028-016-0366-y.

[CSS22] R. Chill, P. Sharma, and S. Srivastava. Real interpolation of functions with ap-
plications to accretive operators on Banach spaces. Preprint. 2022.
url: https://doi.org/10.48550/arXiv.2206.13400.

[CL71] M. G. Crandall and T. M. Liggett. „Generation of semi-groups of nonlinear
transformations on general Banach spaces“. Amer. J. Math. 93 (1971), pp. 265–
298.
url: https://doi.org/10.2307/2373376.

[CP72] M. G. Crandall and A. Pazy. „Nonlinear evolution equations in Banach spaces“.
Israel J. Math. 11 (1972), pp. 57–94.
url: https://doi.org/10.1007/BF02761448.

[CE75] M. G. Crandall and L. C. Evans. „On the relation of the operator ∂/∂s+∂/∂τ to
evolution governed by accretive operators“. Israel J. Math. 21.4 (1975), pp. 261–
278.
url: https://doi.org/10.1007/BF02757989.

[Dei85] K. Deimling. Nonlinear functional analysis. Springer-Verlag, Berlin, 1985.
url: https://doi.org/10.1007/978-3-662-00547-7.

[DU77] J. Diestel and J. J. Uhl Jr. Vector measures. Mathematical Surveys, No. 15.
American Mathematical Society, Providence, R.I., 1977.

[HP57] E. Hille and R. S. Phillips. Functional analysis and semi-groups. American Math-
ematical Society Colloquium Publications, Vol. XXXI. Amer. Math. Soc., Prov-
idence, R.I., 1957.
url: https://doi.org/10.1090/coll/031.

[Igb10] N. Igbida. „A generalized collapsing sandpile model“. Arch. Math. (Basel) 94
(2010), pp. 193–200.
url: https://doi.org/10.1007/s00013-009-0038-z.

[Jor81] C. Jordan. „On Fourier series. (Sur la série de Fourier.)“ C. R. Acad. Sci., Paris
92 (1881), pp. 228–230.

[Kat70] T. Kato. „Accretive operators and nonlinear evolution equations in Banach
spaces“. Nonlinear Functional Analysis (Proc. Sympos. Pure Math., Vol. XVIII,
Part 1, Chicago, Ill., 1968). Amer. Math. Soc., Providence, R.I., 1970, pp. 138–
161.

[Kha84] M. I. Khazan. „Nonlinear and quasilinear evolution equations: Existence, unique-
ness, and comparison of solutions; the rate of convergence of the difference
method“. J. Math. Sci. 27 (1984), pp. 2662–2672.
url: https://doi.org/10.1007/BF01103727.

54

https://doi.org/10.1007/978-3-642-46066-1
https://doi.org/10.1007/s00028-016-0366-y
https://doi.org/10.48550/arXiv.2206.13400
https://doi.org/10.2307/2373376
https://doi.org/10.1007/BF02761448
https://doi.org/10.1007/BF02757989
https://doi.org/10.1007/978-3-662-00547-7
https://doi.org/10.1090/coll/031
https://doi.org/10.1007/s00013-009-0038-z
https://doi.org/10.1007/BF01103727


[Kob75a] Y. Kobayashi. „Difference approximation of Cauchy problems for quasi-dissipative
operators and generation of nonlinear semigroups“. J. Math. Soc. Japan 27.4
(1975), pp. 640–665.
url: https://doi.org/10.2969/jmsj/02740640.

[Kob75b] Y. Kobayashi. „Difference approximation of evolution equations and genera-
tion of nonlinear semigroups“. Proceedings of the Japan Academy 51.6 (1975),
pp. 406–410.
url: https://doi.org/10.3792/pja/1195518564.

[KKO84] K. Kobayasi, Y. Kobayashi, and S. Oharu. „Nonlinear evolution operators in
Banach spaces“. Osaka J. Math. 21.2 (1984), pp. 281–310.
url: http://projecteuclid.org/euclid.ojm/1200777111.

[KK85] S. G. Krein and M. I. Khazan. „Differential equations in a Banach space“. J.
Math. Sci. 30 (1985), pp. 2154–2239.
url: https://doi.org/10.1007/BF02105398.

[Leo17] G. Leoni. A first course in Sobolev spaces. Vol. 181. Graduate Studies in Math-
ematics. American Mathematical Society, Providence, RI, 2017.
url: https://doi.org/10.1090/gsm/181.

[Lun95] A. Lunardi. Analytic semigroups and optimal regularity in parabolic problems.
Vol. 16. Progress in Nonlinear Differential Equations and their Applications.
Birkhäuser Verlag, Basel, 1995.
url: https://doi.org/10.1007/978-3-0348-9234-6.

[Lun18] A. Lunardi. Interpolation theory. Vol. 16. Appunti. Scuola Normale Superiore di
Pisa (Nuova Serie). Third edition. Edizioni della Normale, Pisa, 2018.
url: https://doi.org/10.1007/978-88-7642-638-4.

[NS06] R. H. Nochetto and G. Savaré. „Nonlinear evolution governed by accretive oper-
ators in Banach spaces: error control and applications“. Math. Models Methods
Appl. Sci. 16.3 (2006), pp. 439–477.
url: https://doi.org/10.1142/S0218202506001224.

[Rei21] S. Reinwand. „Functions of bounded variation: theory, methods, applications“.
Doctoral thesis. Universität Würzburg, 2021.
url: https://doi.org/10.25972/OPUS-23515.

[Roy88] H. L. Royden. Real analysis. Third. Macmillan Publishing Company, New York,
1988.

[Rul96] J. Rulla. „Error analysis for implicit approximations to solutions to Cauchy
problems“. SIAM J. Numer. Anal. 33.1 (1996), pp. 68–87.
url: https://doi.org/10.1137/0733005.

[RW96] J. Rulla and N. J. Walkington. „Optimal rates of convergence for degenerate
parabolic problems in two dimensions“. SIAM J. Numer. Anal. 33.1 (1996),
pp. 56–67.
url: https://doi.org/10.1137/0733004.

[Sat68] K. Sato. „On the generators of non-negative contraction semigroups in Banach
lattices“. J. Math. Soc. Japan 20 (1968), pp. 423–436.
url: https://doi.org/10.2969/jmsj/02030423.

55

https://doi.org/10.2969/jmsj/02740640
https://doi.org/10.3792/pja/1195518564
http://projecteuclid.org/euclid.ojm/1200777111
https://doi.org/10.1007/BF02105398
https://doi.org/10.1090/gsm/181
https://doi.org/10.1007/978-3-0348-9234-6
https://doi.org/10.1007/978-88-7642-638-4
https://doi.org/10.1142/S0218202506001224
https://doi.org/10.25972/OPUS-23515
https://doi.org/10.1137/0733005
https://doi.org/10.1137/0733004
https://doi.org/10.2969/jmsj/02030423


[Sho97] R. E. Showalter. Monotone operators in Banach space and nonlinear partial
differential equations. Vol. 49. Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, 1997.
url: https://doi.org/10.1090/surv/049.

[Tak76] T. Takahashi. „Convergence of difference approximation of nonlinear evolution
equations and generation of semigroups“. J. Math. Soc. Japan 28.1 (1976),
pp. 96–113.
url: https://doi.org/10.2969/jmsj/02810096.

[Yos95] K. Yosida. Functional analysis. Classics in Mathematics. Springer-Verlag, Berlin,
1995.
url: https://doi.org/10.1007/978-3-642-61859-8.

56

https://doi.org/10.1090/surv/049
https://doi.org/10.2969/jmsj/02810096
https://doi.org/10.1007/978-3-642-61859-8


Selbstständigkeitserklärung
Hiermit versichere ich, dass ich die vorliegende Arbeit mit dem Titel Euler schemes for
accretive operators on Banach spaces unter der Betreuung von Prof. Dr. rer. nat. Ralph
Chill am Institut für Analysis der Technischen Universität Dresden ohne unzulässige Hilfe
Dritter und ohne Benutzung anderer als der angegebenen Hilfsmittel angefertigt habe; die
aus fremden Quellen direkt oder indirekt übernommenen Gedanken sind als solche kennt-
lich gemacht. Die Arbeit wurde bisher weder im Inland noch im Ausland in gleicher oder
ähnlicher Form einer anderen Prüfungsbehörde vorgelegt. Die Promotionsordnung des Be-
reiches Mathematik und Naturwissenschaften in der Version vom 23.02.2011 wird hiermit
anerkannt.

Statement of authorship
I herewith declare that I have produced this paper entitled Euler schemes for accretive
operators on Banach spaces under the supervision of Prof. Dr. rer. nat. Ralph Chill at
the Institute of Analysis (TU Dresden) without the prohibited assistance of third parties
and without making use of aids other than those specified; notions taken over directly or
indirectly from other sources have been identified as such. This paper has not previously
been presented in identical or similar form to any other German or foreign examination
board. The Doctorate Regulations of the School of Science in the version dated February
23, 2011 are hereby recognized.
Dresden, 14th August 2023

Johann Carl Beurich


	Titelblatt
	Contents
	Introduction
	Accretive operators
	The bracket
	Accretive operators
	The Cauchy problem and Euler solutions

	A priori estimates for solutions of implicit Euler schemes
	An implicit upper bound
	Properties of the density
	An explicit upper bound

	Applications
	Wellposedness of the Cauchy problem
	Interpolation theory

	Functions of bounded variation
	Bibliography
	Statement of authorship

