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Introduction

Overview

In this thesis we study the Cauchy problem

u(t) + Au(t) > f(t) (t €10,717),
u(0) = u°,

for an operator A C X x X on a real Banach space X, T > 0, f € L'0,7;X) and
u® € X. We assume that the operator A is accretive of type w € R. We call uniform
limits of solutions of implicit Euler schemes corresponding to the Cauchy problem, Euler
solutions. The fundamental questions of existence and uniqueness of Euler solutions were
first discussed in the late 1960s and early 1970s. Crandall and Liggett [CL71] showed in 1971
existence and uniqueness of Euler solutions, if f = 0 and A satisfies some range condition.

For f # 0 with A being m-accretive of type w, Crandall and Evans were able to show
existence and uniqueness of Euler solutions in 1975 [CE75] by comparing the solutions
of Euler schemes to exact solutions of boundary value problems involving the differential
operator 0/0s + 0/07. In the same year Kobayashi [Kob75a] found an elegant way of
estimating the difference of two solutions of Euler schemes, which gave a direct way of
showing existence and uniqueness of Euler solutions for f = 0 and also established the rate
of convergence O(\W!l/ 2), where || is the mesh size of the time partition 7 used in the Euler
schemes. Kobayashi was aware, that his results overlapped with the results from Crandall
and Evans in [CE75]. He [Kob75a, Remark 2.2] wrote:

After the preparation of this manuscript, Prof. M. Crandall informed me that
Crandall and Evans [CE75] proved Theorem 2.1 by an entirely different method,
which is interesting in itself. They treat a more general evolution equation [...]
where f € LY(0,T; X) is given. Our method is also applicable to this case.

However, Kobayashi’s result stated in [Kob75a] is not sufficient to show convergence of
solutions of Euler schemes for f # 0. Crandall and Evans also mention this. They [CET75]
wrote:

Kobayashi’s note came to the attention of the authors after most of the research
in the current paper was complete. There is some minor intersection of our



development with that of [Kob75a]. The case f # 0 seems genuinely more
complex than the case f = 0, and our main point is not only Theorem 1.2 but
its proof, which is of independent interest.

In this thesis we present a generalization of Kobayashi’s result, which is also sufficient to
treat the case f # 0.

In Chapter 1 we introduce accretive operators and Euler solutions for the Cauchy problem
and we show some basic properties.

In Chapter 2 we establish an upper bound for the difference of two solutions of implicit
Euler schemes. Our main result Theorem 2.16 is a generalization of Kobayashi’s result in
[Kob75a]. We also state a continuous version as Theorem 2.20.

Chapter 3 shows how our main result can be used to get an elegant proof of the well-
posedness of the Cauchy problem and regularity of the Euler solution for good initial data.
Also some joint work with Praveen Sharma is presented, where we combine the main result
with interpolation theory to obtain regularity of the solution and rates of convergence for
the solutions of Euler schemes, if the initial data of the Cauchy problem lie in corresponding
interpolation sets.

Appendix A is an introduction to functions of bounded variation (BV-functions), where
we show some properties of BV -functions, which are used in this thesis.

Notation
For a,b € R we denote by
aVb
the maximum of a and b and by
alb
the minimum of a and b. We set
at =aVvo and a” = —(aNO0).

We denote intervals of real numbers by
[a,b], (a,b], [a,b) and (a,b),
where a can also be —oo and b can also be co. We use the notation
{n,....m} ={ke€Z:n<k<m}
with n,m € Z. The floor and ceiling function |-|, [-]: R — Z are defined by
|z] =max{z € Z: z <z} and [] =min{z € Z: z > z}.
We denote the natural numbers by
N:={1,2,3,...}

and use the notation
No:=NU {0} .



The Kronecker delta is

1 ifx=y,
Opy = )
0 ifx#y.

The indicator function 14: M — {0, 1} of a subset A of the set M is defined by

1 ifxeA,
IA(SL‘) 2:{

0 ifx¢gA
The characteristic function y4: M — {0,400} of a subset A of the set M is defined by

0 ifx € A,
xA(zx) =

+oo ifx ¢ A.
Let X be a topological space. We denote the support of a function f: X — R by
supp(f) = {z € X: f(z) # 0}.
Let Dy CR. A function f: Dy — R is called

o increasing if f(t) < f(#) for all ¢, € Dy with ¢ < %.
o decreasing if f(t) > f(t) for all ¢, € Dy with t < 1.
e monotone if f is increasing or decreasing.

Let (X,dx) and (Y,dy) be metric spaces. A function f: X — Y is Lipschitz continuous if
there exists a constant L > 0, such that

for all z,z € X. A function f: X — Y is Holder continuous of exponent o > 0 if there
exists a constant C' > 0, such that

dY(f(x)a f(i')) <C- dX(xvjj)a

for all ,2 € X. Let X be a Banach space, n € N and 2 C R"™ be open. For k € N and
1 < p < oo we denote the corresponding Sobolev space by

WhP(Q; X) == {u € LP( X): 9%u € LP(Q) for all a € N" with |a| < k}
and endow it with the norm

lulwery = Do 10%llpoq) -

aeN? |a|<k
Here, 0% denotes the weak derivative. We set
H*(Q; X) = Wh2(Q; X).

We use the notation
WP (a,b; X) = WP ((a,b); X)



and
WkP(Q) = WFP(Q; R).

We define -
War(Q) = C() @,

where C2°(2) is the space of test functions and set

HE(Q) = WE2(Q).



1. Accretive operators

Let X be a Banach space with norm |[|-||y. In this chapter we introduce the notions of
accretive operators and of Euler solutions to Cauchy problems.

1.1. The bracket
Definition 1.1. For u,v € X and A > 0 we define the brackets

[u, v]y = lut Mllx = Jlullx and [u,v] = )i\nf('] [u, v].
>

A

Lemma 1.2 (Properties of the brackets). Let u,v,w € X. Then the following statements
are true.

(a)

(b)

(c)

(d) [0,0] = [lv]x,
)
)
)

The bracket [-,-]: X x X — R is upper semicontinuous.
The function X\ — [u,v], is increasing on (0,00).

[U/7 U} = 1im)\~>0+ [U, ’U])\;

(e) [aw, fu+yv] = Blul x +v[u,v] for alla >0, f € R and v > 0.
(6) 1[u,o]l < o]z,

(&) [+ ] < [u,0] + [, ).
Proof. Let u,v,w € X.

(a) Since the bracket [-,-]: X x X — R is a pointwise infimum of a family of continuous
functions, it is upper semicontinuous.

(b) Let 0 < A < p1. Then

(lJu+ ol x = lullx)

> =

[uﬂ)}/\ =



s ([t (1=2) o )
~({ll—(w+pv)+1—-=)ul| —|u
S (i (1=2) o~
<5 (Sl + (1= )l )
< = —lu+ pv —— ) Jull y = ||u
» X ; X X
1
I

(I + poll x = llullx)

(c) This follows from (a) and (b).
(d) We have [0,] = infro0 & (0 + Aol — [0]1x) = o]y
(e) Let « >0, B € R and v > 0. For every A > 0 with a + A5 > 0 we have

[aw, Bu+ 0]y = 5 (law + A(Bu +70)| x = [lou] x)

(I + AB)u + Aol x = (a+ AB) [lullx + A8 [lullx)

a+ A3 Ay
(Ju+ = lulx)

Blullx if v =0,
Bllullx +~fu,v]_ay  ify > 0.
DY

o

I
—— @ >

Taking the limit as A — 0+ on both sides yields [au, fu + yv] = B [Ju|| x + 7]u, v].
(£) We have [[u, o]l = infrso & [[lu+ Mol — [lullx| < infaso & flu+ Xo — ully = [lollx.

(g) For every A > 0 we have

1
04wy = 5 (et A )l — )

1 1 1 1

< [|l= _Z - _Z

<3 (‘ 2u—|—)\v 2 Hu||X+‘ 2u+)\wHX 5 Hu||X)
1

= oy (w420l = flullx + llu + 22wl x —lullx)

= [u, v]oy + [u, wly,y -

Taking the limit as A — 0+ on both sides yields [u,v + w] < [u, v] + [u, w].
Lemma 1.3. If X is a Hilbert space with inner product (-,-), then we have

(u,v)y |
o = Talx 7470

lvllx ifu=0.

for all u,v € X.
Proof. By Lemma 1.2 (d), we have [0,v] = ||v|| . If u # 0, then for every A > 0 we have

_ e Al — flullx
[U, U])\ - \




B R
Mlu+ Xl + [l )
_luld + 27 0) + A2 ol — Jlulk
Alu+ Xl + [ully)

2
2w Mol
[+ ol x +lullx — lu+dollx + lullx
Taking the limit as A — 0+ yields the result. O

1.2. Accretive operators

Definition 1.4. We call any set A C X x X an operator on X and we define

dom A = {u € X: (u,v) € A for some v € X},
range A .= {v € X: (u,v) € A for some u € X},
Au={ve X: (u,v) € A} forue X,
A = {(u, \v): (u,v) € A} for A € R,
A+ B = {(u,v+w): (u,v) € Aand (u,w) € B} for BC X x X,
A+z={(u,v+2x): (u,v) € A} forze X,
A7 = {(v,u): (u,v) € A} and
I={(u,u):ue X}.
Remark 1.5 (Functions as operators). Let D4 C X. A function A: Dy — X is identified
with its graph {(u, A(u)): v € Da} € X x X and is therefore an operator on X.
Definition 1.6. An operator A C X x X is accretive of type w € R if
[u—a,v—0+wl|u—1a|y >0 (1.1)

for every (u,v), (i,0) € A. We say that A is accretive if A is accretive of type 0 and that
A is quasi-accretive if A is accretive of type w for some w € R.
If A is accretive of type w € R and

range(] + A\A) = X

for all A > 0 with Aw < 1, then A is called m-accretive of type w. We say that A is m-
accretive if A is m-accretive of type 0 and that A is quasi-m-accretive if A is m-accretive
of type w for some w € R.
A quasi-accretive operator A is said to satisfy the range condition if there exists A\g > 0
such that
dom A C range(I + \A)

for every A € (0, \g). Clearly, every quasi-m-accretive operator satisfies the range condition.

Remark 1.7 (Monotone operators on Hilbert spaces). If H is a Hilbert space with inner
product (-,-)y and induced norm ||-||;;, then, as a consequence of Lemma 1.3, an operator
A C H x H is accretive of type w € R if and only if

(u— 1,0 -0y +wllu—al} >0 forevery (u,v),(4,9) € A. (1.2)

An operator A on a Hilbert space H satisfying (1.2) is called monotone of type w.



Remark 1.8 (Dissipative operators). Some authors work with dissipative operators instead
of accretive operators. An operator A C X x X is called dissipative of type w € Rif —A
is accretive of type w.

Lemma 1.9. Let AC X x X and w € R. Then the following statements are equivalent.
(i) A is accretive of type w.

(ii) A+ wl is accretive.

(iii) For every A > 0 and every (u,v), (,?) € A

lu =@+ Ao = 9)l[x = (1 = Aw)fju —aflx.

(iv) For every A > 0 and every u, i, w,® € X with u+ AAu > w and @ + ANAG > ©

lw = @llx > (1= Aw)|u -2 x.

Proof. To prove the equivalence of (i) and (ii), we can observe that according to Lemma 1.2
(e), for all u, 4,v,0 € X

[u—1a,v =0 +wlu—1i|lx =[u—1av+wu— (0+wa)].

Therefore, A is accretive of type w if and only if

[u—1a,v+wu— (04 wd)] >0
for all (u,v), (@, ) € A. This condition is equivalent to

[u—a,w—w] >0
for all (u,w), (4, w) € (A+ wl). By definition, this means that A + wI is accretive, which
proves the equivalence of (i) and (ii).
To prove the equivalence of (i) and (iii), let (u,v), (@, ) € A. Then
[u—ta,v—0]+w|u—1a|x >0

if and only if
[u—1t,v— 0]\ +wlu—1a|x >0 forall A>0. (1.3)

Since A\([u — @, v — D)y +wlu — 4| x) = |lu — @+ A(v —0)||x + (Aw — 1)|Ju — 4| x, (1.3) is
equivalent to

lu—a+ Av—="2)|x < (Aw—1)|Ju—1a|]x forall A>0.
This proves the equivalence of (i) and (iii).

The equivalence of (iii) and (iv) follows from the fact that v + MAu > w if and only if
there exists v € Au with u + Av = w. This completes the proof. O



Example 1.10 (Subgradients). Let H be a Hilbert space with inner product (-, )z and let
&: H — (—00,+00] be semiconvex of type w, which means that

w
wes 6 () + 3 full}y

is convex. Then the subgradient

96 = {(u,v) € H x H: liminf WA = &)
A—0+ A

> (G,v)y for all o € H}

is accretive of type w € R.

Example 1.11 (Dirichlet-p-Laplace). Let n € N, Q@ C R™ be a bounded, smooth domain
and p € (0,00). Let &: L*(Q) — [0, oc] be given by

1 °

- VullPif u € V15 (),
sy e 4 p Jp Tl i€ Vo)

o0

otherwise,
where ‘Z}Z(Q) is the closure of the test functions C2°(€2) in the Sobolev space
Vika(9) = {u € LX(Q): Vu € (L7(2)"}

with Vu being the distributional gradient of u € L?(£2). The energy function & is densely
defined, lower semicontinuous and convex. Its subgradient

—A) =08

is a realization in L%() of the negative p-Laplace operator with homogeneous Dirichlet
boundary condition © = 0 on 0f). The negative Dirichlet-p-Laplace operator —A,, is m-
accretive and densely defined on L?(Q).

1.3. The Cauchy problem and Euler solutions

We look at the Cauchy problem

{u(t) +Au(t) > f(t)  (t€][0,T7),

u(0) = o (CP: f,u?)

u-,

with A € X x X, T >0, f € L'(0,T;X) and u° € X. We define different notions of
solutions.

Definition 1.12. Let a,b € R, a < b. Any finite subset {tg,t1,...,tn} C [a,b] containing
a and b is called a partition of the compact interval [a,b]. We usually think, without loss
of generality, that the elements tg,%1,...,txy € m are ordered, and we write

mia=ty<t;<...<ty=0b
For every partition 7: a =ty < t; < ... < ty = b we define the time steps

hi =tiy1 —



for every i € {0,..., N — 1} and the mesh size of the partition
|7| :=sup{h; :i€{0,...,N —1}}.

We further define the floor function [-|,: R — R by

LJ t; ifSE[ti,tiJrl),iE{O,...,N*l},
S|y =
s if s ¢& [a,b),

and the ceiling function [-].: R — R by

(S.I . tiv1 ifse [ti,ti+1), 1€ {0, vy N — 1},
s if s & [a,b).

A function f: [a,b] — X is adapted to the partition =, if
f is constant on [t;,t;41) for every i € {0,..., N — 1}.

A discretization 6 is any triple of the form (mg, fy,u9), where my is a partition of the
interval [0,77], fo: [0,T] — X is a step function adapted to the partition my and uj € X.

For a given operator A C X x X and a discretization § = (g, fp,u)) we consider the
implicit Euler scheme

ug(ti+1) — ug(ts)

+ Aug(ti+1) = f@(ti) for i € {O, ..., N — 1}, (Eg)

We say that ug € C([0,7]; X) is a solution of the implicit Euler scheme (Ej), if
(Ep) holds and uyg is affine on the intervals [t;, t;1+1], that is,

tig1—1t t—t;
= o ug(t) +

ug(t i
®) ! tiv1 — t;

= ug(tir1
tiv1 — 1 (tie1)

for all ¢t € [t;,t;41]) and all i € {0,..., N —1}.
Let f € L'(0,T;X) and u’ € X. We call a function u € C([0,T]; X)

« an Euler solution of (CP: f,u°) if there exists a sequence of discretizations (6,,) =
((mg,,, f9m“8n)) and a sequence (ug, ), in C([0,T]; X), such that ug, is a solution of
the implicit Euler scheme (Fy, ) for all n € N,

lim |mg,| =0,

n—oo

Jim /o, = fllzro,rix) = 0 and
7}1_{1;0 [ug,, — UHc([o,T];X) =0,

e a classical solution of (CP: f,u") if u € C1([0,T]; X), u(0) = u® and

u(t) + Au(t) > f(t) for every t € [0,T],

10



« a strong solution of (CP: f,u%) if u € WH1(0,T; X), u(0) = u" and

u(t) + Au(t) > f(t) for almost every ¢ € [0,T],

« a mild solution of (CP: f,u°) if there exist sequences (u,) in WH1(0,T; X), (f.)
in LY(0,7; X) and (u) in X, such that u, is a strong solution of (CP: f,,u!) for all
n €N,

lim ||f, — f”Ll(O,T;X) =0,

n—oo

lim [|uy —u’l|lx =0 and
n—oo
i, [un = ullo(0,m,x) = 05

« an integral solution of (CP: f,u") if for some w € R and for every (4,9) € A and
every s,t € [0,T] with s <t

t
[u(t) — allx <lu(s) —alx +W/ [u(r) — @l x dr

+ [Tt~ . r) ~ sl ar,

« a good solution of (CP: f,u0) if for every integral solution @ of (CP: f, @°) with
f €LY 0,T;X) and 2° € X and every s,t € [0,T] with s <t

[u(t) = a(t)llx < [lu(s) —als)]x +w t [u(T) = a(7)l|x dr

t

+ [ [u(r) —a(r), f(r) — f(r)]dr.

S

Remark 1.13. Let AC X x X, f € L'(0,T; X), u® € X and u € C([0,T); X). Then [BCP]

u is a classical solution of (CP: f,u")

4

u is a strong solution of (CP: f,u")
4

u is a mild solution of (CP: f,u")
4

u is an Euler solution of (CP: f,u?).
If, in addition, the operator A is quasi-accretive, then

u is an Euler solution of (CP: f,u")

\
u is a good solution of (CP: f,u?)

4

u is an integral solution of (CP: f,u").

If u e WH(0,T; X) is an integral solution and A is maximally quasi-accretive, then u is a
strong solution of (CP: f,u°).

11



Lemma 1.14 (Existence and uniqueness of solutions of the implicit Euler scheme). Let
AC X x X and let 0 = (mg, fo,u)) be a discretization. The following statements are true.

(a) If A is accretive of type w € R and |mplw < 1, then (Ep) has at most one solution.

(b) If A is m-accretive of type w € R and |mg|lw < 1, then (Ey) has at least one solution.

(¢c) If A satisfies the range condition and fg = 0, then (Ey) has at least one solution.

Proof. Let A C X x X and let 0 = (my, fp,u)) be a discretization.

(a)

12

Let A be accretive of type w € R and |mp|w < 1. If ug and @y are solutions of the implicit
Euler scheme (Ep), then for all : € {0,..., N — 1},

ug(tiz1) + hiAug(tiv1) > hifo(t;) + ug(t;) and
Ug(tiv1) + hiAlg(tiz1) 2 hifo(ts) + Ua(ti),

so by Lemma 1.9 (iv) and noting that 1 — hjw > 1 — |mg|w > 0, we get

lug(tiz1) — tg(tip1)]|x < l|ug(t:) — g (t:)|lx

1— hiw
for all i € {0,...,N —1}. Since [lug(to) — @g(to)|lx = |lu) — udl|x = 0, this implies
ug(t;) = tg(t;) for all s € {0,..., N}, and therefore, ug = @y. This proves uniqueness.

Note that we could write the first equation of (Fy) equivalently as
(L + hiA)yug(tiv1) 2 ug(ts) + hifo(ts). (1.4)

If A is quasi-m-accretive, then range(/ + h;A) = X. Thus, we can always find ug(t;+1)
satisfying (1.4) if ug(t;) and fp(t;) are given. Therefore, we can always iteratively
construct a solution uy of (Ejp). This proves existence.

If fo =0, then the first equation of (Ep) is equivalent to
(I + hiA)UQ(ti+1) = U@(ti). (15)

If A satisfies the range condition, then we can always find ug(t;41) satisfying (1.5) if
ug(t;) is given. Therefore, we can always iteratively construct a solution uy of (Ep).
This proves existence. O



2. A priori estimates for solutions of
implicit Euler schemes

Let X be a Banach space with norm ||-||y, 7> 0 and A C X x X be accretive of type w € R.
In this chapter we let 0 = (g, fg, ug) and 6 = (74, f45 ug) be discretizations, ug € C([0,7]; X)
be a solution of the implicit Euler scheme (Fjp) and u; € C([0,T]; X') be a solution of (Ej).
For i € {0,...,N} and j € {0,..., N} we define

aij = |lug(ts) — uy(t;)] x-

Our goal is to find an estimate for a; ;, which only depends on the discretizations ¢ and 6.
To see that a;; gets small, if |t; — %j|, |Tg| and |my| are small, we want to obtain an upper
bound, which works for all partitions with small mesh sizes |mg| and ||,

In Section 2.1 we establish an upper bound for a; j, which depends on the discretizations

6 and . There we use some recursively defined density function p*/. Properties of this
density are studied in Section 2.2. In Section 2.3 we land on our main result Theorem 2.16,
which gives the desired upper bound for a; ; and is a generalization of Kobayashi’s result in
[Kob75a]. Theorem 2.20 is the continuous version of our main result, which does not only
consider ¢; € mg and ¢; € 7, but gives an estimate for [lug(t) — uy(t)||x for all ¢, € [0, T7].

2.1. An implicit upper bound

A

Lemma 2.1. Fori € {0,...,N —1} and j € {0,..., N — 1} we have

- i\ T hi\ " hi A hj
(L= (hi A hj)w)aiyyjer < <1 - h]1> i1, + (1 - hj) @i g1+ h:szj-ai’j
+ (b ARy [ua(tin) —ug(ien), folt) — fE)] . (@1)
Proof. Let us first assume h; < h;. Using the Euler schemes (Fjy) and (Ep), that A is
accretive of type w (Definition 1.6) and properties of the bracket (Lemma 1.2), we get

0 < hj |ug(tir) — up(tir), folti) —

ue(ti+1)}Li_ U@(ti) B fé(%j) n Ué(t]drl%j— Ué(tj)]

+ hjw HU@(tH—l) - “é@j*l)HX

13



Z[UG(EH) ug(tin), hi(fo(ti) — f3(85)) — (ua(tisr) — ug(tje1))

- (1 hj>( o(tin) — up(ty)) + 3= (uo(ts) — “é(zj))] + hjwais g

< by [ (ti41) = wglEin) foltd) = fy(E)] — assr g

h; h; R
(1 . h)aH_lJ + #ai’j + hjwaist j+1-
(2 (2
Rearranging the terms gives us the desired inequality. The case ij > h; can be treated

analogously. O

Remark 2.2. Fori € {0,...,N —1} and j € {0,..., N — 1} we also have

~

A h; h;
(L = (hi A hjlw)aivrjpr < bt @it1,j + hiT]Bjai’jH
hih; .
g ot =) fotto) = f3(d)].

Many authors work with this version of an iterative estimate for a;;1 ;1.

Definition 2.3. We define the continuous and strictly increasing function ¢: (—oo,1) — R

by
M if z 0,
1

p(z) = T
if x =0.

p(z)

S

1

Figure 2.1.: Graph of ¢.

Lemma 2.4. If (|mg| A |7s|)w < 1, then

milw) (hi A o) <<1 _

~

|3

AN T
) Qg 5+1

J

N T
) ai+1,j+<1—
7

D‘>‘ =

@it1,j+1 < €Xp (90((

>
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h; N\ il R . A

forie{0,...,N—1} and j € {0,...,N —1}.

Proof. By assumption we have 1 — (h; A ﬁj)w > 0, so we can use Lemma 2.1 and divide both
sides of (2.1) by 1 — (h; A fzj)w. Since exp and ¢ are increasing, we get

1 -
e exp(—log(1 = (hs A hy)w))

= exp(p((hi A ) (hi 1 o))
< exp(p((|mo| A [mgl)w) (b A hj)e)

Note that for w < 0 we get o((h; A hj)w) > o((|mo| A |74 )w), which still works for the
estimate above. This completes the proof. O

Lemma 2.5. If |mp|lw < 1, then for every (u,v) € A and for every i € {0,..., N} we have
lug (t:) — ullx < exp(p(|mglw)tiw) llug — ullx

t;
+/0 exp(p(|mg|w)(ti = [T )mg)w) [uo([T]my) — w, fo(r) —v]dr. (2.2)
If |mslw < 1, then, as above, for every (u,v) € A and every j € {0,... , N} we have

ug—uHX

ug(ty) — ullx < exp(p(|mglw)ijw) |
+ /0 tjexp(¢(|7ré|w)(%j = 7)) [s([71m,) =, fy(7) —v] d7. (2.3)

Proof. We prove (2.2) by induction over i. For ¢ = 0, both sides are equal to Hug — uHX If
the statement is true for some ¢ € {0,..., N — 1}, then note that

uU—1u

h;

+ Au > v,

so we can use Lemma 2.4 with the discretization 6 = (mg,v,u) and constant solution u; = u
of the implicit Euler scheme (Ej) to get

lug(tivr) —ullx < exp (@(|molw)hiw) (Ilug(ts) — ull + b [ug(tizr) — u, fo(t:) — v])
= oxp (io(|mol)hiw) g (t:) — ull
+ ti“lexp(so(\we\w)(tiﬂ — 7)) [tg([71mg) — 1, fo(7) — ] dr.
and together with the induction hypothesis we get
luo(tirr) — ullx < exp(p(imolw)tipi) uf — ullx
+/ " expl((mole) (i1 — L7 o) [0([7Tg) — 0, fo(r) — o] .

This completes the induction. The inequality (2.3) can be shown analogously. O
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We can now already establish an upper bound for a; ;, if the partitions are equidistant.

Lemma 2.6. Let N € Nopy. Ifmg = 7y = {0, %T, %T,...,%T,T}, then for every
(u,v) € A and for every i € {0,...,N} and j € {0,..., N} we have

asy < exply <rwerw>t-w>uu8 — ullx + explp(mgle)t )l - ullx
+ / exp(p(|molew) (ti — |71y )w) [0 ([71my) — 1, fo(r) — 0] d7
o [ e
b [ expllimole) () — Loy [ (I71m, + (1~ 1))
— g (TP, + = t)*) fo(7 + (1 = 8)*) = f5(7+ (5 — 1)) | dr.

W)t = [7)ny)w)lug([71z,) — u, f(7) — v] d7

T

Proof. We prove this by induction over (7, j). Note that |mg|w = %w < 1. If j =0, we can
apply Lemma 2.4 and use (2.2) to get

a;0 < |lup(ts) — ullx + |

< exp(p(|molw)tiw) lug — ullx + llug — ullx

+ [ explelmoko)ti — L)) o (Trl) =, folr) = el

ug—uHX

If + = 0, we can use (2.3) analogously. If the statement is true for (i,7), then note that
hi = hj = |mg| = |m4|, so by applying Lemma 2.4, we get

ais1er < exp(p((mol)w)hiw) (aiy + hi [uo(tiv) — ug(Ei), Jolti) = f5(1)]) -
By using
exp(p((|mo Jw)hico)hi [ua(tiv1) = us(Ei1), folt) = fo()]
tiv1Abj11 N R
= [ expliptimoleo) (i1 Adian) = L))o [uo (T7Tm, + (i1 = E330)7)
tiNt;
—uy ([ﬂwé + (tj41 — ti+1)+) , fo (T + (tiv1 — %j+1)+> —fa (T + (tj41 — ti+1)+> } dr
and the induction hypothesis for a; ; as well as

(t: = )" = (tig1 — 1j+1)" and
(t; —ti)* = (1 — tir1) ™,
we get the statement for (i + 1,5 + 1). This completes the induction. O
To get an upper bound for a;j, which holds for all partitions my and my, we use the

following density function p®.
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Definition 2.7. Let p/: R? — R be recursively defined by

3,0

P = 10,4, % [-1,0) (2.4)

fOI‘iG{O,..-yN}a 0.7
P =1 ko) (2:5)

for j € {0,...,N} and

A + + 7
pitLitl (1 - hj) L (1 _ 7}@) Pty Mpm‘
h;

hi h; V fAlj
1
ml[tivti+l)x[%jvij+l) (2.6)
for i € {0,...,N — 1} and j € {0,..., N — 1}.
7 #
T
ti [,
1
0
T -1 - 0

Figure 2.2.: Plots of the density p*/ for different partitions 7y and 75 For small mesh sizes
|Tg| and |m4| the density p" is concentrated along the diagonal through the
point (¢;,%;).

Lemma 2.8. Let (u,v) € A and g € BV (—1,T;X) with g(t) = v for 7 < 0. If (|mg| V
m4|)w < 1, then for alli € {0,... N} and j € {0,..., N} we have

a1 < exp(pl(Imal V )t + £ ) (10§ =l + 1§ - ulx
T o R A
10 = s + Mo = 9llain + [ [, 702 o) o) 7 ar ).

Proof. We prove this by induction over (i, j). If j = 0, we can use Lemma 2.5 to get

a0 = |Jug(t;) — Ug X

< Jlug(ts) = ullx + [lug — ullx

17



< exp(p(|mplw)tiw) |[uf — ul|x + ||Ug —ufx
+ /0 Zexp(ga(\ﬁe\w)(ti = [7]xg)w) [uo([T]m,) — w, fo(r) —v]dr

t;
millwptio) (1 = ullx + o = ullx + [ 1a(r) ol d )

< exp s ((

< exp(((Imal v Imghw)tio”) (1§ = ullx + 1§~ ullx

o = gllron / / (. lg(r) ~ 9(7)]x drdr ).

The case i = 0 can be treated analogously. If we assume the statement to be true for (i, j),
(i4+1,7) and (4,7 + 1), then we can use Lemma 2.4 to get

~ hoNT hz +
Qit1,541 < eXP(SD(( my)w) (hi A hj)w+> ((1 - h]> aiy1j + (1 - }}) i1
! J
h; A ]Al ~ R
+ hz‘Tﬁj’ai’j + (hi A hy) [Uo(tm) —ug(tjn), fo(ti) — f4(t; )})
Note that
(hi A By) [ug(tisn) = uglEi), Folts) = f5(8)]
< (hi M) fo(ts) = f3(E5) 1 x
1 i1 Lt . R R A
= / / 1 £o(r) = g(7) + g(7) = 9(7) + g(7) = f3()|| 5 A7 dT

1 T T ) ) )
+ ho\ B / ) / ) 1[t¢,ti+1)x[£j,ij+1)(7'77') lg(1) — 9(7)|l x d7 dr.
(2 yi - -

By using the equalities

as well as the recursive definition of p**1*! in (2.6) we get

Qit1,j+1 < eXP(@((\”Q\ Vmg)w) (tivr + %j+1)w+) (”ug — ullx + [Juf —ulx
+1fo = gl zr o0 + 15 = 9||L1(0,%]-+1;X)

T T
[ L) - gl d ).
—-1J-1
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This completes the induction. O

Lemma 2.8 already achieves the goal of finding an upper bound for a; ;, but it is not clear,
whether the upper bound is small, if the mesh sizes |7g| and |m| are small. The next results
show some properties of the density p*/ and lead to a good explicit estimate of the double
integral

/_1 /_1pw(7f) lg(T) — g(F)l| x d7 dr.

2.2. Properties of the density
Lemma 2.9. Forie€ {0,...,N} and j € {0,..., N} we have
supp p7 C ([=1,t:] x [=1,£;]) \ ([-1,0) x [-1,0)).

Proof. This is a direct consequence of the definition of the density p®/. We prove this by
induction over (i,5). For (i,j) = (0,0) the statement is true since supp p®°® = ). For
i€ {l,...,N} we have

supp p*0 = [0, 4] x [=1,0] = ([=1,ti] x [=1,0]) \ ([~1,0) x [~1,0))
and for j € {1,..., N} we have
Suppp(],j = [_1’0] X [ngj] = ([—1,t0] X [—1,%]) \ ([_170) X [_170))‘

If the statement is true for (4,7), (i +1,7) and (4,5 + 1), then

supp p" Tt C supp p" U supp " Usupp p™7 U ([ti, tisa] % [, iga])
C (=L tia] * [~ L)\ ([(1,0) x [-1,0).
This concludes the induction. O

Lemma 2.10. Leti € {0,...,N} and j € {0,...,N}. For all 7 > 0 we have

T
/_ (74 = 1 (7),

and for all 7 > 0 we have
T .
| o) ar =14(3)
Proof. We prove the first statement by induction over (i, 7). Let 7 > 0. If 7 = 0, then
T, T o
[lpl’ (1,7)d7 = [II[O,ti)(T)l[—l,O)(T) d7 =14, (7).

If ¢ =0, then

T T
/_1 p (r,#)d? = /_1 1110 (T)l[o,ij)(%) d7 =0 = 1,)(7).
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If the statement is true for (i,7), (¢ + 1,7) and (i,7 + 1), then together with the recursive
definition of p**t171 in (2.6) we get

h; hi\*
[t myar= (1= 5) 1000+ (1 1) 10000)

J
h; N\ hj 1 T o
- hi v fAlj Hoa (7) + hi Vv ilj /—1 l[ti’ti“)(T)l[%jfjﬂ)(T) d7

:Ejl[ti,zi_,_l)(T)

= 10,4,,,)(7)-
This concludes the induction. The second statement can be treated analogously. O

Remark 2.11. Lemma 2.10 shows that the mass stays constant in some sense. More
precisely, it follows from Lemma 2.10, that

T T T
/ / pt (T, 7)drdr = / 1[07751.)(7') dr =t¢;
0o J-1 0
T T T .
/ / pt (T, 7)d7dr = / 1[02_)(72) d7 =t;.
-1Jo 0 ™

Furthermore one can show that

and

T
/pw( #)dr <t jforallT <0 and / ’JTT)dT<tzf0raH7—<0
1

Therefore
T T . R T T ~
//Pz’j(T,f')d?dTSti/\tjStinjS/ / pt (T, 7)dT dr <t + 1.
o Jo —1J-1

The next lemma shows how the density p*/ can be computed directly without iteration
over ¢ and j.

Lemma 2.12. For every i € {0,...,N}, j € {0,...,N}, k € {0,...,N —1} and every
le{0,...,N—1},

P (t, 1) =

<(hk — b)) P (b Brn) + (= Paen) T 0™ (bgn, 1)
hr V hl

+ (higr A b)) p™ (g, Bren) + 5(i,kz+1)7(j,l+1)>-

Proof. In this proof we use the short notation pzjl = p"I(tg,1;) and the Kronecker delta.

Let k € {0,...,N —1} and [ € {0,...,N — 1}. We prove the statement by induction over
(7,7). For i =0 or j = 0 this is true since

P01, 7) = p%i(r,7) =0

for all 7,7 > 0 by definition (see (2.4) and (2.5)) and

1[ti7ti+1)x[£0a£1)(tk+1, tl+1) = 1[t0,t1)><[7§j,£j+1)(tk+17 tl+1) = 0
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Now let us assume that the statement is true for (i + 1,7), (¢,5 + 1) and (¢, 7). Using the
definition of p**1+1 in (2.6) and our induction hypothesis we get

A~

L AT L hN\T i AR s s 1

+1+1 J +1, v J+1 v J i

AT = (13 ) AR (1) T e e
J { 7 % J

h; o o + i+l 2 + Ji+l,j

. 1
+ (hgg1 A hl+1)P§:;1,Jl+1 + 5(i+1,j),(k+1,l+1))

h\" o1 A TR .
+ <1 - BZ) T ((hk — hz+1)+PZ’flL + (e = hien) "o,
i/ hpV Iy

. 1
+ (A1 A hl+1)ﬂ§€f§,l+1 + 6(i,j+1),(k+1,l+1))
h/' /\ i\l 1 ~ ;L A~ ..
hz Y B] RV ((hk — hz+1)+,02’7jl+1 + (= he1) Ty
iV hj hy Vo

1

hiV by (CRG)

+ (P A1)y + 5(i,j),(k+1,l+1)) +

By using the identities

(hi — fll+1)+5
W\l s (1,4),(k,1+1)
i VI

(hy — hpyr)*

(=9

(1—hj>+5‘ 1,7),(k+1,1+1 (i by 1,5),(k+1,14+1) =
hi (Z+ 7])7(+7+) hl\/h] (Z+ aJ)7(+7+)

(1—]“>i&. _ (hy = hi)T _ .
;lj (4,j+1),(k+1,04+1) hi v ;lj (4,5+1),(k+1,04+1) hi V Bj (4,5),(k+1,0)>
hilh g _ e Ay .
h; Vij (4,5),(k+1,14+1) h; \/ﬁj (5,7),(k+1,1+1)
1 1

> %,] 7/\62 :
hi V b (4.7),(k.1) i V o (i+1,5+1),(k+1,04+1)

and rearranging the terms we get

i+1,5+1
k.l
(hi — hyga)* ( Aj)+ i+1,5 < hi>+ i1, hiNhy Oi,g), (kil+1)
= 71— = T (1 - = gl D g )
IV hs Pri+1 ; Pri+1 hi Vb Pri+1 hi v i
(fALl — hk+1)+ (( ilj)Jr i+1,5 ( i>+ 1,5+1 hi A\ }Alj 1,J 5(2 3),(k+1,0)
+ —F 1—— P 7J+ 1— — p’] +7A,07J 4
he V hs k41,1 j LT ; k41,1 he VI
N hiesr A b ((1 B flj)eriH,j n (1 - hz‘>+ ijtl hi A hj i
hk; \/ hl hz k‘+1,l+1 y k+1,l+1 h'L \/ h] k‘"rl,l-i—l
5(i’j)’(k+l’l+1)) + L O(i41,54+1), (k1,141
= = 0(i41,5+1), (k+1,1+
hi V hy v By DL
1 - 14l 1,541
= 7 (e = B PG o (= ) P00

? i+1,5+1
+ (M1 A hag) 774 + 5(¢+1,j+1),(k+1,l+1))-
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This concludes the induction. O

We only need one more technical lemma before we can state the main estimate for p/.

Lemma 2.13. Let a,b,c > 0. Then

2
a—l—b—ibg (a —b)? + ac.
c

Proof. If 4b < ¢, then we have a + b — 22 < a +b = \/(a — b)? + 4ab < \/(a — D)2 + ac.
If 4b > ¢, then we consider the function h: [0,00) = R,a — v/(a —b)? +ac—a —b+ 2%(’
and get

4 — -1 and
(@ 2y/(a—0b)2+ac ¢ "
4b —
h”(a) C( C) -
4((a—b)? 4+ ac)?
2
for a > 0. Since h(0) =0, K'(0) = & + 2 —2 = (\/;— ﬁ) > 0 and h’(a) > 0 for all
a >0, we get h(a) > 0 for all a > 0, which proves the statement. O

The following lemma shows the concentration of mass on the diagonal.

Lemma 2.14. Let t € R. For everyi € {0,...,N} and j € {0,..., N} we have

t T T rt .
/ / ptl (T, 7)drdr + / / pt (T, 7)d7dr
—1Jt t J-1

< (s = 1) + [l (1 A (8 — 0)F) + gl (E A (F — 1)),

Proof. For this proof we use the notation
t T . T rt .
Kij(t) = / / p (1, 7)d7dr + / / pt (T, 7)d7dr. (2.7)
—1Jt t -1

First, let ¢ > 0. Note that by Lemma 2.10, for every i € {0,...,N} and j € {0,..., N} we
have

T T
ki (1) < /t 101,)(7) d7 + /t 1o (T)dr = (t; — )" + (1 — )" (2.8)

In particular &; ;(t) = 0 for t > t; ;. We now prove the statement by induction over (3, j).
If j = 0, then we have

If ¢ = 0, we have
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Now let us assume that the statement is true for (z,7), (i +1,7) and (4,5 +1). We first treat
the case that h; < h;. Then by the recursive definition of p'™17! in (2.6) we have

Kit1,j+1(t)
P h;
_ (1 - hz)mLm + 2mig()

1 t T o T ot o
+m< [ ] 1,5, B ardr+ [ ] 11[ti,ti+l><f>1@j,gj+l><r>de7>

by by
— (1= 7)) + st

7

+ ;(((t — )T AR (1 — O ARG) + ((tigr — )T AR (=) T A ﬁj)>. (2.9)

If 0 <t <t; Atj, then we have (t — ;)" = (t — ;)T = 0, so the last term in (2.9) vanishes.
Using also the induction hypothesis and the concavity of the square root function, we get

by by
i ga(t) = (1= 32 )i (0) + i (o)

w3t —t)

< ( — hz) \/(ti+1 — %j)2 + |mo|(tiy1 — t) +
+

FZ\/(ti —15)% + |mol(ts — t) + |yl (B — 1)
< (1 32) (e = 22+ Imoltiss = ) + Il 1)
+ h—f ((ti —15)% + |mol(t: — ) + |myl(t; — t)) )

= ( (i1 = Bj1)? + [mol (Figr — ) + |l (B4 — 1)

h; L .
+ <1 - ]> (2(ti41 — Eja1)hy + hF — |mylhy)

h;
h; A o <\ ?
+ h*]i@(tm — i) (hy — i) + hG = 2h;hi + b7 — |mglhi — !W@W))
= \/(ti+1 — Ei1)? + [mol (tixr — t) + gl (Bje1 — £) — hy(Imo| — hi) — |mglhy — 32
< (i1 — E1)? + ol (tigr — 1) + [mgl (Bja — 0).

Ift, <t< fj, then we can use (2.8), (2.9), the induction hypothesis and the preceding
calculation to get

I
/N
—_
|
==

N——

g

+

—

<
—~
=
+

Kit1,j+1(t)
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>

A~

Jrirna®) + 2~ )

|3

(1_

hi

< (1 - hz>\/(tz‘+1 — )2 + |mol(tisn — ) + |myl (2 — 1)
+ W“ — )2 + |mol(ti — t) + |yl (F; — 1)

< (i1 — E1)? + ol (tisr — 1) + [mgl (Bja — 1).

If #; < t < t;, then we can use (2.8) and (2.9) to get
Kit1,j+1( ( ;LJ>KZ+1,] /im( )+ }ihi ((t — fj) A ﬁ])

( hj> tiy1 —t) + Z(t—t)+t—t

=tit+1 — %]+1

(i1 —j41)%

Ift; Vi; <t <ti1 Atjr1, then we can use (2.8), (2.9) and Lemma 2.13 to get

ring1(t) = (1= 2 i (0)+ g0+ 1 (= 6)E — )+ (b = (e~ )
(1 - Z) (tig1 — 1) + hi ((t —tig1 + hi) (g1 — £) + (tigr — ) (E — L1 + ﬁj))

(2 7

R 2 R
=tit —t e =t = o (tien — (G — 1)

7

< \/(ti—l-l —4i11)? + hi(tip — t)

< \/(tz'+1 —tj4+1)? + |7 (tit1 — 1)

If t;11 V t; < t, then we can use (2.8) and (2.9) to get

h; h; 1, .
Kit1,j+1(t) = (1 - h)/mlg(t) + i (8) + (hz‘(tj+1 —t)" + 0)

~ ~ 2 ~
=i —t)" = ((tj+1 - t)*) < Vmgl(tj —0)F

‘We now have shown

i (8) < (i = 1) + [mol(tin — 0+ + [l (s — £)F

for every ¢t > 0. The case fzj > h; can be treated analogously. This concludes the induction.
If t < 0, then note that by Lemma 2.9, p*I(7,7) = 0 for 7 < 0 and # < 0 and therefore

rig(t) < i (0) < /(6 — 1)
This concludes the proof for all ¢t € R. O
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Figure 2.3.: Plot of the density p™/ on the left and of the functions r; ;(t) as defined in

(2.7) and h; j(t) = \/(t,» — )%+ [mol(ti A (8 — £)F) + |my| (25 A (25 — t)+) on the
right for some randomly chosen partitions my and ;. Lemma 2.14 shows, that
/ﬂ:i,j(t) < hi,j(t) for all t € R.

Lemma 2.15. Let g € BV(—1,T; X). Then foriec {0,...,N} and j € {0,..., N} we have

T T . _ _
/_1/_1pu(7,%) lg(1) — g()|lx d7dr < \/(tz- — )2 + |mlt; + |ms|f; - essVar(g).

Proof. Let g,: [-1,T] — X be a representativeof gandlet m: —1 =1y <) <... <tz =T
be a partition of [—1,7]. We define g: [-1,7] — X by

n
Z — gr(tg—1)) 1g, -
k=1
Then
9r(T) — g=(7 Z — gr(tr-1)) (l[ik,T}x[fl,Zk)(Ta%) = L 5 x [T (Tﬁ))

for all 7,7 € [-1,T]. Therefore, by using Lemma 2.14 and the notation &;; as defined in
(2.7), we get

/ / P (1,%) |gx(T) = g (F) || d7 dF

< Z g7 (Ek) = gr(Be—1)l| x i3 (E)

< S5+ (ol + gl - > ) — gn o)

< \(ti = 1) + [molti + mglE; - Var(gr). (2.10)

Note also that by Lemma 2.10 and Remark 2.11 we have

T o N
/ p (T, 7)dr <t;v1

-1
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for all 7 € R. Therefore

[ [l = an(ol drar

T .
- [ / P9 (1, 7) d7 g (7) — ga(7) | d7

!

_ (zjv1)2/;k 9+(7) = gr(t) || x d7

te—1

A i %k
< (t V1) Z/ Var(grlg, _, ) 7
k=1

<|rl(t; v 1) Y Var(gelg, , 7))

k=1
= |7|(t; V 1) Var(g,). (2.11)
and analogously
T T
/71 Llpz,a(f,%) 19(7) = gx(F)|| x A7 d7 < || (t; V 1) Var(g,). (2.12)

Combining (2.10), (2.11) and (2.12) we get

T T
| [ i@ le) - 9@l drdr
—1J-1

T T o
< [ [ p A 9r) = goDllx + lgn(r) = 9Pl x + llgnlP) — 9() 1) d dr
—-1J-1

< \/(tZ — ;)2 + |molt; + |m4lt; - Var(gr) + (t; V 1)|r| Var(g,) + (¢; V 1)|r| Var(g,).

Taking the infimum over all partitions 7 of [—1,7] and over all representatives g, of g
completes the proof. O

2.3. An explicit upper bound

We are now able to state an upper bound for |lug(t;) — uy(Z;)| x, which only depends on the
mesh sizes |mg|, [my|, the given data of the discretizations uf), ug, fo and f; as well as some
arbitrary (u,v) € A and g € BV(0,T; X).

Theorem 2.16. If (|mg| V [ms))w < 1, then for all (u,v) € A, g € BV(0,T;X) and all
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ie€{0,...,N} and j € {0,..., N}, we have

Jua(t) = ) < exp((p((Imo| V mgl)e) b + )" (uug — ullx + 1§ = ullx

+ [ 1) =gl ar+ [ 155)  a@)] 07

+ \/(ti — )2 + |mo|ti + |mylt; - (essVar(g) + l9(0+) — vl| ) )
Proof. We first apply Lemma 2.8 with g € BV (—1,T; X) defined by

. v if 7 <0,
g(r) = .
g(r) if7>0,

which gives us
aig < exp(p(([mol V [t + 1)) (HuB ~ ullx + 1§ - ullx
t; Zj R R R
[ 1) = 9@ ldr + [T 15505 - 93] 07
T T
+ [ [ A - 56 drar).

By Lemma 2.15, we have

T T ~ ~
/1 / () 19(7) — ()] dFdr < (=102 + Imalts + Imglt; - essVar(3).

Since essVar(g) = essVar(g) + ||g(04+) — v|| y, this completes the proof. O

Remark 2.17 (Properties of ). Recall that ¢: (—00,1) — R is given by

—log(1—z) .

08TV ra 2o,
(@) = p 7

1 if x = 0.

Having the limit

li =1

lim (z)
is quite advantageous when the mesh size tends to 0. Note that for —1 < x < 1 we have the
series representation

00 k 2 3

X i X X
p— :1 — —_— — e,
() kz:%k+1 totg Tt

By using ¢(x) <2 for 0 <z < %, we can see, that Theorem 2.16 is a generalization of the
result by Kobayashi [Kob75a, Lemma 2.1].
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Theorem 2.18 (Kobayashi 1975). If (
ie{0,...,N} and j € {0,..., N}, we have

T )w < L, then for all (u,v) € A and all

S

T
lug(t:) = ug)llx < exp (20t +E)w) (Iluf — ullx + [[uf —ullx + /0 | fo(m)llx dr

T A A
+ [l 4+t =12+ [molts + Imgli - ol ).

Proof. Apply Theorem 2.16 with ¢ = 0 and use ¢(z) < 2 for 0 < z < % O

Remark 2.19. Note that Theorem 2.16 only evaluates uy and u, at time points in the
partitions 7y and my. Therefore, Theorem 2.16 is also true, if the solutions to Euler schemes
were defined to be piecewise constant. The following version of our main result however
uses our definition of piecewise affine solutions of Euler schemes to give an upper bound for
lug(t) — uy(t)| x for all ¢, € [0, 7.

Theorem 2.20. If (|m| V |ms])w < 1, then for all (u,v) € A, g € BV(0,T;X) and all
t,t € [0,T] we have

o () — ug (D)l
7)) ([H1my + [Fy ™) <||ug —ullx + [Ju) —ullx

< exp(4p((

[t [T,
[ o) - gl dr + [

m4l)% + Imo|t + [mglt - (essVar(g) + lg(0+) — vl|x) )

My a7

Proof. Choose i € {0,. — 1} and j € {0,. — 1}, such that t € [t;,t;41] and
t € [tj,1j41], so there ex1st /\ )\ € [0,1] such that t = )\tz +(1=N)ti and = M+ (1—=N)ij11.
Since ug and u, are piecewise affine, we get

luo(t) = ug()lx = [ Aug(ti) + (1 = Nuo(tis1) = Mug(E;) = (1= Nug(tj)lx
<A (S\Gi,j +(1- A)az‘,jﬂ) +(1-2) ()‘ai+17j +(1- 5\)ai+1,j+1) :
For k € {i,i+ 1} and ¢ € {j, Jj+ 1}, we can use Theorem 2.16 to get an upper bound for

are. Note that tj, < [t]r, and #; < mﬂé. By using |t — t¢| < |t — | + |mg| + || and the
concavity of the square root function, we get

M (85— 15)2 4 Imalti + gl + AL = N/ (6 — E0)2 + ot + gl
+ (1= At — )2
+ (1= N = Ny (tigr — F1)? + [moltin + |l

< ((!t — 1| + |mo| + |m) + AXN(|malts + |mglE;) + AL — N (|7olts + |mylEjs1)

1

+ (1= MA(Imoltis + [mlE)) + (1= X)(1 = X)(|moltipr + |7Tg|ij+1)) ’
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= /1t = T + mol + |mgl)? + ot + gl

Ty
This completes the proof. ]

Corollary 2.21 (Distance in C([0,T]; X)). If (|mg|V |ms|)w < 1, then for all (u,v) € A and
g € BV(0,T; X) we have

Jo)20e* ) ([luf = ullx + |
+1fo = gl + 1f5 = g||L1(O,T;X)

+/(mol +

1o = wgll o ey < exp (ol V I uf — ullx

mg)? + [mo| T + |mg|T - (essVar(g) + [l9(0+) — vl x)

N—

Proof. Use Theorem 2.20 and choose t = #. Using t < [t] o < T as well as t <[t o
yields the desired result.

IN

T
U
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3. Applications

Let X be a Banach space with norm ||| 5.

3.1. Wellposedness of the Cauchy problem

Theorem 3.1. Let A C X x X be quasi-accretive, f € L'(0,T;X) and u® € dom A. If
there exists a sequence of discretizations (0y,) of the form 6, = (m,, fo,, ugn) satisfying

lim |7, | =0,
n—oo
Jim 1fon = Fllzro.r,x) = 05

lim [juy —u’)x =0

n—00 "
and if the implicit Euler scheme (Ep, ) has a solution for every n € N, then there exists a
unique Euler solution of the Cauchy problem (CP: f,u°).

Proof. Let A be accretive of type w € R. Let the sequence (6,,) be as in the assumption. For
every n € N let u,, € C([0,7]; X) be a solution of the implicit Euler scheme (Ej, ), which
exists by assumption. Since lim,_, |7y, | = 0, there exists an ng € N such that |7y, |w < 1
for all n € N>,,. By Corollary 2.21, for every n,m € N>, , every (i,0) € A and every
g € BV(0,T; X), we get

[un — um”c([O,T};X)

< exp(@(([mo, | V o [Jw)2Tet ) (Jjuf, — e + uf,, — ]

+ |l fo. — gHLl(O,T;X) + I fon, — QHLl(o,T;X)
+ A/ (0, + 70,2 + |0, | T + 0, |T - (essVar(g) + [[g(0+) = o) )-

As a consequence,

. + R
lim sup [[un, — oo, x) < 2677 (HUO —allx +f - gHLl(O,T;X)) :

n,m—00

Since dom A is dense in its closure and BV (0,T; X) is dense in L'(0,T; X), the right hand
side can be made arbitrarily small, and it follows that (u,) is a Cauchy sequence and hence
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convergent in C([0,7]; X). By definition, the limit u is an Euler solution of the Cauchy
problem (CP: f,u%), and we have proved existence.

Now let u, & € C([0,T]; X) be two Euler solutions of (CP: f,u’). Then there are se-
quences of discretizations (0,)n = ((7,,, fo,,ug ))n and (On)n = (75, fén,ugn))n with

33, Imo. | =}, Img, | =0,
Jm 1o, = Fllosoiri = Jim 16, = Fllrorx) =0,

ugn —ulx =0

. 0 _,0 _ 7
A lug, —wllx = Jim|

and there are sequences (uy ) and (i), in C([0,T]; X), such that u, is a solution of (Ej, )
and 1, is a solution of (Ej ) for all n € N and

Jim (s = ullogoryx) = Hm (@ = @llogoryx) = 0-

Since limy, o0 |7y, | = limp oo ms | = 0, there is an ng € N such that (|mq,,| V Jw < 1
for all n € N>,,. By Corollary 2.21, for every n € N>, , every (4,0) € A and every
g € BV(0,T; X) we get

ﬂ'én

[un — @TLHC([O,T];X)
< exp(e(([ma, | V I, )27 ™) (I1uf, = illx + g~ llx
+ /o, — gllromix) + 11fo, — 9llLrorx)
o + 175, D2 + o, T + [mg, T - (essVar(g) + lg(0+) = 01l ).

Wén
Therefore
~ . N + ~
[l =l o.mxy = . (lun = nllogoryx) < 2671 (HUO —allx +f - gHLl(O,T;X)) :

Since dom A is dense in its closure and BV (0,T; X) is dense in L'(0,T; X), the right hand
side can be made arbitrarily small. Thus, u = & and we have proved uniqueness. ]

Theorem 3.2 (Crandall-Evans [CE75]). Let A C X x X be m-accretive of type w € R. Then
for every f € LY(0,T;X) and for every u’ € dom A there exists a unique Euler solution
u € C([0,T); X) of (CP: f,u).

If for (0,9) € A we define fy € L'(=T,T; X) by

fo(r) = {f(T) if T >0,

A

v if T <0,

then, for all t,t € [0,T),

folt —7) = fo(t —7)||xdr. (3.1

. tvi
lu(®) = u@)x < (e + ) [u® - afx + /0 e

Moreover, if f,fe LY0,T; X) and Eo,ﬂo € dom A, u is the Euler solution of (CP: f,u°)
and @ is the Buler solution of (CP: f,4), then, for everyt € [0,T),

~

lu(t) = a(t)llx < e[lu’ —a°x + /Ot U u(s) — as), f(s) — f(s)] ds. (3.2)
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Proof. Let (0,,) be a sequence of discretizations of the form 6,, = (my,, fgn,ugn) satisfying

sup |mp, |w < 1,
neN

Jim |70, | =0,
nlgrolo /o, = fllrorix) =0 and

_ 0 —
i [, — u¥l|x = 0.

Note that such a sequence exists for every f € L'(0,T; X) since step functions are dense in
LY(0,T; X). Specifically, one could choose the conditional expectation

tit1
fo(t) = — /t iy ar

tiv1 —t;

for t € [t;,tiy1), i € {0,...,N —1}. By Lemma 1.14 (b), the Euler scheme (Fjy,_) has a
solution for all n € N, so by Theorem 3.1, the Cauchy problem (CP: f,u°) has a unique
Fuler solution.

To prove (3.1), we take a sequence of discretizations (,,) of the form

" 0 1
fp = (mp:0=-T < -T<...< T =T, f,u0),
n n n

such that
lim || fn — f”Ll(o,T;X) = 0.

n—o0

For every n € N let u, € C([0,7]; X) be the solution of the corresponding Euler scheme
(Eén)‘ By Lemma 2.6, for all n € Ny 1, every (4,0) € A and all t?, " € 7,

Jun () = un(E)l1x < explipimalu)tie) [u® = alx + exp((ma)) ) 1 = il x
jtr—t|
[ B (V) ~ o (r) e
4 [ explplmab) (@ A 67) ~ (712, )0)
[+ (8 = 8)*) = falr + (& — )l .

Taking the limit as n — oo, ¢ — t and ¢ — t yields
N 3 [t—7| .
Ju) = u@llx < (¢ + ) u® —allx+ [ @D () ~ ol dr
0
L (ond 4 2
[Tl (= )1) = £+ (= )

5 tvi A
= () —llx + [ et =) = foE=m)xdr

To prove (3.2), we take two sequences of discretizations (6,,) and (6,) of the form

0 1
Hn:(WnO:*T<*T<<ET:T7f7L7u2) and
n n n

én = (ﬂ'n, fna ’[Lg)
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such that

i (L fo = L0 =0,
nh—>ngo |frn — fHLl(O,T;X) =0,
lim [lup, —ullx =0 and
n—o0

: A0 A0) L
Jim |4, — @7l x = 0.

Let u, € C([0,T7];X) be the solution of the corresponding Euler scheme (Ejp,) and let
i, € C([0,T]; X) be the solution of (Ej ). By Lemma 2.6, for all n € Ns,7, every (@,0) € A
and all ¢} € m,,

lun () = @ () 1x < exp(p(|malw)tfe) (I[u® = allx + u® - allx)
+ " explp(mal) (8 — 171 ) n(7) = FulD)l1x .

Taking the limit as n — oo and ¢} — ¢ yields

t -
lu(t) = a(t)llx < e™flu® —a%x + /0 e u(s) — (s), f(s) — f(s)] ds.
This completes the proof. ]

Theorem 3.3 (Crandall-Liggett [CL71]). Let A C X x X and w € R. Suppose that A
s accretive of type w and that A satisfies the range condition. Then for every initial value
u® € dom A the Cauchy problem (CP: 0,u°) admits a unique Euler solution u € C([0,T]; X).
Moreover, if u is an Euler solution for initial value u’ € dom A and @ is an Euler solution
for initial value @° € dom A, then, for every t € [0,T],

lu(t) = a(t)|x < e flu” - x.
0"

If, in addition, u® € dom A, then u is Lipschitz continuous with Lipschitz constant e*T | Au

Proof. The existence and uniqueness of solutions, as well as the stability estimate, are
proved in the same way as in the proof of Theorem 3.2. The only difference is the existence
of solutions of appropriate implicit Euler schemes. For zero right hand sides and for initial
values u’ € dom A, this existence follows from Lemma 1.14 (c). O

Definition 3.4. For any B C X we define the set norm
B| = inf .
1Bl = inf [l2]x

Let AC X x X. For x € X we define

z|, = liminf |AZ| = su inf |AZ
2] 4 = lim inf | AZ| T>185:€B(m)| E

where B(z,r) :={% € X: ||x — 2||x <r}. The set
dom A == {z € X: |z| 4 < oo}

is called the generalized domain of A.
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Remark 3.5. Let A C X x X. Since |z|, = liminf; ,, |AZ| < |Az| for all z € X and
|z| , = oo if & dom A, we have

dom A C dom A C dom 4.
Lemma 3.6. Let AC X X X and u,z € X. Then |u|ate < |ul, + ||z x.
Proof. As a direct consequence of Definition 3.4, we get
|u| a4z = liminf |AZ + x|
T—T
= liminf inf ||v+ x| x
T—xr vEAZ
<liminf inf (lollx + o]x)
T—x vEAZ
= liminf |AZ| + ||z||x
T—T
= lul + [l x-
This completes the proof. O

Corollary 3.7. Let A C X x X be m-accretive of typew € R, f € BV(0,T; X), u® € dom A

and u € C([0,T); X) be the Euler solution of (CP: f,u"). Then wu is Lipschitz continuous
with Lipschitz constant

7" (Ju®| a— g0 + essVar(f))

Proof. Let (uy,,vy,) be a sequence in A with
lim ||u, —u’||x =0 and
n—oo

, T L 1,0
A flon = f(0+)]lx = liminf [A% — f0+)] = |u”]a—fo4)-

Let t,t € [0,T]. By Theorem 3.2, we can use (3.1) and get
; tw o W) (1,0 i 2
)~ u@lx < (6 + =) [0 = wallx + [ € fun (6 =7) = foni = )lx dr

Tt 0 tvi .
< 2 —uwallx + [ ot =) = fon (=) xdr
< eTw™ (2Hu0 — Uup||x + essVar(fy, )|t — ﬂ)
= ™" (2w — unllx + ([Jon — F(0+)||x + essVar(f)) [t — 1))

for all n € N. Here we used Lemma A.3 to estimate the integral term. Taking the limit as
n — oo we get

N + N

lu(t) = u@)lx < ™" ([ua_gior) + essVar(f)) |t — .
This completes the proof. ]
Definition 3.8. A Banach space X has the Radon-Nikodym property if

Lip(0,T; X) = Wh*°(0,T; X).
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Example 3.9. Every reflexive Banach space (and therefore every Hilbert space) and every
separable dual space has the Radon-Nikodym property [DU77].

Corollary 3.10. Let X be a Banach space, which has the Radon-Nikodym property, and let
A C X x X be quasi-m-accretive. Then the following statements are true.

(a) For every f € BV(0,T;X) and every u® € dom A every Euler solution of (CP: f,u)
is a strong solution of (CP: f,u).

(b) For every f € L'(0,T; X) and every u® € dom A every Euler solution of (CP: f,u°) is
a mild solution of (CP: f,u®).

Proof. Let X be a Banach space, which has the Radon-Nikodym property, and let A C X x X
be m-accretive of type w € R.

Let f € BV(0,T;X), u’ € dom A and u be the Euler solution of (CP: f,u’). Then by
Corollary 3.7, u € Lip(0,T; X) = WH*(0,T; X). By Remark 1.13, u is a strong solution of
(CP: f,u?).

Now let f € L'(0,T;X), u® € dom A and u be the Euler solution of (CP: f,u°). Since
BV(0,T; X) is dense in LI(O,}; X) and dom A is dense in dom A, there exist sequences (f,)
in BV(0,T;X) and (u?) in dom A, such that

Jim 1o = Fllrorxy =0 and

. 0 _ 0|l _
Jim Juy, —w”l[x = 0.

For n € N let u, be the Euler solution of (CP: f,u?). By assertion (a), u, is a strong
solution of (CP: f,u°) and by Theorem 3.2,

wT
[un = ulleorxy < € (Hug —u¥||x + || - fHLl(o,T;X)) :
Therefore,
Jim Jun = ullgo,77;x) = 0
and u is a mild solution of (CP: f,u°). O

We end this section by showing some examples of Cauchy problems with accretive oper-
ators, where the shown results can be applied. We just give an overview and refer to the
literature for details.

Example 3.11 (Sandpiles). Let n € N and let
K = {z € L*(R"): |Vz|| < 1 almost everywhere},

where Vz is the distributional gradient. Let f € BV(0,7;L*(R")) and let v° € K. A
solution of the Cauchy problem

{u(t) +oxku(t) > f(t)  (t€[0,T]),

u(0) = u®, (3:3)

can be seen as the shape of a growing sandpile, where f models introduced sand particles
into the system. As additional sand falls onto the sandpile, the slope gradually rises until it
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reaches the critical value of one. Beyond this point, the sand becomes unstable and triggers
instantaneous sliding. Since dyx C L?(R") x L?(R") is m-accretive, by Theorem 3.2, the
Cauchy problem (3.3) has a unique Euler solution.

For more details on how sandpiles can be modelled by accretive operators, we refer to
[AEW96] and [Igb10].

Example 3.12 (Porous medium equation). The porous medium equation in R? is given by

{y —AB(y)> f in (0,7) x R3, (3.4)

y(0,2) = yo(z) for z € R?,

where f C R x R is m-accretive with (0,0) € . This serves as a model for the density
dynamics in a substance undergoing diffusion, as described by Fick’s first law. Additionally,
it finds application in simulating phase transition dynamics, such as the Stefan problem,
as well as other physical processes characterized by diffusion phenomena, including heat
propagation, filtration, and the dynamics of biological groups.
We define the operator A C L!'(R3) x L'(R3) by
dom A = {y € LY(R?): w(z) € B(y(x)) for a.e. 2 € R? for some w € Ll(R3)} ,
Ay = {—Aw: w(z) € By(z)) for a.e. x € R? and w, Aw € LI(R3)},

where Aw is taken in the sense of distributions. Now, (3.4) can be written as the Cauchy
problem

{y(t) + Ay(t) > f(t) (t € [0,77), (3.5)

y(0) = yo.

The operator A C L'(R3) x L'(R3) is m-accretive [Barl0, Theorem 3.7]. Therefore, by
Theorem 3.2, we get existence of Euler solutions of the porous medium equation for every
f € LY0,T; L (R?)) and yo € dom A.

Example 3.13 (Hamilton-Jacobi equation). Let n € N and H € C(R™). Consider the
following Hamilton-Jacobi equation

us+ H(Vu) =0 in [0,7] x R",
uw(0,z) =u’(z) for z € R™

Following [BCP], we work with spaces of 2-periodic functions, which are

Cp(R") ={u e C(R"): u(z) =u(y) if c —y € 2Z"} and
C,y(R™) := Cp(R™) N CH(R™).

The norm on C,(R") is given by
u ny = sup |lu(x)||.
| HCP(R )2 nH ()]l

Then the operator
Ao = {(u, H(Vu)): u € Cy(R")}
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is accretive in C,(R™) [BCP, Proposition 9.17]. The extension
A= {(u,v) € Cp(R") x Cp(R™): Ag U {(u,v)} is accretive}

is m-accretive in C,(R™) [BCP, Theorem 9.19]. By Theorem 3.2, the Cauchy problem

(3.6)

uw+ Au > f,
u(0) = u’

has a unique Euler solution for every f € L1(0,T;C,(R™)) and u° € C,(R™).

For problems like the Hamilton-Jacobi equations, there is also the notion of viscosity
solutions. For a definition see [BCP]. If f € C([0,T]; Cp(R™)) and u® € C,(R"), then the
Euler solution of (3.6) is the unique viscosity solution of u; + H(Vu) = f(t,x) in (0,T) x R™
with u € C([0,T]; Cp(R™)) and u(0,z) = u’(z) for z € R™.

Example 3.14 (Navier-Stokes). The classical Navier-Stokes equations

yr —voAy+ (y-V)y = f+Vp in Qx (0,7),

V.oy=0 in Q x (0,7), 5.7
y=0 on 99 x (0,T), '
y(z,0) = yo(z) for z € Q,

describe the non-slip motion of a viscous, incompressible, Newtonian fluid in an open domain
Q C R3. Here y = (y1,%2,y3) is the velocity field, p is the pressure, f is the density of an
external force, and vy € Ry is the viscosity of the fluid. We used the notation
o) 0 0
ylgTyci + ngTyé + y3g%
and (y-V)y=|vi5e +v25% +yspe

0 0
4+ ol 4+ yp P

0 0 0
_ Oy O Oy

v ¥y= 8.%'1 8952 8953

We define the space
H:={y e (L*(Q)*: V-y =0},

where V-y is the distributional divergence of y. The space H is a closed subspace of (L?())?
and it is a Hilbert space with the inner product

(y,2) 0 = /Qy(a:) - z(z) dx.

We also define the space
Vi={y e (H}(2)* V-y=0}

1yl = (/Q HVy(x)!Fdx)é.

We denote by P: (L%(2))? — H the orthogonal projection of (L?(Q2))? onto H and set

with the norm

A= {(y, —PAy): y € (HX(Q))* N v}
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and
B={(y,P(y-V)y):yeV}.

Now the Navier-Stokes equations can be formulated as the Cauchy problem

{?)(t) +vAy(t) + Byt) = f(t)  (t€[0,17]), (3.9)
y(0) = yo. .

The operator vgA + B is not quasi-m-accretive in H, but we consider the following approx-
imation. For M > 0 let

By = {(y, (1\/]\422> P(y-V)y) :yEV}.
lylly

Now the operator vgA + By € H x H is quasi-m-accretive [Barl0, Lemma 5.2].
Let f € BV(0,T; H) and yo € (H?(Q))>N V. By Theorem 3.2, the Cauchy problem

{y(t) +ondy(t) + Buy(t) = /(1) (t€[0.T)) 59)

y(0) = o,

has a unique Euler solution y,s for every M > 0. By Corollary 3.10, yas is a strong
solution of (3.9). Barbu [Barl0, Theorem 5.9] shows, that there exists some M > 0 and
T* =T*(|lyolly/) € (0,T] such that

sup [|yar (1)1} < M.
te[0,7%]

Hence Bysynr = Byas on [0, T*] and so yyy is a strong solution of the Navier-Stokes equations
on [0,T%].

The question of existence and smoothness of strong solutions of the Navier-Stokes equa-
tions for arbitrary time horizons [0, 7] is an open question and one of the seven Millennium
Problems designated by the Clay Mathematics Institute.

3.2. Interpolation theory

In this section we introduce the interpolation of functions following Chill, Sharma and Sri-
vastava [CSS22]. The results presented in this section are joint work with Praveen Sharma.

Definition 3.15. A Banach space E is called a Banach function space over (0, c0), if
(a) L*NL*>®(0,00) CE C L' 4 L*(0,00) and
(b) E is an order ideal of L' + L°°(0, 00), that is, for every f,g € L' + L>(0, 00)

(gl <[fland f € E) = (g9 €Eand |glle <|fle)-

Example 3.16. Typical Banach function spaces are the polynomially weighted spaces

E = LP(0, 00, P~ ~1 d¢) for p € [1,00) and a € (0,1), as well as

E = L(0, 00, - dt) with [|f]] o g1 1) = e555up [S(O]t1 for a € (0, 1).
te(0,00)
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The polynomial weights
Wap(t) = tPI=71 (0 € (0,1))

appearing here are (restrictions of) typical Muckenhoupt A,-weights on the real line for each
p € [1,00). For an arbitrary Muckenhoupt A,-weight w on the real line, the space

E = LP(0, 0o, w(t) dt)

is a Banach function space, too. Other examples of Banach function spaces are the Lorentz
spaces LP9(0, 00), the Orlicz spaces L*(0, 00), general rearrangement invariant Banach func-
tion spaces over (0, 00), weighted versions of these spaces as well as intersections and sums
of such spaces.

Definition 3.17. For a function f: X — [0, c0] we call
dom f={z € X: f(z) < o0}

the effective domain of f.
A pair N' = (Np, NV7) of functions Ny, N7: X — [0, 00] is called an interpolation couple
of functions on X.

Example 3.18 (Linear interpolation). Let (Xo, |-[|y,) and (X1, |-|[x,) be Banach spaces,
which are continuously embedded into a Hausdorff topological vector space. In this Haus-
dorff topological vector space one can define the sum space X := Xy+ X1, which is a Banach
space for the norm

||| xy+x, = inf {HmOHXO + |1y, : o € Xo,21 € Xy and & = 20 + a:l} :
On the sum space we define Ny, N1: Xo + X7 — [0, 00] by

lzllx, ifz € Xo,

Nofw) = { o N {uxnxl ite e X,

o0 otherwise, 00 otherwise.

Both functions Ny and N satisfy all properties of a norm with the exception that both
functions actually take values in [0, 00]; the value oo is explicitly allowed. By abuse of
language, we still call such functions norms. The couple N' = (N, N7) is an interpolation
couple of functions.

Example 3.19 (Interpolation and operators). Let A C X x X. Then
A .
N7 =l 1)
is an interpolation couple of functions.

Definition 3.20. Let N' = (Np, V1) be an interpolation couple of functions on X and let
E be a Banach function space over (0,00). We define the K-function by

K(z,t,No, N1) = inf {Np(x —v) + tNi(v): v € X} for z € X and ¢ € (0, c0),
and the function Ng: X — [0, 00| by

./\/E(:D) = Ht — ‘K(x’t’—'/\/b"/vl)

t

E
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with the interpretation, that the right hand side is oo, if the function under the norm is not
in E. We call Vg the interpolation function with respect to the K-method associated
with the Banach function space E. For 0 < a < 1 and 1 < p < oo we use the notation

. NLP(O,oo,tp(l—a)—l dt) if p < o0,
Nop = |
NL“(O,OO,tl—ﬂ dt) if p = oo.

Example 3.21 (Classical real interpolation spaces). Let (Xo,|[|y,) and (X1, |-[|x,) be
Banach spaces, which are continuously embedded into a Hausdorff topological vector space,
like in Example 3.18. Let 0 < a <1 and 1 < p < oo. Then

dom({|[[ x, » lIlx, )avps
where Ha:HXZ is interpreted as oo, if x € X, i € {0,1}, is equal to the interpolation space
(XOa Xl)a,p
constructed by the classical real interpolation method.

Let us recall, that for all f € L'(0,T; X) and v® € dom A, by Theorem 3.2, the Cauchy
problem (CP: f,u%) has a unique Euler solution u € C([0,T]; X). By using the space of
Lipschitz continuous functions Lip([0, T]; X) with its seminorm

t) — f(t
[f]Lip([O,T};X) = sup M
t.1e[0,T] t£E |t — 1|

9

Corollary 3.7 shows, if f € BV (0,7;X) and u° € dom A, then u € Lip(0,T; X).
The following theorem shows, that, if f and u” are in the corresponding interpolation
sets, then so is u.

Theorem 3.22. Let A C X x X be quasi-m-accretive, E be a Banach function space over
(0,00),

fe dom(|[{l Lo 7.x) 5 Il By 0,7 x)) B
u” € dom(|||l x |-|4)E

and u be the Euler solution of (CP: f,u"). Then u € dom(||“{[¢ (o735 » [zip(io,11,x) ) E-

Proof. Let A be m-accretive of type w € R. For every g € BV (0,7 X) and v € dom A we
denote the Euler solution of (CP: g,v) by u4,,. By Theorem 3.2, we can use (3.2) to get

wt
lu — g co.r:x) = T (JJu® = vllx + |1f — gHLl(O,T;X))' (3.10)
By Corollary 3.7, ug, € Lip(0,T; X) with
[ugalLiporx) < €™ (0] a—g(o4) + essVar(g))

e ([v]a + [lg(0+)[|x + essVar(g))

w 1
< el (2 \% T) (MA + HQHBV(O,T;X)) ) (3.11)

IN
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where we used Lemma A.5 for the last inequality. Using (3.10) and (3.11), we get

K(% & oo, - [']Lip([O,T];X))
= inf {HU = dlleqor;x) + tHdlLip(om;x) = § € Lip([0, T7; X)}
< inf {Hu — ugﬂJHC([O,T];X) + t[ug,v}Lip([O,T];X): g e BV(O,T;X),U S d’O\IJn A}
i (o 1Y
<™ (2v 7 Yint {lu® = ollx + 1 = gl
+t([vla + lg] Bvorix): 9 € BV(0,T; X),v € dom A}

wt 1
= (29 1) (KOGt Moo s Mlavioo) + K@tk Ha)-

Therefore

w 1
(e oy » Hrigorix))e(w) < e’ ' (2 Vv T) ((H'HLl(o,T;X) N By o,mx)) B ()

+ (Il r-|A>E<u0>),

where the right-hand side is finite. This completes the proof.

Corollary 3.23. Let A C X x X be quasi-m-accretive, 0 < a < 1,

fe dom(|lll 1 o.7:x) > Il By (0,7:x) )00

u’ € dom(||]|x , || 4)ao0
and u be the Euler solution of (CP: f,u"). Then u is Hélder continuous of exponent c.

Proof. By Theorem 3.22, u € dom({|-|| ¢ 0.71.x) » [1Lip(077:%) ) a,00- Therefore

K(u,t, ||'HC([0,T};X) > FLip(o115x))
t

C=|t—

L5%(0,00,1=4 dt)
=esssupt” “K(u, 1, ||l o(jo,71;x) - [ 2in(o,1:%))
te(0,00)

is finite. Let ¢, € [0,T], t # t. For all @ € Lip([0,T]; X)

S

lu(t) = u@®)llx < llu(t) —at) — (u@) - at)llx + [la(t) - a@)llx

< lu =l oqo.r.x) + @ Lip(o.m1x) 1t = 2.

Taking the infimum over all @ € Lip([0,T]; X) gives us

[u(t) = u(®)||x < K(u, |t -1, H‘Hc([o,T};X) ) ||'HLz‘p([o,T};X))
< C|t —t|%,

so u is Holder continuous of exponent a.
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Note, that if A C X x X is quasi-m-accretive, then by Theorem 3.2, for all f € L'(0,T; X)
and u° € dom A, there exists a sequence of solutions of corresponding Euler schemes, which
converges to the Euler solution of (CP: f,u°). By Theorem 2.20, we obtain the rate of
convergence O(|r|'/?) as |x| — 0 for f € BV(0,7;X) and u® € dom A. The following
theorem establishes the rate of convergence O(|r|*/?), if f and u® are in the corresponding
interpolation sets.

Theorem 3.24. Let A C X x X be quasi-m-accretive, 0 < o < 1,

f e dom([[l 1 0.7,y - Il By o,10:x) Jarsce and

u® € dom (|||l , 'l 4)aco-

Then there are constants C, 19 > 0, such that for all partitions m and 7 of [0,T] with
|7, |#] < 7o there are discretizations 6 = (m, fg,ud) and 6 = (ﬁ',fé,ug), such that for the
solutions ug of (Eyg) and uy of (E;) we have

HUG’ - uéHC([QT];X) < C(|r| + |7Ar|)a/2‘

Proof. Let A C X x X be m-accretive of type w € R. Since

fe dom([l o1 5 Il By (0,7:x) avoos

there exists a constant C'y > 0, such that
K(f .t -l o) Il vormx)) < Cpt®
for all ¢ > 0 and analogously there exists a constant Co > 0, such that
K@t x| y) < Cuot®
for all ¢ > 0. Now we can choose
C' 1= 26T (14 2(T +1)Cy0 + (2T + 3)Cy)

and

1

EETRIVES

Notice, that C' and 7y only depend on f, u°, T and w.
Let m and & be partitions of [0,7] with |7, || < 79. By definition of 79 we now have
7|, |#], |7|w, |#|w < 1. To shorten notation, we use
7 =[] + |7
for the rest of the proof. Since dom A is dense in dom A, we can choose ug, ug € dom A with
|u) —u’||x <7 and ||u2 — 40 x < 7.

Since the K-function is an infimum, there exists a fe BV (0,T; X) with

If— f”Ll(O,T;X) + 7'||f||BV(o,T;X) <2K(f,T, ||'||L1(O,T;X) ; H'HBV(O,T;X)) < 207"
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Now we choose fy: [0,7] — X adapted to the partition 7: 0 =ty < t; < ... <ty =T by
setting B
fo(t;) = f(t;+) for all t; € 7.

This gives us

N-1 tit1 ~
I£o = Pl = Z / 1fo(r) = Fo)lxdr = 30 [ 1700 = Fr)lx ar
k=0 " "

N-1 N-1
< Z hiessVar(fly, 1.,11) < |7l Z essVar(f|y, 1,,,)) = || essVar(f).
k=0 k=0

By construction we get

1fo = Fllrorx) < I = Fllsorx) + o = Flziorx)
< \f = fllero,rx) + || essVar(f)
< QCfTa.

Analogously we can construct f;: [0,7] — X adapted to the partition # such that
If5 = flloro,rx) < 20577

By using Theorem 2.20 and noting, that ¢(z) < 2 for x < %, we get

lua(t) = us(t)llx < ™" (Jluf —allx + lu§ — allx + | fo = 9ll 12 02x)
/s = 9l porxy + VTR HTT (|@|A + HQHBV(O,T;X)) )
< T ((fuf = u0llx + flud = wllx + 1 fo — Fllosorx)
+11£5 = Flrory + 2l = @llx + 211 = gllpaorx)

+ 2V 7T (il + lallpvrn)

forall t € [0,T], & € dom A and all g € BV(0,T; X). By taking the infimum over all & and
g on the right hand side, we get

JF
< e (fluf — wllx + u§ — «llx + 1fo = Fllrorx)
1155 =l oy T 2K @ V7247l )
+ 2K (f, VT + 7T, [0 - 1l svorx)

< efTwt (2T +4Cm* +4C 0 (7% + TT)O‘/2 + 4Cf(7'2 + TT)O‘/Q)

[ug — UéHC([O,T];X)

< 26" (14207 + 2T + 1)Co + 2(T + 1)Cf ) 772
= Cro/?,

This completes the proof. O
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A. Functions of bounded variation

Throughout this chapter, let X be a Banach space with norm ||-||y and a,b € R with a < b.

Definition A.1. A function f: [a,b] — X is of bounded pointwise variation, if
n—1
Var (f) == sup{z | f(tk+1) — f(te)llx :m € Nyto, ..., tp € [a,b],t0 < ... < tn} < 0
k=0
and f is of bounded (essential) variation, if

essVar(f) == inf {Var(g) | g: [a,b] — X, f(t) = g(¢) for a.e. t € [} < 0.

For f € L'(a,b; X) we define essVar(f) := essVar(f.), where f.: [a,b] — X is a repre-
sentative of f. We denote the space of all functions in L'(a,b; X) with bounded essential
variation by BV (a,b; X) and endow it with the norm

11 By (apix) = 1l L1 (ap:x) T essVar(f). (A1)

Lemma A.2. If f: [a,b] — X is of bounded pointwise variation, then f has a limit from
the right f(t+) at every t € [a,b) and a limit from the left f(t—) at every t € (a,b] and

fl+) = f(t=) = f(t) (A-2)
for allt € (a,b) except on a countable set.

Proof. Let us first assume, that there exists a ¢t € [a,b), such that the limit from the right
f(t+) does not exist. Then there exists a strictly decreasing sequence (t,)nen in (¢, ), such
that (|| f(tn+1) — f(tn)|lx)nen does not converge to 0. This implies

Z | f(tes1) = f(te)l|x =

but since f is of bounded pointwise variation, we get

Z 1 (1) = f(tw)l[x < Var(f)
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for all n € N. This is a contradiction and therefore f(¢+) exists for all ¢ € [a,b). Analogously
f(t—) exists for all t € (a, b].
To prove, that (A.2) holds for all ¢ € (a,b) except on a countable set, we define

S = {t e @0): 15(-) — £Ollx + 170 - ) = 3 )

for n € N. For every finite collection of elements t1,to,...,txy € .S, with t1 <to < ... < iy,
N € Ny, we can choose a < t; < ty... < t3ny < b, such that for all k € {1,..., N}

t3p—1 = t,

1f (ts—2) — f(Ear-1)llx = %Hf(tk*) — f(te)lx and
I£Esr) = FEsllx > 3 17() — Ft)x.

Then

)=z
I
M=
S|

T
I

IN

(S (=) = FE)llx + £ () = F(tet) ] x)
1

IN

\ENIE

2(11f (tak—2) = f(Fa—1)llx + [1f (Fae—1) — f(Ea)llx)

3N—-1

<2 Z 1 (rs1) — f)lx

k=0
< 2Var(f).

i
I

Therefore N < 2n Var(f), so Sy, is finite for all n € N. Hence

{t € (a,b): f(t+) # f(t) or f(t) # f(t=)} = ] Sn

neN

is a countable union of finite sets and therefore countable. O

Lemma A.3. Let f € BV (a,b; X). Then

b—h
/ 1f(r + 1) — f(7)||x dr < hessVar(f)

for all h > 0.

Proof. Let f, be a representative of f and let h > 0. For 7 > 0 we set

bh—a—
N, = {ZTJ and

try=7+a+khforke{0,...,N}.
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Then

/(a+(k’+1)h)/\b
+

1fr(T+h) = fr(7)]x dT
a+kh

b—h No
[ n - s@)xar =y
e k=0

No—1

S [t~ St a
= r\lr, — Jrilr, T
Pt 0 k+1 k)X

b—a—Noh
[ W) = frltr )l dr
h N-—1

= [ X Itrin) = St x dr
0 k=0

h
S/o Var(f,)dr
= Var(f,)h.

Taking the infimum over all representatives f,. of f gives the result. O

Note that if f € BV (a,b; X), then f has a representative f, that is of bounded pointwise
variation. By Lemma A.2, for every ¢ € [a,b) the limit from the right f,.(t+) exists. If f,
is also a representative of f that is of bounded pointwise variation, then f, — fr is also of
bounded pointwise variation and f, — ﬁ = 0 almost everywhere. Therefore (f, — fr)(t—i—) =0
and hence

Frt) = (fr = F)(t4) + Jr(t4) = Fot+).

We have shown, that f,.(t+) does not depend on the choice of f,.. Therefore the following
definition is well-defined.

Definition A.4. Let f € BV (a,b; X) and t € [a,b). Then

where f, is a representative of f that is of bounded pointwise variation.

We could replace the L'-norm in the definition of the BV-norm (see (A.1)) by ||f(a+)|x
and get an equivalent norm. More precisely, we obtain the following lemma.

Lemma A.5. Let f € BV(a,b; X). Then

1

1
o1 Mlavienn < 1@l +essvar(p) < (2V 57 ) Ifllavgasn

Proof. Let f € BV (a,b; X). Then

b
b—clz+1 1 By (@px) = b—Clb—|—1 </a 1f(T)llx dr + essVar(f))
b
< b—clz—l—l (/a (If(m) = flat)llx + I f(a+)]x)dr + essVar(f))
< b_iﬂ ((b—a) (essVar(f) + || f(a+)|| x) + essVar(f))
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< [If(a+)llx + essVar(f)

| f(a+)||x d7 + essVar(f)

IN

=i\
b—la/a ([f(at) = f(D)llx + 1 f(7)llx) dT + essVar(f)
1

((b— ayessVar(f) + | fll 1 apx) ) + essVar(f)

<
“b—a
1

“bh_a HfHLl(a,b;X) + 2essVar(f)

1
< (2v 575 ) Wl

This completes the proof. ]
Example A.6 (Monotone functions). Let f: [a,b] — R be monotone. Then f is of bounded
pointwise variation. Suppose that f is increasing and a =ty <t; < ... <t, =0b. Then

n—1

Z [f(trr = F)) = D (F (b — £(t))) = f(b) = f(a),

k=0

so Var(f) = f(b) — f(a). Analogously, we get Var(f) = f(a) — f(b), if f is decreasing. In
both cases, we find that

Var(f) = [f(b) = f(a)|.

The following theorem is a result from Camille Jordan, who introduced the notion of
bounded variation in [Jor81] in 1881.

Theorem A.7 (Jordan decomposition). A function f: [a,b] — R is of bounded pointwise
variation if and only if there exist two increasing functions fi, f—: [a,b] — R, such that

f=fe— 1o (A.3)

Proof. If f: [a,b] — R is of bounded pointwise variation, then for ¢ € [a, b] we can define
f(t) = f(t) + Var(fla,g) and f(t) = Var(flj,q)-

For all ¢, € [a,b] with ¢ <t we now have

(): F@ + f() = F@) + Var(flia.n)
< f(t) + Var(f| i) + Var(flian)
)

Thus, f; is increasing. Also f_ is increasing and f = f + f_.
To prove the implication in the other direction, note that for any g, h: [a,b] — R we have

Var(g + h) < Var(g) + Var(h).

If we assume that fy, f_: [a,b] — R are increasing, then

Var(fy — f-) < Var(fy) + Var(=f-) = f4(b) — f+(a) + f-(a) — f-(b) < o0,

so fi — f— is of bounded pointwise variation. O
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1
log%'

Figure A.1.: Graph of t —

Example A.8. Every Lipschitz continuous function f: [a,b] — X is of bounded pointwise

variation.
1
Tog 2 if t >0,

Example A.9. The function
f:00,1] 5 R, t— {
0

ift=0,

is of bounded pointwise variation and continuous, but not Holder continuous of any exponent

O0<a<l.

)

=

¢ sin(

LV,

Figure A.2.: Graph of t — tsin(3).
49



Example A.10. The function

tsin(f) ift>0,

:10,1] = R, t—
o 0.1] {O ift=0,

is continuous, but not of bounded pointwise variation.

Lemma A.11. If f € C([a,b]), then

b
Var(f) = essVar(f) = / ()| dr. (A.4)

Proof. Since f’ is continuous, the set Q = {t € (a,b): f'(t) > 0} is open, so there exists a
sequence of intervals (I,)nen, such that

Iy, is open for all n € N, U I, = Q,
neN
I, 1 is closed for all n € N and U Iyp—1 = [a,b] \ Q.
neN

Let (an)nen and (by)nen be sequences in [a, b] such that
Iy, = (agn,b2,) and  Iop—1 = [a2n—1, ban—1]

for all n € N. Now, f|;, is monotone and Var(f|s,) = Var((—f)|s,) for all n € N. Therefore

[l = [ roar=[
([ swa- [ rea)

n—1 Iopn—1

i

(f(ban) — f(azn) — (f(b2n—1) — f(azn-1)))

3
Il
—

M

(Var(f|12n) + Va‘r(f‘Ianl))

(f)-

Since f is continuous, Var(f) = essVar(f). O

3
Il
_

a

—

Example A.12. Let
o0
C:= {Z 20,37 : ay, € {0, 1}}
k=1

be the Cantor set. The Cantor function

o0 (o)
—k . _k
E a2 ift= E 2a;37" € C for ap € {0, 1},
c:[0,1] = R, t = ¢ 7 =1 (0,13

sup{c(r) : T eCnI0,t]} ifte0,1]\C,
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~

Figure A.3.: Graph of the Cantor function c.

is increasing and therefore of bounded pointwise variation with
Var(c) = essVar(c) = 1.

Moreover, it is continuous and almost everywhere differentiable. More precisely, the Cantor
function c is differentiable at ¢ € [0,1] \ C with ¢/(¢) = 0. This example shows, that (A.4)
can be false even if all terms in the equation exist.
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