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Abstract

Complex spatial structures in biology arise from random interactions of molecules. These

molecular interactions can be studied using spatial stochastic models, such as Reaction Dif-

fusion Master Equation (RDME) – a mesoscopic model that subdivides the spatial domain

into smaller, well mixed grid cells, in which the macroscopic diffusion-controlled reactions

take place. While RDME has been widely used to study how fluctuations in number of

molecules affect spatial patterns, simulations are computationally expensive and it requires a

lower bound for grid cell size to avoid an apparent unphysical loss of bimolecular reactions.

In this thesis, we propose Gaussian Reaction Diffusion Master Equation (GRDME), a novel

model in the RDME framework, based on the discretization of the Laplace operator with

Particle Strength Exchange (PSE) method with a Gaussian kernel. We show that GRDME

is a computationally efficient model compared to RDME. We further resolve the controversy

regarding the loss of bimolecular reactions and argue that GRDME can flexibly bridge the

diffusion-controlled and ballistic regimes in mesoscopic simulations involving multiple species.

To efficiently simulate GRDME, we develop Gaussian Next Subvolume Method (GNSM).

GRDME with smoothing length ϵ′ and simulated with GNSM has up to 2dϵ′ lower compu-

tational cost for a d-dimensional simulation, providing a significant computational advantage

for modeling three-dimensional systems. We develop a guideline to estimate the grid res-

olution hmin below which RDME and GRDME exhibit loss of bimolecular reactions. This

loss of reactions has been considered unphysical by others. Here we show that this loss of

bimolecular reactions is consistent with the well-established theory on diffusion-controlled

reaction rates by Collins and Kimball, provided that the rate of bimolecular propensity is

interpreted as the rate of the ballistic step, rather than the macroscopic reaction rate. The

reaction radius σ is a linear function of grid resolution h and each ϵ′ maps to a different

σ. Hence, GRDME enables us to explicitly model various sizes of the molecules. Using

this insight, we explore the diffusion-limited regime of reaction dynamics and discover that

diffusion-controlled systems resemble small, discrete systems. Others have shown that a re-

action system can have discreteness-induced state inversion, a phenomenon where the order

of the concentrations differs when the system size is small. We show that the same reaction

system also has diffusion-controlled state inversion, where the order of concentrations changes,

when the diffusion is slow. In summary, we show that GRDME is a computationally efficient

model, which enables us to include the information of the molecular sizes into the model.
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Zusammenfassung

Komplexe räumliche Strukturen in der Biologie entstehen durch zufällige Interaktionen von

Molekülen. Diese molekularen Wechselwirkungen können mit Hilfe räumlicher stochastischer

Modelle wie der Reaction Diffusion Master Equation (RDME) untersucht werden - einem

mesoskopischen Modell, das den räumlichen Bereich in kleinere, gut gemischte Gitterzellen

unterteilt, in denen die makroskopischen diffusionsgesteuerten Reaktionen stattfinden. Das

RDME-Modell ist zwar weit verbreitet, um zu untersuchen, wie sich Fluktuationen in der An-

zahl der Moleküle auf die räumlichen Muster auswirken, doch sind die Simulationen rechenin-

tensiv, und es erfordert eine untere Grenze für die Größe der Gitterzellen, um einen scheinbar

unphysikalischen Verlust an bimolekularen Reaktionen zu vermeiden. In dieser Arbeit schla-

gen wir die Gaussian Reaction Diffusion Master Equation (GRDME) vor, ein neues Modell im

RDME-Rahmen, das auf der Diskretisierung des Laplace-Operators mit der Particle Strength

Exchange (PSE)-Methode mit einem Gauss-Kernel basiert. Wir zeigen, dass GRDME im

Vergleich zu RDME ein rechnerisch effizientes Modell ist. Darüber hinaus lösen wir die Kon-

troverse über den Verlust bimolekularer Reaktionen und argumentieren, dass GRDME in

mesoskopischen Simulationen mit mehreren Spezies flexibel eine Brücke zwischen diffusion-

skontrollierten und ballistischen Regimen schlagen kann.

Um GRDME effizient zu simulieren, entwickeln wir die Gaussian Next Subvolume Method

(GNSM). GRDME mit Glättungslänge ϵ′ und simuliert mit GNSM hat bis zu 2dϵ′ geringere

Rechenkosten für eine d-dimensionale Simulation, was einen signifikanten Rechenvorteil für

die Modellierung dreidimensionaler Systeme darstellt. Wir stellen eine Abschätzung der min-

imalen Gitterauflösung hmin vor, unterhalb derer bei sowohl RDME als auch bei GRDME ein

Verlust bimolekularer Reaktionen zu beobachten ist. Dieser Verlust von Reaktionen wurde

von anderen als unphysikalisch angesehen. In dieser Arbeit zeigen wir, dass der Verlust bi-

molekularer Reaktionen mit der Theorie von Collins und Kimball vereinbar ist, vorausgesetzt,

dass die Reaktionsrate einer bimolekularen Reaktion als die Rate des ballistischen Schritts

kb und nicht als die makroskopische Reaktionsrate interpretiert wird. Mit GRDME können

wir also explizit verschiedene Größen der Moleküle modellieren. Mit Hilfe dieser Erkennt-

nis erforschen wir den diffusionsbegrenzten Bereich der Reaktionsdynamik und entdecken,

dass diffusionsgesteuerte Systeme kleinen, diskreten Systemen ähneln. Andere haben gezeigt,

dass ein Reaktionssystem eine diskretionsinduzierte Zustandsinversion aufweisen kann, ein

Phänomen, bei dem sich die Reihenfolge der Konzentrationen ändert, wenn die Systemgröße
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klein ist. Wir zeigen, dass das gleiche Reaktionssystem auch eine diffusionsgesteuerte Zus-

tandsinversion aufweist, bei der sich die Reihenfolge der Konzentrationen ändert, wenn die

Diffusion langsam ist. Zusammenfassend zeigen wir, dass GRDME ein rechnerisch effizientes

Modell ist, das es uns ermöglicht, die Informationen über die Molekülgrößen in das Modell

einzubeziehen.
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Chapter 1

Modeling Mesoscopic Biology

Biology is fascinating, unfathomably complex and, frankly, messy. To try and make sense of

it, we focus on one aspect and describe it in a simplified and idealized way. In other words,

we build models [2]. A whole field of systems biology is dedicated to the study and design of

mathematical modeling techniques for biology [3]. A good model explicitly represents essential

elements of the system that we find important and ignores or lumps together everything else. It

is important to be aware of the implicit assumptions we make by choosing a specific modeling

technique. As the phenomena in biology are incredibly diverse – they span several magnitudes

in scales in both time and length – so too have to be the modeling techniques. Hence, there is

no single best modeling technique to help us understand biology as the choice of the technique

depends on which system, and which aspect of it we want to study.

Which modeling techniques are well suited for cell biology? The same physical system can be

described by different mathematical modeling techniques, depending on which aspects of the

system the modeler is interested in. The choice of the modeling technique depends on, for ex-

ample, what scale (microscopic, mesoscopic, macroscopic or even multiscale) we want to study

the system and whether we are interested in spatial information or not. Some phenomena in

the cell are on scales large enough that fluctuations in the number of molecules in the system

do not contribute to the dynamics of the system significantly. We may want to understand

such systems on a macroscopic scale by modeling them with continuous and deterministic

modeling techniques. Some systems, however, are sufficiently small so that fluctuations in the

number of molecules affect the dynamics in a significant way. We can consider such systems
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Chapter 1. Modeling Mesoscopic Biology

being on a mesoscopic or even microscopic scale. Studying these systems requires discrete

and stochastic modeling techniques. Often also, the distribution of the molecules in space is

crucial for understanding of the dynamics of some biological processes, such as patterning.

Based on that, we can study systems either with temporal or spatiotemporal models. Many

modeling techniques for cell biology can thus be categorized according to the three different

dimensions of categories into (1) temporal vs spatiotemporal, (2) continuous vs discrete, (3)

and deterministic vs stochastic.

Starting from the simplest continuous deterministic temporal category, we can increase the

complexity of the model by either adding the dimension of spatial information or stochasticity.

Each of those additions can provide additional insights into the system, but they also come

with added cost – these methods tend to be more computationally expensive, it often takes

longer to develop numerical algorithms to simulate them and they generally require more

in-depth knowledge of the system. Adding both complications together, we arrive at discrete

stochastic spatiotemporal models. These models come at the highest cost as they include the

most detail about the system, but they are also closest to the ”ground truth” and can provide

the most nuanced insight. The modeling techniques share some commonalities with the

techniques in the adjacent categories, since each of the categories can be derived from others

by either simplifying or expanding one of the dimensions of categorization. By borrowing

approaches from other categories, we can create interesting modeling techniques, which can

either be more computationally efficient, or expand the range of biological phenomena we can

study in silico.

We will briefly describe four commonly used categories1 [7, 8]: continuous deterministic

temporal, continuous deterministic spatiotemporal, discrete stochastic temporal and discrete

stochastic spatiotemporal modeling techniques.

Continuous deterministic temporal models

There are countless reactions that are constantly being fired in cells. One way to model them

is with rate equations (RE). RE belong to continuous deterministic temporal models. They are

formulated with ordinary differential equations (ODEs). RE describe how the concentrations

1This is not a comprehensive and all-encompassing categorization of modeling techniques. For example,
discrete deterministic agent-based models (such as Cellular Automata [4, 5]) and continuous stochastic models
(such as Chemical Langevin Equations [6]) are not included in our summary. See [3] for a more exhaustive
classification of modeling techniques.
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of molecules in a well-mixed system change over time due to being produced and consumed

in reactions. RE can be used to study systems with large number of reactions and molecular

species, such as the cell cycle control network [9]. Rate equations also enable study of highly

nonlinear systems and systems with partial or mixed order reactions, such as Hill [10] and

Michaelis-Menten [11] kinetics. Although these macroscopic rates still need to be measured or

calculated, we do not need to understand the exact dynamics on the more microscopic scale.

RE are well suited to study how reaction networks on a macroscopic scale evolve over time.

Deterministic continuous spatiotemporal models

Cells are also intricately spatially organized. By adding spatial information to the model,

we can study how macroscopic quantities of interest change in both space and time. Such

deterministic continuous spatiotemporal models models are typically formulated with partial

differential equations (PDEs). This category contains a rich diversity of models and modeling

techniques, ranging from reaction diffusion equations to equations of active matter. Reaction

diffusion models are one of the simplest possible models of spatially resolved chemical dynam-

ics. They describe how concentrations of molecules change in space and time due to chemical

interactions and diffusion. In his seminal paper [12] in 1952, Alan Turing described how some

reaction diffusion systems can form patterns, creating stripes, spots, spirals and more. He lay

a foundation for how we think about morphogenesis and patterning in biology. Since then,

reaction diffusion models have been used to describe many biological processes such as, for

example, the cell cycle induced polarization of the cell in yeast S. cerevisiae [13]. The PAR

system in C. elegans [14]) is another example of cell polarization, in which advection triggers

the patterning of a reaction-diffusion system. Studying how processes evolve in both space

and time is crucial to advance our understanding of biology.

However, adding spatial information to the model inherently makes it more complex. These

models are more computationally expensive and the addition of spatial dimensions introduces

new challenges such as boundary conditions. A number of numerical techniques have been

developed over the years to tackle these issues. For example, besides the discretization of time,

space also has to be discretized into representative elements, in order to study these models

with numerical simulations. While finite difference [15] and finite element [16] methods are

perhaps the more wide-spread discretization techniques, the world of particle methods includes

a great variety of numerical methods, such as Smoothed Paticle Hydrodynamics (SPH) [17],

Particle Strength Exchange (PSE) [18], Discretization Corrected Particle Exchange (DC-

3



Chapter 1. Modeling Mesoscopic Biology

PSE) [19] and many more [20]. Overall, there exists a great variety of modeling and numerical

techniques to study how macroscopic phenomena in biology evolve in space and time.

Discrete stochastic temporal models

No two cells are exactly the same. This holds true even if they are genetically identical and

reside in the same environment. A lot of the differences between the cells can be explained

by the so-called extrinsic noise – the collective random effect of the environment on the cell.

However, even if we removed the extrinsic noise by controlling everything in the environment

and history of seemingly identical cells, they would still not be the same. This is because

chemical reactions in the cells are subject to intrinsic noise. Chemical reactions inside cells

are random events and molecules are discrete entities. The reaction systems with very low

molecular counts experience a significant change when a molecule is added or removed from the

system due to a (random) reaction; in other words, they are very stochastic. Many molecular

species can be present in strikingly small counts in the cell. This includes transcription factors,

signaling molecules, and more [21]. Intrinsic noise may seem detrimental to the functioning

of a cell and, in fact, cells do have mechanisms to buffer it [22, 23, 24]. However, cells

have also evolved ways to exploit the noise, and many interesting phenomena can arise from

it [25]. Surprisingly, for example, the noise in the signal species can attenuate the noise

in the response species through stochastic focusing, and thus making the behavior of the

response species more deterministic [26]. Noise can even stabilize oscillators [27] or entrain 2

uncoupled oscillators [28]. Certain reaction networks even exhibit completely different steady

state for different population sizes, where the most abundant species in a large population is

different from the most abundant species in a smaller population [29]. This is all to say that

stochasticity is a crucial aspect of cell dynamics and it is thus important to model it.

Chemical Master Equation (CME) is a modeling technique which accounts for the discrete

nature of molecules and for the randomness of the reaction events. It is categorized as a

discrete stochastic temporal modeling technique. CME describes how the probability of the

system being in a certain state evolves over time. However, CME itself can be solved ana-

lytically only for the simplest of systems. Using numerical simulations (in a similar way as

ODEs or PDEs) to follow the evolution of the probabilities, is difficult as well. So while it can

be solved (approximated) numerically [30], it is much more common to use Stochastic Sim-

ulation Algorithms (SSA) to generate trajectories of the system as it evolves due to random

2Two oscillators are entrained when they interact with each other and synchronize their oscillations.
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reactions. Gillespie proved that simulating the system with a SSA is equivalent to CME [31]

and showed that CME itself has a rigorous basis in the underlying physics of chemical reac-

tions for well-mixed and dilute systems [32]. In fact, the well-mixedness and diluteness are

the key underlying modeling assumptions in CME. Despite the fact that the environment

of the cell is extremely crowded, however, CME has proven to be a powerful tool to study

noisy cell phenomena. In fact, since the popularization of SSA in the late 1970s, the field

has grown to include a wide range of modeling techniques. For example, researchers have

developed creative ways to reformulate CME in order to reduce the computational cost, such

as the Next Reaction Method [33] or partial propensities [34]. Some modeling techniques add

additional features to the model, such as time delay [35]. Methods such as tau leaping [36],

Chemical Langevin Equation [6], Linear Noise Approximation[37, 38], Final State Projection

(FSP) [30] etc, on the other hand, approximate CME [39]. This eases the computational cost

of the simulations and enables study of larger systems. Lastly, CME has also been extended

to spatial problems, to study how noise affects reaction diffusion systems. To summarize,

CME is a great modeling technique to study cell phenomena on a mesoscopic scale, where

noise plays a crucial role in the dynamics of the system.

Discrete stochastic spatio-temporal models

Cells are highly structured and self-organized collections of constantly produced and con-

sumed jiggly molecules. To understand how random interactions between individual molecules

give rise to complex spatial and dynamical structures we see in cells, we need to study how

molecules move and interact with each other over space and time. We need to use discrete

stochastic spatiotemporal modeling techniques. 3

Brownian Dynamics (BD) techniques follow individual molecules, represented as particles, as

they move about due to Brownian motion and potentially react with other molecules upon

colliding with them. How exactly the reactions are modeled in BD is based on one of the two

prominent microscopic reaction diffusion models: the Smoluchowski model and the Doi model.

In the Smoluchowski model [40], reactions occur instantaneously, if the molecules are within

each other’s reaction radius σ - essentially, when they touch each other. In the Doi model [41],

the reaction occurs with certain probability λ, if the molecules are within a certain distance

3This category also includes Molecular Dynamics techniques, which model the effects of forces or movements
of individual atoms or substructures within the macromolecules. These techniques truly are the behemoths
regarding the computational costs and the level of knowledge required. However, due to their enormous
demands, they are limited to studies of very small number of molecules over a very short period of time
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ρ. Note that these parameters are not the same as the macroscopic reaction parameters used

in the modeling techniques mentioned so far. Many methods have been developed based

on one of the two models: Greens Function Reaction Diffusion (GFRD) [42] (Smoluchowski),

enhanced GFRD (eGFRD) [43] (Smoluchowski), SmolDyn [44] (Smoluchowski), and λ−ρ [45]
(Doi), to name just a few. These methods are well suited to model reactions occurring in

crowded environment of the cells, since many of the methods can account for the effects of

crowding, volume exclusion, or complex geometry. The results obtained by different methods

may vary however [7], so the modeling technique has to be carefully chosen depending on

the biological problem at hand. Nonetheless, these methods provide us with insight, which

would otherwise elude us. For example, using BD, Takahashi et al. [46] were able to show

that the spatiotemporal correlations between the enzyme and substrate molecules affect the

response of the MAPK pathway and that slower diffusion can lead to a faster response of

the pathway. One may wonder then, why is BD not the default choice of modeling technique

and why do we need to have so many different other approaches? For one, BD methods are

very computationally expensive. Although, a more fundamental challenge is how to measure

or estimate the parameters required for these models. The parameters must be estimated or

even guessed. This increases the number of assumptions in the model. At the same time, we

know that a model with the fewest assumptions will typically be the least wrong model [8].

An alternative way to model BD without increasing the number of assumptions in the model

is to use Reaction Diffusion Master Equation (RDME) [47, 8], a spatial stochastic modeling

technique, which uses macroscopic reaction rates.

1.1 RDME Models Mesoscopic Stochastic Spatial Phenomena

RDME was introduced by Gardinger in 1976 [47]. RDME is CME expanded to a spatial prob-

lem in a similar manner to how numerical techniques for PDEs are expanded from ODEs.

The spatial domain is discretized into representative units by, for example, splitting the space

using a grid. Each of these grid cells contains a well-mixed reaction system undergoing CME.

The molecules can hop between the grid cells, representing diffusion. RDME only tracks

the changes in the number of molecules in each grid cell. It does not “see” the movements

of molecules within individual cells, nor does it track the interactions between individual

molecules. Hence compared to BD methods, RDME introduces some additional coarsening of

the system description, but gains lower computational cost. Lower computational cost (com-

pared to BD) allows study of more complex reaction systems. For example, RDME has been
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used as a part of a hybrid RDME-CME-ODE model in the first spatial whole cell simulation

of a minimal cell [48]. As a consequence of the coarsening, RDME cannot capture the effects

of macromolecular crowding, volume exclusion, or other more detailed aspects of biological

processes. Nonetheless, RDME explicitly models both the notion of space and stochasticity,

and can thus be used to discover or describe features of biological processes which would not

be possible with PDEs or CME. For example, RDME has been used to study the Min system,

which directs cell division in E. coli. Unlike the deterministic simulations of the same model,

RDME was able to recapitulate the phenotypes of the wild type and all mutants [49]. This

study showed that even in the systems with very large number of molecules, the local fluctu-

ations in the number of molecules play an important role and lead to phenotypic differences.

A version of RDME, URDME, was used to study the expression of Hes1 gene regulatory

network [50]. Compared to the deterministic approaches, it was able to better recapitulate

the diverse differentiation responses observed in the experimental data. Both these examples

used RDME to study systems that have already been studied with deterministic macroscopic

techniques beforehand. Since RDME uses macroscopic parameters, it is relatively straight-

forward to use RDME to expand on existing results to provide additional insights or a better

agreement with experimental observations. Hence, RDME may be particularly well suited

to study biological processes on a mesoscopic scale: the “in between” scale where we are

not interested or do not know the microscopic details about the system, yet the macroscopic

descriptions cannot capture the observed phenomena.

The development of an efficient method to simulate RDME – the Next Subvolume Method [51]

– made it widespread. However, as with any other technique, it comes with challenges and

limitations, some of which are unique to RDME. Most notably, RDME has a lower limit on

the size of the grid cells, bellow which RDME experiences an artificial loss of bimolecular reac-

tions [8]. Simulations of RDME are also computationally expensive. Solving these challenges

created a myriad of methods within the RDME framework.

The grid resolution limit can be considered the Achilles heel of RDME. It can cast doubt on

the results of the simulations because of potential numerical artefacts. We also cannot study

the system of interest to just any desired level of detail or use RDME to study highly concen-

trated systems. To overcome the lower limit, some methods add corrections to the reaction

rates [45, 52, 53, 54]. Grid resolution limit can be avoided in some respect by creating hybrid

methods which combine both microscopic and mesoscopic methods [55]. Other methods, such

as CRDME [56], establish convergence by discretizing the microscopic reaction diffusion model
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and allowing reactions between molecules in nearby voxels. However, methods that include

microscopic models also require the knowledge of additional microscopic parameters. Con-

vergence is not the only reason to add microscopic details to the RDME framework. RDME

can only model systems which sufficiently resemble dilute solutions. In case of highly concen-

trated systems, additional microscopic details are required and modeling frameworks such as

volume RDME (vRDME) [57] or Scaled-Particle-Theory RDME (SPT-RDME) [58] account

for that. All in all, to overcome limited resolution range of RDME, methods inherently have to

implement additional details to the system, bringing them closer to the microscopic methods.

While simulating RDME is generally less computationally expensive compared to Brown-

ian Dynamics, it can nonetheless be magnitudes of order more expensive than simulations

of CMEs or PDEs. Hence, various modeling techniques aim to reduce the computational

cost by approximating diffusion. These include the binomial tau-leaping spatial stochastic

simulation algorithm [59] and the Multinomial Simulation Algorithm (MSA) [60], both of

which aggregate multiple diffusion jumps into single events. The Diffusive Final State Pro-

jection [61] applies FSP to approximate RDME by estimating a likely state of the system

due to the diffusion in the next time step. Time Dependent Propensity Function method [62]

takes an interesting approach by modeling the effect of diffusion on the reactions. MPD-

RDME [63, 64] is a method with predetermined time steps, which enables parallelization of

the simulation. Some methods [65] take a hybrid approach, using a combination of macro-

scopic and mesoscopic modeling techniques. Alternatively, the cost of the diffusion can be

decreased by allowing diffusion jumps to non-adjacent cells [66]. Generally speaking, methods

which reduce computational cost fill the gaps towards macroscopic models.

Many of the methods mentioned take inspiration from one of the adjacent categories of mod-

eling techniques. The more microscopic details the methods include, the more they resemble

techniques from Brownian dynamics. Many approximation methods, on the other hand, are

non-trivial extensions of the approximation methods developed for CME, such as tau leap-

ing [36]. The world of RDME also borrows from the category of continuous deterministic

spatiotemporal modeling techniques. In fact, the original formulation of RDME can be in-

terpreted as the discrete stochastic analog of reaction diffusion equation discretized by finite

difference method. In similar vein, a version of RDME called URDME [67, 68], a RDME

for unstructured meshes, has been developed using the finite element method. Since then,

URDME has become its own subfield within RDME framework, with methods evolving from

URDME. As it is difficult to design non-negative reaction rates for URDME, several meth-
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ods [69, 70, 71] aim to address that aspect. URDME has also been used in hybrid methods,

combined with both macroscopic [65] and microscopic [55] methods. Additionally, a con-

vergent method based on URDME has also been developed [72]. To our knowledge, finite

elements are the only discretization method – besides finite differences – which has been used

to develop novel RDME methods. The potential of the continuous deterministic spatiotem-

poral category, thus, remains untapped.

1.2 A New Diffusion Model Presents an Opportunity For A

More Efficient RDME

The use of RDME remains prohibitive due to high computational cost. Approximation meth-

ods have brought us one step closer to the use of RDME in practice. However, many of

the methods have been developed for one or two-dimensional systems. The main challenge in

RDME – the artificial loss of bimolecular reactions and a positive lower limit of grid resolution

– becomes most apparent in three dimensional systems. It thus remains unclear what are the

validity range and the lower limit of grid cell size of the approximation methods. Additionally,

many of the proposed solutions approximate reactions as well. An alternative approach to

reduce the cost of diffusion events, which could avoid the approximation of reaction events,

would be to allow jumps to nonadjacent cells. This has already been proposed by Taylor et

al. [66]. Their solution, however, has not been developed for d > 1 and it has not been tested

for a system with reactions. In summary, an efficient and exact alternative to RDME within

the RDME framework, which has been developed for three dimensional systems and has a

clearly defined range of validity, does not yet exist.

Can we design an efficient and exact RDME model with a clearly defined validity regime?

In order to achieve that, we propose an RDME with a computationally more efficient model

of diffusion. An RDME with a reformulated diffusion model can be simulated exactly for

a lower computational cost. A diffusion model can be made more efficient if the molecules

can diffuse to nonadjacent cells. We base our diffusion model on the discretization of the

Laplace operator in Particle Strength Exchange. This enables us to design diffusion jumps to

non-adjacent cells where the jump rates have Gaussian dependance on the distance between

the cells. This novel model in the RDME framework is called Gaussian Reaction Diffusion

Master Equation or GRDME.
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1.3 Can A New Diffusion Model Provide Insights Into The

Loss Of Reactions?

Restricted range of grid resolutions limits the use of RDME. To our knowledge, a definitive

answer to how to set the cell width does not yet exist. Development of novel methods can

provide a fresh perspective on the limits of the existing RDME. In order to establish the range

of grid resolutions for which GRDME does not experience a loss of reactions, we first need

to develop a guideline applicable to both RDME and GRDME, and then compare GRDME

to RDME. Comparing the loss of reactions of GRDME and RDME can shed light on the

underlying chemistry.

In this thesis, we go beyond the existing approaches which aim to define or correct the limit,

and instead provide a physical justification for the loss of bimolecular reactions. We reinterpret

the rate of the bimolecular propensity in RDME and GRDME from a macroscopic reaction

rate to the rate of the ballistic part of the reaction process. This way, we are able to connect

the reaction radius to the grid cell width. We show that the loss of reactions is physically

consistent with the theory on diffusion-controlled reaction dynamics developed by Collins and

Kimball [73].

1.4 Overview

Chapter 2 We start by providing the necessary mathematical foundations. To derive a

novel diffusion model for RDME, we first need to introduce how reactions can be described

with Chemical Master Equation and how is the effect of diffusion reflected in the macroscopic

reaction rates. By compartmentalizing CME and adding a diffusion model, we arrive at

Reaction Diffusion Master Equation. Next, we present Next Subvolume Method (NSM), a

spatial stochastic simulation algorithm for RDME. As we base our diffusion model on the

Particle Strength Exchange, we also cover the process of discretization of Laplacian using

PSE.

Chapter 3 Using the tools from Chapter 2, we derive Gaussian Reaction Diffusion Master

Equation (GRDME), a novel diffusion model for the RDME framework, based on the PSE

with Gaussian kernel. We show that GRDME maps to both macroscopic and microscopic

description of diffusion. We derive the error convergence for GRDME and establish that
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GRDME is more computationally efficient, compared to RDME.

Chapter 4 NSM cannot be used to simulate GRDME in an efficient way. To simulate

GRDME, we develop Gaussian Next Subvolume Method (GNSM). GNSM enables an efficient

search for the grid cell which the molecule has diffused to.

Chapter 5 RDME can only be used within a limited range of grid resolutions. By extension,

these limits exits for GRDME as well. We derive guideline for the lower limit on the cell

width, applicable both to RDME and GRDME. We find the minimum cell width using the

well-mixedness requirement for the grid cell. We express the minimum cell width for all three

dimensionalities and for the two limiting regimes of the bimolecular reaction rate.

Chapter 6 We use numerical experiments to demonstrate the accuracy, computational

performance and validity of GRDME, and compare it to RDME. To assess the accuracy, we

measure the Mean Squared Displacement and the first four moments of the distribution of

the molecules undergoing diffusion. We compare GNSM and NSM by running simulations

of diffusion with increasing number of molecules in the system. Lastly, we test the range of

validity by studying reaction loss for a system with one homobimolecular reaction, or one

heterobimolecular reaction.

Chapter 7 We show that reaction loss is not unphysical, since it is consistent with the

reaction loss typical for a diffusion-controlled reaction system. We show that grid resolution

maps linearly to the reaction radius and that GRDME can encode molecules of various sizes.

We propose a new limit for the validity of RDME and GRDME.

Chapter 8 Large, but inhomogenous systems resemble small well-mixed systems. We show

this for a reaction system with state inversion, where the order of concentrations in the

system changes, when the volume of the system is reduced below some critical value. The

same reaction system also experiences diffusion-controlled state inversion where the ordering

of the concentration changes when the diffusion in the system is slow.
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Chapter 2

Preliminaries

The goal of this thesis is to develop GRDME – a new model in the RDME framework. In order

to do so, we first introduce the mathematical foundations on which we based GRDME. We first

introduce Reaction Diffusion Master Equation (RDME), a special form of Chemical Master

Equation (CME) adapted for the study of reaction diffusion systems. Next, we introduce Next

Subvolume Algorithm (NSM), an efficient stochastic simulation algorithm to simulate RDME.

Unlike the diffusion model in RDME, which is based on Finite Difference Method (FRM),

the diffusion model in GRDME is based on Particle Strength Exchange (PSE) discretization

of the Laplace operator. Hence, we briefly describe how PSE discretizes the Laplacian in the

last section of this chapter.

2.1 Reaction Diffusion Master Equation

2.1.1 Chemical Master Equation

Chemical Master Equation (CME) is a modeling technique with which we study how discrete

populations of molecules undergoing random reactions evolve over time [74]. Consider a

system with C chemical species and R reaction channels in a reaction volume Ω. In the

reaction channel j, shown in Eq. 2.1, ξi,j reactants of species Xi (i = 1, . . . , C) interact with
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each other and get converted to ξ′i,j products 1.

ξ1,jX1 + . . .+ ξC,jXC
kj−→ ξ′1,jX1 + . . .+ ξ′C,jXC (2.1)

How does such reaction system evolve over time? We can write an equation for what has to

happen in order for the system to be in a certain state s⃗ at a time t, where s⃗ ≡ (s1, ..., sC)

is the number of molecules in Ω at time t. If the system was not in the state s⃗, then events

which would bring the system to a value s⃗ have to happen in the next infinitesimal time dt.

Similarly, if the system was already at s⃗, then for the system to remain in this state in the next

time window, no events which would make the system leave the state s⃗ can happen. However,

since the events - reactions - considered are random, we can only describe the probability for

the system being in a state s⃗ at t, P (s⃗, t). P (s⃗, t) then evolves based on the probability of

the system entering and leaving the state s⃗. To design these probabilities, we first assume

that the reaction system is occurring in a well-mixed and dilute gas or solution. The system

is well-mixed if the molecules of each reactant species appear to have a randomly uniform

spatial distribution on the scale of the system volume Ω. A system is dilute if a molecule rarely

encounters another molecule of the same species in the surroundings, which are significantly

larger than the molecule itself [75]. We can then apply the law mass action, which means that

for a given reaction channel, every molecule is equally likely to react with any of the potential

reactant partners. Next, we assume the reaction channels fire randomly and independently2.

They can be represented as a Markov process - a memoryless stochastic process. This means

we can make predictions about the future state of the system solely based on the current

state. We can design a function a, called propensity, such that adt describes the probability

of a reaction happening in the next infinitesimal time interval [t, t + dt). Lastly, we need to

1The conventional notation introduced by Gillespie [31] uses S to indicate the chemical species, x to indicate
the population count, N to indicate the number of molecular species and M to indicate the number of reaction
channels. Since there is no agreed-upon convention among the works on spatial stochastic models, we take
the freedom to use our own notation in this thesis. We reserve x to indicate the coordinates, M to indicate
the number of grid cells and N for the number of Monte Carlo samples. W use s to indicate the molecular
populations (or state), and X to indicate the chemical species.

2The randomness models both the collective effect of many collisions of molecules with solvent molecules,
resulting in Brownian motion and the quantum nature of the reactions. The assumption of independence of
reactions is an idealization. Even in an ideal gas, a dissociation reaction would produce two molecules close to
each other, which means they would be more likely to react in the next infinitesimal time window. However,
this assumption enables us to model the system as memoryless.
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Table 2.1: The form of propensity functions a of the elementary reactions depends on the order of
the reactions. They are a function of the reaction rate kj , domain volume Ω, and number of molecules
si.

Reaction order Chemical equation propensity a

0 ∅
kj−→ . . . kjΩ

1 Xi
kj−→ . . . kjsi

2 2Xi
kj−→ . . .

kj
2 Ω

−1si(si − 1)

2 Xi +Xi′
kj−→ . . . kjΩ

−1sisi′

describe how the state changes due to a reaction. We use stoichiometry matrix Ξ

Ξ =

⎡⎢⎢⎣
ξ1,1 − ξ′1,1 · · · ξ1,R − ξ′1,R

... ξi,j − ξ′i,j
...

ξC,1 − ξ′C,1 · · · ξC,R − ξ′C,R

⎤⎥⎥⎦ , (2.2)

which describes the number of molecules consumed and produced in the reaction network.

We can then construct the CME:

d

dt
P (s⃗, t) =

R∑︂
j=1

(aj(s⃗− ξj ,Ω)P (s⃗− ξj , t)− aj(s⃗,Ω)P (s⃗, t))

=
R∑︂

j=1

(︄
C∏︂
i=1

EΞ(i,j)

i − 1

)︄
a(s⃗,Ω) · P (s⃗, t).

(2.3)

The equation is rewritten in the second row using the operator EΞ(i,j)
[8], which is a shift

operator replacing the state si with the state to which the state change is added, si + Ξ(i,j).

This will enable us to write RDME in a more compact form. The stoichiometry matrix Ξ and

propensity functions a fully parameterize CME.

The propensity a is designed from the order of the reaction, the state s⃗, the size of the system

Ω, and the reaction rate kj . All reactions can be split into the elementary reactions and

the propensities of these elementary reactions are summarized in Table 2.1. The order of

the reaction depends on the number of reactant species involved in the reaction. Elementary

reactions are of zeroth, first or second order. Reaction systems involving only zeroth- and

first-order reactions are linear, whereas reaction systems involving second-order reactions are
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nonlinear, making the propensities of these reactions nonlinear as well. Propensity of the

second-order reaction is a function of the product of the number of molecules of each reactant

species. This comes from the all-to-all interactions in the law of mass action. The scaling

with volume is also quite intuitive. In a zeroth order reaction, a molecule is created from

“nothing”. Larger the volume, more material there is from which the molecules can arise.

First-order reactions represent a spontaneous degradation/conversion of a molecule and hence

the propensity does not depend on the volume. The propensities of second-order reactions

have an inverse dependence on the volume, since larger the volume, more difficult it is for

two molecules to find each other and react. Lastly, the propensity depends on the reaction

rates. Reaction rates summarize contribution of the underlying physics and chemistry into

one number, describing how fast a reaction occurs.

2.1.2 Diffusion-controlled Bimolecular Reaction Rate

It is important to have a solid physical justification in the underlying physics and chemistry

for the propensity and the reaction rates of the second-order reactions. The bimolecular

propensity was first rigorously derived from the first principles for a dilute gas [32]. Cells,

however, are packed full of macromolecules dissolved in water. A bimolecular propensity

which would describe all effects (macromolecular crowding, volume exclusion, and steric in-

teractions between particles) which contribute to the dynamics of second-order reactions in

such environment has not yet been established. Nonetheless, the propensity and the associ-

ated diffusion-controlled reaction rate for second-order reactions has been rigorously justified

for a reaction system in a dilute and well-mixed solution.

The kinetics of the reactions in three-dimensional system with diffusion-controlled reaction

rates has been first described by Collins and Kimball [73]. Gillespie [75] later confirmed

this theory in the context of second-order reaction propensities. In a dilute solution without

external mixing, molecules of Xi diffuse around with the diffusivity Di. Molecules occasionally

collide with each other, which may result in a reaction. Consequently, two reactant molecules

must first find each other and then collide in the “correct way” for a bimolecular reaction to

occur – making a second-order reaction a two-step process.

The diffusion-controlled reaction rate kCK (C and K stand for Collins and Kimball) of such
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two-step process can be formulated as

1

kCK
=

1

kb
+

1

kd
. (2.4)

Here, kd ≡ 4πσDΣ is the diffusional rate, describing the rate of the first step of brining

molecules close together and kb ≡ πσ2vq is the ballistic rate, describing the rate of the events

at the collision site. The events of the ballistic step take place after the molecule was hit by

the last solvent molecule, so the direction of the movement from there on is linear or ballistic.

σ is the reaction radius – a sum of radii of two hard spheres, DΣ is the diffusivity of the two

reactant molecules relative to each other (which is the same as the sum of their diffusivities),

v is the average speed of the two reactant molecules relative to each other around the moment

of collision and q is the probability of reaction upon collision. The resulting overall rate of a

bimolecular reaction in dilute well mixed solution is

kCK =
kb kd
kb + kd

=
4πσ2DΣvq

4DΣ + σvq
=

4πσDΣ kb
4πσDΣ + kb

. (2.5)

Most likely, the individual contribution of v and q is unknown. Hence, we will primarily

use the most right expression for kCK. This expression holds for three-dimensional systems.

Gillespie [75] established that the reaction rate of the bimolecular propensity of solutes in a

well-mixed dilute solution has the form in Eq 2.5.

There are two limiting regimes of the diffusion-controlled reaction dynamics, depending on

which step of the process is the limiting step. The two regimes are characterized by the

dimensionless parameter ψ = σvq / 4DΣ. The ballistic regime has ψ ≪ 1, and the diffusional

regime has ψ−1 ≪ 1 [75]. In the ballistic regime, the diffusion is sufficiently fast and the

kinetics at the collision site determines the propensity of the reaction. Conversely, in the

diffusional regime, molecules diffuse around slowly compared to the kinetics at the collision

site, and the the reaction is limited by how frequently can the two molecules meet. For a

non-spatial CME, we do not require the knowledge of kb and kd, as kCK is considered to be

the observed macroscopic reaction rate.

2.1.3 RDME is an Extention of CME to Spatial Problems

CME does not inherently contain the notion of space – it only describes how the probability

of the state of a well-mixed system evolves over time. Nonetheless, we can still use the CME
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framework to describe the dynamics of spatially-inhomogeneous systems. Reaction Diffusion

Master Equation or RDME [47] is CME, designed for spatial problems. This is achieved by

partitioning the volume Ω into M interconnected cubic cells of edge length h, such that each

cell is well-mixed. Each cell p stores its own molecular population, where Xp
i is the number

of molecules of species i in cell p. Only molecules within the same cell can react with each

other. This results in a much larger system of R ·M reactions:

ξ1,jX
p
1 + . . .+ ξC,jX

p
C

kj−→ ξ′1,jX
p
1 + . . .+ ξ′C,jX

p
C . (2.6)

The reaction rates kj of the reaction channels in RDME are considered to be the same as

for the non-spatial CME of the same reaction system. Instead of scaling the propensities

(Table 2.1) with the system volume Ω, they are scaled with the volume of the grid cell, hd.

While correction factors can be added to the bimolecular reaction rate [45, 53, 55], to achieve

better convergence with respect to the decreasing h, the reaction rate of the bimolecular

propensity is generally considered to be the macroscopic diffusion-controlled reaction rate

kCK,j .

The cells are connected with diffusion of molecules between them. Diffusion is modeled as

first-order “jump” reaction, where a molecule in cell p is converted to a molecule of the same

species in another cell q in the neighborhood N (p) of cell p. This results in an additional set

of first-order reactions:

Xp
i

kqDi−−→ Xq
i ∀p = 1, . . .M, q ∈ N (p). (2.7)

With this, we are able to formulate RDME:

d

dt
P (s⃗1, . . . , s⃗M , t) =

M∑︂
p=1

R∑︂
j=1

(︄
C∏︂
i=1

E
ξi,j−ξ′i,j
i,p − 1

)︄
a(s⃗p,

Ω

M
) · P (s⃗1, . . . , s⃗M , t)

+

M∑︂
p=1

∑︂
q∈N (p)

C∑︂
i=1

(︂
E1

i,pE
−1
i,q − 1

)︂
kDis

p
i · P (s⃗

1, . . . , s⃗M , t).

(2.8)

In the original formulation of RDME designed by Gardinger in 1976 [47], the diffusion jump

rate is kDi = Di/h
2 and the neighborhood N (p) consists of 2d adjacent cells, where d denotes

the dimensionality. This is a well thought-out and straightforward model. Here we provide
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insights into why this is a good modeling choice, by linking it both to the macroscopic diffusion

equation and to the microscopic movement of a particle undergoing Brownian motion.

We begin by noting that the jump reactions in Eq. 2.8 can be interpreted as an RDME analog

of the diffusion equation where the Laplacian is discretized by the 2d+1 stencil central finite

difference [71], shown here for a one dimensional example with the concentration u at grid

node at coordinate xp:

∆u(xp) ≈
u(xp − h)− 2u(xp) + u(xp + h)

h2
. (2.9)

Diffusion is a process, which is continuous in space and time, whereas RDME is based on

CME and is hence continuous in time, but discrete in space and molecular populations. As

such, every event in CME-framework is considered a reaction event. To this end, the diffusion

has to be discretized and thus approximated. To show how the jump reactions relate to the

finite-difference discretization of the diffusion equation, we use the example of the three-stencil

finite difference for the one dimensional Laplacian. We first multiply the diffusion equation

with the volume of the cell (hd) to get the expression for the rate of change of number of

molecules in the system, sp 3, and rearrange the equation into the influx and outflux term:

∂sp

∂t
=
D

h2
(sp+1 + sp−1)− D

h2
2 sp. (2.10)

We can obtain the reaction network structure of the diffusion jump reactions by observing

the symmetry of the influx and outflux terms. The molecules enter the cell p from the two

adjacent cells p± 1 with the rate D/h2, and the molecules exit the cell p with twice the rate,

2D/h2. For the equation to hold true for any p, the molecules exiting the cell p must enter

the two adjacent compartments p ± 1. This leads to first-order reactions with the reaction

rate kD = D/h2:

Xp D/h2

−−−→ Xp+1

Xp D/h2

−−−→ Xp−1.

(2.11)

In this case, the neighborhood N (p) is built from the three point stencil. From the error

analysis of the finite difference schemes, we know that the 2d+ 1 stencil finite difference has

3we omit the index i for the chemical species for simplicity
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a discretization error with second-order convergence rate [76]. The diffusion model in RDME

will have a similar discretization error behavior [77] with additional error due to the Monte

Carlo sampling [78],

|s− sRDME| ≤ |s− sh|+ |sh − sN | = O(h2) +O(N−1/2) ∀x, (2.12)

where s is the ground truth value, sh is the value of finite-difference solution and sN is the value

obtained by N Monte Carlo samples. Since this is a stochastic analog of a finite-difference dis-

cretization of a diffusion equation, we expect it to converge to the finite-difference-discretized

macroscopic diffusion equation in the limit of large numbers, N −→∞.

Another way to look at the diffusion model is by noting that the jump reactions in RDME

represent a continuous-time simple random walk, since it models a walker moving by +1 or

−1 at identically distributed waiting times4. The waiting times in this model are distributed

exponentially with the parameter kD. Continuous-time random walk is embedded in Brownian

motion [79]. This means that if a molecule undergoing a Brownian motion is observed when

it next reaches a specific value, such as ±1, the times when we will observe the molecule

reaching the value will be identically distributed. The jump reactions in RDME hence model

the event where the molecule undergoing a Brownian motion on the microscopic scale next

reaches the p + 1 or p − 1 value. In summary, RDME models the event when a molecule

undergoing a Brownian motion enters the adjacent cell.

2.2 Next Subvolume Method

2.2.1 First Reaction Method

Apart from the simplest examples, CME (and by extension RDME) is not analytically trace-

able. Due to that, CME is usually studied using the logically equivalent Stochastic Simulation

Algorithm (SSA) [31]. Because there is an equivalence between the model and the algorithm,

SSA is exact 5. The development and use of an efficient SSA to study CME is made possible

4Waiting times are a special kind stopping times (random times of a stochastic process, which can be
measured or observed because something detectable occurred), which describe how much time elapses before
a particular event, such as firing of the reaction channel j, happens.

5“An equivalence between the model and the algorithm” is how we will use the term exact in this thesis.
This is different from whether a model itself is exact. Daniel T. Gillespie showed in 1992[32] and in 2009[75]
that CME exactly models the reaction dynamics in dilute gas and dilute solution, respectively. The exactness
of the model refers to how accurately the model itself represents the reality. It is reasonable to say that none
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because we made an important assumption/idealization in the construction of the model itself

– the reaction system is memoryless. This means that the future state of the system depends

only on the current state, regardless of how it arrived to that state. We can then use the

propensities of the system in the current state to generate which event will happen next and

when.

Memorylessness also means that the waiting times are distributed exponentially, where the

waiting time is inversely proportional to the propensity of the reaction:

τ ∼ Exp(a). (2.13)

Generating samples from an exponential distribution is straightforward and relatively inexpen-

sive. This is because we can transform a random number drawn from a uniform distribution

to a number drawn from an exponential distribution by simply applying a logarithm:

τ = −
lnU[0,1]

|a|
. (2.14)

We can also observe right away that in an algorithm which simulates reaction events sequen-

tially, a bigger propensity will lead to shorter waiting times. Hence, for the same deterministic

stopping time, reactions with higher propensity will generate more events, leading to a larger

computational cost.

In 1977 Daniel T. Gillespie introduced an algorithm, First Reaction Method (FRM) [31],

shown in Algorithm 1. FRM begins by initializing the state s⃗ in line 1 to the given initial

conditions. In line 2, the time τ of the first reaction is drawn from the exponential distribu-

tion with the parameter |a(s⃗)|, by transforming a random number drawn from the uniform

distribution between 0 and 1. |a(s⃗)| is the sum of all propensities and τ generated is the

waiting time of the first reaction from any of the reaction channels j = 1, . . . , R. To find

which reaction channel j fired, we draw another random number ω in line 4. In line 5, we first

initialize j and normalize the propensity vector to a⃗/|a⃗|. To find j, we sum up the elements

of the normalized propensity until the first time the sum is larger than the random number

ω in lines 6 to 9. The index j is the index of that reaction channel. We use j to choose the

column in the stoichiometry matrix Ξ (Eq. 2.2) and we add the resulting state change to the

state in line 10. The method then computes the next waiting time in line 11 and proceeds

of the models mentioned in this thesis can be considered exact in the context of modeling cell biology.
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Algorithm 1 First Reaction Method[31]

1: Initialize the state s⃗(τ = 0) according to the initial conditions.

2: τ = − lnU[0,1]

|a(s⃗)|
3: while τ < T do

4: Draw random number ω from U[0,1]

5: j = 1, c = a1(s)/|a⃗(s)|
6: while ω > c do

7: j = j + 1

8: c = c+ aj(s)/|a⃗(s)|
9: end while

10: s⃗ = s⃗+ Ξ∗j

11: τ = τ − lnU[0,1]

|a(s⃗)|
12: end while

with the next time step and repeats the steps between line 3 and 12 until a stopping time T .

The output of FRM is one trajectory of the reaction system.

2.2.2 NSM is an Efficient Spatial Stochastic Algorithm for RDME

Compared to a CME, RDME is a much larger system of reactions. The reaction system of

CME is repeated for each of the M cells. Additionally, each cell p also has 2d diffusion jump

reactions. As FRM recomputes the propensity of the whole system at each time step, directly

using FRM to simulate RDME quickly becomes computationally prohibitive for increasing

number of cells M . In 1999, Gibson and Bruck [33] developed an exact method called Next

Reaction Method (NRM), which allows for generation of only one random number per time

step. It also enables merely partial recomputation of the propensity, at the cost of larger

memory. Parts of the propensity which have to be recomputed due to a reaction event j

are stored in a dependency graph. NRM recycles waiting times for each reaction channel

and keeps them in a binary heap, which is a semi-ordered priority queue. This enables a

faster simulation of larger reaction systems. The Next Subvolume Method (NSM) adapts

this approach to simulate RDME. It is using NRM on the level of cells (subvolumes) and

FRM within each cell. The dependency graph in NSM is referred to as the Connectivity and

describes the geometry of the system and the boundary conditions.

Connectivity is a M × 2d matrix, which contains the neighbors q for each cell p. It has
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to be constructed only once for a given geometry and boundary conditions. In Algorithm

2 we show the construction of the Connectivity matrix for a three-dimensional system and

reflective boundary conditions. The Connectivity for the periodic boundary conditions can

Algorithm 2 Connectivity for cubic domain and reflective boundaries[51]

1: for p = 0, i < M do

2: Connectivity[p][0] = p+ 1

3: Connectivity[p][1] = p− 1

4: Connectivity[p][2] = p+ row

5: Connectivity[p][3] = p− row

6: Connectivity[p][4] = p+ plane

7: Connectivity[p][5] = p− plane

8: end for

9: for i = 0, x < number of rows do ▷ Reflect along the x axis

10: Connectivity[(i+ 1)row− 1][0] = (i+ 1)row− 1

11: Connectivity[i · row][0] = i · row
12: end for

13: for i = 0, i < number of planes do ▷ Reflect along the y axis

14: k = 0

15: for j = i · plane, j < i · plane + row do

16: Connectivity[(i+ 1) · plane− row + k][2] = (i+ 1) · plane− row + k

17: Connectivity[i · plane + k][3] = i · plane + k

18: k = k + 1

19: end for

20: end for

21: for i = 0, i < plane do ▷ Reflect along the z axis

22: Connectivity[M − plane + i][4] =M − plane + i

23: Connectivity[i][5] = i

24: end for

be constructed in a similar way, whereas reactive boundary conditions require an additional

care[80, 66, 81]. To construct the Connectivity, we begin by finding all adjacent neighbors

of the cell p in the lines 1 to 8. Next, we correct the Connectivity for the compartments

at the boundary in each direction. In case of reflective boundary conditions (also called
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Neumann boundary conditions), the neighboring compartments which would have otherwise

been outside the domain are assigned to the compartment p itself, since the molecule would

reflect back to the original compartment. The correction along the x axis is implemented in

lines 9 to 12, the correction along y axis in the lines 13 to 19 and the correction along the z

axis in the lines 21 to 24. The result is a lookup table of neighbors for each cell (subvolume)

p.

Once the Connectivity matrix is constructed, we can generate the trajectories using Algorithm

3. We begin by initializing the state s⃗1, . . . , s⃗M to a given initial condition in line 1. In line

2, we compute the propensities ap for each cell p. ap is the sum of all reaction propensities ar

and diffusion propensities aD for p. ar and aD of each p are stored as well. The waiting times

τp for each cell p in line 3 are drawn from the exponential distribution with the parameter

λ = ap. In line 4 we create a binary heap, which is semi-ordered priority queue. Elements

of the priority queue pqτ have two properties, the label of the cell p and the waiting time

τp. Binary heap stores the absolute waiting times, t+ τ . The simulation time (line 5) is the

simulation time of the first element in the priority queue. The cell p is also determined by

the first element in the priority queue (line 6). To find which event occurred inside p, we first

draw the random number ω from a uniform distribution on the interval [0, 1] in line 8. The

event can be either reaction or diffusion. In case the event is reaction (line 9 to 13), linearly

rescale ω to ωrxn in line 10 to find the index j and evolve the state s⃗p as in the First Reaction

Method in line 11. Recompute the propensities (line 12) and the waiting time of p (line 12).

In case the diffusion event occurred (line 14 to 23), linearly rescale ω to ωdiff in line 15 to find

the index of the diffusing species i. Find the index i, line 16, by normalizing the diffusion

propensity aD and adding the elements of the propensity until the sum is greater than ωdiff.

Linearly rescale the random number again in line 17 to find the neighboring cell q from the

row p in the Connectivity matrix in line 18. In line 19, update the state of the cells p and q

by -1 and 1, respectively. The propensity of the cell q is stored as aq′ before it is recomputed,

line 20. Recompute the propensities of compartments p and q in line 21. The waiting time

of the cell p is generated using a new random number (line 22), whereas the waiting time of

the compartment q is rescaled according to the changes of the propensities and the current

time τ (line 23). Once the two waiting times are recomputed, they are inserted back into

the priority queue and the priority queue is updated in line 25. The time and the cell p are

updated by setting them to the first element of the priority queue. Repeat the steps 7 to 28

until a stopping time T is reached. This algorithm generates one trajectory of reaction system
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Algorithm 3 Next Subvolume Method [51]

Require: Connectivity matrix (see Alg. 2).

1: Initialize s⃗p(τ = 0) molecules in p = 1, ...,M cells according to the initial conditions.

2: For each cell p, compute and store the total reaction propensity apr = |a⃗pr | and total

diffusion propensity apD = |a⃗pD|, a
p
D = 2d

h2

∑︁
i s

p
iDi

3: Generate and store τp for each cell p as τp = −
lnU[0,1]

apr+apD
.

4: Sort τp in an ascending order, using a binary heap priority queue pqτ .

5: τ ← pqτ [0].τ

6: p← pqτ [0].p

7: while τ < T do

8: Draw random number ω from U[0,1]

9: if ω < apr
apr+apD

then ▷ Evolve reaction event

10: Linearly rescale ω to ωrxn, ωrxn =
apr+apD

apr
ω

11: Find the reaction channel j and evolve s⃗p according to FRM [31] (see Alg. 1)

12: recompute apr and apD, a
p = apr + apD

13: τp = τ − lnU[0,1]

ap

14: else ▷ Evolve diffusion event

15: Rescale random number ω to ωdiff, ωdiff =
apr+apD
apD

ω

16: Find the index i of the diffusing species using a⃗pD = 2d
h2 [s

p
1D1, ..., s

p
NDN ]

17: Rescale random number ωdiff to ωi
diff

18: Find cell q, q = Connectivity[p][⌊2dωi
diff⌋]

19: Evolve state of p and q as sip = sip − 1 and siq = siq + 1

20: aq ′ = aq

21: Recompute apr , a
p
D, a

p = apr + apD and aqr, a
q
D, a

q = aqr + aqD
22: τp = τ − lnU[0,1]

ap

23: τq = τ + aq ′

aq (τq − τ) [33]
24: end if

25: update pqτ

26: τ ← pqτ [0].τ

27: p← pqτ [0].p

28: end while
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modeled with RDME.

2.3 Discretization of the Laplace Operator Using Particle

Strength Exchange

(Mean field) Reaction diffusion systems in continuous space and time can be described through

the partial differential equation, such as the reaction diffusion equation,

∂u(x⃗)

∂t
= D∆u(x⃗) +R(u(x⃗)), (2.15)

where x⃗ is a vector of spatial coordinates and u is the concentration field of molecules which

evolves over time due to the diffusion term and reaction term. The transport of mass here is

described with a term which contains a spatial differential operator. In the case of diffusion,

the operator is a second order differential or Laplace operator. To study equations with such

operators on a digital computer, the operators have to be discretized on a finite set of points

P (mesh nodes or particles) which represent the spatial domain. There exist various methods,

which differ in the convergence order and the magnitude of the error, the distribution of the

points, and the support6 of the discretized function.

Finite Difference Method

One common and widely used approach to discretize the Laplacian is with finite differences.

Finite difference methods (FDM) [15, 76] are derived from expanding the function, using

Taylor series, around xp using neighboring points xq. In a very succinct way, the goal of FDM

is to find an expression for the derivative of interest, using the values of the function at the

neighboring points. This is done by selecting the term in the Taylor expansion which matches

the order of the derivative and then using the expansion at neighboring points to eliminate

all other terms up to a certain (higher) order. Depending on how we position or shift the

selected points xq, there exist backward, forward and central finite differences. These points

are, in general, placed on a grid with spacing h. The order of the truncation error (how many

terms we managed to remove) depends on how many different Taylor expansions we take.

Generally, additional expansions also require extending the support, which in FD amounts to

6Support of a function consists of the parts of the domain at which the values of the function are nonzero.
In this case, it is a subset of points q in the spatial domain, used to evaluate the operator at point p.
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extending the stencil. The stencil of the finite difference describes both the size of the support

and the coefficients. One of the simplest (and likely the most common) finite difference for

the Laplace operator is a second order central finite difference with the 2d + 1 point stencil,

shown here for a one-dimensional example:

∆u(xp) ≈
u(xp − h)− 2u(xp) + u(xp + h)

h2
. (2.16)

Here, xp±h are two additional points p±1 from the set P . The neighborhood N here consists

of the two points p± 1. As already shown, this finite difference stencil has also been used to

derive the diffusion reactions in RDME.

Particle Strength Exchange is a Particle Method for the Discretization of Differ-

ential Operators

Over the years, several other discretization approaches have been developed, such as finite

elements and particle methods. Each of these use a different approach for the discretization

of Laplacian and use a different way to represent the space or matter. The very popular finite

elements [16] use an unstructured mesh and have already been used to design URDME - an

RDME for unstructured meshes [67, 68, 69, 71, 70]. Particle methods [20], on the other hand,

take an interesting approach to simulating PDEs, because instead of meshes, they use particles.

Unlike mesh-based methods, where the mesh represents the spatial domain, the particles are

not representing the elements of the space, but a chunk of fluid7, as it moves in the spatial

domain according to the velocity field. That chunk of fluid can also experience additional

dynamics, due to reactions occurring in it or due to interactions with the surrounding fluid.

Particle methods describe how the position and properties of the particles evolve in time. The

dynamics are observed from the perspective of the particle, making particle methods meshfree

Lagrangian methods. This is a very compelling way to describe the movement of mass due

to an underlying velocity field. In contrast to directed advection, classic diffusion is isotropic

– the constituents of the field spread in all directions. This can be viewed as the so called

strength leaving particles and entering the particles in the neighborhood. To model diffusion

in such setting, in 1989, Degon and Mas-Gallic introduced Particle Strength Exchange or

7In this case, particle methods are used to discretize a PDE of a continuous field, so particles represent a
chunk of that field, whatever it may be – fluid, solid, polarity, etc. However, particle methods are not limited
to representation of PDEs and the particle can also represent any entity that is considered the basic element
in the model.
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PSE [18]. PSE models how much strength particles exchange due to diffusion.

To approximate the Laplacian needed to describe diffusion, PSE uses the same general ap-

proach as other related particle methods, such as SPH [17] and DC-PSE [19]8. These methods

use the integral representation of the function, f(x⃗) =
∫︁
Ω f(y⃗)δ(x⃗ − y⃗)dy⃗, which is an inte-

gral of the convolution of the function f with the Dirac delta function δ over the domain

Ω. To discretize f(x⃗), the discontinuous δ, with a value of infinity at its center, first has to

be replaced with a smooth function η, fϵ(x⃗) =
∫︁
Ω f(y⃗)η(x⃗ − y⃗)dy⃗. η must be smooth (and

wide) enough, relative to the distance between particles. Hence, η has a smoothing length ϵ

associated with it. η must approximate δ to a desired order of the error, which leads to the

design restrictions on η. The resulting smoothed or mollified fϵ is the first approximation

of f , f ≈ fϵ. fϵ can then be evaluated on a discrete set of particles P using the midpoint

quadrature, fhϵ (x⃗) =
∑︁

p∈P f(x⃗p)ηϵ(x⃗ − xp⃗)Vp, where Vp is the volume of the particle p. For

a well-resolved simulation, the distance between particles h should not be bigger than the

smoothing length, leading to the overlap requirement h < ϵ. Evaluating the integral on a

discrete set of particles leads to the second approximation f ≈ fϵ ≈ fhϵ . In summary, there

are two approximations in particle methods, mollification and discretization; and two sets of

requirements, requirements on η (or moment conditions) and the overlap requirement.

PSE uses the above described approach to (directly) discretize differential operators. A de-

tailed derivation of the expression and kernels η for various differential operators and of vary-

ing degrees of accuracy have been described by Eldredge et al. [82]. Using PSE, Laplacian is

approximated as

∆u(xp⃗) ≈
1

ϵ2

∑︂
q∈P

Vq(u(xq⃗)− u(xp⃗))ηϵ(xp⃗ − xq⃗). (2.17)

This approximation describes the exchange of concentration between the particle p and other

particles q in the set P , where the amount exchanged also depends on the distance between

the two particles. Generally, p can exchange concentration (or any other quantity) with q

anywhere in P . However, ηϵ is usually a local function. Hence, we can use q ∈ N (p), a subset

of particles q in the vicinity (neighborhood) of p. The factor 1/ϵ2 comes from the fact that

we are approximating a second order differential operator. To approximate the Laplacian up

to an order r, η has to be even,
∫︁
z2η(z)dz

!
= 2, and

∫︁
zsη(z)dz

!
= 0 ∀2 < s < r + 1.

8These methods differ, for example, in the formulation of f(x⃗) (PSE [82] and DC-PSE [19] use a difference
of functions), and in the moment conditions (DC-PSE uses discrete moments to avoid quadrature error).
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A very common choice for ηϵ is the Gaussian kernel,

ηϵ =

(︃
1

4πϵ2

)︃d
2

exp

(︃
−∥x⃗p − x⃗q∥22

4ϵ2

)︃
. (2.18)

This kernel is second order accurate (r = 2). The support (the points or particles where the

kernel is nonzero) is infinite, however. To be represented on a computer with a finite precision,

the Gaussian kernel hence has to be truncated at some cutoff radius lmax. lmax defines the

size of N . A Gaussian kernel is a natural choice to model diffusion, since the Green’s function

of diffusion is Gaussian as well, and the kernel exists for all three cases of dimensionality.

So far, the PSE discretization of the Laplacian has been formulated for an arbitrary distri-

bution of particles, where particles need not have the same volume. We have expressed it

for quantities which do not depend on the volume, such as concentration. The extensive

(or strong) formulation of PSE explicitly models the volumes of particles and the quantities

exchanged are extensive quantities or strengths, sp = Vp u(x⃗p)
9:

∆sp ≈
1

ϵ2

∑︂
q∈N (p)

(Vp sq − Vq sp) ηϵ(x⃗p − x⃗q). (2.19)

If the particles all have the same volume, such as when being placed on a grid and in the

absence of advection, then the PSE formulation of Laplacian can be further simplified:

∆sp ≈
1

ϵ2
V
∑︂

q∈N (p)

(sq − sp)ηϵ(x⃗p − x⃗q). (2.20)

A second order approximation of the Laplacian with a Gaussian kernel on particles placed on

a grid (V = hd) is hence

∆sp =
1

ϵ2
hd

∑︂
q∈N (p)

(sq − sp)
(︃

1

4πϵ2

)︃d
2

exp

(︃
−∥x⃗p − x⃗q∥22

4ϵ2

)︃
+O(ϵ2) +O(h

ϵ
). (2.21)

9At first glance, the indices p and q appear mixed up. We arrive from the so called weak form in Eq. 2.17
to the strong form in Eq. 2.19 through substituting up with sp as:

∆
sp
Vp

≈ 1

ϵ2

∑︂
q∈N (p)

Vq

(︃
sp
Vp

− sq
Vq

)︃
ηϵ(x⃗p − x⃗q).
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O(ϵ2) comes from the discretization error and O(h/ϵ) comes from the midpoint-quadrature

error. PSE thus describes the amount of strength s two particles exchange, when they are a

distance ∥x⃗p − x⃗q∥22 apart. This exchange is proportional to a Gaussian with variance ϵ2.

2.4 Summary

RDME is CME, adapted to spatial problems, which can be efficiently and exactly simulated

with NSM. The diffusion process in RDME is modeled with a set of first order reactions. These

reactions are derived from the discretization of the Laplacian. In the original formulation

of RDME, diffusion jump reactions are based on the finite difference method. Alternative

discretization methods present an opportunity for novel diffusion models. In particular, PSE

with a Gaussian kernel presents an opportunity for a diffusion model with jumps to non-

adjacent cells.
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Gaussian Reaction Diffusion Master

Equation

A well-designed diffusion model for the RDME framework should map to both the macroscopic

description of diffusion and to the Brownian motion. A good starting point is to develop the

diffusion model based on an established discretization method for the Laplace operator. Such

design choice ensures a good agreement between the diffusion model and the deterministic

continuous diffusion equation for the large number regime. It also ensures that diffusion model

increases in accuracy for decreasing grid spacing h. While there already exist various different

diffusion models in RDME based on different discretization methods (RDME from finite

differences [47], URDME from finite elements[67, 68, 69, 70, 71]), there still remains potential

for developing new methods to address the shortcomings of the existing methods, such as high

computational cost of three-dimensional systems. We postulate that we can design different

diffusion models by using different discretizations of the Laplace operator. This way we can

design a diffusion model depending on the desired accuracy, physical validity requirements,

mesh structure, and other parameters such as the computational cost of simulations.

In this chapter we introduce Gaussian Reaction Diffusion Master Equation (GRDME), a

model in the RDME framework, in which diffusion model is based on the PSE with a Gaus-

sian kernel. While the finite difference-based diffusion model in RDME is a classic and widely

adopted approach, it is computationally expensive. Instead, allowing jumps to non-adjacent

compartments within a larger neighborhood N (p) reduces the computational cost of the
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model [66], since there are fewer events needed to cover the same distance. With a larger

N (p) and a lower propensity of the diffusion jump reactions, GRDME achieves a lower com-

putational cost of simulating diffusion.

3.1 Design Constraints for the Diffusion Model in the RDME

Framework

How to design a sufficiently accurate diffusion model which extends to a larger neighborhood?

N (p) can be interpreted as the RDME analog of support. The diffusion model can then be

extended to include jumps to non-adjacent cells by basing it on a discretization of Laplacian

with a wider support. A straightforward extension of the classic RDME model to a wider

neighborhood N (p) would be to design the jump reactions from a finite difference with a

larger stencil and a higher convergence order. However, this approach does not work, as we

will show next on the example of the five-point stencil [76] for one-dimensional Laplacian,

∂sp

∂t
=

4

3

D

h2
(︁
sp+1 + sp−1

)︁
− D

h2

(︃
5

2
sp +

1

12
(sp+2 + sp−2)

)︃
. (3.1)

From equation 3.1 we can observe that molecules enter the cell with the rate 4D/3h2 from

each adjacent cell p ± 1. The outflux term, however, depends on the concentration at p and

p ± 2. Hence, a decrease in sp in this model depends on sp±2. In a scenario where sp±2 > 0

and sp = 0, this would lead to a negative molecular population sp < 0, which is physically

invalid. The diffusion model must have the outflux term which only depends on the molecular

population at the position p. This can be achieved only with the discretization schemes with

up to second order accuracy.

3.2 Gaussian-jump-based Model for RDME

While there might exist a second-order accurate and non-compact finite-difference scheme,

PSE naturally offers kernels with a larger and tunable support [82]. To design the jump

reactions from PSE, we use the extensive formulation (Eq. 2.21), using the molecular pop-

ulation s as the extensive quantity. Since we aim to formulate the diffusion model for the

cells located on a Cartiesian lattice, cells have identical volumes Vp = Vq = hd. Whether

PSE is applicable as a base for the diffusion model depends on the choice of the kernel. The
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3.2. Gaussian-jump-based Model for RDME

model has to be mass conserving, therefore we require the kernel ηϵ to be symmetric. In order

for the outflux term to depend only on the number of molecules at p, the kernel should be

strictly non-negative. Such kernel can only be made up to second order accurate1. We also

apply the overlap requirement on the smoothing length, ϵ ≥ h. Since ηϵ(·) is symmetric, its

mean is zero. Additionally, the second order moment is finite by construction (we require

the second moment of ηϵ to be equal to 2). The Skorokhod’s embedding theorem [79] states

that any random walk with mean zero and finite variance is embedded in Brownian motion.

Consequently, the diffusion jumps derived from PSE, with any symmetric non-negative kernel

ηϵ and ϵ ≥ h, model when a molecule undergoing a Brownian motion reaches a value lq.

Using such kernel allows us to use a simplified PSE formulation of diffusion equation, which

we can split into an influx and outflux term:

dsp

dt
=
hdD

ϵ2

∑︂
q∈N (p)

sqηϵ(x⃗p − x⃗q)−
hdD

ϵ2

∑︂
q∈N (p)

spηϵ(x⃗p − x⃗q). (3.2)

The reaction network of diffusion jumps from p can be formulated as a set of reactions from

p to all cells q within the cutoff radius lmax,

Xp
D
ϵ2

hdηϵ(lq)
−−−−−−→ Xq, (3.3)

where the jump rate depends on the distance lq = ∥x⃗p − x⃗q∥2. The jump reactions here

represent a continuous-time random walk with general increments, distributed according to

ηϵ.

Gaussian kernel

ηϵ =

(︃
1

4πϵ2

)︃d
2

exp

(︃
−∥x⃗p − x⃗q∥22

4ϵ2

)︃
(3.4)

is a particularly attractive choice. It is a second-order accurate non-negative kernel, which

exists for all three cases of dimensionality (d = 1, 2, 3). Additionally, Gaussian function is

strongly connected to the diffusion process.

On a macroscopic scale, Gaussian function is a Green’s function of homogeneous and isotropic

1As we have shown in Section 3.1, increasing the order of accuracy requires negative coefficients at q ̸= p.
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Chapter 3. Gaussian Reaction Diffusion Master Equation

diffusion [83]:

G(x⃗, x⃗′, t, t′) =

(︃
1

4πD(t− t′)

)︃d
2

exp

(︃
−∥x⃗− x⃗′∥22
4D(t− t′)

)︃
. (3.5)

It is also a solution of a diffusion equation of an instantaneous point source in open space. On

the microscopic scale, Gaussian function is the transition kernel of a Brownian motion [79],

p(t, x⃗, x⃗′) =

(︃
1

2πt

)︃d
2

exp

(︃
−∥x⃗− x⃗′∥22

2t

)︃
. (3.6)

Hence, a Gaussian kernel links to both macroscopic and microscopic description of diffusion.

Since the Gaussian kernel is (1) non-negative, (2) symmetric, (3) has a finite variance, (4)

can be applied to all three cases of dimensionality, and (5) is strongly linked with the diffu-

sion on both microscopic and macroscopic level, we design the diffusion rates using a PSE

discretization of a Laplace operator with Gaussian kernel. This results in the following rates

kqDi
(lq) =

hdDi

ϵ2

(︃
1

4πϵ2

)︃d
2

exp

(︄
−l2q
4ϵ2

)︄
, (3.7)

for the diffusion jump reactions in N p, as illustrated in Fig. 3.1. To reiterate, kqDi
is the value

of the diffusion jump rate for from p to q, Di is the diffusivity of Xi, h is the width of the grid

cell, ϵ is the smoothing length, d is the dimension, and lq is the L2-norm distance between

the centers of the cells p and q. We will often use a smoothing length relative to h, ϵ′ = ϵ/h.

This gives a novel model in the RDME framework, called Gaussian Reaction Diffusion

Master Equation or GRDME:

d

dt
P (s⃗1, . . . , s⃗M , t) =

M∑︂
p=1

R∑︂
j=1

(︄
C∏︂
i=1

E
ξi,j−ξ′i,j
i,p − 1

)︄
a(s⃗p,

Ω

M
) · P (s⃗1, . . . , s⃗M , t)

+
M∑︂
p=1

C∑︂
i=1

∑︂
q∈N (p)

(︂
E1

i,pE
−1
i,q − 1

)︂ hdDi

ϵ2
Xp

i

(︃
1

4πϵ2

)︃d
2

exp

(︄
−l2q
4ϵ2

)︄
spi · P (s⃗

1, . . . , s⃗M , t).

(3.8)

How does the resulting model map to the Green’s function of diffusion and the transition

kernel of the Brownian motion? In GRDME, the total propensity of the outflux of molecules
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Figure 3.1: Neighborhood N (0,0) for a system with grid resolution h, smoothing length ϵ = h and
a finite cutoff radius lmax = 4h, demonstrated for a two-dimensional system. The center cell has
coordinate [0, 0]. Cells have the width h and volume h2. Coordinates with the same kD(l), where l is
the distance from the center, are denoted by the same color (see Eq. 3.7).

Xi from p to anywhere in N (p) is obtained by summation

api = spi
Di

ϵ2

∑︂
q∈N (p)

(︃
1

4πϵ2

)︃d
2

exp

(︄
−l2q
4ϵ2

)︄
hd ≈ spi

Di

ϵ2
. (3.9)

The expected waiting time until the next diffusion jump event of any molecule of species i

is τ = ϵ2/Di. The PSE kernel width can therefore be expressed as ϵ =
√
Diτ . Replacing

ϵ2 = Di τ in Eq. 3.7 recovers the discretized Green’s function for diffusion from Eq. 3.5. The

expected waiting time additionally matches the Von Neumann stability requirement for the

time step dt ≤ ϵ2/D in the deterministic simulations of diffusion processes using the Explicit

Euler Method for time integration [82]. Similarly, we can substitute the time t in the transition

kernel of Brownian motion with ϵ2/D. Since the dispersion in space is a function of time and
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Chapter 3. Gaussian Reaction Diffusion Master Equation

diffusivity as x2 = 2Dt, the Gaussian kernel used in GRDME is also consistent with the

transition kernel of the Brownian motion, when accounting for the factor 2. The GRDME is

therefore consistent with the transition kernel of Brownian motion and defines the sampling

rate for on-lattice diffusion based on Green’s function of the diffusion process.

Computational Cost of GRDME

Does GRDME have a lower computational cost compared to RDME? The only difference

between the two master equations is the diffusion model used. The computational cost of a

master equation, when simulated exactly, depends on the propensities of the reaction system.

A model with a larger total propensity will be more computationally expensive, proportional

to the propensity. We can compare the cost of the diffusion models by comparing their propen-

sities. The propensity of the outflux of molecules from p in GRDME is api = spi Di/(h ϵ
′)2,

where ϵ′ is the smoothing scale relative to the grid resolution h. The total propensity of the

diffusion model in RDME, on the other hand, is api = spi 2dD/h2. For a d-dimensional system,

the propensity of RDME is 2dϵ′2-times larger than GRDME. Hence, GRDME model can be

potentially up to 2d ϵ′2-times more computationally efficient, compared to RDME.

Error Analysis for GRDME

A diffusion model in GRDME is a stochastic analog of the deterministic PSE discretization

of diffusion. The diffusion is modeled as a Markov jump process. We can expect the model

to converge to the mean field diffusion equation in the limit of large numbers as O(N−1/2).

It is reasonable to assume that the discretization error will have a similar behavior as in the

deterministic PSE counterpart. We therefore expect for the discretization error to reduce as

O(ϵ2). Additionally to the discretization error, the PSE also experiences the quadrature error

in the order of O(h/ϵ)z, where z is the quadrature order. Since the quadrature used for PSE

is midpoint quadrature, then z = 12. The deterministic PSE also has a time-step error. In

2While the results are not presented in the thesis, higher order quadrature schemes, such as the trapezoidal
quadrature or the composite midpoint quadrature, do not work. For all schemes tested (trapezoidal, composite
midpoint), the numerical results showed their error was larger than for the midpoint quadrature (numerical
results for midpoint quadrature are shown in Chapter 6.1).This is because the quadrature procedure is done
for the whole convolution with the function with the kernel, and not for the kernel itself. It is important to
note that sp is a function that is only defined for the center point of the cell p. The only possible quadrature
scheme for GRDME is the midpoint quadrature, since all other quadrature schemes require values at points
other than the center of the cell. Therefore, the magnitude or convergence of the error cannot be reduced by
switching the quadrature scheme.
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GRDME, however, the time-sampling is linked to the grid resolution, smoothing length and

the diffusivity through the propensity. The time sampling error is a function of the diffusivity

and smoothing length, O(τ) = O(ϵ2/D) and effectively absorbed into the discretization error

O(ϵ2). The expected order for the error of the diffusion for GRDME can be summarized as

|s(x)−sGRDME(x)| ≤ |s(x)−shϵ (x)|+|shϵ (x)−sN (x)| = O(ϵ2)+O(h/ϵ)+O(N−1/2) ∀x, (3.10)

where s(x) is the ground truth number of molecules at position x and sGRDME(x) is the

number of molecules at position x, simulated with GRDME. |s(x)− shϵ (x)| denotes the error

due to the finite discretization with resolution h using smoothing length ϵ, and |shϵ (x)−sN (x)|
denotes the error due to the Monte Carlo sampling with sample size N . Hence, there are three

sources of error in GRDME: the sample size N , the grid resolution h and the smoothing length

ϵ.

3.3 Summary

We introduced a novel model in the RDME framework called Gaussian Reaction Diffusion

Master Equation or GRDME. The diffusion model in GRDME is based on the PSE dis-

cretization of the Laplace operator, with a Gaussian kernel. The diffusion jump reactions in

GRDME extend beyond the cells adjacent to p to a larger neighborhood N p, up to the cutoff

radius lmax. This novel diffusion model is in a good agreement with both the macroscopic

and microscopic description of diffusion. Because the molecules can jump larger distances,

there are fewer diffusion jump events required. This results in a lower propensity and a lower

computational cost of GRDME. We prove asymptotically that the accuracy of the diffusion

increases quadratically, by decreasing the absolute smoothing length ϵ.
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Chapter 4

Gaussian Next Subvolume Method

The GRDME in Eq. 2.8 with jump rates as given by Eq. 3.7 can be simulated exactly by

extending the NSM [51] (Algorithm 3) to enable diffusion jumps to a larger neighborhood,

leading to the Gaussian Next Subvolume Method or GNSM. GNSM differs from NSM in the

way it stores the information about the neighboring cells and in the way it finds the target

cell q in the diffusion event. The C++ implementation of GNSM is available at https:

//git.mpi-cbg.de/MOSAIC/GRDME.

4.1 Constructing the neighborhood N

In the original NSM, all information about the adjacent cells and the boundary conditions is

precomputed and stored in a Connectivity matrix (Algorithm 2). Using a similar approach

to simulate GRDME – which has extended neighborhood – would lead to prohibitively large

memory consumption, especially for three-dimensional domains. Instead, we use GNSM, an

algorithm that precomputes and stores partial information in a dedicated neighborhood data

structure N and computes the remaining information at the time of the diffusion jump. This

data structure stores the translation-invariant relative index shifts1 of all cells within a d-

dimensional ball with center 0d and radius lmax. These represent the potential jump vectors

(from any p) in cell grid units. In order to build this data structure, the algorithm proceeds

in rings of increasing radius l, since diffusion jump rates depend only on the distance between

the two grid cells. The cell shifts on the same ring are represented with the same hue in

1Coordinates of q in units h, relative to p.
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Chapter 4. Gaussian Next Subvolume Method

Table 4.1: The information stored in ν(l) for each ring with radius l

l radius of the ring

w(l) a set of all cell shifts (coordinates) in the ring

|w(l)| the number of cells in the ring with l

kD(l) diffusion jump rate from Eq. 3.7 without Di

ν(l) a tuple containing all information for the ring, ν = (w(l), |w(l)|, kD(l), l)

Fig. 3.1. For each radius l, all cell shifts w(l) are collected in a tuple ν, along with their total

number |w(l)|, the radius l, and the corresponding diffusion jump rate kD(l). All information

required to assemble ν(l) for each ring is summarized again in Table 4.1. The final N is then

the tuple of all tuples ν(l), sorted by increasing l.

This procedure is detailed in Algorithm 4 for d = 3. The procedures for d = 1, 2 are analogous,

but simpler. Since the Gaussian kernel has infinite support, there is no actual cutoff radius.

Therefore, we start in line 1 by determining lmax from the smallest diffusion jump rate kD

the user still wants to consider (in our benchmarks we use kmin = 10−10, which is the value

below which the cumulative sum of the diffusion rates for each ring kD(l) |w(l)| saturates on
a 64-bit computer due to finite-precision arithmetic). Line 2 then uses Algorithm 5 to create

an array MS of all multisets2 m of cardinality d taken from the set {0, 1, . . . , ⌈lmax⌉}. In

other words, we create all combinations of ”bags” m, in which we put d elements with values

from 0 to ⌈lmax⌉: {0, 0, 0}, {0, 0, 1}, {0, 1, 1}, {1, 1, 1}, . . . , {0, 0, ⌈lmax⌉}, {0, ⌈lmax⌉, ⌈lmax⌉},
. . . , {⌈lmax⌉ − 1, ⌈lmax⌉, ⌈lmax⌉}, {⌈lmax⌉, ⌈lmax⌉, ⌈lmax⌉}. The order of elements in m does not

matter and there are no negative values. The end goal is to get the set of all index shifts for

the ring. To achieve that we later need to permute m add the negative values. Hence, each

element ms of MS is a tuple (m, l, nmp), where l is the radius of the coordinates that can be

built from m and nmp is the number of multiset permutations of m. This creates an array

of all index multisets in a cube with edge length 2lmax. To obtain the index multisets within

a ball of radius lmax, we remove the elements of MS with l larger than lmax in line 3. The

elements are then sorted by increasing l in line 4. For each element in MS, we then create

an array MP of all multiset permutations of m using Algorithm 6 in line 6. This creates all

2A multiset is similar to a set, but allows for multiple instances of the same element. The number of
instances of the element in the multiset is called multiplicity. The cardinality of the multiset is the ”length”
of the set (and a sum of its multiplicities). For example, a three-dimensional coordinate {1, 1, 2} is a multiset
with cardinality 3, where the element 1 has multiplicity 2 and the element 2 has multiplicity 1.
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4.1. Constructing the neighborhood N

non-negative coordinates which can be built from m. Finally, in line 8, we create an array

SP for each permutation, where we use Algorithm 7 to generate all sign permutations of the

index vectors in mp. This generates all coordinates, both with negative and positive values.

These coordinates are appended to w in line 9. The diffusion jump rate corresponding to this

radius is computed in line 11, the tuple ν built in line 12 and appended to the neighborhood

N in line 13.

Algorithm 4 Construct neighborhood N (d = 3)

Require: kmin, ϵ
′ = ϵ/h

Ensure: N
1: lmax = 2ϵ′

√︂
− ln kmin + ln ((2

√
πϵ′)d)

2: Use Algorithm 5 to build an array MS of elements (m, l, nmp)

3: Remove elements in MS with l larger than lmax

4: Sort elements in MS by increasing l

5: for all ms in MS do

6: Use Algorithm 6 to create an array MP with permutations of ms.m

7: for all mp in MP do

8: Use Algorithm 7 to create an array SP with permutations of the signs of mp

9: Append all elements in SP to w

10: end for

11: kD = ( 1
4πϵ′2

)d/2 exp(−ms.l2/4ϵ′2)

12: Create a tuple ν = (w, |w|, kD,ms.l)

13: Append ν to N
14: end for

Algorithm 5 constructs an array MS of all multisets m of cardinality d from the set {0, 1, . . . ,
⌈lmax⌉}. MS additionally contains the radius l of the coordinates which will be built from the

multisets m, and the number of multiset permutations of each m, nmp. A multiset is similar

to a set, but allows several instances of each element. The number of instances of an element

is called its multiplicity. Multisets containing elements with large multiplicity have a smaller

number of permutations. The array “Multiplicity” of size K stores the largest multiplicity of

each m in MS. Line 1 of Algorithm 5 computes K, which is the number of elements in MS.

Lines 2 and 3 allocate arrays MS and Multiplicity of size K and initialize all values to 1. The

multisets m are constructed in the nested loops starting in lines 5 through 7. The inner loops
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progress until they reach the value of the iterator of the loop within which they are nested.

The outermost loop iterates until ⌈lmax⌉. In line 8, the multiset m is set to the values of the

iterators x, y, z. The radius l is computed in line 9. At the end of each inner loop, the value

of the iterator of the inner loop and the iterator of the outer loop are the same, increasing

the multiplicity value of m in line 12. The final multiplicities are computed in lines 15–18.

The multiplicity of the elements is used to compute the number of multiset permutations for

each m, required as an input for Algorithm 6.

Algorithm 5 Construct all multisets of cardinality d from the set {0, 1, . . . , ⌈lmax⌉}

1: K =
(︁⌈lmax⌉+d

d

)︁
2: Initialize an array MS of K elements (m, l, nmp), setting all to 1

3: Initialize an array Multiplicity of K integers, setting all to 1

4: x = y = z = 0, i = 0

5: for x = 0, x ≤ ⌈lmax⌉ do
6: for y = 0, y ≤ x do

7: for z = 0, z ≤ y do

8: MS[i].m = [x, y, z]

9: MS[i].l =
√︁
x2 + y2 + z2

10: i = i+ 1

11: end for

12: Multiplicity[i− 1] = Multiplicity[i− 1] + 1

13: MS[i− 1].nmp = MS[i− 1].nmp ·Multiplicity[i− 1]

14: end for

15: for j = i− 1− x, j ≤ i− 1 do

16: Multiplicity[j] = Multiplicity[j] + 1

17: MS[j].nmp = MS[j].nmp ·Multiplicity[j]

18: end for

19: end for

20: for all ms in MS do

21: ms.nmp = d!
ms.nmp

22: end for

Algorithm 6 creates an array MP from all multiset permutations of a given element ms in

MS. For example, consider a multiset {1, 1, 2}. Algorithm 6 creates all permutations of this
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multiset: (1, 1, 2), (1, 2, 1), (2, 1, 1). The first element in MP is initialized with the input

sequence in m (line 3). Permutations are created by swapping the position of the temporary

arrays P1 and P2 nmp-times using multipliers δ ∈ {−1, 1} (lines 8 to 14), starting with δ = 1.

This sets which two elements will be swapped. In the special case where the second and third

element of m are the same, δ is initialized to −1 (lines 5–7). At each iteration, δ is mirrored

to −δ (line 12), and the value of P1 is appended to MP (line 13).

Algorithm 6 Find all permutations of a multiset of cardinality d.

Require: ms

1: δ = 1

2: initialize ms.nmp sized array MP of permutations of ms.m

3: MP.append(m)

4: P1 = P2 = m

5: if m[1] = m[2] then

6: δ = −1
7: end if

8: for i = 0, i < ms.nmp− 1 do

9: P1 = P2

10: P1[1] = P2[1 + δ]

11: P1[1 + δ] = P2[1]

12: δ = −δ
13: MP.append(P1)

14: end for

Algorithm 7 creates an array SC of all permutations of the sign values of the x, y, and z

coordinates of a given permutation mp of a multiset m. For example, from (2, 0, 1) we get

(2, 0, 1), (−2, 0, 1), (2, 0,−1), (−2, 0,−1). The number of such permutations depends on the

value of mp and is computed in lines 3–7: only nonzero elements have two sign versions. The

permutations are created in the nested for loops in lines 10 through 22 by multiplying each

element in mp with the sign value (lines 13 to 15). At the end of each loop, we flip the sign

along the axis over which the loop iterated (lines 17, 19, and 21).

Just as the Connectivity matrix in NSM, the neighborhood N only has to be computed once

for a given shape and size of the domain, and the boundary conditions. This data structure

provides direct access to all information needed to sample diffusion events in Algorithm 8
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Algorithm 7 Compute all sign permutations of mp.

Require: mp

1: i = 0, signx = signy = signz = 1

2: nsign = [1, 1, 1]

3: for ax = 0, ax < d do

4: if |mp.m[ax]| > 0 then

5: nsign[ax] = 2

6: end if

7: end for

8: n = nsign[0] · nsign[1] · nsign[2]
9: create an array SC of size n containing sequences [x, y, z]

10: for x = 0, x < nsign[0] do

11: for y = 0, y < nsign[1] do

12: for z = 0, z < nsign[2] do

13: SC[i][0] = mp.m[0] · signx
14: SC[i][1] = mp.m[1] · signy
15: SC[i][2] = mp.m[2] · signz
16: i = i+ 1

17: signz = −signz
18: end for

19: signy = −signy
20: end for

21: signx = −signx
22: end for



4.2. Finding the Diffusion Event

used in the time loop of NSM (Algorithm 3).

4.2 Finding the Diffusion Event

For each diffusion event, Algorithm 8 is used to find the target cell q. It first samples the index

β to find the tuple ν corresponding to the jump radius l(β) (lines 2 to 5) using a uniformly

distributed random number ω between 0 and 1 and computing the cumulative sum of the

diffusion rates. The diffusion rates sum to 1 by construction and therefore do not have to

be further normalized before computing the cumulative sum. Once the index β is identified,

the random number ω is linearly rescaled in line 6 to find the jump index shift x⃗jump from

the candidates in the tuple w(l(β)) of the data structure N in line 7. The coordinates of

the source cell are then computed in line 8 and the jump shift added in line 9 to compute

the coordinates of the tentative target cell. In line 10, the method of images is used to apply

appropriate boundary conditions (e.g., reflective or periodic) before the index of the target cell

is computed from its coordinates in line 11. The way reaction events are handed is identical

to how NSM [51] (Algorithm 3) does it and is therefore not described here.

Algorithm 8 Diffusion event: find target cell q

Require: N , ω ∼ U[0,1], p

Ensure: q

1: β = 0, c = 0

2: while c < ω do ▷ Find index β in ν with jump radius l(β)

3: c = c+ |w(l(β))| kD(l(β))
4: β = β + 1

5: end while

6: Rescale ω to ωβ = ω−c
|w(l(β))|kD(l(β)) + 1

7: Use ωβ to find x⃗jump from w(l(β))

8: Compute the coordinate x⃗p of the center point of cell p

9: x′q⃗ = xp⃗ + xjump⃗

10: Find x⃗q by reflecting x′q⃗ using the method of images

11: Compute cell index q for location x⃗p
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Table 4.2: The size of elements in N for ϵ = h (ϵ′ = 1 ) and kmin = 10−10

d lmax |N |
∑︁

β |w|
1 10.751 11 21

2 10.984 56 373

3 11.212 191 5887

4.3 Comparing GNSM to NSM

In order to compare the computational complexity of NSM and GNSM, we note that the

size of N in GNSM depends on lmax, but is independent of h and of the edge length L of

the simulation domain Ω. The Connectivity matrix in NSM, on the other hand, contains the

neighbors of every cell and hence scales with the size of the domain as 2d(L/h)d 3. The total

number of coordinates
∑︁

β |w| in N can be approximated b y the volume of a d-dimensional

ball with radius lmax (giving 2lmax, πl
2
max, and 4/3πl3max in one-, two-, and three-dimensions,

respectively) and hence scales exponentially with dimension (Table 4.2, column 4). Since

the coordinates in w use the majority of the memory in N , this data structure becomes more

memory efficient than a Connectivity matrix when the number of cells per edge length exceeds∑︁
β |w|1/d ≈ 204.

Each diffusion jump event in GNSM consists of more operations than in NSM. Finding q in

NSM only requires sampling an element in row p of the Connectivity matrix using a random

number. This is comparable in complexity to line 7 in Algorithm 8. All operations before line

7 provide additional complexity for computing a diffusion event in GNSM. The maximum

number of operations to find the index β in the lines 2 to 5 is bounded by the size of N
(column 3 of Table 4.2). This is approximately |N | ≈ Vball/Vcube

(︁⌈lmax⌉+d
d

)︁
, where Vball is the

volume of a d-dimensional ball with radius lmax and Vcube is the volume of a d-dimensional

cube with length 2⌈lmax⌉. Large |N | implies a large average number of loop iterations in lines

2–5 of Algorithm 8. However, the cumulative sum c grows fastest for the smallest l, as seen

in Table 4.3, which shows the index β at different values of the cumulative sum c in different

3The N data structure, when used together with the Algorithm 8 can be used with the RDME model as
well. For RDME diffusion model, lmax = h and kD = 1. For RDME, there exist only one tuple ν, making N
much smaller. It also makes the while loop in the lines 2–5 of the Algorithm 8 trivial. However, storing of
the complete neighborhood information in the form Connectivity matrix is presumably more computationally
efficient than implementing RDME with GNSM.

4for ϵ′ = 1. For larger ϵ′, the value is larger because the neighborhood is larger
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Table 4.3: index β at value of cumulative sum c in Algorihm 8 for c = 0.5, 0.68, 0.95 and for lmax in
N for d = 1, 2, 3

d c = 0.5 c = 0.68 c = 0.95

1 1 2 3

2 2 4 9

3 3 7 24

dimensions. In the best-case scenario, when the loop is short, the complexity of a diffusion

event in GNSM is thus approximately an order of magnitude larger than in NSM. In the

worst-case scenario, when the number of loop iterations is equal to |N |, a diffusion event in

GNSM is up to 200 times costlier than in NSM. Since the majority of the probability mass

of the Gaussian kernel is concentrated close to the source of the jump (see Fig. 3.1), and the

average cost is closer to the optimal case than to the worst case.

While the computational cost for executing one diffusion jump is much larger in GNSM than

in NSM, we show in Section 6.2 that GNSM is overall still computationally more efficient,

because diffusion jumps in the GRDME happen less frequently (i.e., diffusion jump reactions

have a much smaller propensity than in the RDME).

4.4 Summary

We introduced a novel algorithm called Gaussian Next Subvolume Method or GNSM to

efficiently simulate GRDME. GNSM uses a neighborhood data structure N to organize the

neighboring cells q according to their radii and coordinates. N enables an efficient search

for the cell q to which the molecule jumps in the diffusion event. Compared to NSM, GNSM

includes more computational steps. Arguably, GNSM is more difficult to implement, compared

to NSM. Nonetheless, these changes in GNSM enable us to use GRDME and hence reduce

the computational cost of stochastic spatiotemporal simulations.

So far, GNSM enables a simulation of GRDME with one ϵ′ for all molecular species Xi.

By implementing minor changes in N and the diffusion event, GNSM could be extended to

use a different ϵ′ for each of the molecular species in the system. RDME can be seen as a

special case of GRDME, with a different kernel (and different propensity) and a very compact

neighborhood. Hence, an extended version of GNSM could include both RDME and GRDME

with varying ϵ′. Such algorithm would provide more flexibility in choosing h.
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Chapter 5

Limits of Validity for (G)RDME

with Macroscopic Bimolecular

Propensity Rate

While diffusion alone is simulated more accurately by decreasing the cell width h, adding

chemical reactions to the system limits the range of grid resolutions. A good h must be small

enough to resolve spatial inhomogeneities in the system, but large enough to avoid artificial

loss of bimolecular reactions [84, 85, 54, 53, 45, 52, 55, 56]. This constrains the grid resolution

between hmin and hmax for which RDME models are are valid. Understanding these limits

of validity is crucial in order to correctly interpret the modeling results. Since GRDME is a

novel model, we need to carefully establish its validity range.

In this chapter we derive a guideline for the upper and lower limits of the grid resolution,

with which we can compare GRDME and RDME. We primarily focus on the lower limit hmin,

which is unique to the RDME framework. In this chapter, we assume the rate of bimolecular

propensity is the macroscopic diffusion-controlled reaction rate kCK. We build on top of the

approaches of Isaacson [84] and Gillespie et al. [85] to develop hmin for all three dimensions

d = 1, 2, 3, and for the ballistic and the diffusional limit of kCK.
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5.1 Previous Works

To recapitulate spatial inhomogeneities in the system, the model has to be sufficiently spatially

resolved. At the same time, it is essential that diffusive movement of a molecule (which can

described by the characteristic time of diffusion τD) is sufficiently resolved on the time scale of

reactions (τR), τD ≪ τR, to capture the correct reaction dynamics. This means that the steps

of a random walk have to be sufficiently frequent relative to the time scales of reaction events.

Since the time sampling of the diffusion process can only be regulated by the mesh size in

RDME, and by the mesh size and smoothing length in GRDME, this imposes the condition

on the mesh size.

The importance of the grid resolution became apparent as soon as the computational power of

computers and the numerical techniques advanced enough for RDME to be used in practice,

as the range of grid resolutions was discussed already by Elf et al. [51], when they introduced

NSM. In that work, the range of the grid resolution was set to σ2 ≪ h2 ≪ 6Dτmin. The

lower limit was set to the reaction radius σ, to ensure that the products of the dissociation

events can be placed in the same cell. They set the upper limit such that the molecules

are homogeneously distributed within the cells. To ensure this, they required the time for a

molecule to leave the cell, given by τD = h2/6D, to be much smaller than its lifespan τR. The

shortest lifespan of a molecule was determined by summing all average propensities in which

the molecule of interest participates. The propensities used were computed based on the size

of the whole system and not for an individual compartment with width h. The authors do not

mention the loss of bimolecular reactions as a reason for the grid resolution limit or provide

numerical experiments to confirm the grid resolution limits.

Before long, it became evident that RDME experiences an unphysical loss of reactions for

small enough h and that the lower limit of h should account for it [78]. To our knowledge,

Isaacson [84] provided the first in-depth analysis of the dependence of RDME solutions on

the size of the grid cells. They construct the lower limit on h by enforcing the assumption of

a well-mixed conditions within each cell p: h ≫ k sp/D, where sp is the average number of

molecules in the cell p. This limit is similar to the one from Elf et al. [51], except, the reaction

time has been defined using the propensity of an individual cell. They rigorously show that

in the continuum limit h −→ 0, the two molecules never react and only diffuse relative to

each other. By setting the rate of the bimolecular propensity to the diffusional limit of the

diffusion-controlled reaction rate, k = σ4πD, and using h > 0, they conclude that RDME
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yields an asymptotic approximation to Smoluchowski model of spatially-continuous diffusion-

limited reaction model. They show that the reactions diverge for all d > 1. Reactions diverge

as h−d+2 for d > 2 and as ln(h) for d = 2. They conclude that as long as h≫ k sp/D, RDME

approximates a microscopic reaction diffusion model to a reasonable degree.

Since then, a rich body of work provided additional insights on hmin. Hellander et al. [53]

demonstrated that the mean reaction times become infinite as h → 0, confirming that there

exists a positive hmin. Gillespie et al. [85], showed that the system can only be well mixed as

long as it is dilute. Hence, the reaction system within each box should be well-mixed to be

dilute. To achieve that, h should be more than a magnitude of order larger than the reaction

radius σ, h≫ σ. There have also been several proposed solutions to improve the convergence

of RDME and lower the hmin limit. Some approaches combine the RDME with microscopic

frameworks to assert convergence [52, 55, 56]. Isaacson [56], for example, developed a con-

vergent RDME (CRDME) by discretizing the microscopic Doi reaction diffusion model and

allowing reactions between neighboring compartments. On the other hand, several different

approaches aimed to improve the convergence by adding a grid-resolution dependent correc-

tion factor to the bimolecular reaction rate [45, 52, 53, 54]. All these approaches provide

interesting insights into RDME and come with their own drawbacks 1. Most works focus on

the validity constraints of RDME. Refreshingly, the constraints on the grid resolution have

also been developed for MPD-RDME [86] (an approximate method with predetermined time

step, which enables a parallelization of the simulation). The research until now, however, is

difficult to use with the goal of establishing the lower bound for GRDME.

5.2 hmin Based on the Kuramoto length of a Grid Cell

To determine the bounds hmin and hmax for both RDME and GRDME, we start by linking

the length scales and reaction time scales using the Kuramoto length. Kuramoto length

LK =
√
2dDτ is the average distance travelled by a molecule of Xi in its life time τ [87]. The

1For example, the use of propensity corrections remains debatable [85, 8]. Propensity functions for the
well-mixed system have been rigorously derived from analyzing the molecular physics. The physical meaning
of the reaction rate corrections, on the other hand, remains unclear. For example, these corrections might lead
to other numerical artefacts, such as over-correcting potential ”true” loss of bimolecular reactions in unmixed
systems.

51
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lifespan τ of Xi depends on the propensities of all reactions which consume Xi,

a =
1

|Ω|
∑︂

j2∈R2

si′kj2 +
∑︂

j1∈R1

kj1 , (5.1)

giving

τ =
1

a
= |Ω|

⎛⎝ ∑︂
j2∈R2

si′kj2 + |Ω|
∑︂

j1∈R1

kj1

⎞⎠−1

. (5.2)

Here, R1 and R2 are a sets of all first order and second order reaction channels, respectively,

in which a molecule of Xi can participate in. kj1 and kj2 denote reaction rates of the first-

and second-order reactions, respectively. i′ is the index of the molecular species participating

in the bimolecular reaction channel j2 with Xi. Kuramoto length of a molecule of Xi in a

(well-mixed) system with the volume Ω is then

LΩ,i
K =

⌜⃓⃓⃓
⎷2dDi |Ω|

⎛⎝ ∑︂
j2∈R2

si′kj2 + |Ω|
∑︂

j1∈R1

kj1

⎞⎠−1

, (5.3)

with Di indicating the diffusivity of the molecule of Xi. We approximate hmax as the smallest

Kuramoto length of the system for any i:

hmax = min
i=1,...,C

(LΩ,i
K ). (5.4)

To find an approximate hmin, we consider the Kuramoto length of an individual grid cell.

RDME, where the {rate of the bimolecular propensity} is the {diffusion-controlled macro-

scopic reaction rate without correction factors kCK}, is consistent for the grid resolutions for

which the system is dilute, and hence well-mixed, within individual cells [85]. A system is

dilute within a cell, if the grid resolution h is at least a magnitude of order larger than (the

largest) the reaction radius σ, giving hmin ≫ σ. Here, we aim to develop hmin solely from

the parameters which are explicitly included in RDME and GRDME (h, D, and kCK). How-

ever, σ can only be directly deduced from D and kCK when kCK is at the diffusional limit,

kCK = 4πσD. Instead, we build hmin from the well-mixed condition for the reaction system

within the cell. We consider a cell p to be well mixed with respect to a bimolecular reaction

j if the probability of an individual molecule of Xi to react in j is the same anywhere in p.
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5.2. hmin Based on the Kuramoto length of a Grid Cell

This requires a molecule of Xi to reposition itself several times in p before reacting in j. In

other words, the Kuramoto length of a cell has to be much larger than hmin,

Lp
K =

√
2dDτ = θhmin, (5.5)

which can be achieved by setting θ ≫ 1.

To estimate τ required to compute Lp
K , we assume that there are at most two molecules of

any species in the cell p at any given time. Since the average number of molecules in the

compartment p tends to zero as h → 0, the probability of finding more than two molecules

in the cell tends to zero for small enough h. This approximation holds well for sufficiently

dilute systems. For h→ 0, the average propensity (across all cells) of a bimolecular reaction

in a cell also tends to zero. However, we should not use the average propensity to find τ

needed to compute Lp
K . Propensity of a bimolecular reaction for an empty cell is zero and

the expected time of the next reaction is infinite. An empty cell is hence trivially well-mixed.

Since the average propensity tends to zero, τ tends to infinity. This would imply that by

decreasing h, a cell would tend towards being trivially well-mixed. Yet, we know from both

numerical results and previous studies [85] that this is not the case. Therefore, the relevant

propensity to establish τ is the propensity of the cell with (at least) one reactant pair present

(spi ̸= 0∧ spi′ ̸= 0). Since we also assume that there is at most one reactant pair in cell p when

h is small enough, then propensity of only one bimolecular reaction channel is nonzero and

the propensity of a molecule of Xi can be simplified to

∑︂
j∈Ri

aj = si′ ·
k∗j
hd

= 1 ·
k∗j
hd
, (5.6)

where Ri is the set of all reactions i participates in and k∗j is the reaction rate of the reaction

channel with nonzero propensity. This means that we can find hjmin for each bimolecular

reaction channel j independently and compare them. We can then find the reaction time

scale for each j as τj = hd/kj . We can then replace τ in Eq. 5.5 with the reaction time scale

τj to find the grid resolution requirement, imposed by a reaction channel j:

θhjmin =

√︄
2DΣ

(hjmin)
d

kj
, θ ≫ 1, (5.7)

where DΣ is the sum of the diffusivities of the two reactant molecules. The hmin of the model
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is the largest hjmin of all bimolecular reaction channels j = 1, . . . , R2:

hmin = min(hjmin) ∀j. (5.8)

By setting θ ≈ 10, we can achieve the requirement that the characteristic diffusion length

for the molecules involved in the fastest bimolecular reaction is approximately an order of

magnitude larger than the with of the grid cell p.

5.3 hmin of the Two Limiting Regimes

The equations in the previous section hold for kCK in any regime. We made no additional

assumptions on the contribution of the ballistic rate kb and diffusion rate kd to the macroscopic

bimolecular reaction rate kCK. We can further analyze how hmin relates to the reaction radius

σ by studying the contribution of the ballistic part kb, and diffusional part kd of the reaction

rate from the expression for the diffusional propensity in Eq. 2.5. Since the parameters v and

q of the ballistic rate kb are not easily accessible, we use kCK = 4πσDΣ kb/(4πσDΣ+kb). The

lower limit of the grid resolution can then be expressed as

θhmin =

√︄
2d

4πσDΣ + kb
4πσkb

(hmin)d, θ ≫ 1. (5.9)

From this expression we can study hmin of the two limiting regimes and how it relates to the

reaction radius σ.

The reaction-limited or ballistic regime is characterized by relatively high D and a comparably

slow dynamics at the site of collision. The macroscopic reaction rate can be simplified to kb.

The hmin bound for this regime is then

θhmin =

√︄
2dDΣ

(hmin)d

kb
(ballistic). (5.10)

This equation has the same form as Eq. 5.7, however in this case, we know the kb to be

independent of diffusivity.

The diffusional regime, on the other hand, is characterized by essentially instantaneous and

almost sure reaction upon collision. Diffusion is the limiting step of this regime. The hmin

54



5.4. hmin of Bimolecular Reactions for the Three Cases of Dimensionality

bound for ballistic regime is

θhmin =

√︃
2d

(hmin)d

4πσ
(diffusional). (5.11)

In the limit of diffusional regime, the expression for the hmin is proportional to the reaction

radius σ. For a diffusional regime, hmin based on well-mixed condition is indeed equivalent

to hmin based on diluteness condition (h ≫ σ). The results for the diffusion limited regime

are similar to the results analysis by Gillespie et al. [85] and Isaacson, which state that the

grid resolution should be an order of magnitude larger than the reaction radius. Our results

also seem contrary to the analysis by Isaacson [84], since their limit on grid resolution was

derived from the diffusion limited rate. However, in the expression for the grid resolution,

their expression matches our expression for the reaction limited rate. In our derivation of hmin,

the reaction radius is proportional to θ2. This implies a stricter condition on the diluteness of

the system than suggested in Gillespie et al. [85]. We propose that hmin of a diffusion limited

system should be two orders of magnitude larger than σ.

How can we interpret the lower bounds on h of the two limiting regimes? The diffusion-limited

rate is the largest possible reaction rate for a system of solute molecules, moving about via

diffusion. Any additional slowing of the dynamics due at the site of collision can only further

decrease the reaction rate and increase the reaction time scales. This in turn relaxes the

condition on hmin, compared to the limit for the strictly diffusional regime. The hmin of the

diffusional regime hence provides the upper bound on the hmin. An enzyme with the ballistic

rate kb so high that the overall rate is considered diffusion-limited is said to achieve catalytic

perfection. Such enzymes are considered rare [88]. For a realistic biological system, we can

expect the macroscopic reaction rate to be somewhere between the two limiting regimes.

Hence, we can also expect that realistically, hmin is not full two orders of magnitude larger

than σ.

5.4 hmin of Bimolecular Reactions for the Three Cases of Di-

mensionality

From Eq. 5.7 we can express an approximation for hmin for any dimension d. We use this

guideline to analyze the consistency of RDME and GRDME for one-, two- and three- dimen-

sional systems. We consider the method to be consistent for all h that satisfy Eq. 5.7. For one
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Table 5.1: The lower limit hmin for different dimensions d. We provide the expression for the ballistic
and for the diffusional limit of the macroscopic reaction rate.

d reaction regime hmin

1 ∀kCK n/a

2 kCK = kb kCK < 4DΣ/(θ
2ϵ′2)

2 kCK = 4πσDΣ σ < 1/(πθ2ϵ′2)

3 kCK = kb hmin = kCKθ
2ϵ′2/(6DΣ)

3 kCK = 4πσDΣ hmin ≈ 2σθ2ϵ′2

dimensional systems (d = 1), RDME and GRDME are consistent for all choices of h (row 1 of

Table 5.1). For two-dimensional systems (d = 2), the two models are consistent for reaction

systems where the ratio between the diffusivity and reaction rate is high enough in case of

the ballistic regime rate (row 2 of Table 5.1), or when σ is small enough for diffusional regime

(row 3 of Table 5.1)2. It appears that the model should be consistent for all h, as long as the

condition on the ratio is satisfied. For three dimensional systems (d = 3), the criterion leads

to the condition on hmin in rows 4 and 5 of Table 5.1, where row 4 shows hmin for the ballistic

limit and row 5 shows hmin for the diffusional limit. The restrictions on the grid resolution

are the strictest for d = 3. hmin for a three-dimensional system can be explained as follows:

the propensity of a bimolecular diffusion in a three-dimensional systems grows cubically with

decreasing h, whereas the propensity of the diffusion events grows quadratically. Therefore,

below hmin, the diffusive jumps fail to sample the surrounding cells sufficiently frequently to

encounter potential reactants often enough. This results in a loss of reactions.

5.5 hmin of GRDME in Comparison to hmin of RDME

We expect GRDME and RDME to differ in the value θ, since the two diffusion models have

different propensities. To see this, we express Lp
K = θhmin in terms of the propensity of the

diffusion reactions. The propensity of the diffusion reactions is aD = cD/h2, with c = 2d for

RDME and c = 1/ϵ′2 for GRDME, where ϵ′ = ϵ/h is the relative smoothing length. We can

express D and τ of Lp
K from Eq. 5.5 in terms of the diffusional propensity as D = aDh

2/c

2The results for a reaction system with diffusion-limited reaction regime in two dimensions are derived from
the expression for the diffusion-controlled reaction system in three dimensions. The expression for kCK is only
defined for d = 3. Hence, the results of the analysis for a two-dimensional system at diffusional limit should
be interpreted with caution!
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and aD = 1/τ to get θh =
√︁
h2/c. Therefore, the θ of the GRDME is a factor of

√
2dϵ′ larger

than the θ of the RDME. From the expression for the hmin of the diffusion-limited regime, we

can observe that for the same h, the reaction radius σ modeled by GRDME is 2d smaller than

the reaction radius of RDME. Since molecules are assumed to be three-dimensional objects,

we assume σRDME = 6σGRDME. For three-dimensional systems, where hmin is the most

restrictive, we expect the hmin of the GRDME to be 6ϵ′2-times larger than for the RDME.

5.6 Summary

We used the Kuramoto length of the cell, Lp
K to provide a guideline for hmin, which is ap-

plicable to both RDME and GRDME. hmin is designed assuming the system is sufficiently

dilute and that the rate of the bimolecular propensity is the macroscopic diffusion-controlled

reaction rate. The analysis here shows that both RDME and GRDME experience loss of

bimolecular reactions with decreasing cell size, but for the GRDME this already happens at

a 2d-fold larger grid resolution. Using the same principles, hmin and hmax could also be devel-

oped for reaction systems with higher order, non-elementary reactions. The limits of the grid

resolution for higher order reaction rates would be even more restrictive. However, Smith and

Grima [89] have shown that RDME is not consistent (for example, RDME does not converge

to CME for large D) for reaction systems with non-elementary rates. For such systems, a

general precaution is needed, if one chooses to model it with (G)RDME. A limited window

of grid resolution can be challenging even for reaction systems with elementary rates. When

D → 0, hmax is decreasing and hmin is increasing for a three-dimensional system. For small

enough D, hmax < hmin and there exists no grid resolution, for which the system would be

consistent and sufficiently spatially resolved. In that case, models from the RDME framework

may not be suitable. If there exists a viable h, then if one knows the hmin for one diffusion

model, one can estimate the hmin for the other model for any given reaction system. Since the

hmin depends on the propensity of the diffusion model, it can be estimated for any relative

kernel width ϵ′ with hmin quadratically increasing with ϵ′, yielding

hGRDME
min = 2dϵ′

2
hRDME
min . (5.12)

Hence, a 2dϵ′2-fold reduction in the computational of GRDME comes with a cost of 2dϵ′2-times

larger lower limit on the grid cell with hmin.
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Chapter 6

Numerical Experiments To Verify

Accuracy, Efficiency and Validity of

GRDME

In Chapter 3 we introduced GRDME, a novel model in the RDME framework, where the

diffusion model is based on the PSE discretization of the Laplace operator with a Gaussian

kernel. The error of diffusion in both RDME and GRDME should decrease proportionally to

the square root of increasing molecules in the system and it should be quadratically decreasing

with decreasing cell width h. GRDME, simulated with GNSM (Chapter 4), can potentially be

up to 2dϵ′ faster than RDME, simulated with NSM. However, there exists a lower limit hmin

below which (G)RDME experiences a loss of reactions and is not considered valid anymore

(Chapter 5).

In this chapter, we compare the GRDME and RDME models with respect to their accuracy

and benchmark the computational performance of GNSM in comparison to NSM. Finally,

we characterize the limits of validity of the GRDME and RDME models with respect to the

lattice cell size h.

In order to ensure a fair comparison, we implemented both NSM and GNSM in the same

software environment. Both methods were implemented in C++ using the Eigen [90] library

to represent arrays and the Boost [91] library to implement the priority queues and compute
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linear least squares regressions of the MSD. Statistical analysis and plotting of the results were

done in Python using the pandas[92], numpy [93], Matplotlib [94], and Seaborn libraries [95].

6.1 Accuracy of the Diffusion Model

We start by comparing the accuracy of the diffusion models in the RDME and GRDME, as

this is the only difference between the two. To do so, we simulate a case with known analytical

solution: diffusion from an instantaneous point source in a one-, two-, and three-dimensional

open domain in the absence of any chemical reactions. Therefore, these benchmarks consider

only a single species and track the evolution of its molecular population across grid cells.

To our knowledge, Bernstein [77] provided the first error analysis of the diffusion model in

RDME. In this section, we confirm and expand these results, for both RDME and GRDME.

We first simulate many repetitions of a single particle diffusing out from the point source and

compute the L2 error in the mean squared displacement across the so-obtained trajectories.

Next, we consider the errors in the first four moments of the probability distribution of a

population of N particles diffusing out from a point source at the origin.

Mean Squared Displacement

The Mean Squared Displacement (MSD) of a traveling molecule or particle is defined from its

trajectory over time as MSD := ⟨∥x⃗(t)−x⃗0∥22⟩, where x⃗(t) is the location of the particle at time

t for a process that started from location x⃗0 at initial time 0. For a particle undergoing normal,

isotropic, and homogeneous diffusion with diffusion constant D in an open d-dimensional

space, the MSD is a linear function of time: MSD = 2dDt.

We compute MSD curves from RDME and GRDME simulations of diffusion of a single particle

in an open system in d = 1, 2, 3 dimensions until final time T = 107 with D = 1 and h = 1 (all

units dimensionless). Simulation parameters are also summarized in Table 6.1 for convenience.

The MSD averages are computed in a sliding window along the trajectories at time intervals

of 1 until a final time shift of 100. The slope α1 and offset α0 of a linear regression to

the MSD curves have been obtained by a linear least-squares fit of the MSD values using

Boost library [91]. To obtain the confidence intervals of the errors, we repeated the whole

procedure 10 times. Table 6.2 summarizes the L2 errors of the α0 and α1 coefficients for

RDME and GRDME with respect to the ground truth α̂0 = 0 and α̂1 = 2dD. The errors

in both coefficients are comparable between RDME and GRDME and mutually contained
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Table 6.1: Parameters used to generate data to estimate MSD

dimension d 1, 2, 3

diffusivity D 1

cell width h 1

simulation time T 107

time shift TMSD 100

time interval ∆t 1

number of repetitions n 10

Table 6.2: L2 errors and their 95% confidence intervals (over 10 independent repetitions of each
experiment) for the offset α0 and slope α1 coefficients of the linear fit to the MSD curve of a particle
diffusing in open space in one, two, and three dimensions according to RDME and GRDME.

d α RDME GRDME

1
0 0.089676± 0.058389 0.106235± 0.054984

1 0.005956± 0.003575 0.007367± 0.003594

2
0 0.216079± 0.100957 0.172402± 0.070996

1 0.014352± 0.006606 0.010178± 0.005423

3
0 0.121224± 0.050473 0.155069± 0.066789

1 0.010434± 0.003732 0.010846± 0.005069

within their confidence intervals. We thus conclude that both models are equally accurate in

the estimate of MSD.

Probability Distribution Moments

We measure the L2 error in the first four moments of the localization probability distribution

of a population of diffusing particles. The ground-truth probability distribution is a Gaussian

with variance σ = 2dDT (in this section σ denotes the variance and not the reaction radius).

We consider the first moment (mean) µ′1, central second moment (variance) µ2, standardized

third moment (skewness) µ3/σ
3, and standardized fourth moment (kurtosis) µ4/σ

4. The

expected convergence order of the error in the moments is O(N−1/2)+O(h2ϵ′2) with increasing

particle number N and decreasing lattice cell size h reducing the error. The first term,

O(N−1/2), is a consequence of the central limit theorem when computing the moments over

the population of N particles. The second term, O(h2ϵ′2), corresponds to the (maximum
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Figure 6.1: L2 error convergence of the first four moments µ′
1, µ2, µ3/σ

3, and µ4/σ
4 in dimensions

d = 1, 2, 3 with respect to the number of particles N for RDME (orange) and GRDME with ϵ′ =
1, 1.5, 2, 3, 5 (shades of blue, with darker shade indicating a smaller ϵ′) for point-source diffusion in
open domain with h = 1 and D = 1 at final time T = 100. The black dashed line indicates the
theoretically expected convergence order −1/2. The error bars show the 95% confidence interval.
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Figure 6.3: L2 error convergence of fourth moment µ4/σ
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resolution, indicated at the value of ϵ′ =
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that the GRDME model would have to have, to have
the same error. The black dashed line indicates the convergence order 2. The error bars show the 95%
confidence interval.

Table 6.3: Parameters used to generate data to estimate L2 error with respect to varying number of
particles N in Fig. 6.1.

number of particles N 10k, 2 · 10k, 5 · 10k for k = 2, . . . , 7

dimension d 1, 2, 3

diffusivity D 1

cell width h 1

smoothing length ϵ′ 1.0, 1.5, 2.0, 3.0, 5.0

simulation time T 100

number of repetitions n 10

possible) convergence rate of the deterministic discretization underlying the diffusion jumps,

i.e., central finite differences for RDME and the second-order accurate Gaussian PSE kernel

for GRDME. The two errors are additive because we assume their sources to be statistically

independent from each other.

We first study convergence w.r.t. N by running the same point-source diffusion simulation

for varying N number of particles until final time T for both RDME and GRDME with

varying ϵ′. All parameters used to generate the results are listed in Table 6.3. L2 errors

are computed with respect to the moments of the ground-truth Gaussian distribution with

mean zero and variance 2dDT . We simulate ten i.i.d. (independent identically distributed)
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6.1. Accuracy of the Diffusion Model

Table 6.4: L2 errors and their 95% confidence intervals (over 10 independent repetitions of each
experiment) for the first four moments of the probability distribution of a population of N = 5 · 107
particles diffusing out from a point source with D = 1, h = 1, at T = 100, compared between RDME
and GRDME for different space dimensions d.

moment d RDME GRDME

µ′1

1 0.001454± 0.000584 0.002249± 0.000884

2 0.002520± 0.000769 0.002105± 0.000808

3 0.003238± 0.000845 0.003136± 0.000650

µ2

1 0.034944± 0.015896 0.025486± 0.007220

2 0.045222± 0.021068 0.044089± 0.034839

3 0.059043± 0.033842 0.049188± 0.026956

µ3

σ3

1 0.000336± 0.000103 0.000460± 0.000218

2 0.000205± 0.000103 0.000197± 0.000069

3 0.000113± 0.000037 0.000074± 0.000039

µ4

σ4

1 0.005198± 0.000311 0.030215± 0.000291

2 0.002415± 0.000101 0.014866± 0.000178

3 0.001648± 0.000096 0.009977± 0.000069

repetitions for each N to obtain confidence intervals of the errors. The results are shown in

Fig. 6.1 along with dashed lines indicating the theoretically expected convergence order of

−1/2 w.r.t. N . For large N and high moments, however, the error from the grid cell size h

becomes dominant, leading to the plateaus seen in the bottom row for the fourth moment

µ4/σ
4. For large ϵ′, the discretization error for µ4/σ

4 becomes the dominant term even for

small N . The magnitude of the error is proportional to ϵ′. Table 6.4 compares the values of

the L2 errors in all moments for N = 5 · 107 between RDME and GRDME with ϵ′ = 1.0. The

errors in the first three moments are comparable between RDME and GRDME, whereas the

error in the fourth moment is approximately six times larger for GRDME than for RDME

once the plateau is reached. This error likely stems from the errors of the PSE and FDM

discretization schemes for the given grid resolution h.

To study the convergence of the GRDME w.r.t. h, we perform ten i.i.d. simulations with

varying h for a large population size N (see Table 6.5) for RDME and GRDME with varying

ϵ′. The results are shown in Fig. 6.2. Reducing h does not reduce the L2 error for the first

three moments, confirming that the dominant error term for these moments is O(N−1/2). For
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Table 6.5: Parameters used to generate data to estimate L2 error with respect to varying grid spacing
or cell width h in Fig. 6.2 and Fig. 6.3.

cell width h 0.1, 0.2, 0.25, 0.5, 1.0, 2.0, 5.0

number of particles N 107

dimension d 1, 2, 3

diffusivity D 1

smoothing length ϵ′ 1.0, 1.5, 2.0, 3.0, 5.0

simulation time T 100

number of repetitions n 10

the N simulated, however, the dominant error in the fourth moment stems from h (this can

also be seen in Fig. 6.1 for large N). This is confirmed in the bottom panel of Fig. 6.2, where

the dashed line indicated the theoretically expected convergence order of 2 w.r.t. h. When

both ϵ′ and h are large (for h = 5 and ϵ′ = 5, giving ϵ = 25), the discretization error becomes

large enough to become the dominant error term even for the second and third moment. For

small h, we again observe a plateau where the error from N becomes dominant again.

Increasing ϵ′ increases the error in the moments of the distribution. For large ϵ′, the discretiza-

tion error becomes the dominant term even for small N (Fig. 6.1) and when both ϵ′ and h are

large the discretization error dominates even for the second and third moment (Fig. 6.2). In

Fig. 6.3 we analyze the L2 error convergence with respect to the varying ϵ′ for the parameters

in Table 6.5. As predicted in Chapter 3, Eq. 3.10, as long as the discretization error is the

dominant error term, the L2 error increases quadratically with increasing ϵ′. Additionally, we

plot the L2 error for RDME, indicated by the dots. The dots are placed at the value of ϵ′ the

GRDME should have, to match the accuracy of the RDME model. The values were obtained

by extrapolation of the numerical results and not through the analysis of the discretization

error. Since ϵ′ ≥ 1 by definition, GRDME diffusion model cannot match the accuracy of the

RDME diffusion model, using a Gaussian kernel. 1

1We have attempted to reduce the error of the fourth moment by trying higher order quadrature schemes
and by using random waiting times for the variance of the Gaussian kernel instead of ϵ2. As already mentioned
in Chapter 5, higher order quadrature schemes do not improve the accuracy of the diffusion model in GRDME.
The mean waiting time of the diffusion jump is τ = 1/a = ϵ2. In essence, the variance of the Gaussian kernel
is connected to the sampling time. We tried using the random times generated from the exponential function
with parameter λ = 1/ϵ2 as the variance of the Gaussian kernel. This also does not work, as the error of the
second order moment increases in magnitude by several orders of magnitude. Both higher order quadrature
schemes and random times decrease the estimated variance.
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6.2. Computational Cost

Despite the different propensities of the diffusion models of GRDME and RDME, the two

models are comparable in their error for small population sizes. The error for small N is

dominated by the noise generated by the Brownian motion of the diffusing particles. The main

difference between the two methods is in the error of the fourth moment for large population

sizes, where the error for GRDME is larger. For both models, the error converges correctly

with order 2 for decreasing h, which matches the convergence order numerical schemes used

to derive the models. The error increases with order 2 for increasing ϵ′, as predicted. Both the

error in h and in N , however, cause plateaus in the convergence of the respective other error

when they become limiting. Since such models are predominantly used to study the effect

of intrinsic noise, which implies small population sizes, the two models are of comparable

accuracy for practical applications.

6.2 Computational Cost

The computational cost of an exact stochastic reaction-diffusion simulation depends both on

the propensities of the model and on the algorithms used to sample and execute the events. In

the RDME diffusion model, each cell has 2d possible outgoing diffusion jumps, each with a rate

of kD = D/h2. The total propensity of diffusion jumps for one cell thus is adiffp = sp 2dD/h2.

As derived in Eq. 3.9, the total diffusion propensity in GRDME is adiffp = spD/ϵ2, since

molecules can jump further and therefore do so less frequently. For ϵ′ = 1, we expect GNSM

to have a roughly 2d-fold lower computational cost. This can be further reduced, at the

expense of a larger error, by increasing ϵ′. Hence, the computational cost of GNSM can be

up to 2d ϵ′2 smaller.

It is not clear, though, whether this reduction in propensity directly translates to a propor-

tional saving in algorithm runtime, since, as we have outlined in Chapter 4, each individual

diffusion jump is costlier to compute in GNSM than in NSM. We therefore conduct numerical

experiments to benchmark the runtimes of the two algorithms. For this, we first simulate

diffusion for varying number of particles N for a system with no-flux boundary conditions

in one-, two-, and three-dimensional space (see Table 6.6 for a complete list of parameters).

Simulations were performed using GCC 10.3.0 compiler with o3 optimization flag, on AMD

Ryzen Threadripper 3990X 64-Core Processor with Ubuntu 20.04.4 LTS operating system.

The results are shown in Fig. 6.4. As expected, both methods have a computational cost that

scales linearly with the number of particles, and GNSM has a lower computational cost than
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Table 6.6: Parameters used to generate data to compare the computational cost of RDME and
GRDME in Fig. 6.4 (only ϵ′ = 1), Fig. 6.5 and Fig. 6.6.

number of particles N 1 · 10k, 2 · 10k, 5 · 10k for k=1, 2, 3, 4

dimension d 1, 2, 3

cell width h 1

diffusivity D 1

smoothing length ϵ′ 1, 1.5, 2, 3, 5

simulation time T 104

number of repetitions n 10

domain length L 10
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NSM in all dimensions. We also find that the runtimes of GNSM depend less strongly on the

dimensionality of the space than those of NSM, which is in line with the above propensity

estimates. As expected from those estimates, the speedup afforded by GNSM is larger in

higher dimensions, and can be further increased by setting ϵ′ > 1. Because each individual

diffusion event is costlier to compute in GNSM, though, the speedups are smaller than the

maximum possible ones of 2d. We empirically find them to be 1.81-fold for d = 1, 3.47-fold

for d = 2, and 5.06-fold for d = 3, which is about 85% of 2d-fold.

The computational cost of GNSM can be further reduced by setting ϵ′ > 1. However, the

average cost of a diffusion event is expected to grow for a Gaussian function with a larger

variance (larger ϵ′). Hence, we can expect that increasing ϵ′ will further reduce the compu-

tational cost of GNSM, compared to NSM, but we can additionally expect that the speed-up

will not approach the limit of 2d ϵ′2 for larger ϵ′. Fig. 6.5 shows the computational cost of

NSM and GNSM for varying ϵ′ for one-, two- and three-dimensional system (parameters listed

in Table 6.6). Indeed, increasing ϵ′ further reduces the computational cost of simulating diffu-

sion. However, as shown on Fig. 6.6, increasing ϵ′ does not lead to the quadratic speed-up, as

seen for d = 3 and ϵ′. Nonetheless, GNSM with ϵ′ = 5 still observes an approximately 70-fold

reduction in the computational cost.

6.3 hmin and Reaction Loss for (G)RDME With Macroscopic

Bimolecular Propensity Rate kCK

The theoretical considerations in Chapter 5 predicted that the smallest allowed cell size hmin

for the GRDME is about a factor of six larger than for the RDME. This theory was developed

for the conventional interpretation of (G)RDME, where the rate of the bimolecular propensity

is the diffusion-controlled macroscopic reaction rate. In this section, we experimentally verify

these limits of (G)RDME by studying a simple open bimolecular reaction system

∅ k1−→ X

X +X
k2−→ ∅,

(6.1)

with propensities a1 = k1Ω and a2 = 0.5 k2Ω
−1s(s− 1). The rate equation for the system is

ds

dt
= k1Ω− k2Ω−1 s2, (6.2)
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6.3. hmin and Reaction Loss for (G)RDME With Macroscopic Bimolecular Propensity Rate
kCK

with the steady state number of molecules sRE predicted as2

sRE =

√︃
k1
k2

Ω. (6.3)

The Chemical Master Equation for this reaction system is

d

dt
P (s, t) = k1ΩP (s−1, t)−k1ΩP (s, t)+

k2
2
Ω−1(s+2)(s+1)P (s+2, t)−k2

2
Ω−1(s)(s−1)P (s, t).

(6.4)

The expected steady state number of molecules s for the stochastic system was shown by

Erban and Chapman [45] to be

E[s] =
1

4
+

√︄
k1Ω2

k2
I ′1

⎛⎝2

√︄
k1Ω2

k2

⎞⎠⎡⎣I1
⎛⎝2

√︄
k1Ω2

k2

⎞⎠⎤⎦−1

, (6.5)

where I ′1 is the first order derivative of the modified Bessel function of the first kind. The

same reaction system has already been used to demonstrate the limits of validity of the

RDME model in previous works [8, 45]. It is arguably the simplest open reaction system

with a dimerization reaction. There is only one diffusion coefficient for the system and any

differences between the two methods can be attributed to the homodimerization reaction.

We predicted that there would be no loss of reaction for d = 1. For d = 2, we predicted a loss

of reaction which is independent of h, but depends on the ratio between k2 and D. For d = 3,

we predicted loss of bimolecular reactions for grid cells with with h less than hmin. We further

predicted that hmin would not depend on the diffusivity D if k2 is at the diffusional limit.

For a system with a heterobimolecular reaction and different diffusivities of two reactants, we

should observe that hmin depends on the sum of diffusivities. For the reaction system studied,

the loss of bimolecular reactions can be observed through an increased steady state of the

system.

We study how the ensemble average of the steady state of reaction system in Eq. 6.1 changes

2The exact formulation of the equation depends on the convention used. ds
dt

= k1Ω − k2Ω
−1 s2 gives the

propensity of homobimolecular reaction a = k2
2
Ω−1s(s− 1), whereas the convention ds

dt
= k1 − 2k2Ω

−1 s2 gives
the homobimolecular propensity a = k2Ω

−1s(s − 1). In the first convention k2 would be the experimentally
measured rate, whereas the second convention explicitly accounts for the stoichiometry of the system. Naturally,
k2 in the first convention if by a factor 2 larger than k2 in the second convention. Here we stick to the convention
implied by Gillespie [31], based on their formulation of bimolecular propensities.
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Table 6.7: Parameters used to simulate a reaction system in Eq. 6.1, modeled with RDME and
GRDME (ϵ′ = 1). The rate of the bimolecular propensity k2 is a macroscopic reaction rate at the
ballistic limit.

dimension d 1, 2, 3

birth rate k1 0.3

bimolecular propensity rate k2 0.02

diffusivity D 0.1, 0.5, 1.0, 5.0

cell width h
0.02, 0.03125, 0.05, 0.0625,

0.1, 0.125, 0.2, 0.25, 0.5, 1.0

domain length L 1

domain volume Ω 1

simulation time T 100

number of repetitions n 500

for varying dimensionality, grid resolution, diffusivity and diffusion model. We start by using

the ballistic limit of the bimolecular reaction rate. As the bimolecular reaction rate depends

on the diffusivity of the reactant molecules as well, we also study the grid resolution limits

of the reaction system for the diffusional limit of the reaction rate. Lastly, we also study a

similar reaction system with a heterobimolecular reaction for three-dimensional system and

the reaction rate at the ballistic limit.

6.3.1 Homobiomlecular Reaction With kCK at the Ballistic Limit

We first set k2 to be at the ballistic limit of a diffusion-controlled macroscopic bimolecular

reaction rate. Hence, k2 does not change with varying D. We simulate this system using the

parameters in Table 6.7. The parameters were chosen such that the Kuramoto lengths for

the whole system Ω, LΩ
K =

√︁
2dD|Ω|/(k2(⟨s⟩ − 1)) , are LΩ

K > L. LΩ
K for the diffusivities D

used are listed in Table 6.8. The solution to the deterministic rate equation for this system is

sRE ≈ 3.8730. The number of molecules in the system for the chosen parameters is very small

and the steady state of the stochastic system is slightly larger than sRE, ⟨s⟩CME ≈ 4.0040

(computed using 100 repetitions using time average instead of ensemble average, with T =

106). For (G)RDME3 to be consistent, ⟨s⟩ should not increase above ⟨s⟩CME.

We confirm in the leftmost plot of Fig. 6.7 that both models are indeed consistent for all

3where the bimolecular propensity rate is interpreted as the macroscopic reaction rate

72



6.3. hmin and Reaction Loss for (G)RDME With Macroscopic Bimolecular Propensity Rate
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Table 6.8: Kuramoto lengths LΩ
K for the whole system with volume Ω for different diffusivities D

D LΩ
K(D)

0.1 3.2

0.5 7.2

1.0 10.2

5.0 22.8
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Figure 6.7: Ensemble average of the steady state number of molecules ⟨s⟩ for a system of reactions
in Eq. 6.1 with Neumann boundary conditions, where k2 is a macroscopic reaction rate at the ballistic
limit. The error bars show the 95% confidence interval. The parameters used are listed in Table 6.7.

choices of h in one dimension. The results in two dimensions (Fig. 6.7 middle) are consistent

for all choices of h and D except the smallest D = 0.1 in GRDME. This confirms that θ

for the GRDME is larger than for the RDME, such that for D = 0.1, k < 4DΣ/θ
2 is not

satisfied anymore. However, we do not see the error in ⟨s⟩ diverge as ln(h), as predicted by

Isaacson [84] and shown by Hellander et al. [53] (albeit for first reaction times and not for the

ensemble average of number of molecules at steady state). Further analysis would be required

to see if this would be the case for smaller h. For GRDME and D = 0.1, we first observe a

gradual increase in ⟨s⟩ for h > 0.125, before it plateaus for values h < 0.125. We expected an

increase in ⟨s⟩ which is independent of h. The initial gradual increase is likely because the

resolution is too coarse for h > 0.125. For d = 3, the increase in ⟨s⟩ becomes dependent on

grid resolution h.

As predicted, both RDME and GRDME experience reaction loss in the three-dimensional

system, at a grid resolution approximately 10 times larger than the Kuramoto length of a

cell. The proportionality constant θ at which this happens is larger for GRDME than for
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Table 6.9: Values of hmin for RDME and GRDME with ϵ′ = 1

D RDME GRDME

0.1 0.277778 1.666667

0.5 0.055556 0.333333

1.0 0.027778 0.166667

5.0 0.005556 0.033333

RDME. This case is analyzed in more detail in Fig. 6.8. The dashed vertical lines indicate the

hmin computed using hmin = kθ2(/6D̂) from row 4 of Table 5.1. The θ coefficient for GRDME

is θ = 10 and for RDME θ = 10/
√
6. The corresponding values of hmin are given in Table 6.9.

In order for (G)RDME to be consistent, D has to be approximately two orders of magnitude

larger than k2. These results also illustrate the limitations of (G)RDME, formulated with the

macroscopic rate as a rate of the bimolecular propensity. For the selected choices of k2 and D,

hmin < hmax. However, further decreasing D or increasing k2 would lead to hmin > hmax, and

there would be no h for which either RDME or GRDME would be consistent. The numbers

confirm the theoretical prediction of Chapter 5 that RDME and GRDME experience the same

level of loss of bimolecular reactions at grid resolutions approximately six fold apart.

hmin is also a function of ϵ′. We repeat the numerical experiment, using the same reaction

network and reaction parameters (Table 6.7), but using diffusivities D = 0.1, 1 and 10. The

results in Fig. 6.9A further support that there is no lower limit on the grid resolution for

d = 1, even for the GRDME models with ϵ′ > 1. The results in Fig. 6.9B show that a model

of a two-dimensional system can experience a loss of bimolecular reactions, if the propensity

of the diffusion model is too small compared to the propensity of the bimolecular reactions,

confirming the results in Fig. 6.7 middle. The loss of the reactions appears to be proportional

to ϵ′ and constant below a small enough h. Fig. 6.9C confirms the existence of hmin for a

model of a three-dimensional system, since the loss of bimolecular reactions is apparent for a

small diffusivity and increases with increasing ϵ′. We list the predicted hmin in Table 6.10. For

D = 0.1 and ϵ′ = 5 we find hmin > hmax, hence there exists no h for which the model would be

consistent. We can also observe that results for this set of parameters (D = 0.1, ϵ′ = 5) begin

to level out for the smallest values of h. Even if the system would completely lose bimolecular

reactions, the number of molecules accumulated up to time T would be ⟨s⟩ ≈ k1T = 30. We

assume that if we would increase T , ⟨s⟩ would also increase. This implies that the system has

not yet reached a steady state for this set of parameters. This would hold also for GRDME
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Figure 6.8: Ensemble average of the steady state number of molecules, ⟨s⟩, for d = 3, plotted
separately for each diffusivity D for a reaction system with bimolecular reaction rate at the ballistic
limit (Table 6.7). The error bars show the 95% confidence interval.The analytically predicted hmin =
kθ2/6D̂ for GRDME (blue) and RDME (orange) are shown as vertical dashed lines. They are a factor
of six apart. To estimate hmin, we used θGRDME = 10 and θRDME = 10/

√
6.
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Table 6.10: Values of hmin for different diffusivities D for RDME and GRDME with varying smooth-
ing length ϵ′ for θRDME = 10/

√
6 and θGRDME = 10.

D = 0.1 D = 1.0 D = 10.0

hmin RDME 0.277778 0.027778 0.027778

hmin GRDME ϵ′ = 1 1.666667 0.166667 0.016667

hmin GRDME ϵ′ = 1.5 3.750000 0.375000 0.037500

hmin GRDME ϵ′ = 2 6.666667 0.666667 0.066667

hmin GRDME ϵ′ = 3 15.000000 1.500000 0.150000

hmin GRDME ϵ′ = 5 41.666667 4.166667 0.416667

with smaller ϵ′ and for RDME, but for finer resolutions h. Results for varying ϵ′ match well

with our predictions for hmin from Chapter 5, but also imply that a model with smaller h or

D potentially reaches steady state at a later time point.

6.3.2 Homobiomlecular Reaction With kCK at the Diffusional Limit

The macroscopic reaction rate of a bimolecular reaction, kCK, generally depends on the dif-

fusivity of the reactant molecules. We predicted that for reaction rate in the diffusional

limit, k2 = 4πσ(Di +Di′) = 8πσD, hmin would be independent of diffusivity. We repeat the

experiments for the reaction system in Eq. 6.1, using a diffusional rate for the bimolecular

propensity, k2 = 8πσD, with σ = 0.001. The rest of the parameters are listed in Table 6.11.

Again, the one-dimensional system (Fig. 6.10A) does not experience a loss of reactions for

any of the parameters used. The requirement for the consistency in a two-dimensional system

with diffusion-limited rate is σ < 1/(2πθ2ϵ′). For σ used, none of the parameters violate the

consistency requirement, except, by a small margin, GRDME with ϵ′ = 5.0 (Fig. 6.10B). The

results for the three-dimensional system (Fig. 6.10C) clearly show that the loss of bimolecular

reaction is independent of diffusion when k2 = 8πσD – the values of diffusivity used are an

order of magnitude apart, yet the results appear to be the same for the same h and ϵ′ for all

diffusivities used. These results further confirm the hmin limit proposed in Chapter 5.

6.3.3 Heterobiomlecular Reaction With kCK at the Ballistic Limit

The grid resolution limit depends on the sum of the reactant diffusivities Di+Di′ . So far, we

have studied the loss of bimolecular reactions using a system with a homobimolecular reaction

in Eq. 6.1, where the diffusivity of X was simply labeled as D. To test whether hmin is a
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Figure 6.9: Ensemble average of the steady state number of molecules, ⟨s⟩ ,for the reaction system
from Eq. 6.1 with the reaction rate at the ballistic limit. The reaction system was simulated for
parameters listed in Table 6.7, but using diffusivities D = 0.1, 1.0, 10.0. The error bars show the 95%
confidence interval. To simulate diffusion, we used RDME model (orange) and GRDME models with
ϵ′ = 1, 1.5, 2, 3, 5 (shades of blue, darker shade indicating a smaller ϵ′). A: d = 1, B: d = 2, and B:
d = 3.
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Figure 6.10: Ensemble average of the steady state of the number of molecules, ⟨s⟩, for the reaction
system from Eq. 6.1 with the reaction rate at the diffusional limit. The parameters are listed in
Table 6.11. The error bars show the 95% confidence interval.To simulate diffusion, we used RDME
model (orange) and GRDME models with varying ϵ′ (shades of blue, darker shade indicating a smaller
ϵ′). A: d = 1, B: d = 2, and B: d = 3.



6.3. hmin and Reaction Loss for (G)RDME With Macroscopic Bimolecular Propensity Rate
kCK

Table 6.11: Parameters used to simulate a reaction system in in Eq. 6.1, modeled with RDME and
GRDME. The rate of the bimolecular propensity k2 is a macroscopic reaction rate at the diffusional
limit.

dimension d 1, 2, 3

birth rate k1 0.3

reaction radius σ 0.001

diffusivity D 0.1, 1.0, 10.0

bimolecular propensity rate k2 8πσD

cell width h
0.02, 0.03125, 0.05, 0.0625,

0.1, 0.125, 0.2, 0.25, 0.5, 1.0

smoothing length ϵ′ 1, 1.5, 2, 3, 5

domain length L 1

domain volume Ω 1

simulation time T 100

number of repetitions n 500

function of the sum of the propensities of the two reactants, as predicted, we use a similar

system with a heterobimolecular reaction:

∅ k1−→ X1

X1 +X2
k2−→ X2

. (6.6)

This system has also been used to study the reaction loss for RDME by Erban and Chap-

man [45]. Here, molecules of X1 spontaneously generate and then get degraded upon reaction

with X2. Molecules of X1 enter and leave the system, while the number of molecules X2

remain constant. Because the number of molecules X2 does not fluctuate in the system, this

system boils down to a simple birth-death linear reaction system when using a non-spatial

model. Any dynamics observed in a spatial model of this system that differs from either a

linear birth-death reaction dynamics, or a system with a homobimolecular reaction, can be

attributed to either the differences in the diffusivities of the two molecules or the heterobi-

molecular nature of the reaction.

In Fig. 6.11 we show the ensemble average of the steady state number of molecules X1 for

the reaction system in Eq. 6.6 and parameters in Table 6.12, using RDME and GRDME
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Table 6.12: Parameters used to simulate a reaction system in Eq. 6.6, modeled with RDME and
GRDME (ϵ′ = 1). The rate of the bimolecular propensity k2 is a macroscopic reaction rate at the
ballistic limit.

dimension d 3

birth rate k1 0.3

bimolecular propensity rate k2 0.02

number of molecules X2 s2 4

diffusivity of X1 D1 0.1, 0.5, 1.0, 5.0

diffusivity of X2 D2 0.1, 0.5, 1.0, 5.0

cell width h
0.02, 0.03125, 0.05, 0.0625,

0.1, 0.125, 0.2, 0.25, 0.5, 1.0

domain length L 1

domain volume Ω 1

simulation time T 100

number of repetitions n 500

(ϵ′ = 1). We show results for different diffusivities of X1 in each column and for different

diffusivities of X2 in each row. Unlike for a system in Eq. 6.1, it is difficult to compare the

results of RDME and GRDME. In particular, RDME experiences unexpected dynamics for

varying diffusivities of X1 and X2. Most unusually, RDME experiences a gain of bimolecular

reactions for varying grid resolution and diffusivities of X1 and X2. The gain is greatest for

the largest ratio D2/D1.

We show the results of the heterobimolecular reaction using RDME in Fig. 6.12. Fig. 6.12A

plots the results for each D2 separately in different columns. Each plot shows the results

with D1 plotted in different hues. In Fig. 6.12B we separate the plots by diffusivity D1 and

use different hues for varying D2. When both diffusivities are small (D2 = D1 = 0.1), ⟨s⟩1
increases with decreasing h, similarly to previous experiments in this section. However, for

the smallest D1 and largest D2, the ensemble average of the system ⟨s⟩1 first significantly

decreases, when we decrease h (starting from h = 1 and M = 1). ⟨s⟩1 is the smallest for

h = 0.25 (M = 64). The lowest point of ⟨s⟩1 always occurs at the same grid resolution

(h = 0.25) for all combinations of diffusivities of A and B. For h < 0.25, ⟨s⟩1 begins to

gradually increase, until it reaches approximately the value close to ⟨s⟩1 of a nonspatial model.

For this set of parameters, D1 +D2 = 5.1. The results should have resembled the results for
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Figure 6.11: Ensemble average of the steady state number of molecules X1, ⟨s⟩1, for the hetero-
bimolecular reaction system in Eq. 6.6 with the reaction rate at the ballistic limit for d = 3. The
error bars show the 95% confidence interval. The reaction system was simulated for different grid
resolutions h and diffusivities D1 and D2. The rest of the parameters are listed in Table 6.12. To
simulate diffusion, we used RDME (orange) and GRDME with ϵ′ = 1 (blue).
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A

B

Figure 6.12: Ensemble average of the steady state number of molecules X1, ⟨s⟩1, for the heterobi-
molecular reaction system in Eq. 6.6 with the reaction rate at the ballistic limit and RDME model.
The reaction system was simulated for different grid resolutions h and diffusivities D1 and D2. The
rest of the parameters are listed in Table 6.12. The error bars show the 95% confidence interval. A:
Each plot shows results for different D2. D1 is plotted with different hues, with smaller value having a
darker hue. B: Each plot shows results for different D1. D2 is plotted with different hues, with smaller
value having a darker hue.

D = 2 from Fig. 6.8, which does not experience a reaction loss (or gain). We stipulate that

if we would further decrease h, results would begin to match the predictions and ⟨s⟩1 would

gradually increase. Interestingly, for the coarsest grid resolutions, ⟨s⟩1 is also smaller than

expected in the case where the diffusivity of both species is large (D2 = D1 = 5.0). ⟨s⟩1 most

closely resembles the results observed for a homobimolecular system when D2 is small and

D1 is large. We conclude that for a heterobimolecular reaction system, RDME experiences

an unexpected gain of bimolecular reactions for the coarsest grid resolutions.

Unlike RDME, the GRDME model (Fig. 6.13), does not gain heterobimolecular reaction

events for coarse h. ⟨s⟩1 increases proportionally to the sum of the two diffusivities, as

seen in Fig. 6.13, in which each hue represents a sum of the diffusivities
∑︁
D = D1 + D2.

Hence, the GRDME model behaves as predicted by the hmin constraints. Given GRDME

behaves as predicted by theory, we surmise that there exist an additional error term, which is
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Figure 6.13: Ensemble average of the steady state number of molecules X1, ⟨s⟩1, for the heterobi-
molecular reaction system in Eq. 6.6 with the reaction rate at the ballistic limit and GRDME model
with ϵ′ = 1. The reaction system was simulated for different grid resolutions h and diffusivities D1

and D2. The rest of the parameters are listed in Table 6.12. Each line represents results for the sum∑︁
D = D1 +D2, with smaller values of

∑︁
D plotted with a darker hue. The error bars show the 95%

confidence interval.

much larger, or specific to RDME. Our results imply that GRDME is better suited to model

heterobimolecular reactions.

6.4 Summary

In this chapter we confirmed the theoretical predictions for the accuracy (Chapter 3), com-

putational cost (Chapter 3 and Chapter 4), and validity regime (Chapter 5) of RDME and

GRDME.We showed that MSD of RDME and GRDME are comparable. RDME and GRDME

exhibit the same order of convergence, both when varying the number of molecules in the sys-

tem and when varying the grid resolution h. The main difference in the error between the

diffusion models of RDME and GRDME is in the fourth moment. GRDME has a larger

kurtosis than RDME. For both models, the error grows quadratically with increasing grid

resolution and smoothing length, as predicted.

GNSM is faster than NSM. This holds for all three dimensions. The relative yield of GNSM

compared to the theoretical predictions is the largest for d = 1. The speedup compared to
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NSM is the largest for d = 3. The relative speedup also increases for increasing ϵ′. However,

for large ϵ′, the yield starts to decreasing, and the speedup for d = 2 and d = 3 is comparable.

An additional optimization of the data structures in GNSM might enable us to improve the

yields.

Both GRDME and RDME lose bimolecular reactions for decreasing h. As predicted, GRDME

experiences a loss of reaction for h which is six times larger than for RDME. Similarly,

increasing ϵ′ also increases hmin, as predicted. However, the steady states of simulations for

large ϵ′ and small h cannot increase above the value, given by the number of fired birth

reactions. For a larger T , this value would increase. This implies that for large ϵ′ and small

h, the system has not yet reached a steady state. Unexpectedly, RDME experiences a gain of

bimolecular reactions for coarse grid resolutions (large h). We consider the gain of reaction

frequencies in RDME to be a RDME-specific error. In conclusion, while GRDME has a 6ϵ′2-

times larger hmin for three-dimensional systems, it also has up to 6ϵ′2 lower computational

cost, and more accurately represents heterobimolecular reactions.
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Chapter 7

(G)RDME as a Spatial Model of

Collins-Kimball Diffusion-controlled

Reaction Dynamics

In Section 6.3 we confirmed that a system with bimolecular reactions modeled with RDME

or GRDME – jointly referred to as (G)RDME – experiences a loss of reactions for grid

resolutions below hmin. The criterion for hmin (Chapter 5) was developed using the well-

mixed requirement for an individual cell p, where the time scale of the diffusion process was

set by kCK. This loss of reactions is deemed unphysical. We base this on a premise that a

spatial simulation of a well-mixed system should match the results of a nonspatial simulation.

However, in Section 5.5 we show that the reaction radius σ is 6ϵ′2-times smaller for GRDME,

compared to RDME. According to diffusion-controlled reaction dynamics, described in Eq. 2.5,

smaller σ should lead to smaller kCK, which should lead to a slower frequency of bimolecular

reactions. In this chapter we show that the loss of reactions is consistent with the theory by

Collins and Kimball [73], if we instead interpret the rate of the bimolecular propensity rate

as the ballistic rate kb of kCK and h as proportional to the reaction radius σ.
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7.1 Loss of Reactions in Diffusion-controlled Reaction Systems

Consider the diffusion-controlled reaction rate kCK,

kCK =
4πσDΣ kb

4πσDΣ + kb
, (7.1)

described in Section 2.1.2, which is defined only for three dimensional systems. kCK → 0 if

kb → 0, DΣ → 0, or σ → 0. Smaller kb leads to smaller kCK, because it describes slower

dynamics at the site of the collision. Smaller DΣ leads to smaller kCK because less-mobile

molecules explore a smaller fraction of space and thus encounter fewer reaction partners.

Smaller σ also leads to smaller kCK, because it represents smaller molecules, which occupy a

much smaller fraction of the volume. This also reduces the probability of collision. To study

how this affect the reaction dynamics, we again use a reaction system with one homobimolecu-

lar reaction in Eq. 6.1. This time, we explicitly model the diffusion-controlled dynamics of the

bimolecular reaction, by using Collins and Kimball’s expression for the diffusion-controlled

bimolecular reaction rate from Eq. 2.5. The RE for the concentration u of this reaction system

is1
du

dt
= k1 −

kb8πσD

kb + 8πσD
u2, (7.2)

with a steady state concentration

u =

√︄
k1(kb + 8πσD)

kb8πσD
. (7.3)

In Fig. 7.1A, we show how the steady state u varies for 0.01 < σ < 10 for five different

diffusivities, D = 0.01, 0.1, 1, 10, 100. We use k1 = 25 and kb = 0.25. The steady state

concentration of the system in the ballistic regime (kCK = kb) is ub = 10. Note that σ and

D are interchangeable in the equation. For larger D, the system is close to the ballistic

regime even for smaller σ. For smaller D, the system transitions to a diffusion-limited regime

when decreasing σ. This can be seen in Fig. 7.1B, where we plot the difference u − ub on

a log-log scale. Once the dynamics fully transitions from ballistic to diffusional regime, u

diverges from ub as O(σ1/2) when σ → 0. This can be seen in Fig. 7.1B for D = 0.01, where

u − ub matches with the dynamics where kCK = 8πσD for smaller σ. When decreasing σ

(or D), the dynamics of the homobimolecular reaction transitions from a ballistic regime to

1We replace the sum of diffusivities DΣ with 2D, where D is the diffusivity of a molecule X.
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A B

Figure 7.1: A: RE solution of the steady-state concentration u (Eq. 7.3) for reaction system in Eq. 6.1
with diffusion controlled bimolecular reaction rate kCK (Eq. 7.1), with the ballistic rate kb = 0.25 and
birth rate k1 = 25. The steady-state concentration of the ballistic regime is ub = 10. We varied u with
respect to the reaction radius σ, 0.01 ≤ σ ≤ 100 for five different diffusivities, D = 0.01, 0.1, 1, 10, 100.
Results are shown on a log-log scale. B: Difference u − ub between the steady-state concentration
u and the steady-state concentration of the ballistic regime, ub (ub = 10), for the simulation results
shown in panel A. The black dashed line indicates the value of steady state with the bimolecular rate
in diffusion limited regime, kCK = 8πσD, with the slope -0.5. Results are shown on a log-log scale.

a diffusion-limited regime, which leads to a loss of bimolecular reactions.

The loss of bimolecular reactions in RDME has mainly been interpreted as unphysical. This

has been attributed to too finely parceled-out artificial discretization of space. However,

in a recent review [8], Smith and Grima pointed out that the loss of bimolecular reactions

might not be entirely unphysical, since a comparable BD simulation also experiences a loss of

bimolecular reactions. Though, for the simulation parameters used, they have not been able

to match the results of RDME and BD. In Chapter 5, we established the validity range for

(G)RDME given the constant k in the bimolecular propensity is the macroscopic rate kCK

(hmin = kCKθ
2/6DΣ for d = 3). For h bellow hmin, the results we obtained in Fig. 6.9 for the

reaction rate at the ballistic regime (k = kb), look very similar to the results in Fig. 7.1A.

This implies that perhaps, the reaction loss is not unphysical, but rather, a consequence of

the reaction system transitioning from a ballistic regime to a diffusional regime for smaller σ

or D.

We thus propose an alternative interpretation of the reaction loss observed in (G)RDME:

(G)RDME models a reaction system in which the observed reaction dynamics is described by
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the diffusion-controlled bimolecular reaction rate kCK, the constant k in the propensity of the

bimolecular reaction is the ballistic rate kb, and the reaction radius σ is a function of h.

7.2 The Loss of Reactions in (G)RDME Can Be Explained by

Collins Kimball Theory

If the loss of reactions in (G)RDME can be described by Collins Kimball theory, then it should

depend on kb, h, and D, but not on Ω, or rates of any other reactions in the system. We first

study the steady state number of molecules s of the reaction system in Eq. 6.1 for three Ω,

three k1, and varying D. We model the reaction system with RDME, GRDME with ϵ′ = 1,

CME and RE. Ω and k1 were set to (approximately2) double each time. We fix h and the

bimolecular propensity rate – which we will refer to in this chapter as kb. In this experiment,

we also use kb (and not kCK) as the reaction rate for CME and RE. All parameters for this

experiment are listed in the Table 7.1. k1 was set such that there would be s = 10 molecules in

the ballistic-regime system with Ω = 27000, using k1 = kb(s/Ω)
2. For the chosen parameters,

the average number of molecules in each cell is less than one. Due to a larger computational

cost of the experiments in this chapter, we use time averages instead of the ensemble averages

used in the previous chapter to estimate ⟨s⟩. We are able to do so, because the system is

ergodic3. We begin estimating ⟨s⟩ at Tstart and until time point T . Tstart is set such that the

system reliably reaches a steady state by that time point. For each condition, we generated n

repetitions. Varying the birth rate k1 and Ω should have no effect on the (relative) magnitude

of the reaction loss when varying D4.

As seen in Fig. 7.2, varying k1 and Ω does not affect the dynamics in any way other than

scaling ⟨s⟩ along the y-axis. Since we used kb for RE and CME, they do not change with D

and serve as a reference for the scale of reaction loss in RDME and GRDME for varying D.

2k1 is doubled exactly. When setting the volume of the domain, on the other hand, we are restricted with
the grid resolution. The length of the domain L is an integer multiple of the grid resolution. Volume is set as
L3. We approximately doubled the volumes by finding L, whose cube is the closest to the duplication of the
previous volume.

3The system is ergodic if the time and ensemble averages are equal. We compared the ensemble average with
the time average for RDME using the set of parameters Table 7.1, but using only D = 1. The sample size for
ensemble average is n = 1000 and we used Tstart as the simulation time. The time average ⟨s⟩ = 10.283±0.008
is within the confidence interval of the ensemble average ⟨s⟩ = 10.262 ± 0.176. These results imply that the
system is ergodic.

4In Section 6.3 we varied h. However, as the relationship between σ and h remains unclear at this point,
we opt to vary D.
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Figure 7.2: Time average of the steady state ⟨s⟩ of the system in Eq. 6.1 using four modeling
techniques: GRDME with ϵ′ (blue), RDME (orange), CME (violet), and RE (pink). We varied volume,
birth rate k1 and diffusivities 0.1 ≤ D ≤ 50. Detailed parameters are summarized in Table 7.1. The
inset magnifications on the diagonal plots show ⟨s⟩ for 20 ≤ D ≤ 40. The difference between the
maximum and minimum value on the y axis is the same for all inset magnifications, ∆⟨s⟩ = 0.7. The
error bands show the 95% confidence interval (not visible).
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Table 7.1: Values of parameters to generate results in Fig. 7.2, studying the time average of reaction
system in Eq. 6.1 for varying diffusivities D, system volumes Ω and birth rates k1

birth rate k1 1.715 · 10−8, 3.429 · 10−8, 6.859 · 10−8

bimolecular propensity rate kb 0.25

cell width h 2

domain length L 24, 30, 38

domain volume Ω 13824, 27000, 54872

diffusivity D
0.01, 0.05, 0.1, 0.5, 1, 2, 3, 4, 5,

6, 7, 8, 9, 10, 15, 20, 30, 40, 50

simulation time T 108

collection start point for ⟨s⟩ Tstart 5 · 105

number of repetitions n 25

We can observe that the loss of reactions in RDME and GRDME relative to CME or RE is

the same for all parameters used. We expected ⟨s⟩(G)RDME
5 to converge to ⟨s⟩CME for large

enough D. However, ⟨s⟩(G)RDME does not reach ⟨s⟩CME, and increasing D beyond D ≈ 10

does not decrease ⟨s⟩(G)RDME any further. This value appears to be the same for both spatial

models. Since ⟨s⟩(G)RDME does not change for large D, we assume that the system has reached

the ballistic regime for D > 10 (see Section 2.1.2 for the definition of ballistic and diffusional

regime) and we refer to that value as ⟨s⟩b. The difference between ⟨s⟩ of different modeling

techniques is highlighted on the inset magnification of the diagonal plots in Fig. 7.2. ⟨s⟩ of
different methods do not align ⟨s⟩ for D > 20. The difference is the largest for the parameter

set giving the smallest number of molecules in the system in the top right most plot. We can

observe sRE < ⟨s⟩CME < ⟨s⟩b. sRE < ⟨s⟩CME is a well-documented consequence of discreteness

of small systems [96, 45]. ⟨s⟩CME < ⟨s⟩b, on the other hand, is unexpected. We attribute

⟨s⟩b − ⟨s⟩CME to an unknown error, which seems to depend on the number of molecules in

the system, since the difference decreases for increasing number of molecules in the system.

When accounting for ⟨s⟩b − ⟨s⟩CME, the results for varied Ω and k1 should experience the

same relative magnitude of reaction loss.

To confirm that the relative loss of reactions is the same for all k1 and Ω varied, we repeated

(G)RDME simulations for the same set of Ω and k1, but we use smaller values of D6,and

5We refer to the results acquired by a specific modeling technique as ⟨s⟩method.
6larger values of D for which the system reaches ⟨s⟩b are redundant, yet, they drastically increase the
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larger values of T and n. All parameters used are listed in Table 7.2. We first normalize ⟨s⟩
by ⟨s⟩b of each condition. For each model (GRDME and RDME), all points for the same

D have approximately the same value, which can be seen from the barely visible error bars

in Fig. 7.3A. We can conclude that varying k1 or Ω does not change the reaction dynamics

of RDME and GRDME. In Fig. 7.3B, we plot the normalized deviation from the ballistic

regime (⟨s⟩ − ⟨s⟩b)/⟨s⟩b for the same data. For the same D, GRDME is closer to the limit

of diffusional regime than RDME. ⟨s⟩ transitions to a diffusion-limited regime for smaller D

as predicted in by the solution of a rate equation with diffusion-controlled reaction rate in

Fig. 7.1B.

Crucially, if the dynamics is described by kCK, we should be able to estimate σ. However, the

resulting estimate may not represent a sum of radii of two hard spheres. Hence, we refer to

the length scale estimated from kCK as σ∗. For now, we consider σ∗ as a radius of a sphere

within which the effects of diffusion are negligible. For the parameters varied (D, Ω, k1), σ
∗

should be constant. If so, then we can say with confidence that (G)RDME simulates a system

with diffusion-controlled reaction rates.

To find σ∗, we first need to estimate kCK. We can express kCK from the equation for the steady

state ⟨s⟩ of either nonspatial stochastic system (Eq. 6.5), or deterministic system (Eq. 6.4).

However, as have seen in Fig 7.2, sRE < ⟨s⟩CME < ⟨s⟩b, and the difference between the steady

states of different models varies for varying size of the system. In Fig. 7.3C we can see that the

difference between ⟨s⟩CME and ⟨s⟩b is inversely proportional to the number of molecules in the

system. 7 ⟨s⟩b − sRE is also inversely proportional to the number of molecules in the system.

The source of the difference between the values of the spatial models in the ballistic regime

and the values of nonspatial models remains unclear. This error exists when comparing ⟨s⟩b
to either stochastic, or deterministic nonspatial model. Hence, we opt to estimate kCK from

the simpler rate equation estimate:

kCK = k1

(︃
Ω

⟨s⟩

)︃2

. (7.4)

We subtract ⟨s⟩b − sRE from ⟨s⟩ of GRDME and RDME and estimate kCK from the shifted

computational cost
7This is similar to how ⟨s⟩CME − sRE decreases for increasing size of the system. This implies that the

system modeled by a spatial model appears “smaller” or more discrete than it is.
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Table 7.2: Values of parameters to generate results in Fig. 7.3, studying the time average of reaction
system in Eq. 6.1 for varying diffusivities D, system volumes Ω and birth rates k1

birth rate k1 1.715 · 10−8, 3.429 · 10−8, 6.859 · 10−8

bimolecular propensity rate kb 0.25

cell width h 2

domain length L 24, 30, 38

domain volume Ω 13824, 27000, 54872

diffusivity D 1 · 10m, 2 · 10m, 3 · 10m, 5 · 10m, m = −3,−2,−1, 0
simulation time T 2 · 108

collection start point for ⟨s⟩ Tstart 5 · 105

number of repetitions n 100

results. Once we have kCK, we can estimate σ∗ as

σ∗ =
kCKkb

8(kbπD − kCKπD)
. (7.5)

As seen in Fig. 7.3D, σ∗ is indeed constant for all combinations of parameters k1, Ω and D. Of

note, σ∗ cannot be determined for larger values of D, which can be seen in increasingly large

error band for large D. When increasing D, kCK is approaching ballistic regime, kCK = kb,

and ⟨s⟩ does not change significantly with further increase in D. Therefore, σ∗ becomes

undetermined in ballistic regime and cannot be estimated from the results of the simulations.

GRDME and RDME have different σ∗, where σ∗ of RDME is four (4) times larger than σ∗

of GRDME. This is surprising, given that in Chapter 5 we have shown hGRDME
min = 6hRDME

min .

We would expect a similar relationship for σ∗, with σ∗RDME = 6σ∗GRDME. In Chapter 5 we

have shown that if the rate of bimolecular propensity is the macroscopic diffusion-controlled

reaction rate at the diffusional limit, kd, then hmin is a linear function of σ, hmin ≈ 2σθ2ϵ′2

(Table 5.1). In light of the new results, we hypothesize that h sets σ∗ and that σ∗ is a linear

function of h.

7.3 Cell Width h Sets the Reaction Radius σ∗

kCK is a function of σ∗ and by extension, it should be a function of h. Given the linear

relationship between σ and hmin, we hypothesize that σ∗ is a linear function of h. To confirm
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Figure 7.3: Results of simulations of reaction system in Eq. 6.1 for varying system volume Ω and birth
rate k1 (parameters are listed in Table 7.2 for A, B, D and Table 7.1 for C). Diffusion was simulated
with RDME (orange, dotted) and GRDME, ϵ′ = 1 (blue, solid). All plots are shown on a log-log scale.
The error bands show the 95% confidence interval. A: The ratio ⟨s⟩/⟨s⟩b with respect to diffusivity D
for all parameter combinations of Ω and k1. ⟨s⟩b denotes the value of ⟨s⟩ for large D. B: The difference
⟨s⟩− ⟨s⟩b normalized by ⟨s⟩b. The black dashed line with slope -0.5 indicates the value of steady state
with the macroscopic reaction rate kCK in diffusion limited regime. C: The difference between the
steady state for large D, ⟨s⟩b and steady state of nonspatial simulation, ⟨s⟩CME for increasing number
of molecules in the system. The black dashed line has a slope -1.0. D: Estimated reaction radius σ∗ for
RDME (orange, dotted) and GRDME (blue, solid) for each combination of parameters Ω, k1 and D.
Dark orange dashed horizontal line indicates estimated σ∗ = 0.6 for RDME and dark purple dashed
horizontal line indicates estimated σ∗ = 0.15 for GRDME.
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Table 7.3: Values of parameters to generate results in Fig. 7.5, studying the time average of reaction
system in Eq. 6.1 for varying diffusivities D, grid resolution h and the rates of bimolecular propensity
kb

birth rate k1 3.429 · 10−8

bimolecular propensity rate kb 0.125, 0.25, 0.5

cell width h 0.75, 1, 2, 3, 5

domain length L 30

domain volume Ω 27000

diffusivity D 0.005, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1, 2, 5

simulation time T 2 · 108

collection start point for ⟨s⟩ Tstart 5 · 105

number of repetitions n 50

that, we design another experiment, in which we vary kb, h and D – the complete set of

simulation parameters controlling kCK. All simulation parameters are listed in Table 7.3. We

estimate σ∗ from kCK using Eq. 7.4 and Eq. 7.5 with ⟨s⟩b = 10.198. σ∗ should vary with

respect to h, but not with respect to kb or D. Results in Fig. 7.4 support that σ∗ is a linear

function of h, with σ∗GRDME = 0.075h and σ∗RDME = 0.3h (Fig. 7.4A). The unexpected ratio

σ∗RDME/σ
∗
GRDME = 4 can also be observed for varying h. We have shown that σ∗ is a linear

function of h, and the slope depends on the modeling technique.

To confirm the linear relationship between σ∗ and h, we plot the same results on a log-log scale

in Fig. 7.4B. For RDME, the relationship between σ∗ and h appears to be sublinear (albeit

still close to linear). For GRDME, σ∗GRDME begins to deviate from the linear relationship

for large h (h = 5). We hypothesize that for h = 5, GRDME cannot lose sufficiently many

reactions. To speculate on the source of this error, consider the extreme case where h = L,

for which we recover a nonspatial simulation. The system is then, by default, in a ballistic

regime and has no dependence on D. One can expect that for very coarse h ≈ L, (G)RDME

may not sufficiently capture diffusion-controlled dynamics for smaller D, where the dynamics

strongly depends on D. This implies an upper limit on h or M9.

For the parameter combinations of D, h and kb, for which σ∗ is a linear function of h, we

should be able to predict ⟨s⟩(G)RDME using the steady state of the diffusion-controlled RE

8We base this value on the results of simulations for h = 2 and large D in Fig. 7.2
9Which differs from hmax introduced in Chapter 5.
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A B

Figure 7.4: Estimated reaction radius σ∗ for RDME (orange, dotted) and GRDME, ϵ′ = 1 (blue,
solid) for varying cell width h. Results were generated with varying bimolecular propensity rate kb and
diffusivity D (all parameters are listed in Table 7.3). The black dashed lines show the linear functions
σ∗ = 0.3h and σ∗ = 0.075h. A: Results are plotted on a linear scale. B: Results are plotted on a
log-log scale.

in Eq. 7.3, where σ is σ∗ of (G)RDME. Fig. 7.5 and Fig. 7.6 show the results of simulations

with RDME and GRDME, respectively, together with solutions of RE (same data as Fig. 7.4,

Table 7.3). Solid curves represent ⟨s⟩(G)RDME and dashed curves with the matching hue

represent sRE for the same set of parameters. The results for each kb are shown in a separate

column. The top rows of the two figures show the results with h on x-axis, and each D is

plotted with different hue. The bottom rows show the same results, but with D on the x-axis

and with each h plotted with a different hue. All results are plotted on a log-log scale. In

both Fig. 7.5 and Fig. 7.6, we are able to closely match the results of (G)RDME simulations

with RE solutions using the corresponding σ∗. When the system is closer to the ballistic

regime – which generally applies to larger h, larger D or RDME (compared to GRDME) –

we can observe that RE solutions do not match exactly with (G)RDME simulations, giving

⟨s⟩b > sRE. This likely occurs because there are fewer molecules in the system and the error

⟨s⟩(G)RDME− sRE becomes larger for smaller ⟨s⟩. Conversely, when the system is closer to the

limit of diffusional regime, (G)RDME simulations align almost completely with RE solutions.

We have already shown that h = 5 is too large for the reaction system modeled with GRDME

(Fig. 7.4). We confirm this in Fig. 7.6, where ⟨s⟩GRDME drops significantly below sRE for the

results closer to the diffusional limit (small h, small D, large kb). This is most apparent in
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the right-most plot of Fig. 7.6A with kb = 0.5, for the smallest D (D = 0.005, top most line

in black). From Fig. 7.6A we can see that h = 3 and h = 2 are also too coarse for D = 0.005.

We also confirm the results for h = 5 in Fig. 7.6B, where for the bottom most curves in yellow

(h = 5), ⟨s⟩GRDME does not match sRE. This is not unique to GRDME, however. For the set

of parameters [kb = 0.5, D = 0.005], h = 5 and h = 3 seem to be too large also for RDME.

This can be seen in Fig. 7.5A, right-most plot (kb = 0.5), top most line in black (D = 0.005).

We confirm this in Fig. 7.5B, where ⟨s⟩RDME and sRE do not match for h = 5 in yellow. This

upper limit on h likely depends on the rest of the parameters in the system, as it can be

defined as a difference between the expected kCK and measured kCK, given kb, D and σ∗.

We can conclude that (G)RDME simulates a diffusion-controlled system, as we are able to

predict the dynamics using RE with diffusion-controlled bimolecular reaction rate. Since h sets

σ∗, this means that h is not an artificial discretization of the space which can be freely varied,

but rather, it defines and describes the underlying chemical system in the same manner as D

and kb. RDME and GRDME differ in σ∗, hence, the two must model two reaction systems

with different underlying chemistry.

7.4 Smoothing Length ϵ′ Sets the Size of the Molecules in the

System

In Chapter 5, we derived hmin for a system where the rate of bimolecular propensity is kCK.

This is different from the premise of this chapter, where we show that the rate of bimolecular

propensity is kb. Nonetheless, scaling between values in GRDME and RDME should still

hold. ⟨s⟩RDME and ⟨s⟩GRDME should have the same value at grid resolutions which are a

factor six apart, ⟨s⟩(h)RDME = ⟨s⟩(6h)RDME. Since σ∗ is a linear function of h, then for the

same h, σ∗RDME = 6σ∗GRDME. However, we observe σ∗RDME ≈ 4σ∗GRDME, which is at odds

with the results from Chapter 5. How do we reconcile the difference between the theory in

Chapter 5 and numerical results in this chapter?

Since RDME and GRDME model reaction systems with different σ∗, ϵ′ should also affect

σ∗. To better understand the relationship between σ∗ and the diffusion model, we study how

σ∗ varies with the relative smoothing length ϵ′. According to the theory from Chapter 5, σ∗

should vary with ϵ′ as O(ϵ′−2). We perform another experiment using only GRDME, in which
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Figure 7.5: Steady state number of molecules s of reaction system in Eq. 6.1 for varying cell width
h, diffusivity D and bimolecular propensity rate kb using RDME. All simulation parameters are listed
in Table 7.3. Solid lines represent the time average of number of molecules ⟨s⟩RDME for simulation
with RDME and dashed lines represent the solution of the rate equation sRE for Eq. 6.1, where
the bimolecular reaction rate is the diffusion-controlled macroscopic reaction rate kCK with reaction
radius σ = 0.3. The error bands show the 95% confidence interval. A: s with respect to cell width
h. Simulations for each bimolecular propensity rate kb are shown in different columns and simulations
with different diffusivities D are shown with different hues, with smallest D being plotted with the
darkest hue. B:s with respect to diffusivity D. Simulations for each bimolecular propensity rate kb
are shown in different columns and simulations with different cell widths h are shown with different
hues, with smallest h being plotted with the darkest hue.
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Figure 7.6: Steady state number of molecules s of reaction system in Eq. 6.1 for varying cell width
h, diffusivity D and bimolecular propensity rate kb using GRDME with ϵ′ = 1. All simulation
parameters are listed in Table 7.3. Solid lines represent the time average of number of molecules
⟨s⟩GRDME for simulation with GRDME and dashed lines represent the solution of the rate equation
sRE for Eq. 6.1, where the bimolecular reaction rate is the diffusion-controlled macroscopic reaction
rate kCK with reaction radius σ = 0.075. The error bands show the 95% confidence interval. A: s
with respect to cell width h. Simulations for each bimolecular propensity rate kb are shown in different
columns and simulations with different diffusivities D are shown with different hues, with smallest D
being plotted with the darkest hue. B:s with respect to diffusivity D. Simulations for each bimolecular
propensity rate kb are shown in different columns and simulations with different cell widths h are shown
with different hues, with smallest h being plotted with the darkest hue.



7.5. Heterobimolecular Reactions Can Only Be Modeled With GRDME

we vary ϵ′. All parameters used are listed in the Table 7.4. We use h = 0.510, to avoid any

error in estimating σ∗ due to too large h. Fig. 7.7 shows σ∗ for varying ϵ′. σ∗ of GRDME

is shown in blue. The black dashed line indicates O(ϵ′−2). For ϵ′ > 1, σ∗ indeed scales as

O(ϵ′−2). For ϵ′ = 1, however, σ∗ deviates from quadratic scaling – it is slightly smaller than

predicted from the values of σ∗ for ϵ′ > 1. σ∗ is a radius of a sphere and the largest sphere

which can conform within a cube with length h has a radius 0.5h. This is indicated in the

figure with a horizontal green dashed line. If we extrapolate the results for ϵ′ > 1 to ϵ′ ≤ 1

, σ∗ with a radius 0.5h would have ϵ′ ≈
√
6
−1

. Interestingly, this would also be the value

of ϵ′, at which GRDME would have the same the propensity as RDME (if ϵ′ was allowed to

decrease below 1). This implies that σ∗ of RDME should be 0.5h and

σ∗GRDME = (
√
6ϵ′)−2 σ∗RDME =

1

12
h ϵ′

−2
. (7.6)

These results are in line with the theory from Chapter 5. We plot σ∗RDME estimated from

the data of previous experiments at ϵ′ =
√
6
−1

in orange. The estimated σ∗RDME = 0.3h is

much below 0.5h. The two largest σ∗ (σ∗ of RDME and GRDME, ϵ′ = 1) are smaller than

predicted from the results for ϵ′ > 1. The larger σ∗RDME deviates from the prediction more

than σ∗GRDME(ϵ
′ = 1). It is unclear why are these two values smaller than predicted. This

error might come from the geometry of the mesh or from the σ ≪ h restriction described in

the literature [85, 84] (even though the theory has been developed assuming the bimolecular

propensity rate is kCK). More research is required to understand the relationship between

h and different diffusion models. So far, we have shown that σ∗ is inversely proportional to

the square of ϵ′. This means that, given h, each ϵ′ models a different chemical system, where

larger ϵ′ implies a chemical system with smaller molecules.

7.5 Heterobimolecular Reactions Can Only Be Modeled With

GRDME

There is only one value of h for the system, whereas the number of different reaction radii

σ depends on the number of bimolecular reactions in the system and on the number of

different species. σ is a sum of radii of two colliding hard spheres, σ = σi + σi′ . kCK of a

10h = 0.5 is smaller than any h used in previous simulations. Reducing h is computationally prohibitive.
The experiments in this chapters generally took from several day to a week to complete. Since GRDME has
lower computational cost, we are able to use smaller h.

99



6 1 1 2 3 4 5
′

10 2

10 1

*

0.5h

Figure 7.7: Estimated reaction radius σ∗ for GRDME with varying smoothing length ϵ′ (blue) and
RDME (orange dot) on a log-log scale. We estimated σ∗ from steady state number of molecules of

simulations with parameters in Table 7.4. σ∗ of RDME is placed at the value ϵ′ =
√
6
−1

, which is the
value of ϵ′, at which the diffusional propensity of the GRDME model would match the propensity of
the RDME model. The black dashed line indicates the slope -2. Horizontal green dashed line indicates
the value σ∗ = 0.5h



7.5. Heterobimolecular Reactions Can Only Be Modeled With GRDME

Table 7.4: Values of parameters to generate results in Fig. 7.7, studying the time average of reaction
system in Eq. 6.1 for varying diffusivities D, grid resolution h and bimolecular propensity rates kb

birth rate k1 3.429 · 10−8

bimolecular propensity rate kb 0.125, 0.25, 0.5

cell width h 0.5

smoothing length ϵ′ 1.0, 1.2, 1.5, 1.7, 2, 3, 5

domain length L 30

domain volume Ω 27000

diffusivity D 0.005, 0.01, 0.02, 0.05, 0.1, 0.2, 0.5, 1, 2, 5

simulation time T 108

collection start point for ⟨s⟩ Tstart 5 · 105

number of repetitions n 50

heterobimolecular reaction is

kCK =
kb 4π (Di +Di′)(σi + σj)

kb + 4π (Di +Di′)(σi + σj)
. (7.7)

If there is only one bimolecular reaction in the system (either homobimolecular or heterobi-

molecular) then the system can be model by either RDME or GRDME, since there is only

one σ. However, if there exists more than one σ for the reaction system, then the system

cannot be modeled with RDME. In other words, RDME assumes all molecules in the system

have the same size.

GRDME, on the other hand, offers another degree of freedom with ϵ′. Since for homobimolec-

ular reaction, σ∗ = 2σ∗i = (1/12)h ϵ′i
−2, we hypothesize that for heterobimolecular reactions

we can express the radius of an individual molecule as

σ∗i =
1

24
hϵ′

−2
. (7.8)

The reaction radius can then be expressed using the smoothing length specific for each reac-

tant,

σ∗ =
1

24
h

(︄
1

ϵ′i
2 +

1

ϵ′i′
2

)︄
. (7.9)

This enables us to set h and then define the relation between h and σ∗i through ϵ′i for each

101



Chapter 7. (G)RDME as a Spatial Model of Collins-Kimball Diffusion-controlled Reaction
Dynamics

species i separately, thus:

ϵ′i =

√︄
h

24σ∗i
. (7.10)

Note that σ∗i is the radius of the molecule and not the reaction radius σ∗. Hence, ϵ′i and h set

the size of the molecules of species Xi.

This relationship between the size of the molecules σ∗i and ϵ′ also enables additional freedom

in choosing h. h can then be varied based on the trade-off between computational cost and

accuracy. However, if h becomes too large, the overall dynamics is too close to the ballistic

regime (see results for h = 5 in Fig. 7.4, Fig. 7.5 and Fig. 7.6), limiting the size range of

molecules in the system that can be studied with GRDME. GRDME enables us to explicitly

model the size of molecules for a reaction system with multiple molecular species and with

bimolecular reaction channels with varying reaction radii σ∗.

7.6 Zeroth Order Reactions Impose a Lower Limit on Diffu-

sivity Dmin

As we have shown in this chapter so far, hmin derived in Chapter 5 does not indicate the grid

resolution below which (G)RDME is not valid anymore. It indicates the grid resolution below

which the system begins to lose reactions, compared to the ballistic regime. In other words,

it marks the transition away from the ballistic regime. Since hmin does not indicate a limit of

validity, does there exists a limit of validity for (G)RDME?

We start by noting that for sRE < 1, ⟨s⟩CME = 0.5, regardless of how small are Ω or sRE. This

is because molecules are discrete, which means that the smallest nonzero number of molecules

is 1. Assuming an open system and initial number of molecules s = 0, two molecules have

to be created first, in order for one bimolecular reaction to occur. For s < 2, a bimolecular

reaction will not occur, regardless of the size of kb. Hence, the rate of bimolecular reactions is

not proportional to kb anymore and the birth events are the limiting step for the bimolecular

reaction to occur.

(G)RDME is a set ofM grid cells with volume h3 that are interconnected with diffusion events.

If these cells would instead be independent (not connected with diffusion events or D = 0) and

if spRE < 1, then
∑︁

M ⟨s⟩
p
CME = 0.5M . On the other hand, if we consider a diffusion-controlled

reaction system (bimolecular rate kCK as the rate of bimolecular propensity) with volume Ω,
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then ⟨s⟩ → ∞ as kCK → 0. There is no limit for how large ⟨s⟩ can get. We predict that for

D → 0, ⟨s⟩ would not be large enough and we should not lose enough reactions, making the

overall kCK appear smaller. The absolute lower limit on D in (G)RDME is then the D that

would yield kCK with the same ⟨s⟩ as a sum of M independent compartments with volume

h3, 0.5M :

⟨s⟩max =

√︃
k1
kCK

Ω = 0.5
Ω

h3
. (7.11)

To find the lower limit on D, Dmin, we use the rate of the diffusional regime kCK = 8πchD,

since we study the system for D → 0. Instead of σ∗, we use c h, since σ∗ is a linear function

of h. The constant c is different for each diffusion model: c (RDME) = 0.3, c (GRDME, ϵ′ =

1) = 0.075 and c (GRDME, ϵ′ > 1) = 1
12ϵ

′−2. This gives the lower limit on D for the reaction

system in Eq. 6.1:

Dmin =
k1 h

5

2πc
. (7.12)

We study Dmin of RDME and GRDME (ϵ′ = 1) in Fig. 7.8, where we plot ⟨s⟩ with respect

to D using 10−9 ≤ D ≤ 100. We compare ⟨s⟩ of RDME and GRDME to a comparable CME

where the rate of bimolecular propensity is kCK with σ∗RDME = 0.3 and σ∗GRDME = 0.075,

respectively. All parameters are summarized in Table 7.5. Of note, when kCK → 0, the steady

state is reached at a later point. Because we use extremely low values of D, we recalculate

Tstart and T for each D by multiplying the times T and Tstart of the largest D with
√︁
kb/kCK.

This ensures that all simulations reach the steady state before we start collecting ⟨s⟩11. We

can observe that for both diffusion models, CME with kCK matches well with its spatial

counterpart for larger D. However, once ⟨s⟩ approaches the threshold 0.5M (indicated by a

horizontal black dashed line), ⟨s⟩CME continues to increase, whereas ⟨s⟩(G)RDME caps at that

value when further decreasing D. For each spatial model, we indicate Dmin estimated using

Eq. 7.12 with a dashed vertical line (dark orange for RDME and dark violet for GRDME).

Dmin of GRDME is larger than Dmin of RDME. For each method, ⟨s⟩CME crosses the line

11This holds for any kCK < kb. However, in previous experiments, we started collecting the data points at
larger Tstart and we did not use D as small as in this experiment. We assume we had a sufficient buffer in Tstart

to confidently reach the steady state by Tstart for all parameters used. On a similar note, time average proved
more useful than the ensemble average to notice that the (G)RDME simulates a Collins Kimball diffusion-
controllled system. In Section 6.3, we studied the reaction loss assuming the rate of bimolecular propensity is
kCK. There was no reason to assume that the steady state should be reached at a later time point when we
study the system for smaller D, h or ϵ′. Due to that, we saw the steady state values ⟨s⟩ for different ϵ′ plateau
in Fig. 6.9 after it reached a certain value, instead of further increasing. Using a time average gives a better
estimate of the steady state in the case when we underestimate the time at which steady state is reached.
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⟨s⟩ = 0.5M , exactly at the point predicted byDmin. Dmin depends on the reaction system. For

example, the steady state of a reaction system with additional first-order reaction X
k3−→ 0,

would converge to ⟨s⟩ = h3k1/k3 for D → 0 12. For such systems, the lower limit on D

would be much more permissive. The results clearly show, however, that there exists Dmin

for (G)RDME, which is set by the steady state of M independent systems with volume h3.

Similarly to the limit on D, there should also exist limit on h. Using the same logic, we can

express hlimit = (2πcD/k1)
1/5. However, we are not yet able physically interpret this result.

It is worth noting, however, that the error between the steady state of the ballistic regime

of (G)RDME and CME with the bimolecular propensity rate kb (Fig. 7.3C) decreases for

increasing ⟨s⟩. This resembles the dynamics observed in small systems, where ⟨s⟩CME differs

from sRE for small s. Discretizing a system of volume Ω into smaller systems of volumes h3

might cause the “small system effect” observed at the limit Dmin to linger even for large D.

This may explain the difference between ⟨s⟩CME and ⟨s⟩b. However, in the experiments so far,

we have not observed any differences in ⟨s⟩b of different diffusion models or h. An additional

experiment with large enough D and sample size, in which we varying h, would be required

to determine if ⟨s⟩b varies with h and if there exists an h-dependent error. Further analysis

of the limits of (G)RDME is beyond the scope of this thesis. It is important to continue the

research on the limits of (G)RDME, to have confidence in the results of the simulations.

7.6.1 Consistency of (G)RDME Could Be Improved by Redesigning Zeroth

Order Reactions

Dmin illustrates a disconnect between the new interpretation of the reaction loss and the

formulation of reactions in (G)RDME. For D = 0, there should be no bimolecular reaction

events in a diffusion-controlled reaction system, since kCK = 0. However, (G)RDME allows

spontaneous creations of molecules withing h (modeled by zeroth order reactions), which puts

a limit on the extent of reaction loss. Hence, below Dmin, ⟨s⟩(G)RDME can be better explained

as an ensemble of independent well-mixed reaction systems with volumes h3, rather than a

diffusion-controlled system with volume Ω. We need to reconcile the physical interpretation

of σ∗ with the formulation of the zeroth order reactions in (G)RDME.

Does σ∗ equal to σ? σ represents the space occupied by the reactant molecules at the moment

of collision. σ∗ can be vaguely interpreted as a radius of a sphere within the diffusion does

12A reaction system with first-order degradation reactions Xi → 0 would more realistically represent reaction
systems occurring in biology.
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Table 7.5: Values of parameters to generate results in Fig. 7.8, studying the time average of reaction
system in Eq. 6.1 for small diffusivities D using spatial models (RDME and GRDME) and nonspatial
models (CME) with diffusion-controlled macroscopic rate kCK as the bimolecular propensity rate

birth rate k1 3.429 · 10−8

bimolecular propensity rate kb 0.25

diffusivity D

10−9, 5 · 10−9, 10−8, 5 · 10−8,

10−7,5 · 10−7, 10−6,10−5,

5 · 10−5,10−4, 10−3, 10−2,

10−1, 100

estimated reaction radius, GRDME σ∗GRDME 0.075

estimated reaction radius, RDME σ∗RDME 0.3

macroscopic Collins Kimball reaction rate kCK
kb8πσ

∗D
kb+8πσ∗D

cell width h 1

domain length L 30

domain volume Ω 27000

number of cells M Ω/h = 27000

simulation time T 107
√︂

kb
kCK

collection start point for ⟨s⟩ Tstart 105
√︂

kb
kCK

number of repetitions n 10
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by Eq. 7.12. The error bands show the 95% confidence interval (not visible).



7.7. Summary

have any effect on the reaction dynamics. Strictly speaking, this is only true if σ∗ = σ. If

σ∗ = σ, then new molecules (which are not a consequence of a reaction between reactants

forming σ) cannot be spontaneously created within σ. Additionally, the current design of

RDME and GRDME allow more than one pair of molecules within the cell p, sp(G)RDME > 2.

For the RDME model, this is physically inconsistent, if σ∗ is interpreted as σ, since 2σ∗ > h.

In GRDME, σ∗ is sufficiently smaller than h and, hypothetically, more than one reactant

pair can fit in the cell without breaking the physical picture. This is more pronounced for

GRDME and for ϵ′ > 1. However, Dmin is even larger for GRDME. Hence, neither RDME or

GRDME are consistent with respect to decreasing D for the current design of reactions and

σ∗ does not equal σ.

A model design, which would eliminate the logical inconsistencies between σ∗ and σ, could

potentially improve the consistency of (G)RDME with respect to the dynamics of kCK. We

posit that limit Dmin comes from the design of zeroth order reactions. The accuracy of the

model could be improved by changing the model of zeroth order reactions. This can be

done in a few ways. For example, zeroth-order reactions could be created on the boundary

between two cells p and q and would require one diffusion step to enter the cell p. This would

prevent the molecules from being generated inside σ∗ and ensure that there are no bimolecular

reactions when D = 0, since molecules would not enter p. Another solution would be to allow

a spontaneous creation of a molecule only if the cell is empty or as a function of a fraction

of the empty space. In such case, the solution could be modeled after vRDME [57] or SPT-

RDME [58]. In both cases, further studies would be required to ensure that the novel model

provides better physical consistency with diffusion-controlled theory of reactions.

7.7 Summary

In this chapter, we proposed an alternative interpretation of the reaction loss observed in

(G)RDME.We argue that the observed dynamics is in accordance with the diffusion-controlled

dynamics described by Collins and Kimball [73, 75]. Instead of interpreting the rate of the

bimolecular propensity as the macroscopically observed rate kCK, we interpret it as the rate

of the ballistic step of the reaction process, kb. This makes sense, since in a spatial model,

the diffusion process is explicitly modeled. Therefore, it should not be additionally accounted

for in the propensity of the bimolecular reaction (as it would be if the rate is kCK). In this

interpretation of (G)RDME, h is not considered merely as a length scale of the artificial
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Chapter 7. (G)RDME as a Spatial Model of Collins-Kimball Diffusion-controlled Reaction
Dynamics

discretization of the space, but rather, it relates to the size of the molecules in the system

through σ∗. σ∗ is a linear function of h and each ϵ′ gives a different value of σ∗. RDME

simulates a reaction system which is closer to the ballistic regime than GRDME, since all

other things equal, larger σ∗ brings the system closer to the ballistic regime. hmin then

becomes a transition point, below which the dynamics of the system cannot be recapitulated

anymore without accounting for diffusion. This perspective on reaction loss greatly increases

the range of parameters for which (G)RDME can be used and enables us to explore the

regimes with interesting diffusion-controlled dynamics.

We also require a completely different error analysis of (G)RDME. We hypothesize that there

might be an upper limit on h (for given kb, D and σ∗), beyond which the measured kCK is

closer to kb than expected from D and σ∗. For the current design of (G)RDME, there is

also a lower limit Dmin for a given h. It likely comes from allowing spontaneous generation of

molecules within the same volume, which is presumably occupied by a reaction radius. Hence,

using the current design of (G)RDME, σ∗ does not truly match σ. The mismatch between σ∗

and σ could be accounted for by redesigning zeroth order reactions.

Reinterpretation of reaction loss in (G)RDME brings this modeling framework much closer to

microscopic modeling techniques, such as Brownian Dynamics, than previously considered. kb

and σ are both considered microscopic parameters. Additionally, the consistency of (G)RDME

can be improved by better matching σ∗ to σ. However, (G)RDME also retains features of

mesoscopic systems. Namely, the current design of (G)RDME allows for more than one

reactant pair in the cell at a time. If it turns out that only one reactant pair is allowed in

the cell, then h can be interpreted as the length scale setting the diluteness requirement for

reaction system, by not permitting more than one reactant pair within volume hd. Further

research is required to understand whether allowing more than one reactant pair in the same

cell is consistent with the Collins Kimball theory of the diffusion-controlled reaction dynamics.

GRDME enables us to study reaction systems containing molecules of various sizes, since

each molecular species can have a different ϵ′ assigned to it, reflecting its size. This enables a

study of heterobimolecular reactions and systems with more than one bimolecular reaction.

Even though there remain some inconsistencies in the physical interpretation of parameters

in (G)RDME, the model remains useful. In particular, (G)RDME can be used to study the

nonlinear dynamics of unmixed stochastic systems, especially when the system transitions

from ballistic to diffusional regime.
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Chapter 8

Difussion-Controlled State Inversion

In Chapter 7, we showed that (G)RDME can be used to study reaction systems in a diffusional

regime. When the distribution of molecules is homogeneous, the diffusion controlled dynamics

can be neatly recapitulated using a nonspatial model with the macroscopic reaction rate

kCK. However, events such a bursting can cause the distribution of molecules in the system

to become inhomogeneous. Then, the reaction dynamics becomes dependent on the local

concentration of molecules and varies across the volume of the system. Hence, inhomogeneous

distribution of molecules may change the reaction dynamics on the level of the whole system.

In this chapter we show that when the system contains local spikes in the concentration due

to bursting, the global steady state of the spatial model differs from the steady state of the

nonspatial model. The steady state of an inhomogenous system resembles a steady state of

a smaller, more discrete system. We show this on an example of a reaction system, which

experiences an inversion of the order of the concentrations when the size of the system is small.

When we slow down the diffusion of a system with large volume, the system experiences the

inversion of concentrations, similar to the inversion observed when decreasing the volume of

the system. The system experiences diffusion-controlled state inversion.

8.1 Diffusion-controlled Systems Resemble Small Systems

Generally, small systems differ from large systems. When a reaction system contains nonlinear

reaction channels, the steady state of a stochastic system typically differs from the steady state
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Chapter 8. Difussion-Controlled State Inversion

of a deterministic system. This is most prominent for systems with low copy numbers, due

to a larger intrinsic noise. In Fig. 8.1 we show this for the system with one homodimerization

reaction in Eq. 6.1, with which we studied the dynamics of diffusion-controlled systems in

Chapter 6 and Chapter 7. In the left-most plot of Fig. 8.1, we can observe that for sRE →∞,

⟨s⟩ → sRE. For small enough copy number s, however, ⟨s⟩ noticeably differs from sRE. This

is shown in the inset magnification of left-most plot in Fig. 8.1, for 1 ≤ sRE ≤ 10. In this

range, the ratio ⟨s⟩/sRE goes from ⟨s⟩/sRE = 1.0134 for sRE = 10 to ⟨s⟩/sRE = 1.1353 for

sRE = 1. When further decreasing s to sRE < 1, ⟨s⟩ starts to significantly deviate from sRE.

While the values sRE < 1 may not be physically relevant, the average number of molecules in

individual cells of (G)RDME can be fewer than one. Therefore it is nonetheless important to

understand the behavior of stochastic algorithms in the limit sRE → 0.

There seem to be two contributions to the deviation of ⟨s⟩ from sRE. When sRE > 1, the

ratio between the steady-state value of stochastic and deterministic system, ⟨s⟩/sRE, can be

well described with ⟨s⟩/sRE = e−2/sRE + 1 (Fig. 8.1, middle). When sRE < 1, two molecules

first have to accumulate in the system for a bimolecular reaction to occur. In that regime, the

steady state of the stochastic process is always ⟨s⟩ = 0.5, regardless of the value of sRE. This

can be described as ⟨s⟩/sRE = 1/2sRE. The transition between two regimes occurs between

sRE = 0.1 and sRE = 2. This transition is clearly visible in Fig. 8.1, right, in which we plot

the difference between ⟨s⟩ and sRE, normalized by sRE. We can also see that in both regimes,

the deviation of ⟨s⟩ from sRE scales as O(s−1
RE). For sRE > 1, the difference ⟨s⟩ − sRE seems

to be constant. This dynamics is clearly different from the diffusion-controlled dynamics with

respect to D or σ∗. However, the dynamics of small systems in some way resembles the

dynamics of diffusion-controlled systems – in both cases, there is apparent loss of bimolecular

reactions compared to either large or well-mixed systems, respectively.

While stochastic systems differ from the deterministic predictions for small s, this does not

always manifest in loss of reactions. Consider a similar reaction system, where a birth reaction

produces molecules in bursts of size m:

∅ k1−→ mX

X +X
k2−→ ∅.

(8.1)

How this stochastic system differs from the deterministic counterpart for small systems de-

pends on whether the system is sub-Poissonian or super-Poissonian [96]. If m = 1, the
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Chapter 8. Difussion-Controlled State Inversion

probability distribution of intrinsic noise of X is sub-Poissonian. In that case, the steady-

state number of molecules s is larger than predicted from the RE solution, which can be

perceived as loss of reactions. On the other hand, if m > 1, the probability distribution of

intrinsic noise of X is super-Poissonian. This means that the number of molecules will be

smaller than sRE. The reaction at hand represents a rather artificial and physically unlikely

scenario. First, the system does not contain any first-order reactions, whereas every biological

molecule is a subject to either enzymatic or spontaneous degradation. Second, a burst with

constant size m is also highly unlikely. A more realistic bursting event would be a random

variable drawn from a exponential distribution with mean m. However, this system allows

us to study dynamics of a homobimolecular reaction and of bursting for a small system in

isolation.

In top-left plot of Fig. 8.2, we plot the ratio ⟨s⟩/sRE with respect to sRE for the reaction

system in Eq. 8.1. As already shown by Grima [96], for sRE > 2 and m > 1, the fraction

⟨s⟩/sRE decreases when sRE decreases. However, for sRE < 2 (sRE = 2 is indicated by a light

blue dotted vertical line), ⟨s⟩/sRE strongly depends on whether m is even or odd. For odd m,

⟨s⟩/sRE grows as sRE decreases. The exact point at which ⟨s⟩/sRE is minimal form odd varies.

For larger m, the minimum value ⟨s⟩/sRE is reached at a higher sRE. For even m, ⟨s⟩/sRE

continues to decrease for decreasing sRE. For larger m, the difference between m odd and m

even becomes apparent for larger sRE. This parity behavior can be explained as follows: A

bimolecular reaction always consumes two molecules. For odd m, there will be a molecule left

over after every second burst event. This molecule can then react with the unpaired molecule

from the next burst. In the case of an even m, all molecules can be consumed after each burst

event. So while small systems with bursting (m > 1) gain bimolecular reactions, the exact

dynamics for Eq. 8.1 also strongly depends on the parity of the burst size m.

Does bursting affect the dynamics of diffusion-controlled systems? On the one hand, a

diffusion-controlled system experiences loss of reactions, because kCK decreases with decreas-

ing D. On the other hand, an instantaneous injection of m molecules locally increases the

bimolecular propensity, which could potentially lead to an increased average frequency of

reactions.

The top-right plot of Fig. 8.2 shows the results for a nonspatial CME with diffusion-controlled

rate kCK (with σ∗ = 0.075) for varying D. The volume used matches the value of Ω of top-left

plot in Fig. 8.2, indicated by a dark blue dotted vertical line, labeled the Ωdiff . The horizontal
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Table 8.1: Values of parameters to generate results in Fig. 8.2, studying the time average of reaction
system in Eq. 8.1.

birth rate k1 3.4294 · 10−8m−1

bimolecular propensity rate k2 0.25

burst size m 1, 4, 5, 9, 10, 19, 20

estimated reaction radius, GRDME σ∗GRDME 0.075

estimated reaction radius, RDME σ∗RDME 0.3

reaction radius for CME with kCK σ∗CME 0.075

domain volume Ω

500, 1000, 2000, 3000, 3500, 4000, 4500,

5000, 6000, 7000, 8000,10000, 15000,

20000, 24000, 27000,54872

domain volume of diffusion

controlled systems
Ωdiff 27000

diffusivity D

0.000001, 0.00001, 0.0001, 0.001, 0.002,

0.005, 0.01, 0.02, 0.05, 0.1, 0.2, 0.3, 0.5,

1, 2, 5, 10, 20

cell width h 1

simulation time T 2 · 107

collection start point for ⟨s⟩ Tstart 105

number of repetitions n 30



8.1. Diffusion-controlled Systems Resemble Small Systems

blue line indicates the value sRE = 10. We can observe that when D is large enough and

kCK ≈ kb, the burst size m does significantly affect the dynamics, as increasing the burst size

m decreases ⟨s⟩. However, when kCK shifts towards the diffusional regime, the burst size m

does not contribute to the dynamics in a significant way, compared to the decrease in kCK.

For a spatial model of the reaction system, however, m significantly affects the dynamics

of the system. Unlike m = 1, for which a nonspatial CME with a diffusion-controlled rate

and a spatial model are in an agreement, the dynamics of a spatial model for different burst

sizes m > 1 differs from a nonspatial CME with kCK. The bottom row of Fig. 8.2 shows the

results of spatial simulations with RDME (left) and GRDME (right). For both RDME and

GRDME, we can observe bursting strongly affects the dynamics for of diffusion-controlled

reaction systems.

Similarly to small systems, both the parity and the size of bursting contribute to the overall

dynamics. Interestingly, unlike the experiment in which we varied the volume of a well-mixed

system (Fig. 8.2 top left), the parity of the burst size becomes the dominant factor at smaller

D for larger m. This might be explained by the fact that ⟨s⟩ for large m never reaches sRE.

This is most apparent for the burst size m ≥ sRE. For m odd, ⟨s⟩ is increasing for decreasing

D. This is the same as for m = 1, albeit shifted along the y-axis. Unlike the results for a

decreasing size of the system (Fig. 8.2 top left), for m even, ⟨s⟩ does not seem to tend to zero.

Instead, it seems to converge to a constant value when D → 0. This value appears to be the

same for both RDME and GRDME and is larger than ⟨s⟩ of large D for the same m. For the

smallest values of D, the parity and the burst size dominates the dynamics.

When increasing D, the system experiences a dip in ⟨s⟩. This is highlighted in the inset

magnification for both RDME and GRDME. The x and y axis limits of the inset magnifications

for the two plots are the same. The dip occurs at a lower D for RDME, compared to GRDME.

Compared to RDME, the “valley” also seems to be more stretched out for GRDME. This dip

in ⟨s⟩ resembles the decrease in ⟨s⟩ observed for super-Poissonian small systems.

For the largest values of D used in (G)RDME, the number of molecules in the system is larger

than predicted by the RE, ⟨s⟩ > sRE. This is opposite from a nonspatial model, for which

⟨s⟩ < sRE for m > 1. For (G)RDME, larger burst size leads to larger ⟨s⟩. This may imply

that (G)RDME is not converging to a well-mixed nonspatial CME for large D. Alternatively,

the system may not be well-mixed for any of the D tested. An increased ⟨s⟩ may then be a

consequence of unresolved inhomogeneities created by bursting. The largest values of D used
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in the experiment may be in the range, for which the molecules in the burst get dispersed too

fast to significantly affect the propensities, yet, D may still be too low for the system to reach

a well mixed state. Additional experiments with significantly larger D would be required to

see whether (G)RDME converges to a well-mixed CME1.

For the range of diffusivities used here, we observe three different regimes. For large D, ⟨s⟩
of spatial models for reaction system with bursting is larger than ⟨s⟩ of nonspatial models.

While bursting decreases ⟨s⟩ of nonspatial models, it increases ⟨s⟩ of spatial models. When

decreasing D, we first observe a decrease in ⟨s⟩. This can be explained by a higher frequency

of reactions due to a high concentration of molecules at the site of the burst. When further

decreasing D, ⟨s⟩ again increases and the parity of the burst size strongly affects ⟨s⟩ for very
small values of D. The results for spatial models in bottom row of Fig. 8.2 have features of

both small systems (Fig. 8.2 top right) and of systems with diffusion controlled reaction rates

(Fig. 8.2 top left).

When varying D, we observe an interplay between a reduced sampling of the local neigh-

borhood (expressed through kCK), increased local concentration (which nonlinearly increases

the bimolecular propensity) and introduction of inhomogeneities in the system. While more

studies are needed to confirm these results, we hypothesize that bursting can create inho-

mogeneities in the system. These inhomogeneities may resemble smaller mixed systems with

similar composition. Hence, an inhomogeneous systems can have an increased apparent dis-

creteness.

8.2 Slow Diffusion Leads to an Inversion of Steady States

Additional nonlinear reactions can further change the dynamics of small systems. For example,

when the system becomes sufficiently small, intrinsic noise can amplify the nonlinearities to

the extent where the order of concentrations inverts. In such a case, the species that is most

abundant in large systems is not the same as the species that is most abundant in small

systems. This has been described by Ramaswamy et al. [29] for a reaction system with two

1Computational cost increases linearly with D. The simulations for the data shown took approximately a
week. Postliminary, we have also tested D = 50 and D = 100. For these two values, ⟨s⟩ has not yet approached
sRE.
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bimolecular reactions and bursting:

∅ k1−→ mX1

X1 +X1
k2−→ X2

X1 +X2
2k2−−→ X3

X1
k3−→ ∅

X2
k3−→ ∅

X3
k3−→ ∅.

(8.2)

In this reaction system, monomers X1 are introduced into the system in bursts of size m.

Monomers react in a homobimolecular reaction to create dimers X2. Monomer and dimers

react in a heterobimolecular reaction to create trimers X3. Each species (X1, X2, X3) is

also subject to spontaneous degradation. Ramaswamy et al. showed that for a specific set

of reaction parameters k1, k2, k3, and burst size m > 1, the concentrations change from

u2 < u3 < u1 for a large system (large system = large number of molecules, set by a large Ω)

to u2 < u1 < u3 for a system below some threshold Ω13 (indices 1 and 3 indicate the inversion

of concentrations for X1 and X3). This phenomenon was referred to as ”discreteness induced

concentration inversion”. The volume Ωij at which the inversion occurs is increased with

increasing burst size, which models extrinsic noise. Given a system with only one bimolecular

reaction and bursting already displays a complex dynamics for a diffusion-controlled spatial

model, it is reasonable to assume that a system with two bimolecular reactions and bursting

will also change for varying diffusivity.

Can diffusion-controlled systems then also exhibit state inversion? We have shown that for

a (limited) range of diffusivities, a localized burst can reduce the number of molecules in the

system, similar to a decrease in the number of molecules in smaller systems. Such systems can

appear more discrete. Hence, decreasing diffusion in the system could in principle also lead

to diffusion-controlled state inversion. To test this hypothesis, we run a set of experiments,

each with

• nonspatial CME with ballistic bimolecular rate for varying system volume Ω,

• nonspatial CME with large Ω (Ωdiff) and diffusion-controlled bimolecular rate (kCK) for

varying diffusivity D,
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Table 8.2: Values of parameters to generate results in Fig. 8.3, studying the time average of reaction
system in Eq. 8.2.

birth rate k1 10

bimolecular propensity rate k2 0.5

degradation rate k3 1

burst size m 1

estimated reaction radius, GRDME σ∗GRDME 0.075

estimated reaction radius, RDME σ∗RDME 0.3

reaction radius for CME with kCK σ∗CME 0.15

domain volume Ω
0.125, 1, 3.375, 8, 10.648,

15.625, 27, 125, 1000

domain volume of diffusion

controlled systems
Ωdiff 1000

diffusivity D
1, 2, 3, 4, 5, 5, 10, 15, 20, 30,

50, 100, 200, 500, 1000

cell width h 1

simulation time T 500

collection start point for ⟨s⟩ Tstart 20

number of repetitions n 20

• RDME (a spatial model) with large Ω for varying diffusivity D, and

• GRDME (a spatial model) with large Ω for varying diffusivity D.

The σ∗ of the CME with diffusion-controlled rates is chosen as the geometric mean of σ∗RDME

and σ∗GRDME. To compare the results of the models for different Ω, we compare average

concentrations ⟨u⟩ instead of number of molecules ⟨s⟩.

In the first experiment, we use the parameters used in the original publication [29], but

without bursting in the system, set by m = 1 (Table 8.2). For this set of parameters, we do

not expect a state inversion for any of the models used. We show the results in Fig. 8.3, with

the volume Ωdiff for diffusion-controlled models indicated by a dotted dark blue vertical line.

As anticipated, we do not observe a state inversion for any of the models used. We can observe,

however, that all models, but RDME, experience an increase in the already most abundant

species u3 and a decrease in u1, when decreasing the control parameter. RDME, however,
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Figure 8.3: The concentrations ⟨u⟩ for the three species X1 (yellow), X2 (red) and X3 (purple)
of the reaction system in Eq. 8.2 using parameter combination (Table 8.2) with no bursting and no
inversion. Simulations using a Master Equation (ME: CME, RDME, GRDME) model are indicated
with a solid line, solutions of the rate equation (RE) are indicated with a dashed line. The error bands
show the 95% confidence interval. Top Left: ⟨u⟩ for varying volume of the system Ω. Total number
of molecules

∑︁
i si,RE is shown on the secondary x-axis on top. Black vertical dotted line indicates

the volume Ωdiff of the diffusion-controlled systems. Top Right: ⟨u⟩ for varying diffusivity D for a
nonspatial CME model with kCK as the rate of the bimolecular propensity. Bottom Row: ⟨u⟩ for
varying diffusivity D where diffusion is modeled with RDME (left) and GRDME (right).



Chapter 8. Difussion-Controlled State Inversion

Table 8.3: Values of parameters to generate results in Fig. 8.4, studying the time average of reaction
system in Eq. 8.2.

birth rate k1 1/3

bimolecular propensity rate k2 0.5

degradation rate k3 1

burst size m 30

estimated reaction radius, GRDME σ∗GRDME 0.075

estimated reaction radius, RDME σ∗RDME 0.3

reaction radius for CME with kCK σ∗CME 0.15

domain volume Ω
0.125, 1, 3.375, 8, 10.648,

15.625, 27, 125, 1000

domain volume of diffusion

controlled systems
Ωdiff 1000

diffusivity D
1, 2, 3, 4, 5, 5, 10, 15, 20, 30,

50, 100, 200, 500, 1000

cell width h 1

simulation time T 500

collection start point for ⟨s⟩ Tstart 20

number of repetitions n 20

experiences a “bump” in ⟨u⟩1 and ⟨u⟩2, when decreasing D. Note that since this experiment

usesm = 1, this cannot be attributed to bursting. As already shown in Subsection 6.3.3, where

the number of molecules unexpectedly decreased in h-specifc way, RDME may experience

unusual numerical artefacts for models with heterobimolecular reactions.

In the second experiment, we use the parameter combination, including the burst size, used

in Ramaswamy et al. [29] (Table 8.3). As can be seen from Fig. 8.4, top left, we can observe

a state inversion umax = u3 → umax = u1 for a well-mixed nonspatial model, when decreasing

the volume Ω. The state inversion does not occur for a nonspatial model with diffusion-

controlled bimolecular reaction rates in large volume (Fig. 8.4, top right). This is similar to the

results for nonspatial models of a homodimerization reaction with bursting in Eq. 8.1, shown

in Fig. 8.2. Interestingly, the two spatial models (RDME and GRDME), shown in the bottom

row of Fig. 8.4, do experience state inversion for decreasing D. GRDME (Fig. 8.4 bottom

right) resembles the dynamics of the nonspatial model for varying Ω to a remarkable degree.
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Figure 8.4: The concentrations ⟨u⟩ for the three species X1 (yellow), X2 (red) and X3 (purple) of
the reaction system in Eq. 8.2 with parameter combination (Table 8.3) with inversion umax = u3 →
umax = u1. Simulations using a Master Equation (ME: CME, RDME, GRDME) model are indicated
with a solid line, solutions of the rate equation (RE) are indicated with a dashed line. The error bands
show the 95% confidence interval. Top Left: ⟨u⟩ for varying volume of the system Ω. Total number
of molecules

∑︁
i si,RE is shown on the secondary x-axis on top. Black vertical dotted line indicates

the volume Ωdiff of the diffusion-controlled systems. Top Right: ⟨u⟩ for varying diffusivity D for a
nonspatial CME model with kCK as the rate of the bimolecular propensity. Bottom Row: ⟨u⟩ for
varying diffusivity D where diffusion is modeled with RDME (left) and GRDME (right).
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RDME (Fig. 8.4 bottom left) also experiences a state inversion. However, as already seen in

the experiment with no bursting (Fig. 8.3), there is an additional bump in the concentrations

for 1 < D < 50, attributed to an unknown RDME-specific numerical artefact, associated

with heterobimolecular reactions. For large D, both RDME and GRDME converge to the

RE results. This is different from the results for the homodimerization reaction in Eq. 8.1,

Fig. 8.2, for which the results for large D do not (yet) match sRE. This is likely due to

the presence of first-order reactions in the current case. GRDME and a nonspatial CME

experience a second inversion of states umin = u2 → umin = u3 for small D and small Ω,

respectively. Hence, for extreme values of D and Ω, trimers go from the most abundant to

the least abundant species in the system. The physical relevance of the second state inversion

remains to be confirmed, since it occurs when the total number of molecules in the system is

extremely small (
∑︁

i si ≈ 7). Ω23 at which the second state inversion occurs is approximately

the size of the grid cells in (G)RDME. The second state inversion in GRDME may also be in

large part explained as the dynamics of an ensemble of independent compartments. The first

inversion, on the other hand, occurs at Ω13 ≈ 12, which is an order of magnitude larger than

h3. We conclude that the state inversion umax = u3 → umax = u1 seen in a spatial model of a

diffusion-controlled system with a large volume is likely not a numerical artefact, but rather,

a consequence of inhomogeneities in the system due the combination of bursting and slow

diffusion.

To ensure that the phenomena observed in Fig. 8.4 are not a consequence of overly crowded

system, we dilute the system and decrease the burst size for the third experiment. In the

previous experiment, the average number of molecules in a cell with h = 1 is greater than

one. However, the results from Chapter 7 imply that there may be only one reactant pair

allowed in the cell at a time. We adjust the reaction rates such that the average number

of molecules in one cell is significantly smaller than one (see Table 8.4). Arguably, bursting

leads to crowding. However, as there is no state inversion predicted for m = 1 and this set

of reaction rates, we chose m = 5. Thus, for this reaction system, we cannot fully avoid

physical inconsistencies in the model. We show the results in Fig. 8.5. We can see that

even in a diluted system with a smaller burst size, the system experiences the state inversion

umax = u3 → umax = u1. However, the system inverts for smaller numbers of molecules

in the nonspatial model and for lower D in spatial models. In fact, the inversion point is

closely related to the number of molecules in the system relative to burst size. In particular,

we observe that the number of molecules of the least abundant species in the system, s2,
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Figure 8.5: The concentrations ⟨u⟩ for the three species X1 (yellow), X2 (red) and X3 (purple) of
the reaction system in Eq. 8.2 with parameter combination (Table 8.4) with inversion umax = u3 →
umax = u1. Simulations using a Master Equation (ME: CME, RDME, GRDME) model are indicated
with a solid line, solutions of the rate equation (RE) are indicated with a dashed line. The error bands
show the 95% confidence interval. Top Left: ⟨u⟩ for varying volume of the system Ω. Total number
of molecules

∑︁
i si,RE is shown on the secondary x-axis on top. Black vertical dotted line indicates

the volume Ωdiff of the diffusion-controlled systems. Top Right: ⟨u⟩ for varying diffusivity D for a
nonspatial CME model with kCK as the rate of the bimolecular propensity. Bottom Row: ⟨u⟩ for
varying diffusivity D where diffusion is modeled with RDME (left) and GRDME (right).



Table 8.4: Values of parameters to generate results in Fig. 8.5, studying the time average of reaction
system in Eq. 8.2.

birth rate k1 0.00002

bimolecular propensity rate k2 0.05

degradation rate k3 0.001

burst size m 5

estimated reaction radius, GRDME σ∗GRDME 0.075

estimated reaction radius, RDME σ∗RDME 0.3

reaction radius for CME with kCK σ∗CME 0.15

domain volume Ω
1, 4, 9, 64, 125, 216, 343, 512,

729, 1000, 3375, 8000

domain volume of diffusion

controlled systems
Ωdiff 8000

diffusivity D
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,

0.8, 0.9, 1, 5, 10, 20, 30

cell width h 1

simulation time T 5 · 105

collection start point for ⟨s⟩ Tstart 2 · 104

number of repetitions n 20



8.2. Slow Diffusion Leads to an Inversion of Steady States

Table 8.5: Values of parameters to generate results in Fig. 8.6, studying the time average of reaction
system in Eq. 8.2.

birth rate k1 0.0001

bimolecular propensity rate k2 0.07

degradation rate k3 0.001

burst size m 1

estimated reaction radius, GRDME σ∗GRDME 0.075

estimated reaction radius, RDME σ∗RDME 0.3

reaction radius for CME with kCK σ∗CME 0.15

domain volume Ω
1, 4, 9, 64, 125, 216, 343, 512,

729, 1000, 3375, 8000

domain volume of diffusion

controlled systems
Ωdiff 3375

diffusivity D
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7,

0.8, 0.9, 1, 5, 10, 15

cell width h 1

simulation time T 5 · 105

collection start point for ⟨s⟩ Tstart 2 · 104

number of repetitions n 20

is approximately the same in size as m. Similarly, a system with smaller burst size m also

inverts for smaller D, compared to larger m. In the previous experiment, RDME experienced

a bump in the concentrations for decreasing D. In this experiment, however, the RDME

model does not reach the steady-state uRE for large D, with ⟨u1⟩ > u1,RE and ⟨u2⟩ < u2,RE.

GRDME does not experience the same issue and appears to converge to uRE for large D. As

in previous experiments, GRDME qualitatively matches the results of a nonspatial CME.

Finally, umax = u3 → umax = u1 is not the only possible direction of the state inversion.

We can see from Fig. 8.3 that for m = 1, u3 increases for both decreasing Ω or D, and that

u1 simultaneously decreases. Hence, starting from parameters that give u1 > u3 for a large

volume and a well-mixed state, decreasing Ω or D could potentially cause a state inversion in

the direction umax = u1 → umax = u3 for m = 1. In Fig. 8.6 top-left, we can observe that the

system indeed experiences a state inversion umax = u1 → umax = u3 for the set of parameters

in Table 8.5 for decreasing system size. Compared to the bursting-induced inversion, the
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Figure 8.6: The concentrations ⟨u⟩ for the three species X1 (yellow), X2 (red) and X3 (purple) of
the reaction system in Eq. 8.2 with parameter combination with no bursting (Table 8.5) and inversion
umax = u1 → umax = u3. Simulations using a Master Equation (ME: CME, RDME, GRDME) model
are indicated with a solid line, solutions of the rate equation (RE) are indicated with a dashed line.
The error bands show the 95% confidence interval. Top Left: ⟨u⟩ for varying volume of the system Ω.
Total number of molecules

∑︁
i si,RE is shown on the secondary x-axis on top. Black vertical dotted line

indicates the volume Ωdiff of the diffusion-controlled systems. Top Right: ⟨u⟩ for varying diffusivity
D for a nonspatial CME model with kCK as the rate of the bimolecular propensity. Bottom Row:
⟨u⟩ for varying diffusivity D where diffusion is modeled with RDME (left) and GRDME (right).



8.3. Summary

system inverts when the number of molecules in the system is smaller (
∑︁

i si ≈ 5) and the

concentrations of u1 and u3 are much closer. However, in this case, the system also experiences

a reaction loss for the CME model with diffusion-controlled rate, as seen in the top-right plot

of Fig. 8.6. Since the system experiences a state inversion when both the size, or when the

diffusivity is decreased, then naturally, we observe that the system experiences inversion also

for both spatial models considered. As in the previous experiment, RDME does not converge

to uRE for large D, with ⟨u1⟩ > u1,RE and ⟨u2⟩ < u2,RE. Due to that, it is hard to compare

the values of D at which the system inverts for the three diffusion-controlled models. We can

conclude, though, that even without bursting, a system with multiple nonlinear reactions can

experience a state inversion. The state inversion can occur both when the system becomes

smaller or when the system is diffusion limited.

8.3 Summary

Diffusion-controlled systems exhibit dynamics similar to those of noisy small systems. We

first showed this for a reaction system with one homodimerization reaction and bursting. The

spatial model of this reaction system resembles both diffusion-controlled and small systems.

However, the two spatial models (RDME and GRDME) also differ from the two nonspatial

models (representing a small system and a diffusion-controlled system). In particular, the

steady states of the spatial models do not converge to the steady states of nonspatial or

deterministic models. The reaction system used, however, is rather contrieved and contains

no first-order degradation reactions. It has been chosen to study the isolated effects of a

dimerization reaction (when m = 1) and of bursting (m > 1). Using a reaction system

that more closely models nature may result in less drastic deviations from nonspatial and

deterministic predictions.

We have shown that a system (Eq. 8.2), which experiences an inversion of steady-state concen-

trations in smaller volumes, also experiences state inversion for diffusion-controlled kinetics.

For this set of (first and second order) reactions, the inhomogeneous system in a large vol-

ume resembles a well-mixed system in a small volume to a much larger extent, compared

to the previous system with no first-order degradation reactions. Trivially, when there is no

inversion for decreasing volume of a well-mixed system, there is no inversion for any model

of a diffusion-controlled system for decreasing diffusivity. However, when the concentrations

invert for a small system, they also invert for a slower diffusing inhomogeneous system, when
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Chapter 8. Difussion-Controlled State Inversion

modeled with RDME or GRDME. However, RDME seems to struggle with heterobimolec-

ular reactions, since the dynamics seen for RDME deviates from the trends observed for a

nonspatial model with varying system size or GRDME. The nonspatial diffusion-controlled

model, on the other hand, does not invert for decreasing D, as it cannot recapitulate the

inhomogeneities in the system created by bursting. This shows that if the reaction system

contains elements which can create inhomogeneities, it is important to model it with a spatial

model.

The reaction system in Eq. 8.2 can experience an inversion of states, starting from the opposite

concentration ratio. In this case, the system will invert when there is no bursting (m = 1).

Though, the inversion occurs when the size of the system is extremely small. When m =

1, the spontaneous creation of molecules does not introduce inhomogeneities in the system

and a nonspatial model also predicts the state inversion for the diffusion-controlled system.

Thus, inversion happens for all models considered: nonspatial model for varying volume size,

nonspatial model of a diffusion-controlled system with a large volume and two spatial models

of a diffusion-controlled system with a large volume. This further confirms the resemblence

of diffusion-controlled systems to small systems.

Spatial models are primarily used, when the system exhibits interesting spatial distributions,

such as patterning. Van Tu and Hasegawa [97] have shown that if the steady-state distribution

of the reaction system is Poisson-like, then the steady state of RDME does not differ from a

nonspatial model of the system. The reaction system is Poisson-like if linear or if it is complex-

balanced2, which occurs if it is weakly cyclic3. Grima [96], on the other hand, has shown that

a small system will differ from a large (and in the limit, deterministic) one, if the steady-state

fluctuations are not Poissonian. Such systems can experience discreteness-induced inversion

of steady states. Here, we have shown that a reaction system with non-Poissonian fluctuations

also has diffusion-controlled state inversion, where the ordering concentrations inverts when

the system is unmixed.

2A complex balance is a nonequilibrium generalization of detailed balance
3a reaction network is weakly cyclic, if for reaction Xi → Xi′ exists a sequence of reactions, which can

generate Xi back from Xi′ , reaction Xi′ → . . . → . . . → Xi
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Chapter 9

Conclusion and Outlook

In this thesis we introduced Gaussian Reaction Diffusion Master Equation (GRDME), a novel

model in the RDME framework. As described in Chapter 3, the diffusion model in GRDME

is based on the discretization of the Laplace operator with Particle Strength Exchange (PSE)

method, using a Gaussian kernel. Besides the diffusivityD and grid resolution h, GRDME also

requires ϵ′, the smoothing length of the kernel relative to h. While diffusion jumps in RDME

are limited to adjacent cells, diffusion jumps in GRDME extend to greater distances. This

enables a 2dϵ′2-times smaller diffusional propensity of GRDME, compared to RDME. Hence,

the diffusion in GRDME can be simulated with less computational cost. In Chapter 4 we

introduced Gaussian Next Subvolume Method (GNSM), a simulation method based on NSM,

which allows an efficient simulation of GRDME. As we show in Section 6.2, GNSM is almost

2dϵ′2 faster than NSM. The computational advantage of GRDME simulated with GNSM is

most apparent for three dimensional systems. The diffusion model in Taylor et al. [66] also

allows for jumps to non-adjacent cells, but has been derived only for d = 1 and has also not

been tested in combination with reactions. GRDME, on the other hand, is applicable to one-,

two-, and three-dimensional systems and rigorously tested in combination with reactions. To

our knowledge, MPD-RDME [63, 64] is the only approximation method (applied to RDME)

derived for d = 1, 2, and 3 with established limits of the grid resolution [86]. In the future,

we hope to compare GRDME with MPD-RDME. Unlike MPD-RDME, however, GRDME

is exact, which allows for more careful study of nonlinear system under influence of intrinsic

noise. In summary, GRDME is a computationally efficient and exact reaction diffusion master

equation, applicable to all three cases of spatial dimensionality.
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The development of GRDME expanded the range of parameters and physical systems we can

study using the modeling techniques in the RDME framework. Both GRDME and RDME

experience loss of reactions when h is below some critical grid resolution hmin. In the literature

so far, this loss of reactions was considered unphysical [85, 8, 78], which in turn informed the

criteria for the grid cell width [84] or proposed correction factors to the reaction rates [53, 45,

54]. Based on this premise, we proposed a guideline for hmin in Chapter 5, applicable to both

RDME and GRDME. For d = 3, where the grid resolution is the most restrictive, hmin of

GRDME is 6 ϵ′2-times larger for GRDME than for RDME. As as noted in the recent review

by Smith and Grima [8], however, loss of reactions may not be unphysical. Indeed, in Chapter

7 we show that the loss of reactions in (G)RDME follows the predictions for the diffusion-

controlled reaction dynamics by Collins and Kimball [73, 75]. When using the ballistic rate

kb as the rate of the bimolecular propensity in (G)RDME, the reaction dynamics matches

the dynamics observed when using a macroscopic diffusion-controlled reaction rate (kCK) as

the bimolecular propensity rate in (nonspatial) CME. In this case, the reaction radius σ is a

linear function of h. hmin then indicates a point, below which the system is not in the ballistic

regime anymore. Furthermore, each diffusion model represents molecules of different sizes,

which can be set with ϵ′: σ∗i = h/(24ϵ′2). Hence, GRDME with varying ϵ′ enables a study of

a reaction system with molecular species of varying sizes interacting in multiple bimolecular

reactions.

Lastly, we show that diffusion-controlled systems resemble small systems. Similar to diffusion-

controlled reaction systems, small systems (systems with small population of molecules) also

experience a decrease or a change in reaction frequencies. Furthermore, bursting causes inho-

mogeneities in the spatial distribution of molecules. In that case, a spatial model of a large

diffusion-controlled system bears similarities to both a nonspatial model of a large system with

diffusion-controlled dynamics, and to a nonspatial model of a small, but well-mixed system.

For a reaction system that creates dimers and trimers from a burst of monomers, Ramaswamy

et al. [29] has shown that when the volume is sufficiently small, the order of the concentra-

tions will differ from the order of concentrations in a large volume. In this thesis we have

shown that the same reaction system also has diffusion-controlled state inversion. We refer to

this phenomenon as diffusion-controlled state inversion. Diffusion-controlled state inversion

is likely a consequence of inhomogeneities created by bursting. Hence, this can only be shown

using a spatial model. Diffusion-controlled state inversion further implies the resemblance be-

tween diffusion-limited and small systems. We hypothesize that systems with non-Poissonian
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fluctuations diverge from deterministic predictions for both small, and diffusion-limited sys-

tems. Hence, state inversion may not be the only phenomenon common to both small and

diffusion-limited system. In the future, it would be interesting to explore how noise-induced

phenomena in small systems presents itself in diffusion-controlled inhomogeneous systems.

9.1 Two Physical Interpretations of (G)RDME

There are two ways to interpret RDME and GRDME. Interpretation I is how RDME has been

interpreted in the literature up to this point [51, 85, 8]. The rate of the bimolecular propensity

rate is defined as the diffusion-controlled macroscopic reaction rate. The grid cells represent

an artificial discretization of the spatial domain into smaller, well-mixed compartments that

contain a subpopulation of molecules. This allows for a mesoscopic method to study spatial

distributions of molecules using macroscopic reaction parameters. However, in such case,

the cell width h should not affect the frequency of bimolecular reactions. Hence, any loss of

reactions is considered unphysical. Due to that, there exists a lower limit hmin, below which

(G)RDME cannot faithfully describe the reaction system. This constrains (G)RDME between

hmin and hmax, making (G)RDME inconsistent with respect to the grid resolution.

In this thesis we propose an alternative interpretation of (G)RDME – interpretation II – in

which the rate of bimolecular propensity is the rate of the ballistic step of the reaction process.

Rather than representing artificial boundaries, h sets the reaction radius σ (or, more precisely,

σ∗). Varying h changes the sizes of the molecules in of the reaction system modeled. The

loss of reactions can be explained by the theory on diffusion-controlled reaction rates[73, 75].

In this case, hmin signifies the transition point at which the system begins to shift from the

ballistic regime to the diffusional regime. Interpretation II requires a more detailed knowledge

of the system, since we additionally need to know both σ and kb. However, the expression for

kCK is relatively simple. We may not know the rate of the ballistic step kb, but the reaction

radius σ may be estimated from the literature. Hence, we only need to know one additional

parameter, compared to interpretation I. Interpretation II allows the use of (G)RDME for a

broader range of reaction dynamics, especially in the diffusional regime.

While catalytic perfection (truly diffusion-limited reaction rate) is considered rare [88], same

can be said for the ballistic-regime dynamics, which would be akin to the dynamics in dilute

gas. Reaction systems in biology likely exist somewhere in the middle, with both steps of the

reaction process contributing to the overall dynamics. It is important to account for the effect
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of the diffusion in the reaction dynamics and not dismiss the loss of reactions as artificial.

Therefore, we believe that the interpretation II better reflects the chemistry of the systems

we aim to model.

9.2 Advantages of GRDME

In both interpretations, GRDME offers advantages over RDME. In case of the original inter-

pretation (I), GRDME offers improved computational speed, at the cost of higher hmin. In

our new interpretation (II) of the reaction dynamics, GRDME is complimentary to RDME.

Each diffusion model represents a different size of the reaction radius σ compared to the cell

width h, with RDME modeling the largest possible molecule for a given h. A system with

varying sizes of molecules thus cannot be modeled with only one diffusion model. In this

case, all but (potentially) one molecular species have to be modeled with GRDME, since each

smoothing length maps to a different size of the molecule. As we have shown in Section 6.3.3

and Chapter 8, RDME exhibits unusual reaction dynamics for system with heterobimolecular

reactions. Hence, for a system with heterobimolecular reactions, GRDME is a more reliable

diffusion model. Using GRDME alone provides even further flexibility. Then, h can be set

completely independently, as long as h > 12σmax(i), where σmax(i) is the radius of the largest

molecule in the system. This can further reduce the computational cost. On the whole,

GRDME enables a study of heterobimolecular reactions and systems with multiple molecular

species of varying sizes, for a lower computational cost.

9.3 Towards Numerically Consistent (G)RDME

How can we achieve numerical consistency1 of RDME and GRDME? We have shown that

the reaction loss is physically consistent. Furthermore, each grid resolution h corresponds to

a different chemical system. Hence, studying the consistency of the method for h→ 0 might

not be applicable. Strictly speaking, however, (G)RDME remains inconsistent. There exists

a lower limit Dmin, bellow which (G)RDME cannot further reduce the frequency of reactions.

Dmin likely stems from new molecules being created within the same volume that also rep-

resents the reaction radius. How can the Dmin limit be resolved remains an open question.

Changing the model of the zeroth order reactions would likely resolve this contradiction. One

possible solution would be to require a zeroth-order reaction and one diffusion step for a

1A method is inconsistent if the error is not decreasing for decreasing h.
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molecule to enter the designated grid cell. Another solution would be to allow a spontaneous

creation of a molecules only in the empty cells. For each of the proposed solutions, there

remain many challenges regarding the implementation and the physical consistency.

Another open question is whether there can be more than one reactant pair present in the

grid cell at the same time? The answer will depend on the interpretation of σ∗. Does σ∗ equal

σ, the sum of two colliding spheres? Or does it represent a larger sphere, within which the

reaction dynamics can be sufficiently approximated with the ballistic dynamics? If σ∗ = σ,

then for RDME, only one reactant pair can fit into the cell in order for the model to remain

consistent with the physical interpretation, since 2σ∗ > h. In GRDME, σ∗ is sufficiently

smaller than h and, hypothetically, more than one reactant pair can fit in the cell. It remains

unclear, whether a cell in GRDME can host more than one reactant pair or whether, perhaps,

h effectively imposes the diluteness requirement for the solute molecules, by not permitting

more than one reactant pair within volume hd. Gillespie et al. [85] showed that if the system

is dilute, the system is well mixed. If the reaction system in (G)RDME must be dilute,

then (G)RDME may not be able to study inhomogeneous systems, since a system might

only be inhomogeneous if it is, in parts, not dilute. Hence, the interpretation of σ∗ and how

many molecules are allowed within h have important implications for the kind of mesoscopic

phenomena we can model with (G)RDME.

9.4 Exploring Mesoscopic Biology With GRDME

Can GRDME be used to model mesoscopic biology? The environment of (biological) cells is

packed with macromolecules. Macromolecular crowding can reduce diffusivity and increase

bimolecular reaction rates. It also leads to steric and volume exclusion effects. Steric effects

raise the energy of the system, and volume exclusion increases the effective concentration of

solute molecules [98]. Reduced diffusivity and increased (ballistic) reaction rates can be well

recapitulated by (G)RDME. Steric and volume exclusion effects, on the other hand, cannot be

explicitly included in (G)RDME a straightforward manner. In this case, modeling frameworks

such as Brownian Dynamics [7], vRDME [57], or SPT-RDME [58] would be better suited.

(G)RDME may also not be able to faithfully recapitulate highly concentrated systems, as

seen in liquid-liquid phase separation [99]. Although we have applied RDME and GRDME to

reaction systems wiht bursting, similar challenges exists also for such systems. However, apart

from specific cases, solutes often show normal diffusion [100], and the reactants are rare in
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comparison to inert molecules. Such systems resemble dilute systems and can be reasonably

approximated with (G)RDME. Therefore, we conclude that even in a crowded environment

of the cell, many systems can be reliably modeled with (G)RDME.

Can we use (G)RDME to derive the diffusion-controlled rate for d = 1 and d = 2? To our

knowledge, the expression for the diffusion-controlled reaction rate kCK is only defined for d =

3. The form of the diffusion-controlled reaction rate for d = 1 and 2 remains elusive. As the

reaction-diffusion systems also exist in lower spatial dimensions [101, 102, 103], it is important

to understand the diffusion-controlled form of the reaction rates for d = 1 and 2 as well. As

we show, (G)RDME reproduces the dynamics described by Collins and Kimball, without

explicitly implementing it. Thus, using (G)RDME could enable us to discover macroscopic

diffusion-controlled propensity forms for one- and two-dimensional systems.

Given the novel insights provided by the interpretation II, how can we interpret the rest of the

methods in the RDME-framework? As we have shown in this thesis, RDME-based modeling

techniques that use different discretization approaches for the Laplacian lead to different

underlying chemistry. RDME and GRDME both model a diffusion-controlled reaction system,

but GRDME can model molecular species with different sizes. In both cases, the grid cells

across the domain are the same: they have the same shape and size. Can finite-element

based master equations [69, 70, 71, 72] such as URDME [67, 68], which uses a triangulated

mesh with elements of varying size, be interpreted in a similar way as RDME and GRDME?

Additionally to diffusion models based on various discretization techniques, there also exist

hybrid methods [48, 55, 65], approximations [59, 60, 61, 62, 63, 64, 65] and microscopic

extensions [56, 55, 57, 58] of RDME. Additional research is required to link these methods

with interpretation II.

Lastly, what new aspects of mesoscopic biology can we explore by developing new diffusion

models? To design GRDME, we have used a PSE with Gaussian kernel. In principle, this is not

the only possible model in the RDME framework that can be derived from Particle-Method

discretization of the Laplacian. What would be the underlying chemistry of such models?

For example, can novel models enable simulation of anomalous diffusion, diffusion in complex

geometry, diffusion in crowded environment, or even active transport? The development of

novel modeling techniques provides fresh insight into fundamental processes in nature. It is

thus important to explore and expand the world of modeling techniques, as the solutions to

existing conundrums can come up in unexpected places.
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single axis of cell polarity by coupling multiple positive feedback loops,” Nat. Commun.,

vol. 4, no. 1807, 2013. [Online]. Available: https://doi.org/10.1038/ncomms2795

[14] N. W. Goehring, P. K. Trong, J. S. Bois, D. Chowdhury, E. M. Nicola, A. A.

Hyman, and S. W. Grill, “Polarization of par proteins by advective triggering of a

pattern-forming system,” Science, vol. 334, no. 6059, pp. 1137–1141, 2011. [Online].

Available: https://doi.org/10.1126/science.1208619

136

https://doi.org/10.1091/mbc.E20-08-0530
https://doi.org/10.1007/s11538-018-0443-1
https://doi.org/10.1007/s11538-018-0443-1
https://doi.org/10.1371/journal.pcbi.1004056
https://doi.org/10.1111/j.1472-8206.2008.00633.x
https://doi.org/10.1021/bi201284u
https://doi.org/10.1098/rstb.1952.0012
https://doi.org/10.1038/ncomms2795
https://doi.org/10.1126/science.1208619


Bibliography

[15] P. Moin, Fundamentals of Engineering Numerical Analysis. Cambridge University

Press, 2010.

[16] N. Ottosen and H. Petersson, Introduction to the Finite Element Method. Prentice

Hall, 1992.

[17] R. A. Gingold and J. J. Monaghan, “Smoothed particle hydrodynamics: theory

and application to non-spherical stars,” Monthly Notices of the Royal Astronomical

Society, vol. 181, no. 3, pp. 375–389, 12 1977. [Online]. Available: https:

//doi.org/10.1093/mnras/181.3.375

[18] P. Degond and S. Mas-Gallic, “The weighted particle method for convection-

diffusion equations. part 1: The case of an isotropic viscosity,” Mathematics

of Computation, vol. 53, no. 188, pp. 485–507, 1989. [Online]. Available:

https://doi.org/10.2307/2008716

[19] B. Schrader, S. Reboux, and I. F. Sbalzarini, “Discretization correction of general

integral pse operators for particle methods,” Journal of Computational Physics, vol. 229,

pp. 4159–4182, 2010. [Online]. Available: https://doi.org/10.1016/j.jcp.2010.02.004

[20] J. Pahlke and I. F. Sbalzarini, “A unifying mathematical definition of particle

methods,” IEEE Open Journal of the Computer Society, vol. 4, pp. 97–108, 2023.

[Online]. Available: https://doi.org/10.1109/OJCS.2023.3254466

[21] S. Ghaemmaghami, W.-K. Huh, K. Bower, R. W. Howson, A. Belle, N. Dephoure,

E. K. O’Shea, and J. S. Weissman, “Global analysis of protein expression

in yeast,” Nature, vol. 425, no. 6959, pp. 737–741, 2003. [Online]. Available:

https://doi.org/10.1038/nature02046

[22] C. A. Weber and C. Zechner, “Drops in cells,” Physics Today, vol. 74, no. 6, pp. 38–43,

2021. [Online]. Available: https://doi.org/10.1063/PT.3.4771

[23] C. Briat, A. Gupta, and M. Khammash, “Antithetic integral feedback ensures robust

perfect adaptation in noisy biomolecular networks,” Cell Systems, vol. 2, no. 1, pp.

15–26, 2016. [Online]. Available: https://doi.org/10.1016/j.cels.2016.01.004

[24] J. A. Riback and C. P. Brangwynne, “Can phase separation buffer cellular

noise?” Science, vol. 367, no. 6476, pp. 364–365, 2020. [Online]. Available:

https://doi.org/10.1126/science.aba0446

137

https://doi.org/10.1093/mnras/181.3.375
https://doi.org/10.1093/mnras/181.3.375
https://doi.org/10.2307/2008716
https://doi.org/10.1016/j.jcp.2010.02.004
https://doi.org/10.1109/OJCS.2023.3254466
https://doi.org/10.1038/nature02046
https://doi.org/10.1063/PT.3.4771
https://doi.org/10.1016/j.cels.2016.01.004
https://doi.org/10.1126/science.aba0446


Bibliography

[25] A. Eldar and M. B. Elowitz, “Functional roles for noise in genetic circuits,”

Nature, vol. 467, no. 7312, pp. 167–173, 2010. [Online]. Available: https:

//doi.org/10.1038/nature09326

[26] J. Paulsson, O. G. Berg, and M. Ehrenberg, “Stochastic focusing: Fluctuation-

enhanced sensitivity of intracellular regulation,” Proceedings of the National Academy

of Sciences, vol. 97, no. 13, pp. 7148–7153, 2023/01/25 2000. [Online]. Available:

https://doi.org/10.1073/pnas.110057697

[27] J. G. Vilar, H. Y. Kueh, N. Barkai, and S. Leibler, “Mechanisms of

noise-resistance in genetic oscillators,” Proceedings of the National Academy of

Sciences, vol. 99, no. 9, pp. 5988–5992, 2023/01/25 2002. [Online]. Available:

https://doi.org/10.1073/pnas.092133899

[28] A. Gupta, B. Hepp, and M. Khammash, “Noise induces the population-level entrainment

of incoherent, uncoupled intracellular oscillators,” Cell Systems, vol. 3, no. 6, pp.

521–531.e13, 2016. [Online]. Available: https://doi.org/10.1016/j.cels.2016.10.006

[29] R. Ramaswamy, N. González-Segredo, I. F. Sbalzarini, and R. Grima, “Discreteness-

induced concentration inversion in mesoscopic chemical systems,” Nat. Commun,

vol. 3, no. 779, 2012. [Online]. Available: https://doi.org/10.1038/ncomms1775

[30] B. Munsky and M. Khammash, “The finite state projection algorithm for the solution

of the chemical master equation,” The Journal of Chemical Physics, vol. 124, no. 4, p.

044104, 2006. [Online]. Available: https://doi.org/10.1063/1.2145882

[31] D. T. Gillespie, “Exact stochastic simulation of coupled chemical reactions,” The

Journal of Physical Chemistry, vol. 81, no. 25, pp. 2340–2361, 1977. [Online]. Available:

https://doi.org/10.1021/j100540a008

[32] ——, “A rigorous derivation of the chemical master equation,” Physica A: Statistical

Mechanics and its Applications, vol. 188, no. 1, pp. 404–425, 1992. [Online]. Available:

https://doi.org/10.1016/0378-4371(92)90283-V

[33] M. A. Gibson and J. Bruck, “Efficient exact stochastic simulation of chemical

systems with many species and many channels,” The Journal of Physical

Chemistry, vol. 104, no. 9, pp. 1876—-1889, 2000. [Online]. Available: https:

//pubs.acs.org/doi/10.1021/jp993732q

138

https://doi.org/10.1038/nature09326
https://doi.org/10.1038/nature09326
https://doi.org/10.1073/pnas.110057697
https://doi.org/10.1073/pnas.092133899
https://doi.org/10.1016/j.cels.2016.10.006
https://doi.org/10.1038/ncomms1775
https://doi.org/10.1063/1.2145882
https://doi.org/10.1021/j100540a008
https://doi.org/10.1016/0378-4371(92)90283-V
https://pubs.acs.org/doi/10.1021/jp993732q
https://pubs.acs.org/doi/10.1021/jp993732q


Bibliography
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