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Abstract

Materials with a low, but finite density of charge carriers offer an interesting
experimental platform for the investigation of electronic low-energy excitations. Such
semimetals and narrow-gap semiconductors exhibit large magnetic-field responses,
e.g., quantum oscillations (QOs) and magnetoresistance (MR) effects, that can be
used as a powerful tool to study the electronic properties. In combination with
experimental techniques such as electrical- and thermal-transport measurements,
uniaxial-stress application, and measurement of the ultrasound velocity, a lot can be
learned about the interactions and symmetry dependences in the materials. Recently,
the topological properties of electronic bands became an important research field in
condensed matter physics. Especially in semimetals and narrow-gap semiconductors,
it is to be clarified to what extent exotic transport phenomena are related to topological
effects. In this thesis, three such materials with intriguing electronic properties have
been investigated.

In NbP, a semimetal with a complex, anisotropic Fermi surface, consisting of spatially
degenerate pockets whose degeneracy is tied to the symmetry of the crystal lattice, the
effects of lattice deformation have been studied. Application of uniaxial stress breaks
the crystalline symmetries and, thereby, lifts the degeneracy of the Fermi-surface
pockets, which could be traced via analyzing Shubnikov-de Haas oscillations in the
MR. Furthermore, the measurement of QOs in the ultrasound allowed for a detailed
analysis of the anisotropy of the electron-phonon interaction in NbP.

ZrTe5 is a layered narrow-gap semiconductor that recently attracted a lot of attention
due to its remarkable low-temperature magnetotransport, namely plateau-like features
in the Hall resistance as well as unconventionalMR andHall resistance in the quantum
limit. Here, the uniaxial-stress response of those features was investigated as a
contribution to clarify their origin, which, to date, remains under discussion.

Lastly, the electrical and thermal magnetotransport properties of GdPtBi were studied.
GdPtBi is a zero-gap semiconductor that features the presence of large localized
magnetic moments stemming from Gd’s 4 5 -electron shell. The occurrence of
anomalous features in the electrical MR was previously attributed to the topological
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properties of magnetic-field induced crossings of the electronic bands. However, in
the course of this thesis it could be shown that those features can also be explained
by magnetic interactions. Further, the presence of interactions between phonons
and magnetic moments, and potentially also between phonons and magnetic spin
waves, was demonstrated via measurement of a magnetic-field-dependent thermal
resistance.



Zusammenfassung

Materialien mit einer geringen, aber endlichen Zahl an beweglichen Ladungsträgern
bieten eine interessante Plattform für die experimentelle Erforschung von nieder-
energetischen elektronischen Anregungen. Derartige Halbmetalle und Halbleiter
mit geringer Bandlücke zeigen starke Effekte in Magnetfeldern, wie z. B. Quan-
tenoszillationen und Magnetwiderstandseffekte, welche ein hilfreiches Werkzeug
zur Untersuchung der elektronischen Eigenschaften darstellen. In Kombination
mit verschiedenen experimentellen Techniken wie elektrischen und thermischen
Transportmessungen, der Anwendung uniaxialer Spannung, und Ultraschallmes-
sungen, kann man umfassende Informationen über die Wechselwirkungen und
Symmetriebeziehungen in solch einem Material gewinnen. In letzter Zeit sind vor
allem die topologischen Eigenschaften der elektronischen Bänder in den Fokus
der Festkörperphysik gerückt, deren Beitrag zu den Transporteigenschaften insbe-
sondere in Halbmetallen und Halbleitern mit geringer Bandlücke zu klären ist. In
der vorliegenden Dissertation wurden drei solcher Materialien hinsichtlich ihrer
außergewöhnlichen elektronischen Eigenschaften untersucht.

In NbP, einem Halbmetall mit komplex geformter, anisotroper Fermi-Fläche, wel-
che aus mehreren räumlich entarteten Taschen besteht, wurden die Effekte der
Gitterdeformation untersucht. Die Anwendung uniaxialer Spannung führt zur Bre-
chung der Kristallsymmetrie und damit zur Aufhebung der räumlichen Entartung
der Fermi-Taschen, was mittels Analyse der Shubnikov-de Haas-Oszillationen im
Magnetwiderstand nachgewiesen werden konnte. Weiterhin konnte durch Messung
der im Ultraschall auftretenden Quantenoszillationen eine genaue Untersuchung der
Anisotropie der Elektron-Phonon-Wechselwirkung durchgeführt werden.

ZrTe5 ist ein aus zweidimensionalen Schichten bestehender Halbleiter mit gerin-
ger Bandlücke, welcher kürzlich aufgrund seiner besonderen Niedrigtemperatur-
Magnetotransporteigenschaften größere Aufmerksamkeit erfahren hat. So weist
ZrTe5 plateau-ähnliche Features im Hall-Widerstand, sowie einen ungewöhnlichen
Magnet- und Hall-Widerstand im Quanten-Limit auf. Im Rahmen dieser Arbeit
wurde der Effekt uniaxialer Spannung auf diese Transportphänomene untersucht,
was dazu beitragen kann, deren bislang umstrittene Ursache aufzuklären.

vii



viii

Schließlich wurden die elektrischen und thermischen Magnetotransporteigenschaften
von GdPtBi untersucht, einem Halbleiter mit geschlossener Bandlücke, welcher
sich durch das Vorliegen starker, lokalisierter magnetischer Momente ausgehend
von den 4 5 -Elektronen des Gd auszeichnet. Es konnte gezeigt werden, dass das
Auftreten von Anomalien im elektrischenMagnetotransport, welche ursprünglich den
topologischen Eigenschaften der im Magnetfeld gekreuzten elektronischen Bänder
zugeschrieben wurden, auch durch magnetische Wechselwirkungen zu erklären
ist. Desweiteren konnte durch die Messung magnetfeldabhängiger thermischer
Transporteigenschaften das Auftreten von Wechselwirkungen zwischen Phononen
und magnetischen Momenten, sowie möglicherweise auch magnetischen Spinwellen,
nachgewiesen werden.
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Chapter 1

Introduction

1.1 Electrons in crystalline solids

The growing understanding of the electronic properties of solid materials has been and still is one of
the main catalysts for technological progress that ultimately led us to the age of information we are
currently living in. Perhaps it seems like a triviality by now that there are materials able to conduct
electricity and others that are insulating. Should anyone wonder as to how this is a subject of complexity,
it may be illustrative to recall that both metals and insulators are composed of similar amounts of atomic
nuclei and electrons, and that there is no apparent reason from a classical point of view why electrical
resistivities should differ to such a large extent (more than 30 orders of magnitude [1]). It was only with
the development of quantum mechanics that this rather simple observation could be explained [1–4].

Instead of viewing the electrons in a solid as classical particles with defined location r and momentum
p, it can be more convenient to treat them as plane waves, which spread over the whole material and are
defined by their wavevector k. Incorporating the electric potential of the ionic cores in a crystalline solid
leads to periodic modulation of the plane waves, which are then commonly called Bloch waves. Their
wavefunction in real space holds [5]

	k „r” = u„r” exp»8k � r…� with u„r” = u„r ‚ X”� (1.1)

where X is an arbitrary translational vector of the underlying crystal lattice. The translational symmetry
in real space demands periodicity in momentum space or reciprocal space, thus, it is sufficient to define
the energy eigenvalues � „k” for k within a single reciprocal unit cell, i.e., the first Brillouin zone. As
a result, it does not make sense to define the momentum for a single matter wave, instead p = ~k is
called crystal momentum or quasimomentum, and the Bloch wave may be regarded as a quasiparticle
or a collective excitation of the formerly separate electrons in the system. At the boundaries of the
Brillouin zone jk j = �c�0, 0 being the lattice constant, the Bloch waves fulfill the condition for Bragg
reflection and get strongly scattered by the lattice, which leads to the formation of gaps in the energy
spectrum. Energy-momentum space is thus separated in regions with allowed energies (bands) and
forbidden energies (bandgaps), which is why � „k” is referred to as electronic band structure.
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2 Introduction

Figure 1.1.: Electronic energy spectrum � „:” near the Fermi level for several material classifications.

Notably, the same result is obtained from the opposite approach, where one starts with # single atoms
with bound electrons, and gradually introduces inter-atomic overlapping of the electron orbitals. Initially,
each energy level can contain 2# electrons (the factor of 2 accounts for spin degeneracy). A finite
transfer integral between the atoms lifts the 2#-fold degeneracy, and leads to the formation of electronic
bands. The larger the transfer integral, the wider the band will be, and the lighter the quasiparticles will
appear. The electrons are filled into the 2# available states starting from the lowest energy, taking the
Pauli exclusion principle for fermions into account, i.e., obeying Fermi-Dirac statistics. At 0 K, the
bands are either half-filled or completely filled in case of an odd or even number of electrons per atom,
respectively, where the highest occupied energy is called Fermi energy �F. Electrons in filled bands
cannot contribute to electric transport, as there are no empty states the electrons could redistribute to
when applying an electric field, and, thus, no net electric current can be generated. Only electrons in a
narrow energy range near the Fermi level are able to participate in electric transport. Therefore, the
number of outmost electrons and whether the highest occupied band is partially filled or not, determines
the electronic properties of a material. If there are available states at �F, a constant energy surface at
� = �F can be constructed in k space, which is called the Fermi surface, and, in a way, can be regarded
as the electronic fingerprint of a material.

Materials with an odd number of valence electrons per unit cell are typically metals; the highest
occupied band is only half-filled, thus, the Fermi surface encompasses half the volume of the Brillouin
zone. However, the case is not as clear for materials with an even number of valence electrons per
unit cell. Depending on the size of the bandgap �g, these materials may be roughly classified into
semiconductors, where at reasonable temperatures (below the melting point) thermal smearing of the
Fermi-Dirac distribution leads to considerable occupation of electronic states across the bandgap, and
insulators, where �g is too large for that. Moreover, it also occurs that the highest occupied band (valence
band) and the lowest unoccupied band (conduction band) touch (zero-gap semiconductor) or overlap
(semimetal), the latter resulting in partial occupation of multiple bands and finite conduction down to
0 K. These classifications are schematically illustrated in Fig. 1.1. While a lot of materials clearly fit to
one of these categories, for not a few (usually materials with unfilled 3 or 5 electron shell) the model of
non-interacting Bloch electrons fails to explain the experimentally observed electronic phenomena, and
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appropriate treatment of electron-electron correlations is required. Typically, these involve significant
enhancement of the observed effective quasiparticle mass, as if, instead of single electrons, heavy clusters
of multiple bound electrons have to be moved through the crystal. However, the study of such strongly
correlated electron systems will only be touched briefly in this thesis.

Here, the focus lies on the other end of the spectrum: zero-gap semiconductors and semimetals with very
small Fermi surfaces, comprising low but finite electron densities in the order of 10�4 to 10�6 per atom,
and only weak electron-electron interactions near �F. In fact, the quasiparticles in these materials behave
as if they only have a fraction of the free electron’s mass. This leads to exceptionally large responses to
magnetic fields and other external parameters, and makes them ideal candidates for experimentally testing
low-energy models. Specifically, the sensitive connection of the electronic bands to the symmetries of
the underlying crystal lattice can be explored, for example by means of uniaxial-stress application.

1.2 Topological materials

In the last decade, the idea evolved that exotic particles obeying a certain � „k” dispersion could be realized
as electronic low-energy excitations in a semimetal with appropriate band structure [6]. In hindsight,
this was a consequence of the mathematical field of topology entering the world of condensed-matter
research. The notion of topology can be hard to grasp for an (experimental) physicist, as it does not
translate very well into a vivid physical model. However, the topological properties of electronic band
structures are often thought to account for the inherent “robustness” of certain features against small
perturbations of the crystal potential, e.g., impurities or lattice imperfections. Therefore, it may be
helpful to understand how this came about.

Some of the theoretical descriptions were developed much earlier [7–9], but the igniting spark that
carried over to the experimentalists came with the discovery of quantized plateaus in the Hall resistivity
of a two-dimensional (2D) electron system in a strong magnetic field, i.e., the quantum Hall effect [10].
The fact that the quantization is extremely precise (1 part in 109) and independent of the underlying
details of the individual samples could not be explained satisfactorily with just quantum mechanics and
was deemed to be a clear sign of a distinct state of matter. However, in contrast to most phases of matter1

it could not be characterized by a spontaneously broken symmetry (for example, crystalline solids are
characterized by a broken continuous translational symmetry), but instead is defined by the so-called
topological order.

To understand this, a few physical and mathematical concepts have to be introduced. Generally, a Bloch
wave jD<i (< is the band index) that is transported along a path in k space acquires a geometrical phase,

1Not to be confused with the classification of the electronic properties into metal, semiconductor, etc., which are not
necessarily distinct phases in the sense of the Landau theory of phase transitions [11].
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the Berry phase, that depends on the path taken and is defined by the line integral [13]

iB = �
1

2c

„
8 hD<„k” j rk jD<„k”i 3k =

1
2c

„
A<„k”3k� (1.2)

where A<„k” is the so-called Berry connection. If the path is a closed loop, iB becomes quantized and
Eq. (1.2) can be reformulated to a surface integral,

iB =
1

2c

”

<„k”32k� (1.3)

by introducing the gauge-invariant Berry curvature 
<„k” = r � A<„k”. It is practical to think of

<„k” as a magnetic field with the roles of r and k being switched. However, it is distinct from a real
magnetic field in that it is allowed to have magnetic monopoles.

Eq. (1.3) is mathematically equivalent to the Gauss-Bonnet theorem that topologically classifies the
2D surface of a three-dimensional (3D) geometrical object by the number of holes (mathematically:
genus) [14], which always remains constant upon smooth (adiabatic) deformation (famously, a donut
can be deformed into a coffee cup, but not into an orange, see Fig. 1.2). In close analogy - hence,
the term ‘topological materials’ - the integral in Eq. (1.3) for a 2D Bloch state, carried out over the
first Brillouin zone, yields a gauge-invariant integer value for iB, which is then commonly called the
Chern number C. Typically, electronic bands with C = 0 are considered topologically trivial, whereas
bands with C < 0 are topologically non-trivial [15]. In a gapped 2D system, the total Chern number
summed over all occupied bands is invariant upon adiabatic variation of the underlying ionic potential,
which can have real implications on the robustness of certain features in the electronic band structure.
For example, it is physically demanded that gapless states arise at an interface between a topologically
trivial (for example vacuum) and a non-trivial 2D insulator. These edge states are referred to as being
‘topologically protected’, as they cannot be destroyed or localized by (non-magnetic) impurities or
disorder. In practice, this often means that the electrons in these states cannot be scattered and that they
move in a dissipationless manner.

As it turned out, the quantum Hall system represents exactly such a scenario; the transport coefficients
are directly related to the total Chern number and, thus, the robustness of the quantization is attributed to
the topologically protected edge states [16]. Moreover, the concept could be extended to 3D, where
insulators with a non-trivial topological order in the bulk naturally exhibit gapless states at interfaces

Figure 1.2.: Adiabatic deformation of a coffee cup to a donut as a typical analogy for the topological properties
of electronic bands. The topological classification, i.e., the number of holes, remains the same.
Reproduced from [12].
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with topologically trivial insulators. These materials are commonly termed ‘topological insulators’ [15,
17]; under certain conditions, the gapless surface states exhibit a topological protection similar to that of
the edge states in a quantum Hall system.

1.2.1 Topological semimetals

Soon after, it was found that also in metallic systems the topological properties of electronic bands can
play a role. It appears that points of accidental band contact (or band crossing) of two non-degenerate
bands act as sources and sinks of Berry curvature, and that evaluating Eq. (1.3) for a sphere surrounding
a single one of these points yields C = �1, respectively [6, 7]. Here, “accidental” means that the
degeneracy at the contact is not caused by symmetry and, hence, is located away from high-symmetry
points or lines in k space [18]. In systems with preserved time-reversal (k ! �k, spin reverses) and
inversion symmetry (k ! �k, spin is conserved), i.e., non-magnetic materials with a centrosymmetric
crystal lattice, all bands are necessarily spin degenerate at all k. Thus, for such accidental band contacts
to appear, at least one of those symmetries needs to be broken.

The non-trivial topology of the band contacts has several implications [6]. Firstly, for each band contact
with non-zero C there must be a partner with opposite C at some other k, as the net C for all band
contacts must be zero when expanding the integral in Eq. (1.3) to the whole Brillouin zone. Secondly,
the band contacts cannot be removed by adiabatic variation of the underlying crystal potential, only their
energy or momentum can be shifted. The existence of the band contact is, thus, topologically protected.
The only exception is the pairwise annihilation of the contacts when they are moved to the same k. Then,
a gap can open. Thirdly, it is physically demanded that there are states at the surface of such material,
so-called Fermi arcs, that connect the projections of the pair of band contacts with opposite C onto the
surface Brillouin zone.

As the requirements for the occurrence of accidental band contacts are fulfilled in many cases, they are
quite common features. However, only in zero-gap semiconductors and semimetallic compounds one
can think of a situation where a band contact is near the Fermi level and there are no superimposing

Figure 1.3.: Low-energy spectrum � „0� :H � :I” for several topological semimetals. Reproduced from [19].
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metallic bands nearby, so that the Fermi-surface pockets are (ideally) point-like. Such a scenario has been
referred to as ‘topological semimetal’ [20, 21] and is schematically illustrated in Figs. 1.1 and 1.3. If �F

is sufficiently close to or, ideally, at the band contacts, a first-order expansion of the electronic bands
yields a linear dispersion, which implies that the low-energy excitations behave like massless particles
with a defined spin-momentum relation, i.e., chirality. In fact, the effective Hamiltonian of the system
is equivalent to the Weyl equation [22], which describes relativistic spin-1�2 particles with zero mass.
Hence, these materials are more specifically referred to as ‘Weyl semimetals’, with the band contacts
being called ‘Weyl nodes’( or ‘Weyl points’). Owing to the topological protection, the quasiparticles at
the Weyl nodes are considered to exhibit stable properties [6]. This is particularly remarkable, as, until
now, no particle outside of the condensed-matter context was found to obey the Weyl equation, i.e., be a
Weyl fermion.

Furthermore, there exist other classifications of topological semimetals [6] (see Fig. 1.3). If time-reversal
and inversion symmetry are both conserved, there can be no accidental band contacts. However, if a
certain set of rotational and translational crystalline symmetries is present, a fourfold-degenerate band
contact of two spin-degenerate bands with approximately linear dispersion can exist at a high-symmetry
point [23]. The low-energy Hamiltonian in this case is equivalent to the Dirac equation [24], a
generalization of the Weyl equation for relativistic fermions with mass. Accordingly, such materials are
called ‘Dirac semimetals’. Moreover, there exist so-called nodal line semimetals, where, instead of a
point, the topologically non-trivial band contact is a line in k space. Further examples are higher-order
Weyl semimetals [25], where jCj ¡ 1, as well as type-II Weyl semimetals [26], where the dispersion is
tilted.

Apart from the identification of topological features in the bulk and surface band structure via calculations
and photoemission spectroscopy experiments, topological semimetals in general, and in particular Weyl
semimetals, are thought to exhibit universal magnetotransport phenomena related to the bulk topological
properties [6, 27]. For example, there should be an anomalous contribution to the Hall conductivity when
the Fermi level is close to the Weyl nodes and the corresponding Fermi-surface pockets are separated
[28]. Another effect is the Adler-Bell-Jackiw or chiral anomaly, which refers to the non-conservation of
chirality as a consequence of an imbalance between left- and right-moving Weyl fermions (see schematic
illustration in Fig. 1.4) and should be reflected in a negative magnetoresistance that is tied to the parallel
alignment of applied electric and magnetic fields [29]. It is perhaps the most prominent phenomenon
that is thought to be observable in Weyl semimetals, as it is originally derived from quantum field theory
and is often taken as an example for the realization of a particle-physics effect in a condensed-matter
context [30]. Furthermore, the non-zero iB should manifest itself as an additional phase shift in
quantum-oscillatory phenomena [31].

In practice, however, one is often faced with experimental obstacles that prevent from the clear
identification of such signatures [6]. Firstly, the Weyl nodes are usually not exactly at the Fermi level in
pristine materials and chemical doping is required to tune the Fermi level, which introduces additional
scattering centers and, thereby, alters the transport properties. As the charge-carrier densities are
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k k

EE

Left-moving Right-moving

Figure 1.4.: Schematic illustration of the chiral anomaly. The dispersion � „:” for a pair of Weyl nodes in an
external magnetic field is one-dimensional and linear. An external electric field applied parallel to :
leads to an imbalance between left- and right-moving quasiparticles (occupied and unoccupied states
are represented as filled and unfilled spheres, respectively), violating the conservation of chirality.
Adapted from [30].

generally very low in topological semimetals, the necessary doping concentrations are too small to be
controllable and one often relies on trial and error. Otherwise, the Weyl nodes are encompassed pairwise
by the Fermi surface and the predicted topological phenomena are partially or fully suppressed. Another
obstacle is the presence of additional, topologically trivial bands at the Fermi level, which obscure the
properties of the desired excitations. Moreover, it is often not clear whether the relevant energy scales in
the system are small enough for the applicability of a low-energy approximation. The thermal energy
and the energies of magnetic and electron-electron interactions can often compete with the energy range
for which the dispersion can be approximated as linear. Lastly, topological semimetals can exhibit very
high charge-carrier mobilities, which leads to current distortions and can impede a measurement of the
electrical response. In particular, the attribution of a negative magnetoresistance to the chiral anomaly is
heavily debated, as there are other possible effects that could mimic similar behavior [32–34]. Therefore,
a thorough analysis of the material candidates and their physical properties is always required, if truly
topological phenomena are to be identified. Apart from this, potentially topological semimetals often
inherently exhibit other interesting phenomena [35] due to their small Fermi surfaces and low effective
masses.

In this thesis, three compounds, NbP, ZrTe5, and GdPtBi, which under certain circumstances can be
classified as topological semimetals, have been experimentally investigated, mostly via electrical-transport
measurements, but partially also via ultrasound experiments and thermal-transport measurements. Most
experiments presented here were at least partly motivated by the topological aspects of the band structure,
however, in the course of the thesis the focus gradually shifted towards a fuller characterization of the
electronic properties of the investigated materials.

Chapter 4 deals with the semimetallic NbP, which exhibits a complex Fermi surface stemming from a
multitude of bands, with a spacial degeneracy tied to the tetragonal lattice symmetry, and Weyl nodes
near the Fermi level [36]. Via measurement of the quantum oscillations under application of uniaxial
stress, the effect of symmetry breaking on the Fermi surface and the electronic bands could be explored.
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In a second project, quantum oscillations in ultrasound were measured, revealing detailed information on
the anisotropy of the electron-phonon coupling in NbP.

Chapter 5 is about the layered compound ZrTe5, which exhibits quasi-2D electronic properties and
recently attracted interest due to peculiar magnetotransport features mimicking the quantum Hall effect
[37]. Topologically, ZrTe5 is at the boundary between a topological-insulator and a Dirac-semimetal
phase. Upon application of a magnetic field of moderate strength perpendicular to the layers, the electrons
in ZrTe5 can be forced into a single highly-degenerate energy level with Dirac-like dispersion, which
leads to unconventional transport phenomena that still await a full theoretical explanation. Here, the
uniaxial-stress response of those phenomena was investigated, revealing unusual behavior that narrows
down the possible origins.

Finally, in Chapter 6 the zero-gap semiconductor GdPtBi is investigated. GdPtBi offers the interesting
opportunity to explore a small Fermi sea of light electrons in the presence of large localized magnetic
moments stemming from the Gd 4 5 shell. Anomalous phenomena in the electrical magnetotransport that
have previously been attributed to possible field-induced Weyl nodes [38] have been critically reassessed
in view of the magnetic interactions in the system. Furthermore, the thermal magnetotransport has
been investigated, revealing a complex interplay of lattice vibrations and magnetic moments. Firstly
though, the basic theoretical descriptions and experimental techniques used in this thesis shall be briefly
introduced in Chapters 2 and 3, respectively.



Chapter 2

Theoretical background

In this chapter, the main theoretical models required for the understanding of the experimental results
shall be introduced. I start with a brief description of the elastic properties of solids in Sec. 2.1 in
view of the uniaxial-stress and ultrasound experiments in this thesis, before coming to pure electronic
phenomena, i.e., semiclassical charge and heat transport (Sec. 2.2), and quantum-oscillatory phenomena
(Sec. 2.3). It is noted that the approximations for the description of electrons used in this thesis are
typically valid for the investigated narrow-gap semiconductors and semimetals, i.e., materials with Fermi
surfaces far from the Brillouin-zone boundaries, but may fail in case of materials with larger Fermi
surfaces and/or strong electron-electron correlations. This chapter is mostly based on standard works of
condensed matter physics [1–4] and, the section on quantum oscillations in particular, on [39], and the
reader is referred to those for a more comprehensive and in-depth treatment.

2.1 Elastic properties of solids

2.1.1 Stress and strain

The inner forces in a 3D homogeneous solid body are described with a stress tensor f8 9 (with 8� 9 = G� H� I
in cartesian coordinates), which is defined as the force along direction 8 acting on the side of an
infinitesimal cube-shaped volume element with normal vector along 9 , and is given in units of N�m2

or Pa. Elastic deformation of such body is conveniently expressed via a displacement field u„r� C” that
shifts a volume element at site r to r 0 = r ‚ u„r� C”, and can be both time and position dependent. For
small, elastic (reversible) deformations, Hooke’s law applies and the deformation scales linearly with
the force that causes it. The deformation can then be described for the body as a whole, where the
strain components Y8 9 , i.e., dimensionless length and orientation changes of the coordinate system of the
deformed body with respect to the undeformed one, are given by

Y8 9 =
1
2

�
mD8

mA 9
‚
mD 9

mA8

�
� (2.1)

It can be shown [40] that 6 independent components are sufficient for a full description of f8 9 and
Y8 9 , which are the three normal components with 8 9 = GG� HH� II, and the three shear components

9
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8 9 = HI� GI� GH. Therefore, in the following the simplifying Voigt notation GG ! 1, HH ! 2, II ! 3,
HI ! 4, GI ! 5, GH ! 6 is used, the indexes 8 9 reduce to one index <.

The 6-component stress and strain vectors are then linked via the elasticity tensor �<= and, inversely, the
compliance tensor (=<

f< =
Õ
=

�<=Y=� (2.2)

Y= =
Õ
<

(=<f<� (2.3)

Both tensors contain 6 � 6 components, however, the number of independent components can be greatly
reduced if crystalline symmetries are present in the given body. A cubic crystal, for instance, contains
only three independent components of �<= and (=<.

2.1.2 Elastic waves

Although an elastic wave traveling through a solid body inevitably causes a varying deformation that
depends on r and C, it may be treated in the same homogeneous approach within regions that are small
with respect to the wavelength _, but much larger than internal (atomic) force ranges (in the order of 0).
Hence, this treatment can only be applied for long-wavelength elastic waves (sound waves) with _ � 0.
The equations of motion for a volume element of a body with mass density d then hold (not in Voigt
notation!)

d
m2D8

mC2
=

Õ
9

mf8 9

mA 9
=

Õ
9:;

�8 9:;
m2D;
mA 9mA:

� (2.4)

where f8 9 =
˝
:; �8 9:;Y:; =

˝
:; �8 9:; „mD;�mA:” has been assumed. Eq. (2.4) can be solved with

a plane-wave Ansatz D8 = D0 exp»8„qr � lC”…, D0 being the amplitude, and q the wavevector. The
eigenfrequencies are then obtained viaÕ

9:;

�
dl2

@X8: � �8 9:;@ 9@;
�
= 0� (2.5)

which generally results in a set of equations that is fairly complicated to solve, but can be simplified
significantly for crystalline solids and setting the directions of propagation and polarization along
crystalline axes or planes of high symmetry [41]. The velocity E of an elastic wave holds

E =
l@

jq j =
l@

2c
_ =

s
�eff
d
� (2.6)

where �eff is the effective elastic constant for the given wave solution. For example, a longitudinal
(u k q) wave traveling along one of the main axes of a cubic crystal has �eff = �11 (in Voigt notation).
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2.2 Semiclassical transport

In many solids, transport phenomena can be accurately described in a semiclassical approximation, given
that the external fields do not overcome crucial inter-band energies and are also not oscillating at too
high frequencies (l � �g�~). Instead of a full quantum-mechanical approach, electrons are then treated
as fairly localized (�r � ~�� p) wave packets made of superimposed Bloch waves. The movement of
the electrons is described classically, but with velocity v= (� group velocity of the Bloch wave packet)
and effective mass tensor <eff�= derived from band theory

v= „k” =
1
~
m�= „k”
mk

� (2.7)

»<eff�= „k”…8 9 = ~2
�
m2�= „k”
m:8m: 9

��1

� (2.8)

where = is the band index. If <eff is negative, one can think of the according quasiparticle as being a
positively-charged antielectron (commonly referred to as “hole”). In isothermal conditions, the electric
current density P stemming from a selected 3D band in presence of an applied electric field K then holds
[assuming a homogeneous and energy-independent scattering time g„k”]

P = 42
„

BZ

23k

„2c”3
v„k”g„k”

�
�m 5FD„k”
m� „k”

�
v„k”K� (2.9)

where the integral goes over the first Brillouin zone, and 5FD„k” = fexp
�
»� „k” ��F…�:B)

�
‚1g�1 is the

Fermi-Dirac distribution. For a partially occupied isotropic, quadratic band with � � �0 = ~2:2�2<eff

and assuming ) � j�F � �0 j�:B Eq. (2.9) can be simplified to

P =
42g=

<eff
K = 4‘=K = f0K� (2.10)

where = = „1�3c2” »2<eff „�F � �0”�~2…3�2 is the charge-carrier density, ‘ is the charge-carrier mobility,
and f0 is the electrical conductivity in zero magnetic field. Contributions from other bands are added
accordingly.

The presence of a magnetic field H = ‘0„N ‚S” bends the electron trajectories due to the Lorentz force,
which usually leads to a resistance increase. However, even the implementation in the semiclassical
model is far from trivial and sensitively depends on the Fermi-surface topology [42]. Generally, the
electrons exert a helical motion perpendicular to H with the cyclotron frequency

lc =
4 jH j
<c

� (2.11)

where<c = „~2�2c” „m�k�m�” is the effective cyclotron mass and �k is the area in k space encompassed
by the closed loop on a Fermi-surface section parallel to H. Large magnetic-field effects usually occur
when lcg = ‘c� � 1 (‘c being the effective cyclotron mobility), i.e., when an electron fulfills several
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cyclotron turns before being scattered, which requires both low effective masses and long scattering
times. These conditions can be achieved in semimetals of very high purity, and can be further improved
upon cooling the material to low temperatures.

Once again, the simple case of isotropic, quadratic bands far from the Brillouin-zone boundaries shall be
considered, for which <c = <eff and ‘c = ‘. Experimentally, one is usually interested in the voltage
response to an applied current along a fixed direction �8 = d8 9� 9 , d8 9 being the electrical resistivity
tensor. The electric field holds

K =
1
f0

P ‚ 1
=4

H � P� (2.12)

Setting P = �eG and H = �eI yields dGG = 1�f0 and dGH = ��=4 = ’H�, i.e., no magnetoresistivity
(MR) »dGG „�” � dGG „0”…�dGG „0” and a linear Hall resistivity [the slope ’H is positive (negative) for a
hole (electron)-type band]. Consequently, metals with nearly ideal electron-gas behavior are expected to
exhibit only very weak MR.

The case of two isotropic, quadratic bands with zero-field conductivities f1�2 and Hall constants ’1�2,
and the same definitions for P and H yields

dGG =
’1f

2
1 ‚ ’2f

2
2 ‚ ’1’2f

2
1f

2
2 „’1 ‚ ’2”�2

„f1 ‚ f2”2 ‚ „f1f2”2„’1 ‚ ’2”2�2 � (2.13)

dGH =
’1f

2
1 ‚ ’2f

2
2 ‚ ’1’2f

2
1f

2
2 „’1 ‚ ’2”�2

„f1 ‚ f2”2 ‚ „f1f2”2„’1 ‚ ’2”2�2 �� (2.14)

The MR curve described by Eq. (2.13) is quadratic in low �, and either increases infinitely or saturates for
�!1, depending on whether ’1 = �’2 applies or not. In many semimetals, the occurrence of a large
MR can be explained in terms of nearly ideal charge-carrier compensation, whereas the effects caused by
the deviations of the Fermi-surface shape from a spherical one are not as significant. However, they
become crucial for P k H, as the model of perfectly spherical Fermi surfaces yields zero longitudinal
MR.

In topological semimetals, additional contributions within the semiclassical approximation can arise
from a non-trivial band topology, i.e., a locally non-zero Berry curvature, which usually manifests in
an anomalous contribution to dGH , but can also add a linear-in-� contribution to the MR at low fields
(lcg � 1) [27]. As the experimental observations in the investigated materials did not require to
implement those, a detailed description will be omitted here, and the reader may be referred to [27] for
details.

Furthermore, the chiral anomaly in a Weyl semimetal (introduced in Sec. 1.2.1) can also be described
within a semiclassical framework [29]. It manifests only in the f8 9 component that relates aligned K and
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H, and holds (here: H k K k eI) [29]

fII =
44E3ginter

4c2~„��”2
�2 for �! 0� (2.15)

fII =
43Eginter

4c2~2 � for �!1� (2.16)

where �� is the distance of �F from the Weyl nodes and ginter is the inter-node scattering time, which is
assumed to be much larger than the intra-node scattering time. Furthermore, E and all g are assumed
to be isotropic here. Although a negative MR is quite uncommon except in magnetic metals [42], the
chiral-anomaly contribution is difficult to identify, especially since no predictions about ginter can be
made. In real materials, that would be eligible in terms of their band dispersion, often electric field
distortions come into play, which prevents from isolating fII experimentally [32].

Similar to the electrical transport, the heat current Ph carried by electrons upon application of a thermal
gradient r) can be described within the semiclassical approximation, where the thermal conductivity
tensor is defined as ^8 9 = �h�8�r 9) . Again, for experiments the thermal resistivity F8 9 = r8)��h� 9 is
more relevant, since Ph is applied along a fixed direction and thermal gradients in applied H can build up
both parallel and perpendicular to Ph. The main principles applicable to the electrical magnetotransport
also hold for the thermal magnetotransport, although much less convenient to calculate.

Here, only the electronic contribution to the thermal magnetoconductivity for a two-charge-carrier
system with isotropic, parabolic bands for K = 0, r) = rG) and H = �eI shall be given [43]

^GG = ^1 ‚ ^2 ‚ )
f1f2„f1 ‚ f2” „�(1�2”2 � f1f2 � �#1�2 »„f1 ‚ f2”�#1�2 � 2f1f2�(1�2„’1 ‚ ’2”…�2

„f1 ‚ f2”2 ‚ „f1f2”2„’1 ‚ ’2”2�2 �

(2.17)

where �(1�2 = (1 � (2 and �#1�2 = #1 � #2; (1�2 and #1�2 being the individual Seebeck and Nernst
coefficients, respectively. Deriving FGG is not straightforward, since there are thermal-conductivity
contributions from the lattice and, potentially, spin waves as well, however, the main characteristics are
similar to Eq. (2.13). Assuming that the electronic contribution is the only magnetic-field dependent
one, the thermal MR is positive and quadratic at low fields, and either increases infinitely or saturates
with �!1 depending on whether or not ’1 = �’2.

2.3 Quantum oscillations

At low enough temperatures ) . ~lc�:B and large enough magnetic fields (and scattering times)
lcg � 1, the Bohr-Sommerfeld quantization for a wave moving on a closed cycle

†
p � 3r = „= ‚ i”2c~

has to be taken into account. Here, = is an integer and i is a phase factor that depends on details of the
underlying band structure and will be discussed in Sec. 2.3.1. The Bloch electrons moving in a cyclotron
motion and, in k space, orbiting around the Fermi surface in planes perpendicular to H are then no
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longer allowed to take any possible orbit. Instead, only those orbits are allowed that encircle an area
� = „= ‚ i”2c4��~ in k space. The corresponding eigenenergies are called Landau levels (LLs). For a
quadratic band, the LLs intersect the Fermi surface at all : k (the k component parallel to H) fulfilling
~2:2

k�2<eff� k = �F � ~lc„= ‚ i”. For the further arguments, however, the specification of quadratic
bands does not need to be made1.

Upon increasing �, the k-space area of each Landau orbit increases and eventually passes through a
local maximum or minimum on the Fermi surface, which leads to singularities in the thermodynamic
potential 
 and all derivatives of it. The singularities appear periodic in 1�� - hence, the term “quantum
oscillations” (QOs) - with a frequency

� = �

�
1
�

�
=

~
2c4

�ext� (2.18)

where �ext is the k-space area encompassed by the corresponding extremal orbit. Hence, QOs can be
used as a viable tool to experimentally map out the Fermi surface. From Eq. (2.18) it is evident that in
semimetals with a small Fermi surface � is much smaller (typically, in the order of 1�100 T) than in
metals (� 1�10 kT). As shown below, also the amplitude is appreciably larger.

As a starting point for deriving the waveform of the QOs in measurable properties, the oscillatory part

̃„1��” is expressed as a Fourier series. In this thesis, QOs were measured in the electrical resistivities
d8 9 [Shubnikov-de Haas (SdH) oscillations] and in the ultrasound velocity E, thus, only the waveform
corresponding to those properties will be presented here.

The QOs in E are derived straightforward from Ẽ�E = 1�2„�̃8 9��8 9”, with

�̃8 9 = �
m2
̃

mY8mY 9
= � m2�

mY8mY 9

�
�

�

�2
32
̃

3�2 � (2.19)

For the SdH oscillations in d8 9 , it is more complicated to derive an exact expression [44, 45]. Firstly,
each component d8 9 is a combination of diagonal and off-diagonal components of the f8 9 tensor, which
do not necessarily relate in an equal manner to 
̃. And secondly, the QOs in f8 9 are caused by two
distinct effects, (i) variation of the charge-carrier number (if �F is fixed), which oscillates with 3
̃�3�,
and (ii) variation of the scattering time related2 to the oscillation of the density of states � at the
Fermi level (correctly speaking, the chemical potential). The latter usually is the dominant effect, thus,
j d̃ j�d � jf̃ j�f � j�̃ „�F” j�� „�F” is conventionally assumed, where �̃ „�F” holds

�̃ „�F” = �
<2

c
~242

�
�

�

�2
32
̃

3�2 � (2.20)

1For example, the LL dispersion in the vicinity of a Weyl point is [30] �n = sgn„=”EF
q
:2
k ‚ 2j=j4� for j=j � 1 and �n � EF: k

for = = 0. This has no effect on the frequency of the oscillations, however, it leads to an additional phase shift.
2The exact relations depends on details of the scattering mechanisms. Usually, f̃8 9 / �̃ is assumed, but there can also be
additional terms proportional to higher orders of � [46].
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If some of the simplifying assumptions fail, additional corrections to the waveform (which, for instance,
may significantly affect the phase) of the SdH oscillations might occur, however, experiments show
that at least the frequencies are usually identical to those observed in the QOs of other thermodynamic
properties.

As can be seen from Eqs. (2.19) and (2.20), both d̃8 9 and Ẽ are (approximately) proportional to
�„���”232
̃�3�2, which holds (per unit volume)

�
�
�

�

�2
32
̃

3�2 = �
42

<c

�
24�

~c3�00ext

�1�2 1Õ
?=1

’) ’D

�
1
?1�2 cos

�
2c?

�
�

�
� i

�
� c

4

�
‚ O

�
�

�

��
� (2.21)

This is the Lifshitz-Kosevich formula for a non-degenerate3 orbit. Here, �00 = jm2��m:2
k j is the curvature

at the extremal orbit (the more cylindrical the Fermi surface at the extremal orbit section, the larger the
QO amplitude), and the � sign in the cosine accounts for whether it is a maximum (�) or a minimum
(‚) orbit. As to not overcomplicate Eq. (2.21), the higher order terms O„���” are typically neglected,
however, when approaching the quantum limit ~lc & �F, ��� becomes large and deviations of the
waveform are to be expected4.

’) and ’D in Eq. (2.21) are damping factors that account for smearing of the Fermi-Dirac distribution
at finite ) and collision broadening of the LLs due to finite g, respectively, and hold

’) =
_„)”

sinh »_„)”… � with _„)” = 2c2?
:B)

~lc
= 2c2?

<c:B)

~4�
� (2.22)

’D = exp
�
�c? 1

lcg

�
= exp »�_„)D”… = exp

�
�c? 1

‘c�

�
� (2.23)

Here, )D = ~�2c:Bg is the Dingle temperature, which illustrates the fact that a finite g has a similar
effect on the amplitude reduction than raising ) by )D would have. ’D and ’) for the fundamental
oscillation (? = 1) are plotted vs. 1�� and vs. ) for different parameters in Figs. 2.1(c) and 2.1(d),
respectively. As the spacing between the LLs is ~lc and the collision broadening goes with �� � ~�g,
overlapping between the LLs and thus damping of the QOs is naturally lower for materials with low
<c and long g, and can be further suppressed by increasing � and decreasing ) . Also, the damping
is strongly increasing with the harmonic number in Eq. (2.21). Accordingly, in many cases only the
fundamental oscillation can be observed, however, under favorable conditions the higher harmonics are
preserved, e.g., in very pure materials of semimetallic character, where <c is in the order 10�1�10�2<0

and )D is, at most, a few K.

The full waveform (setting ’D = 1) is shown for different parameters „<c�<0”) in Fig. 2.1(a) for a
maximum (top) and a minimum orbit (bottom), respectively. The lower „<c�<0”) , the larger the number
3For orbits that would be spin degenerate at N = 0, e.g., in systems with preserved time-reversal and inversion symmetry,
Eq. (2.21) can be generalized for the combined oscillation from both spin-up and spin-down channel via introducing an
additional damping factor ’B , see Sec. 2.3.1. Generally, however, one has to sum over all individual orbits.

4Actually, the Bohr-Sommerfeld quantization starts to break down for low quantum numbers =, which is why in the quantum
limit deviations from Eq. (2.21), e.g., breakdown of the periodicity, are to be expected anyway [3, 47].
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Figure 2.1.: (a) QO waveform calculated from Eq. (2.21) for different values of „<c�<0”) , for a maximum (top)
and a minimum orbit (bottom). (b) Fourier spectra of the QO data in (a). (c) Dingle damping factor
’D vs. 1�� for different ‘c, calculated from Eq. (2.23). (d) Temperature damping factor ’) vs. )
for different „<c�<0”��, calculated from Eq. (2.22).

of preserved higher harmonics, and the more the waveform approaches a sawtooth shape, where in case
of a maximum orbit the amplitude rises steeply on the high-field side and falls with „1��”�1�2 on the
low-field side [Fig. 2.1(a) top]. For a minimum orbit, the steep side and the „1��”�1�2 side are reversed,
respectively [Fig. 2.1(a) bottom]. For large „<c�<0”) , only the fundamental oscillation is preserved,
i.e., the waveform is just a dampened sine wave.

Despite the simplifications, Eq. (2.21) fits intriguingly well to most experimental data, even in the vicinity
of the quantum limit. On top of the extremal-orbit areas deduced from �, one can gain information on
<c and g from the ) and � dependence of the QO amplitude. If only the fundamental oscillation of a
single frequency is observed, <c can be simply extracted from fitting Eq. (2.22) to the amplitude at fixed
1�� vs. a few ) points. In practice, one often deals with multiple extremal orbits with different areas,
resulting in a linear combination of Eq. (2.21) with multiple frequencies. In this case, the experimental
data is analyzed via Fourier transformation. As can be seen from the Fourier spectra of the exemplary
QOs for different „<c�<0”) in Fig. 2.1(b), this yields a series of peaks corresponding to the fundamental
and harmonic oscillations, where the width of the peaks increases with stronger damping in 1��. Thus,
it can be challenging to disentangle Fourier spectra with multiple overlapping peaks, and one often relies
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on band-structure calculations for comparison. Further obstacles regarding the Fourier analysis of QOs
are relegated to the Appendix A, and will also be discussed in the appropriate sections.

2.3.1 Phase factor

A detailed treatment of the phase factor i requires quite complex math and certainly is beyond the
scope of this thesis, especially since the experimental significance for the investigated materials is rather
limited. Here, only a basic introduction shall be presented based on [48, 49]; the interested reader may
be referred to those refs., which provide both a comprehensive summary of older theoretical work as
well as a modern treatment in view of the recent developments in condensed-matter physics. Generally,
i consists of three contributions

i = iM � id � iB� (2.24)

iM is the Maslov phase and accounts for the orbit topology. For orbits that are deformable to a circle,
i.e., do not exhibit knots, iM = 1�2, which commonly is the case and also applies to all orbits in the
materials investigated in this thesis.

id is a dynamic phase that accounts for the generalized Zeeman interaction of intrinsic spin and
orbital magnetic moment. For a twofold spin-degenerate orbit in a crystal with both spatial-inversion
and time-reversal symmetry (at zero applied N), id can be simplified to �„6�4” „<c�<0”, 6 being
the effective 6 factor, which, as mentioned in Sec. 2.3, could also be expressed as a damping factor
’B = cos»„c?�2” „6<c�<0”… inserted in the sum in Eq. (2.21). This corresponds to a simple Zeeman
term � � 6‘B��2 and has the effect of splitting the LL peaks, which, inherently, is only observable if
higher harmonics are present. Generally, however, id takes a more complicated form, especially in
systems with strong spin-orbit coupling (SOC). Moreover, in non-centrosymmetric systems this can lead
to a non-linear field dependence of � [50].

Lastly, iB is the Berry phase as introduced in Sec. 1.2. In principle, it can be possible to identify orbits
that encircle topologically non-trivial band contacts, e.g., Weyl nodes, via quantized iB = 1�2 [31].
However, this only applies if the orbit obeys certain symmetries. Generally, iB can take continuous
values between �1�2 and 1�2. In any case, identification of a non-zero iB requires knowledge of id,
which in certain cases can be anticipated based on symmetry considerations and estimates of the SOC
strength [48, 49]. In practice, this limits the interpretation of i to a few ideal systems.

When it comes to the analysis of experimental data, i can only be extracted reliably if there are at least
a few higher harmonics or, in case only the fundamental oscillation is observed, spin degeneracy can
be excluded from band-structure calculations. Moreover, one has to be aware of the fact that a QO of
frequency � might possibly originate from a multitude of orbits of the same area, which may lead to an
effective i and, hence, does not allow for a detailed breakdown by individual orbits.
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2.3.2 “Giant quantum oscillations” in the ultrasound attenuation

A sound wave u„r� C” traveling through a solid experiences exponential damping exp»�U�A… proportional
to the traveled distance �A = jr2 � r1 j, where U is the attenuation measured in dB�cm = 20��A �
log10 »D„r2”�D„r1”…. Given that the conditions introduced in the beginning of this section are fulfilled,
U also exhibits QOs. However, because the underlying mechanism and, thus, the waveform is slightly
different than for the QOs occurring in other thermodynamic properties, it deserves a separate treatment.
Instead of being related to the LLs passing through extremal orbits of the Fermi surface, peaks in U occur
when a LL passes through a resonant orbit, at which the parallel-to-H component of the electron velocity
EF� k approximately equals that of the sound wave in the same direction E k and, hence, the electrons
can extract much more energy from the sound wave than for off-resonant orbits5 [51–53]. Since the
Fermi velocity is in the order of 105�106 m�s, which is about two to three orders of magnitude larger
than the typical sound velocity, the resonance condition is only fulfilled for a very narrow range of : k ,
which leads to a much ‘spikier’ waveform compared to Eq. (2.21), where one had to sum over all : k .
The resonant orbit can be close to the extremal one, e.g., in a metal with a large spherical Fermi surface
centered at k = 0, but may deviate substantially for small Fermi surfaces of complex shape. Upon
rotation of H with respect to the wavevector of the sound wave, q, different orbits can be made resonant
and, in principle, the Fermi surface could be mapped out (although in practice this is very difficult).
When @ k ; � 1 and ~lc ¡ ~l� :B)� ~�g, where ; is the mean free path and g is the lifetime of electrons
on the resonant orbit, the QOs in U develop large spikes, which is why they are commonly referred to
as “giant QOs” (GQOs). Naturally, the peaks in U appear periodic in 1��, with the frequency as in
Eq. (2.18), but �ext replaced by the area of the corresponding resonant orbit. U„1��” may be expressed
as a series of X-functions convoluted with distribution functions that account for ) smearing, collision
broadening, and the indirect effect that collision broadening has on the resonance condition. The latter
introduces an asymmetry that is related to the curvature �00 at the resonant orbit [39]; for �00 � 0, the
peaks are broadened more on the high-field side than on the low-field side, which is reversed for �00 ¡ 0.

In case the peaks become broader than their separation, it is again more convenient to express U„1��” as
a Fourier series
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However, Eq. (2.25) may only be regarded as a rough approximation, since it was found that the waveform
is additionally modulated by QOs of the Fermi level and the deformation potential [54].

5For the ultrasound experiments in this thesis, the applied frequencies l are in the order of 108 s�1 (to be able to apply
the long wavelength-approximation, see Sec. 2.1.2). Since this is about 4 to 5 orders of magnitude smaller than lc in
magnetic-field strengths required to fulfill the quantum condition ~lc ¡ :B) , the electrons absorbing a phonon have to
stay within the same LL.



Chapter 3

Experimental techniques

In this chapter, the basic concept and the relevant peculiarities of the experimental techniques
employed in the course of this thesis shall be described. I start with the measurement of electrical
resistances using lock-in amplifiers in Sec. 3.1, which is essential for electrical-transport experiments
as well as resistance thermometry. Thereafter, the experimental setups for uniaxial-stress application
(Sec. 3.2), thermal-resistance measurements (Sec. 3.3), and ultrasound measurements (Sec. 3.4) are
described. As elaborated in the previous chapter, a lot of the interesting physics happens at low )

and large H, however, the requirements for the observation of large responses are less demanding for
semimetals and narrow-gap semiconductors than for metals. Most of the experiments were performed at
the MPI CPfS using a commercial helium-4 cryostat Physical Property Measurement System (PPMS)
by Quantum Design [55] (for a basic introduction to the operating principle of such cryostat see for
example [56]). The PPMS is equipped with a superconducting magnet that is able to create steady
magnetic fields up to ‘0 jN j = 9 T along the vertical axis of the sample chamber. ) can be swept in the
range from 300 to 2 K, and held constant at any ) within this range with a stability of �0�2�0�02 % and
an accuracy of �1 %. For the ultrasound experiments on NbP performed at the Helmholtz-Zentrum
Dresden-Rossendorf (HZDR), a setup for pulsed magnetic fields up to 60 T and ) down to 1�3 K was
used, which is described in more detail in Sec. 4.4.1.

3.1 Electrical-resistance measurements: lock-in amplification

The required signal-to-noise ratio for the measurement of electrical resistances may be defined by
the smallest features that are to be resolved. Here, these are the SdH oscillations, which, in the
investigated materials, were typically of the order of 10�3�10�2 of the background resistance. The total
sample resistances varied in the range of 0�1 m
 to 10
, where in the quantum oscillatory regions
the background resistance usually was ¡ 1 m
. To avoid contact resistances, which were sometimes
several 
, a four-point configuration was employed for all electrical resistance measurements. Typically,
a voltage of 1�10 V was applied via a 1 k
 or 10 k
 resistor in series with the sample, generating a
steady current of a few mA (usually � = 1 mA was chosen1). Accordingly, the total voltage signals
in the quantum-oscillatory region are of the order of 1 ‘V to 10 mV, and the SdH signal of the order
of 10 nV to several tens or, at best, hundreds of ‘V. Thus, it is desirable to measure the sample
1Higher currents are avoided because Joule heating / �2’, e.g., of the cryostat wiring, becomes significant.
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resistances with a peak-to-peak noise not larger than 10�3, better 10�4, of the total signal (equivalent to a
signal-to-noise ratio of 138 dB and 184 dB, respectively), i.e., a few nV for the smallest SdH oscillations.
The same requirements basically apply for the measurement of the thermometer resistances as well.
These requirements can be met easily by using digital lock-in amplifiers [57] (here, the models SR830 by
Stanford Research Systems [58] and MFLI by Zurich Instruments [59] were used).

The operating principle of a lock-in amplifier is based on the orthogonality of sine functions, i.e., the
integral of a product of two sine functions of different frequency being zero when the integration limits
are chosen over several periods. An AC current with a reference frequency lref is applied to the sample
such that the signal voltage is +sig sin„lrefC ‚ \sig”. The lock-in amplifier amplifies the signal voltage
and multiplies it with the reference voltage +ref sin„lrefC ‚ \ref”. The output of this operation yields
„1�2”+sig+ref »cos„\sig � \ref” � cos„2lrefC ‚ \sig ‚ \ref”…, which is passed through one (or more) ’�
low-pass filters such that only the DC signal proportional to +sig is extracted. Additionally, the same can
be done with the signal multiplied with a reference signal that is shifted by 90�, which allows to measure
the ‘out-of-phase’ component of the signal.

The cutoff frequency lcut of the ’� filter, i.e., where the output is reduced by �3 dB, is defined by 1 over
the integration time; for higher frequencies the roll-off is �20 dB per decade. This means that noise with
a frequency jlnoise � lref j ¡ lcut is attenuated very effectively, and that very large signal-to-noise ratios
can be achieved if lref is chosen to be far from noise sources of specific frequency (or their harmonics),
such as power lines, communication devices, etc. Random noise sources (e.g., Johnson noise, 1� 5 noise)
have large frequency bandwidths and are effectively suppressed as well. The larger the reduction of the
filter’s bandwidth, i.e., the longer the integration time, the fewer broadband noise can pass through.

For the electrical measurements in this thesis, usually an integration time of 1 s was chosen, longer
integration would have been impractical in view of the ) and � sweeping rates. lref�2c was typically
set to irrational numbers between 70 Hz to 1 kHz. For some samples, very low frequencies, e.g., � 7 Hz
had to be chosen, because there were significant capacitive effects at the contact-sample interface that
would lead to phase shifts at higher frequencies.

3.2 Uniaxial-stress cell

Application of uniaxial stress was performed using the commercial three-piezo stack apparatus CS100
by Razorbill Instruments [60], which is based on the design described in [61]. The design principles and
peculiarities regarding sample mounting and uniaxial strain measurements have been extensively covered
in [61, 62], therefore, only a basic introduction and relevant details for the analysis of experimental data
are provided here.

The operation is based on expansion (contraction) of piezoelectric actuators upon applying a large
positive (negative) DC voltage. A thin bar-shaped sample is firmly mounted to a rigid Ti body such that
it lays across a gap, whose width can be varied a few ‘m by three piezo stacks (see Fig. 3.1). Uniaxial



Experimental techniques 21

- 8 - 6 - 4 - 2 0 2 4 6 8
0 . 9

1 . 0

1 . 1

1 . 2

0 1 0 0 2 0 0 3 0 00 . 9 0

0 . 9 5

1 . 0 0

1 . 0 5
C (

pF
)

∆ l  ( µm )

C 2  K

C 3 0 0  K

c o m p r e s s i o n z e r o  s t r a i n t e n s i o n

p i e z o e l e c t r i c  a c t u a t o r s s a m p l e T i  b o d y T i  b r i d g e

( a )

( b ) ( c ) ( d )

C (
pF

)

T  ( K )
Figure 3.1.: (a) Schematic top view of the three-piezo stack apparatus illustrating the basic working principle.

Adapted from [62]. (b) Schematic side view of a mounted sample. (c) Calibration curve of the
capacitive sensor supplied by the manufacturer. (d) Capacitance � vs. ) of the empty cell during
cooldown and warmup.

compression (tension) can be applied to the sample upon expanding (contracting) the inner stack and/or
contracting (expanding) two outer stacks, respectively. The setup is designed in this way to compensate
for the effects of thermal expansion of the piezoelectric stacks upon variation of ) . For the strain in
the sample to be as homogeneous as possible, it was found [61] to be most effective to glue the sample
with epoxy from both sides, and clamping it with a Ti plate together with a Ti spacer of the same height
as the sample [see Fig. 3.1(b)]. The epoxy needs to be insulating if electrical measurements are to be
performed, and Stycast 2850 FT by Loctite has been shown to give the best results due to its large shear
strength [62]. For the epoxy to reach its maximum shear strength, the mixing ratio must be carefully
controlled and gas bubbles need to be removed by placing the mixed paste in a desiccator for a few
minutes. Then, a thin (� 50 ‘m) layer of the epoxy is applied to the top and bottom of the sample and
the spacer; tightening of the brass screws squeezes out any excess epoxy and ensures conformity to the
sample surface. Finally, the epoxy is baked out at 65 �C for 2�3 h. Of course, the sample has to be
mounted as symmetrically as possible. The strain is most homogeneous near the center of the strained
part (as shown with finite-element simulations [62]), which is where the voltage was probed for the
electrical measurements in this thesis.

Length changes of the gap distance �;m are measured with a parallel plate capacitor (� � 1 pF) beneath
the sample that has been calibrated (� / 1��;m) by the manufacturer [see Fig. 3.1(c)]. Using a capacitive
strain gauge has the advantage of negligible N dependence, and only very weak ) dependence due to
thermal contraction of the capacitor plates [� „4 K”�� „300 K” = 0�9968]. The length change of the
stressed part of the sample �;s (and, thus, the strain along the long axis Y1 = �;s�;s) can be estimated
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from �s�e�;m upon incorporating the correction factors �s and �e. These account for normal and
torsional deformation of the cell, and shear deformation of the epoxy, respectively. �s can be estimated
if the sample’s spring constant :s is known, and holds

�s =

�
1 ‚ :s

:a
‚ :s
:g
�2

��1
� (3.1)

where :a = 6�1 � 107 N�m is the cell’s normal stiffness, and :g = 810 Nm�rad is the torsional stiffness
(the parameters are taken from the datasheet provided by the manufacturer). � is the averaged height
between the top surface of the sample and the center of the capacitor plate, and the top surface and the
center of the movable blocks, and is about 4�5 mm for a sample with the top surface mounted 1�5 mm
above the Ti body. For �s not to be too small, :s is desirably � 5 � 106 N�m. �e is harder to calculate
exactly, and is estimated to 0.8 based on previous reports [63, 64].

The cell is provided with an insert for the PPMS, equipped with coaxial cables for the capacitor readout
and cables for the drive voltage of the piezos. The capacitance is measured with a precision LCR meter
(E4980 AL by Keysight) at 27�7 kHz and a voltage signal level of 1�2 V. The DC voltage for the piezos
(max. �200 V) is supplied from a DC power source (RP100 by Razorbill Instruments), which has an
adjustable voltage ramp rate (typically set to 0�1�1 V�s) and a current limitation of 500 ‘A to prevent
from electric shocks. Expansion and compression of piezoelectric actuators requires less voltage at
higher temperatures, and is, by recommendation of the manufacturer, limited to ‚120 V to �20 V at
room temperature. It is only below 10 K that the full voltage range of �200 V can/must be exploited. A
custom-built LabView program was used to control the LCR meter, the power supply, and additional
measurement equipment (lock-in amplifiers for electrical-resistance measurements, ) controller of
the PPMS, etc.). To compensate for drifts of the piezoelectric actuators, a PID feedback loop for the
capacitance was implemented, using the voltage applied to the outer piezo stacks as the process variable
(the outer piezo stacks were more responsive than the inner one). In this way, also ) sweeps at constant
Y1 can be performed, although practically limited to the ) range from 2�100 K. Upon cooling the cell
from room temperature to 2 K, the capacitance decreases due to thermal contraction. Several capacitance
jumps are observed above 150 K, both upon cooling and warming (even at a slow rate of 0�5 K�min)
[Fig. 3.1(d)], which is presumably related to the different thermal expansion coefficients of different parts
(piezos, Ti parts) of the cell leading to sudden slips (the piezos are short-circuited during cooldown).
Once cooled to cryogenic temperatures and operating in a limited ) range, the capacitance stabilizes,
which is why the uniaxial-stress experiments in this thesis were mostly carried out at low ) .

Further specifics regarding the experiments are provided in the according Sections 4.3.1 and 5.3.1.

3.3 Thermal-resistance measurements

For measurements of the thermal resistivity, the commercial Thermal Transport Option (TTO) puck
from Quantum Design was used, more details of which can be found in [65]. A steady heat flux Ph
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is applied along the long side of the samples via Joule heating ⁄& � %Joule = �
2’ of a 2 k
 ruthenium

oxide (Rox) thin-film resistor (RX-202A by LakeShore [66]) attached to one end of the sample, while
the other end is attached to a heat sink (large Cu block) that is thermalized with the sample chamber.
The local temperature is measured at two points apart from the sample ends, )hot and )cold, using
semiconductor zirconium oxy-nitride (Cernox) thin-film resistor thermometers (CX-1050 by LakeShore
[67]). Effectively, this results in a four-probe geometry similar to the electrical measurements.

It is ensured that most of the heat flux flows through the sample by evacuating the chamber to high
vacuum, and using Manganin wire for all electrical contacts, which is known [68] for a very low thermal
conductivity at cryogenic temperatures but passable electrical conductivity. For the thermal resistivity
measurements on GdPtBi (see Sec. 6.5), heat loss through the Manganin leads is estimated to 5 % at
150 K, which decreases to less than 0�1 % at 2 K.

The effects of thermal radiation between the sample and the environment are effectively reduced with
reflective gold-plated copper shields. Furthermore, heat loss caused by thermal radiation / „)4

hot �)
4
cold”

from warmer parts to colder parts of the sample is estimated to be less than 1 % at a base temperature of
)base = 150 K and a thermal gradient „)hot � )cold”�)base . 3% for the thermal-resistance measurements
on GdPtBi (see Sec. 6.5), and rapidly decreases below 10�5 % upon cooling to 2 K. Generally, the
heat-loss effects become negligible below 10 K for materials with not too low thermal conductivity
(as is the case for GdPtBi), and the thermal resistivity FGG = rG)��h�G can then be calculated from
rG) = „)hot�)cold”�; and �h�G = ⁄&��, where ; and � are the distance between the thermometer contacts
and the sample’s cross-section, respectively.

For calibration, the thermometers are coupled to the heat sink with a piece of copper, and the sample
chamber is filled with helium at a low pressure. The ’„)” curves of the thermometers are shown in
Fig. 3.2(a). To calculate ) from ’ in an actual measurement, a 10th-order polynomial is fitted to log10„)”
vs. log10„’”. Naturally, the sensitivity of a semiconductor thermometer increases with lower ) , as
�’„�)” increases exponentially. Below 30 K, the resistances of the Cernox thermometers exhibit a
weak field dependence [see Fig. 3.2(b)], which increases to about 4% at 1�9 K and 9 T. Although the
field dependence is almost similar for both thermometers, potential errors of FGG „�” are avoided by
calibrating the thermometers in magnetic field. This is done by slow field sweeps (50 Oe�s was sufficient
for not observing drift) at selected base temperatures and performing the same fit procedure as for � = 0
at distinct fields (here, steps of 0�1 T were chosen). Anisotropy of the thermometer MR with respect
to different N orientations was found to be negligible. In an actual measurement, field sweeps below
10 K needed to be performed in a step-scan approach, as there is significant magnetocaloric heating. A
waiting time of few s up to 1 min was sufficient for the thermometer voltages to saturate [see Fig. 3.2(c)].

The Rox heater shows only very little ) and N dependence [see Figs. 3.2(d) and 3.2(e)] that was
accounted for by in-situ measurement of the heater voltage. However, the change of heater power vs. �
is below 0�03 % at 9 T in the whole temperature range, and could as well be safely neglected in view of
the potentially larger error from the thermometers.
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Figure 3.2.: (a) Thermometer resistance vs. ) at zero field. (b) MR of the thermometers, hot end (black) and cold
end (red) at different base temperatures. The curves are shifted for better visibility. (c) Field ramp
and thermometer voltages vs. C during a thermal-resistance measurement on GdPtBi sample S2 at a
base temperature of 2 K. (d) Heater resistance vs. ) at zero field. (e) Change of the heater power
%h = *� vs. � at different base temperatures and applied currents.

The thermometers were connected in series, and the voltage was measured using AC lock-in technique.
A DC current was applied to the heater, as the thermal resistance was measured in the steady state.
Readout of thermometer and heater voltages was done partially with the supplied software and partially
with a custom-built LabView program. Processing of the voltage data and calculating the temperatures
from the calibration data was done using LabTalk scripts in OriginPro.

More details about the thermal-resistivity measurements (on GdPtBi) can be found in Sec. 6.5.1.

3.4 Measurement of ultrasound velocity and attenuation

The setup for measurements of ultrasound velocity and attenuation at the HZDR is custom-built by staff
members of the HZDR, and was only used with the assistance of Denis Gorbunov and Sergei Zherlitsyn
(both HZDR). The setup design is as described in [69], i.e., a phase-sensitive technique optimized for the
use in pulsed magnetic fields, and shall briefly be explained here.

Elastic waves in a sample are excited via a piezoelectric crystal, i.e., transducer, glued to one surface
of the sample. Applying an AC voltage of radiofrequency (5�500 MHz) to the transducer causes an
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oscillating strain in the order of 10�7�10�6 that in turn creates a sound wave with q perpendicular to the
surface and u determined by the transducer movement. The sound wave can be converted to an electrical
signal again by reading the voltage signal of a second transducer glued to the opposite side. For the
measurement of the relative change of the sound velocity �E�E and the relative change of attenuation �U
upon variation of an external parameter, a technique similar to that of lock-in amplifiers described in
Sec. 3.1 is employed.

First, the AC voltage is split into a reference channel and a signal channel. Before being passed to the
transducer, the signal is modulated with a pulse generator connected to a switch such that only short bursts
of about 50 ns�1 ‘s are passed through, with a repetition frequency in the 10�100 kHz range. Within
one repetition cycle, the short burst of the sound wave is reflected on the opposite surface and travels back
and forth several times, each transit causing a phase shift q = @;0, ;0 being the travel distance (sample
length). The =-th echo on the receiving transducer, therefore, exhibits a phase shift q= = @;0„2= ‚ 1”.
The signal from the receiver is amplified and split into two channels, which are multiplied with the
reference signal (in-phase signal �), and with the reference signal shifted by 90� (out-of-phase signal &).
The resulting signals � and& are passed through low-pass filters (see Sec. 3.1) and digitally stored during
the magnetic field pulse (few tens of ms). The amplitude of the sound wave at the receiver for the =-th
echo is calculated from �= = �0 exp»�Uq=… =

p
�2
= ‚&2

=. Accordingly, �U can be calculated from the
relative change in �=. �E is calculated from the relative change in arctan»&=��=… = q= = „2= ‚ 1”l;0�E.

In case absolute values are to be measured at fixed external parameters, the signal is directly recorded at
the receiver with an oscilloscope [see inset in Fig. 4.18(c)]. E and U can then be calculated from the time
distance between two (or more) echoes and from the exponential decay of the amplitude, respectively.

Details regarding the ultrasound measurements on NbP can be found in Sec. 4.4.1.
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Chapter 4

The transition-metal monopnictide NbP

In this chapter, the effect of lattice deformation on the electronic properties of the Weyl semimetal
NbP is explored experimentally by means of quantum-oscillatory phenomena in both electrical resistance
and ultrasound. As a material with a small anisotropic Fermi surface consisting of multiple spatially
degenerate pockets, NbP exhibits large QOs with a complex frequency spectrum, and serves as an
interesting platform to explore the effects of breaking crystalline symmetries and anisotropic electron-
phonon interactions. Firstly, I provide a basic introduction to NbP in Sec. 4.1, and a review of the relevant
physical properties in Sec. 4.2. Thereafter, Sec. 4.3 is concerned with the study of SdH oscillations in
the MR and the Hall resistivity under application of uniaxial stress. Lastly, the investigation of QOs in
the ultrasound velocity and attenuation in pulsed magnetic fields is presented in Sec. 4.4.

4.1 Introduction

Niobium monophosphide (NbP) is a semimetal with a very small Fermi surface of complex, anisotropic
shape containing an almost equal number of electrons and holes in the order of only 10�4 to 10�5 charge
carriers per atom, comparable to the low charge-carrier densities of the prototypical semimetal bismuth
[39]. For certain crystalline directions, cyclotron masses are less than 0�1<0 and charge-carrier lifetimes
are in the order of 10�12 to 10�11 s, giving rise to pronounced QOs, in particular SdH oscillations, up
to 20 K at only few Tesla as well as a remarkably large non-saturating MR. Although the first reported
synthesis of NbP already dates back to 1931 [70], and growth of large single crystals was achieved in 1995
[71], it is only in recent years that the compound has attracted significant interest of the condensed-matter
physicists. Sparked by the theoretical prediction of, at the time, exotic Weyl points in the transition-metal
monopnictides TaAs, NbAs, TaP, and NbP in 2015 [36], a multitude of groups started to investigate the
electronic structure of NbP by means of both theoretical and experimental techniques. Since then, more
than 50 papers have been published, reporting on band-structure calculations, transport experiments
under multi-extreme conditions, optical measurements, and many more. One of the main findings was
the strong anisotropy of the electronic bands in NbP, implying strong effects also upon deformation
of the crystal lattice. Previous investigations, however, were limited to the application of hydrostatic
pressure [72].
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4.2 Review of the physical properties

4.2.1 Crystal structure and electronic properties

NbP belongs to the class of TaAs-type transition-metal monopnictides, which share the same tetragonal
crystal structure (space group �41<3, no. 109), depicted in Fig. 4.1(a). This crystal lattice has a
fourfold screw rotation axis along 2, two mirror reflections with respect to the 0-2 and 1-2 planes and,
importantly, lacks spatial inversion symmetry. The lattice parameters for NbP are 0 = 1 = 3�3324„2” Å
and 2 = 11�13705„7” Å [71]. Hereafter, I only distinguish between 0 and 1 to express that two vectors
are perpendicular to each other, e.g., the current direction and the magnetic field, however, in terms of
the crystal lattice 0 and 1 cannot be distinguished from one another. In its single-crystalline form, it is a
hard, shiny metal with a silvery appearance [Fig. 4.1(c)]. The single crystals used for the measurements
in this thesis were grown by Marcus Schmidt (MPI CPfS) using chemical vapor transport reactions as in
[71].

A first attempt to model the electronic bands in NbP was made in 1968 [75], mistakenly classifying it
as a narrow-gap semiconductor. By now, band-structure calculations have been refined significantly;

Figure 4.1.: (a) Crystal structure of NbP in a tetragonal lattice. The primitive cell with canted axes is indicated.
(b) First Brillouin zone for the primitive cell. (c) Single crystal as-grown by chemical vapor transport.
(d) Band structure along the high-symmetry lines in the vicinity of the charge-neutral point, calculated
from DFT including SOC. The position of the Fermi level has been adapted from [73]. (b) and (d)
are reproduced from [74].
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modern DFT calculations for NbP have been performed by various groups [36, 73, 76–78] [one example
shown in Fig. 4.1(d)] and show excellent agreement with experimental data. DFT calculations for this
thesis have been performed by Jonathan Noky (MPI CPfS). The broad and highly anisotropic conduction
and valence bands, characterized by the 3 orbitals in Nb and the ? orbitals in P, overlap in a range of
� 150 meV, explaining the observed semimetallic character. The combination of SOC and inversion
asymmetry leads to lifting of the band degeneracy along all high-symmetry sites [36, 76]. For the
stoichiometric ratio, DFT yields only � 8� 10�4 charge carriers per formula unit, shared equally amongst
electrons and holes [76] (converted to spatial densities this yields =e � =h � 1�3 � 1019 cm�3). In real
samples, slight deviation from the stoichiometric ratio causes significant shifting of the Fermi level and
crucially affects the shape of the Fermi surface and the number of charge carriers.

4.2.1.1 Fermi surface and extremal orbits

The calculated Fermi surface for �F near the charge-neutral point is shown in an extended zone scheme
in Fig. 4.2(a); the main features are similar to those in previous publications [73, 76, 78]. The spin-split
electron (hole) pockets E1 and E2 (H1 and H2) have a sickle (banana)-like shape [see projections along
:G in Fig. 4.2(b)] and are nested within one another. In k space, there is a fourfold rotational symmetry
(�4), the rotation axis being along :I . Thus, each pocket exists four times within the first Brillouin zone,
rotated by 90� each.

The extremal orbits for N along the main crystal axes are indicated in Fig. 4.2(b), with the labeling
adopted from [73]. For N k 2, the electron pocket E1 (E2) exhibits two maximum orbits at the center
and the ‘arm’, U1 (U2) and W1 (W2), and a minimum orbit at the ‘neck’ of the pocket, V1 (V2). The hole
pocket H1 (H2) just exhibits a single maximum orbit at the center, X1 (X2). For N k 0, the �4 symmetry
yields at least two maximum orbits per pocket; in case of the electron pockets, a third maximum orbit,
W01 (W

0
2), exists at the ‘arm’. Due to the variety of orbits, partially encircling similar area sizes, the QO

frequencies are often lying very close to each other or to another higher harmonic; not every calculated
orbit is clearly identifiable in the Fourier spectrum of the QOs [73]. Nevertheless, the strong variation
of the frequencies upon shifting �F [see Fig. 4.2(d)] allows for a fairly reliable way to determine the
actual Fermi level of a sample with respect to the DFT calculations within a margin of �1 meV. Further
refinement and/or confirmation can be achieved by comparing the angular dependence of the frequencies
and trying to find a best match as has been done by Klotz et al. [73] [see Fig. 4.2(c)]. Generally,
frequencies and cyclotron masses are lowest for N k 2, leading to an about 10 times larger SdH amplitude
than for N k 0 (or, equivalently, 1) [see SdH oscillations in Fig. 4.3(b)]. So far, QOs in NbP have been
observed in magnetization [73, 80–82], electrical resistivity [72, 74, 79, 83–85], Hall resistivity [74, 85],
thermopower [80], thermal conductivity [80], and heat capacity [80].
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Figure 4.2.: (a) Extended Fermi surface of NbP in the first Brillouin zone for the primitive cell. The top and
bottom planes of this unit cell lie in the :I = 0 plane of the adjacent cells. Electron pockets are
displayed in blue, hole pockets in red. (b) Extremal orbits for N k 0 (black and green) and for N k 2
(rose). (a) and (b) are reproduced from [P3]. (c) Comparison of the QO frequencies from DFT
calculations and Fourier analysis of dHvA oscillations upon rotation of N. Reproduced from [73].
(d) Fermi-level dependence of the QO frequencies for N k 2 from DFT. Shifting of the Fermi level to
10 meV above the charge-neutral point was attributed to implantation of Ga ions [79]. Reproduced
from [79].

4.2.2 Magnetotransport

The peculiar properties of the electronic band structure are also reflected in the generic electrical-transport
features. The residual resistivity for currents applied along 2 is about 4 times larger than for currents
applied along 0 [34], which can be attributed to the anisotropy of the effective mass. For N k 2,
‘c is in the order of 1 to 30 T�1, large MR in NbP is, therefore, generally expected [42]. The field
dependence of the non-oscillatory part for N k 2 does not follow the typical �2 behavior of the
two-charge-carrier model, in contrast to the situation for N k 0 [see Fig. 4.3(b)]. This resembles the
behavior in slightly electron-doped bismuth for N aligned along the trigonal axis vs. when it is applied
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Figure 4.3.: (a) MR in NbP for N k 2 in static fields up to 30 T at various temperatures, and in pulsed magnetic
field up to 62 T at 1�5 K (inset). Reproduced from [74]. (b) MR for N along 2 and 0 (always
perpendicular to the direction of current).

in the plane perpendicular to the trigonal axis [86]. Another common feature with bismuth is the phase
inversion of the SdH oscillations for N k 2 vs. N k 0. These features, i.e., the non-quadratic low- and
intermediate-field behavior and the phase inversion of the SdH oscillations, might similarly be explained
by a large Hall angle for N k 2, causing an S-shaped potential distribution [87, 88]. In the quantum
limit, the MR is linear in �, with no sign of saturation even in pulsed fields up to 60 T [74] [Fig. 4.3(a),
inset], which was suggested to originate from Abrikosov’s ‘quantum linear MR’ [89] or, more recently,
from ‘guiding center diffusion’ [85, 90].

4.2.3 Weyl points and their experimental signatures

Arguably, most effort has been spent on the search for signatures of the Weyl points in NbP. As first
predicted by Weng et al. [36], the band inversion in the non-centrosymmetric lattice of the TaAs family
leads to crossing lines of ‘accidental’ band degeneracy, i.e., nodal lines, that lie in the mirror planes
in k space [see Fig. 4.4(a)]. Upon introducing SOC, the nodal lines are gapped into 12 pairs of Weyl
points, which can be classified into four pairs lying in the :I = 0 plane (WP1) and eight pairs lying
in planes near :I = �c�2 (WP2). The : distance between the two Weyl points of a pair is thereby
increasing with the SOC strength, which in turn increases with the mass of the constituting atoms (NbP
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