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Introduction

Recently, the class of sofic groups has attracted much interest [1, 6, 7, 13, 14, 15, 24, ?, 38,
40, 58, 69, 76]. A group is called sofic if it can be approximated by finite symmetric groups
equipped with the normalized Hamming length function (see Theorem 3.5 of [58]). An
alternative characterization of soficity is that the group embeds into a metric ultraprod-
uct of finite symmetric groups equipped with the normalized Hamming length function.
Amenable and residually finite groups are known to be sofic (see Examples 4.2 and 4.4 of
[58]). However, there are more sofic groups than this (see [6, 40]). Some applications of the
notion of soficity are the following: Gromov showed in [29] that Gottschalk’s surjunctivity
conjecture holds for every sofic group. Elek and Szabé [13] settled Kaplansky’s direct
finiteness conjecture for every sofic group. They also proved in [14] that Connes’ embed-
ding conjecture and Liick’s determinant conjecture hold for such groups. Recently, Nitsche
and Thom proved in [56] that certain systems of group equations can be solved over every
group satisfying Connes’ embedding conjecture and hence over every sofic group.

The question whether every group is sofic remains open until now.

In this thesis, motivated by the notion of soficity, more generally, we study various
properties of metric ultraproducts of finite groups, each of them being equipped with a
‘natural’ norm. Here, by a norm on a group G we mean a function ¢: G — [0, oo] which
satisfies £(g) = £(g™1) = £(g"), £(gh) < £(g) +£(h), and £(g) = 0 iff g = 1 for all g, h € G.
Such a metric ultraproduct of a family of normed finite groups, i.e., groups equipped with
a norm, along a non-principal ultrafilter reflects ‘asymptotic properties’ of the family. It
can be seen as a limit object associated to the family, which makes it easier to express
such properties. E.g., that a word map on such an ultraproduct is surjective means that

it is almost surjective in a metric sense on the groups of the family (see Chapter 3).
Subsequently, we give a brief outline of the structure of this thesis.

Chapter 0 provides the reader with the necessary prerequisites. In Sections 0.1 and 0.2,
we introduce the necessary group and ring theoretic notation. In Section 0.3, we define
the notions of an algebraic resp. metric ultraproduct of a family of abstract resp. normed
groups (see Definitions 0.3 resp. 0.7). Later we remark that an algebraic ultraproduct can
be seen as a metric ultraproduct (see Remark 0.11). We also introduce the notion of an
invariant length function (or norm) on a group (see Definition 0.5) and provide definitions

of the most common length functions on finite, linear, and projective linear groups (see

1



Introduction

Definition 0.12), which we will use in the subsequent chapters. We point out the Lipschitz
equivalence of some of them on the family of finite symmetric or alternating groups and

classical finite simple groups of Lie type (see Fact 0.13).

In Chapter 1, we consider the lattice of normal subgroups of the algebraic ultraproduct
Hy of a family ‘H = (H;)ier of universal finite quasisimple groups (cf. the beginning of
Section 1.2). The corresponding lattice, when the H; (i € I) are finite alternating groups
A, of degree n tending to co along U, is linearly ordered and was described completely in
[17]. Lemma 1.8 shows that this result still holds when the H; (i € I) are double covers
2-A, = A, of alternating groups A,, (n > 8); essentially we only add a two-element center
compared to the previous situation. Regarding this, in [67] it was claimed that, more
generally, the lattice of normal subgroups of H;s, when the H; (i € I) are non-abelian
finite simple groups, is also linearly ordered. However, this is false in this form in most
cases when the H; (i € I) are classical groups of Lie type of unbounded rank (i.e., of
type PSLy,(q), PSpoy (), PQam+1(q), PQL (q), or PSU,(q) for suitable m,n € Z, q a
prime power) of rank tending to infinity along Y. E.g., see Example 1.2. In Lemmas 1.8
and 1.13, we point out a version of ‘relative’ bounded normal generation for universal
finite quasisimple groups, generalizing the results from [49]. From Lemma 1.13 we derive
Theorem 1.3, the main result of Chapter 1, which provides a complete description of the
structure of the lattice of normal subgroups of an algebraic ultraproduct of universal finite
quasisimple groups which are not double covers of alternating groups (as mentioned above,
this case was already settled), correcting the above mentioned misstatement of [67]. It
turns out that considering the universal finite quasisimple groups rather than finite simple

groups is more natural here. We state here Theorem 1.3.

Theorem 1.3. Let (H;)icr be a sequence of universal finite quasisimple groups of Lie
type (i.e., H; is of type SLy(q), Spay,(q), the double cover of Qam+1(q) or Qfm(q) for q
odd, Q;tm(q) for q even, or SU,(q) for suitable prime power q and m,n € Z ; cf. the list
at the beginning of Section 1.2), each endowed with the norms ly., and H; = H;/Z(H;)
endowed with ly, (see Definition 0.12). Write V; for the natural module of H; (i € I;
see Section 0.1(f)). Assume that the dimensions n; = n(H;) = dim(V;) tend to infinity
along a fized ultrafilter U on I. Set G = [[,c; H; and define the normal subgroups Ny =
{(hi)ier € G| limy € (hi) = 0} and Ny == {(h;)ics € G| limy £pe(h;) = 0} of G (where h;
means the image of h; € H; in H;). We also define No == {(hi)icr € G | h; = 1y, along U}
and suitable subgroups N1, Ag, A1 < G defined in Section 1.4. Then the following hold.

(i) The subgroup Ny, contains all proper normal subgroups of G containing No. In
particular, G /Ny, is non-abelian simple and Ny /Ny is a characteristic subgroup of
G/Ny.

(ii) The normal subgroups of G lying between Ny and Ny are linearly ordered. Any such

normal subgroup is perfect.
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(iii) Define maps between the following two sets

{N 9G|N; <N < Ny}

o |0

{M’MﬁG, N1§M§Nrk}><{A|A§]G, N1§A§A1}

by ®: N — (NN Ny, NN Ay) and ¥: (M, A) — MA. Then ® and ¥ are isomor-

phisms of posets and mutually inverse to each other.
(i) If N is normal in G containing Ny and N1 £ N, then N < Ag.

(v) A normal subgroup N containing Ny but not Ny is contained in a normal subgroup
K < Ny containing Ny if and only if N < A, where ®(K) = (M, A) is the image of

K under the map ® from above.

In this context, one well-known observation (due to Liebeck and Shalev [49]) is that Hy,
contains a unique maximal normal subgroup Npy/No = Ny < Hy (cf. Theorem 1.3(i)).
Hence Hp°* := Hy /Ny, is simple.

It turns out that this group H}}* is isomorphic to the underlying abstract group of
the metric ultraproduct of the groups H; (see Theorem 1.3; i € I) with respect to the (up
to Lipschitz equivalence) unique minimal norm ¢; (i € I). In Chapters 24, we will only

deal with such metric ultraproducts rather than algebraic ones.

In Chapter 2, we discuss the question which abstract and topological groups embed
into a metric ultraproduct of normed finite groups (with the norms chosen arbitrarily).
We introduce the concepts of a C-approzimable abstract and topological group for a class
C of finite groups (which was first introduced by Holt and Rees in [34]). This is a common
generalization of the concepts of a sofic, weakly sofic, and linear sofic group (see Defi-
nitions 2.1 and 2.8; note that we allow arbitrary norms on the groups from the class C
compared to Definition 1.1 of [34]).

Glebsky [24] raised the question whether all groups are approximable by finite solvable
groups with arbitrary norm. We answer this in the negative by proving the following

theorem.

Theorem 2.17. Any non-trivial finitely generated and perfect group is not approximable

by finite solvable groups.

This generalizes a counterexample of Howie [35]. On a related note, we establish the

following result, which is based on a private note of Nikolov.

Theorem 2.25. Any non-trivial finitely generated group which can be approximated by
finite groups has a non-trivial quotient which can be approrimated by finite projective
special linear groups. In particular, every simple such group can be approrimated by finite

projective special linear groups.
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Moreover, we discuss the question which connected Lie groups can be embedded into
a metric ultraproduct of normed finite groups. Regarding this, we prove the following

result.

Theorem 2.33. A connected Lie group is approximable by finite groups as a topological

group if and only if it is abelian.

This provides a negative answer to a question of Doucha [10, Question 2.11]. Referring

to a problem of Zilber [79, page 17] (also Question 1.1 of Pillay [59]), we show the following.

Theorem 2.37. A Lie group equipped with a norm generating its topology that is an

abstract quotient of a product of finite groups has abelian identity component.

We point out that both, Theorem 2.33 and Theorem 2.37, give an alternative proof
of a result of Turing [74]. Finally, we solve a conjecture of Pillay [59, Conjecture 1.7] by

proving the following.

Theorem 2.38. Let G be a pseudofinite group. Then the identity component of any

compactification C of G is abelian.

All results of Chapter 2 are applications of theorems on generators and commutators
in finite groups by Nikolov and Segal [?, 63, 65]. In Section 2.4, we also use results of

Liebeck and Shalev [49] on bounded normal generation in finite simple groups.

In Chapter 3, we study the behavior of word maps on metric ultraproducts of finite
quasisimple and (complex) unitary groups. Let w € F, be a non-trivial word, where F, =
(x1,...,zy) denotes the free group of rank r € N. Denote by w(G) C G the image of the
associated word map w: G" — G, i.e., w(G) = {p(w) | ¢: F, — G is a homomorphism}.
Let G be one of the finite groups S,, GLy(q), SPaym (), GOZ, (q), GO2m11(q), GUL(q) (g a
prime power, n > 2, m > 1), or the unitary group U, (over C). Let dg be the normalized
Hamming metric resp. the normalized rank metric on G when G is a symmetric group resp.
one of the other classical groups (see Definition 0.12) and write n(G) for the permutation
degree resp. the dimension of the natural module of G. We show the following density

result.

Summary of Theorems 3.1, 3.2, and 3.3. For e > 0 there exists an integer N (e, w)
such that w(G) is e-dense in G with respect to the metric dg if n(G) > N(e,w), i.e., for
all g € G we find h € w(G) such that dz(g,h) < e.

This confirms metric versions of a conjecture of Shalev [3, Conjecture 8.3] and a con-
jecture posed by Larsen at the 2008 Meeting of the AMS in Bloomington. Equivalently,
we prove that any non-trivial word map is surjective on a metric ultraproduct of groups
G from above such that n(G) — oo along the chosen ultrafilter.

As a consequence of our methods, we also obtain an alternative proof of the result of
Hui, Larsen, and Shalev [36, Theorem 2.3| that w;(SU,)w2(SU,,) = SU,, for non-trivial

words w1, ws € F,. and n sufficiently large.
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In Chapter 4, we discuss isomorphism questions for simple metric ultraproducts of
certain families of finite groups which are ‘close’ to finite simple groups. This is motivated
by the article [73] of Thom and Wilson.

Let U be an ultrafilter on an index set I. Denote by Sy a metric ultraproduct of
symmetric groups S,, (i € I) equipped with the normalized Hamming length function
such that n; —y co. Note that Sy is always simple by Lemma 3.2 of [49]. For X being one
of the Lie types GL, Sp, GO, or GU denote by X;; a metric ultraproduct of groups X, (g;)
(n; € Z4, ¢; a prime power; ¢ € I; whether the groups are of plus or minus type in the
orthogonal case in even dimension will not be important) equipped with the normalized
rank length function such that n; —y co. Write Xy(q) for such an ultraproduct when
¢; is eventually constant along U, i.e., {i € I'|g; = q} € U. Denote by Xy resp. Xy(q)
the unique simple quotient of Xz; resp. Xy/(¢). By Theorem 1.3(i) this is precisely the
metric ultraproduct of the groups X, (¢;) (i € I) equipped with the projective rank length
function (see Definition 0.12). Here X denotes the projective Lie type associated to X,
i.e., X equals PGL, PSp, PGO, or PGU when X is GL, Sp, GO, or GU, respectively.

In Theorem 2.2 of [73] Thom and Wilson prove that in this situation always Sy, % Xy,
(as abstract groups), where U; and U, are ultrafilters on different index sets I1 and Is.
They also show that one can extract the limit characteristic p := limy char(Fy,) of the
finite fields F,, (i € I) out of the group Xy. In this chapter, we extend their results. The

main result of Chapter 4 is the following.

Theorem 4.1. Let Gy = Gy with G = X jy;(q;), where X; € {PGL,PSp, PGO,PGU}
(j = 1,2). Then it holds that 1 = q2. Also we must have X1 = X9 or {X1, X2} =
{PSp,PGO}. Moreover, an ultraproduct Xy, where the sizes q; of the finite fields Fy,
(i € I1) tend to infinity along Uy cannot be isomorphic to an ultraproduct X oy, (q).

We prove Theorem 4.1 by computing double centralizers of semisimple torsion elements
in the above groups. It remains an open problem whether a group PSpy, (¢) can be iso-
morphic to a group PGOy, (¢) for an odd prime power q. However, due to the isomorphism

SPom(q) = GOgp41(q) for ¢ = 2¢, this is possible in characteristic two.

Chapters 1-3 are completely independent and only depend on the conventions and
definitions of Chapter 0. They can be read in any order. Chapter 4 depends on Chapter 0,
but also on Subsection 3.4.2 of Chapter 3. All mathematical symbols that occur are
explained once again in the Index of Symbols. A version of Chapter 1 was published as
[61]. A version of Chapter 2 was published as [55]. After Andreas Thom and I finished
a first version of this article and circulated it among some experts, it was pointed out
that (independently and slightly earlier) Lev Glebsky found a solution to Zilber’s problem
along the same lines. Chapter 3 was published as [62]. Chapter 4 is not yet published.
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Chapter 0

Notation, basic definitions, and

facts

In this introductory chapter, we fix our notation and provide the reader with some basic

definitions and facts, which are needed and used in the subsequent Chapters 1-4.

0.1 Group theory

For this section let G be a group and S C G be a subset of G. We call S a normal subset if
it is invariant under conjugation. The neutral element of GG is denoted by 1g, the inverse
of g € G is written as g~!, the product of g,h € G is written as gh, and the conjugate
of g by h is written as g" := h=lgh. Write ¢© = {g"|h € G} for the conjugacy class
of the element g € G. Denote by ord(g) resp. |G| the order of g € G resp. of the group
G. Write exp(G) for the ezponent of G. Denote by 1 the trivial group. Denote by Cy
the cyclic group of order k € Z,. Write H < G for the statement ‘H is a subgroup of
G’ and N < G for the statement ‘N is a normal subgroup of G’. Write H N I for the
intersection of subgroups H and I of G. Let H be another group. Denote by G x H the
direct product of the groups G and H. Write ¢: G — H for a group homomorphism ¢
from G to H. Denote by im(¢p) resp. ker(¢) the image resp. kernel of ¢. Write p: G — H
resp. p: G — H if ¢ is injective resp. surjective. Write G = G /N for the quotient of G by
a normal subgroup N. Let g denote the image of g € G under the natural homomorphism
7: G — G = G/N. Write G = H if the groups G and H are isomorphic. Write Aut(QG)
for the automorphism group of G. Set (S) resp. {(S))c to be the subgroup resp. normal
subgroup of G generated by S. If the ambient group G is understood, the subscript in the
second case is omitted. For k € N set S** := {s1---5;|s; € S} to be the k-fold product
of the subset S, where the empty product S*0 equals the singleton containing the neutral
element {1g}. When 7' C G is another subset of G, set ST = {st|s € S,t € T}. The
symbol F always denotes a free group. Write rk(F) for the rank of F. The symbol F,
denotes the free group of rank r freely generated by z1,...,z,. Elements of a free group

are also called words. A word w € F is said to be non-trivial if w # 1p. We write (S| R)

7



Chapter 0. Notation, basic definitions, and facts

for the group presented by the generators S and relations R. If G is a permutation group
acting on a set Q, write H1 G = H® x G for the wreath product of the group H with G.
Write (A )wen.g € H? x G for an element of this group. Write N.H for an extension of
the group N by the group H.

(a) Group actions. All group actions that occur are right actions. When G acts on the
set X, we write x.g for the image of x € X under the map associated to g € G. However,
when X is a ring and « is a ring automorphism, we write 2@ instead of z.«v (for aesthetic
reasons; see Section 0.2 and Subsection 3.4.2). We write stabg(z) = {g € G|z.g = z} for
the stabilizer of z in G and orbg(z) = {x.g| g € G} for the orbit of x under G.

(b) Commutators. For g, h € G we write [g, h] :== g 'h~'gh for their commutator. For
g € G set [S,g] = {[s,g]|s € S} and [g,S] = {[g,s]|s € S}. For subgroups H,L < G
write [H, L] :== ([h,l]|h € H,l € L).

(c) Subgroups. We write Z(G) for the center of the group G and Cg(S) for the
centralizer of the set S in G. We also write C(.9) if the ambient group G is clear from the
context. Write G’ := [G, G| for the commutator subgroup and, more generally, for i € N set
GUHD =[G, GW] to be the (i 4 1)st term in the derived series of G, where G(0) := G.
For i € Z, write v;(G) for the ith term in the lower central series of G, i.e., 11(G) = G
and 5i41(G) = [%(G), G]. We set 1,(G) = N;ez, %(G).

(d) Symmetric groups, alternating groups, and permutations. Write Sym(Q) resp.
Alt(Q2) for the symmetric resp. alternating group on the finite set Q. Write idg for the
identity permutation on Q. If Q is clear from the context, we drop the subscript. Set
Sp = Sym(n) resp. A, := Alt(n) to be the symmetric resp. alternating group on the set
n = {1,...,n}. Write A, for the Schur covering group of A, (see Section 2.7 of [78];
this symbol only appears in Section 1.3). Fix a permutation o € S,,. Define the support
supp(c) C n of o to be the set {x € n|x.0c # x}. Similarly, define the fized point set
of o by fix(c) = {z € n|z.c = z}. For k € Z; define ¢;(0) to be the number of k-
cycles of . Setting ¢, = cx(0) for k € Z,, we say that o has cycle type (k% )pez, (cf.
Section 2.3.1 of [78]). Let Ci(o) C S, resp. Qx(0) C n denote the set of k-cycles resp.
the support of the k-cycles of o. In this situation we have that [ |.cc, () supp(c) = Q(0)
and | |pez, Q(0) = n. Set ng(o) = [Q(0)| = key(o) for k € Z,.. We call o k-isotypic if
Qi(0) = n, or equivalently, ¢;(0) = 0 for all i # k. If o is k-isotypic for one k, we call it
1sotypic.

(e) Vector spaces, linear maps, general linear groups, and special linear groups. Let
k be a field. Fix a k-vector space V. The zero vector of V is written as 0, the additive
inverse of v € V is written as —v, the sum of u,v € V is written as u + v, and the vector
v € V scaled by \ € k is written as Av. Let dim(V) denote the dimension of V. Write
U <V resp. U <V for the statement ‘U is a k-vector subspace of V' resp. ‘U s a proper
k-vector subspace of V’. Write Sub(V) for the set of all k-vector subspaces of V. Let

8



0.1. Group theory

codim(U) denote the codimension of the k-vector subspace U in V. Write U N W for the
intersection of vector subspaces U and W of V. Let U be another k-vector space. Denote
by U@V the direct sum of U and V. We use the same notation for (injective or surjective)
k-linear maps between k-vector spaces as for group homomorphisms (see above). We also
use the same notation for the image and the kernel of a linear map as in the case of a
group homomorphism. Write rk(y) = dim(im(y)) for the rank of the linear map ¢. For
linear maps ¢ and 9 let ¢ @ v be their direct sum. Write V/W for the quotient of V' by
the k-vector subspace W. Write U 2 V if U and V are isomorphic as k-vector spaces.
For vectors vy, ...,v, € V write (vy,...,v,) <V for the k-vector subspace generated by

Vly.-+yUn.

Write M(V') for the ring of k-linear maps on V. Fix a linear map g € M(V'). Denote
by det(g) resp. tr(g) the determinant resp. trace of g. Write k[X] for the polynomial ring
over k with one variable X. All polynomials in k[X]| that occur in the text are meant to
be monic ones, i.e., the coefficient of the largest power of X is one. For such a polynomial
X =ao+a1 X+ +ap_ 1 X* 1+ X* € k[X] of degree k write F(x) for the Frobenius block
with characteristic polynomial Y, i.e., multiplication by X in the quotient ring k[X]/(x)

represented in the basis 1, X, ... ,Ykilz

0 1 0 0
F(x) = 0
0 0 1

7&0 .« .. .« .. .« .. 7ak'—1

For a scalar A\ € k write J.(\) for the Jordan block of size e > 1 with eigenvalue \, i.e.,
multiplication by A + X in k¥[X]/(X*¢) in the basis 1, X, ... Xl

A1 0 - 0
0

Je(A) = 0
: 1
0O -+ -+ 0 M\

Call the polynomial x primary if it is a power i¢ of an irreducible polynomial ¢ € k[X] (or
equivalently, the ideal (x) C k[X] is a primary ideal). Recall that by the existence of the
generalized Jordan normal form of g (sometimes also called primary rational canonical

form), we can write g in the form

9= @ F,

X primary

where the ¢, are uniquely determined. In this situation, for x € k[X] primary set ¢, (g) =

9



Chapter 0. Notation, basic definitions, and facts

¢y and write V) (g) for the g-invariant subspace U on which g|;; by the above normal
form acts as F(x)®. Note that V}(g) is not uniquely determined. However, when we

use the symbol V, (g) for x € k[X] primary, we mean that V = Vi (g) is some

decomposition such that g acts F'(x)-isotypically on each V,(g) forxall)l X Ey k[X] primary.
Also set ny(g) = dim(Vy(g)) = kycy(g), where k, = deg(x). Now drop the assumption
that  is primary. We call g F'(x)-isotypic if g = F(x)®x and isotypic if it is F'()-isotypic
for some (not necessarily primary) polynomial x € k[X].

Denote by idy € M(V) the identity map on V. If the space V' is understood, we drop
the subscript. Write diag(A1, ..., A,) for a diagonal matriz on V- = k™ with A\y,..., A\, € k
on the main diagonal. For a k-algebra R write R* for its units; so k* = k '\ {0}. Write
PM(V) := (M(V) \ {0})/k* for the projective space associated to M(V). Set M, (k) :=
M(k™). Write GL(V) = M(V)* resp. SL(V) := ker(det: GL(V) — k*) for the general
resp. special linear group of V. Denote by PGL(V) = GL(V)/Z(GL(V)) = GL(V)/k*
resp. PSL(V) := SL(V)/Z(SL(V)) = SL(V)/{\ € &X | XI™(V) = 1} the projective general
resp. projective special linear group of V. Set GL,(k) := GL(k™), SL,(k) = SL(k"),
PGL, (k) := PGL(K"), and PSLy (k) :== PSL(k").

(f) Classical groups of Lie type and vector spaces with form. Denote by F, the finite
field with g elements. Set GL,(¢q) = GL,(F,), SLy(¢) := SL,(F,), PGL,(¢q) = PGL,(F,),
and PSL,,(¢) == PSL,(FF,) (cf. Section 3.3 of [78]).

Fix a vector space V = k™ over the field k& (which we specify in the subsequent cases).
Set p = char(FF;) to be the characteristic of the field F;. Now we distinguish three cases
(cf. Section 3.4.1 of [78]).

(i) The symplectic case. We set k := F, and let f: V x V. — k be an alternating

bilinear form, i.e., f is bilinear and f(v,v) =0 for all v € V.

(11) The orthogonal case. We set k :=F, and let f: V xV — k be a symmetric bilinear
form, i.e., f is bilinear and f(u,v) = f(v,u) for all u,v € V. (%) If p = 2, we require
additionally that f comes from a quadratic form Q:V — k, i.e., Q(Av) = A2Q(v) and
Qu+v) =Q(u)+ f(u,v) + Q(v) for all A € k, u,v € V. Note that this condition forces
f to be alternating, since Q(2v) =0 =2Q(v) + f(v,v) = f(v,v) for all v € V.

(iii) The unitary case. We set k = F,» and let o: k — k denote the g-Frobenius
map = +— x? (which is an involution). Let f: V x V — k be a o-conjugate-symmetric

sesquilinear, i.e., f is linear in the first entry and f(u,v) = f(v,u)? for all u,v € V.

For two vectors u,v € V write u L v if f(u,v) = 0 and say that u and v are perpen-
dicular in this case. Subsequently, let U, W, Z <V be subspaces. Write U 1 W and say
that U and W are perpendicular, if u L w=0forallu e U, we W. Write U L W = Z
ifU L Wand U@W = Z. In this situation Z is called the orthogonal direct sum of U
and W. If we are not in Case (%) from above, a vector v € V' is called isotropic if v L v.
In Case (x), a vector v € V is called isotropic if Q(v) = 0 (as remarked above, here every
vector fulfills v L v, since f is alternating). Write U+ := {v € V|u L v for allu € U}

10
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for the perpendicular space of U. Define the radical rad(f) of the form f to be V1. In
Case (x), the radical of @ is defined as rad(Q) = rad(f) N {v € V| v is isotropic}. Note
that rad(Q) is a subspace, since @ is semilinear on rad(f) with respect to the 2-Frobenius
map k — k; x — x2 (as it is a quadratic form). If we are not in Case (), we say that U is
non-singular if rad( f|;;) = UN UL = 0 and U is called totally isotropic if U < UL. Note
that in this case, if U is non-singular, then U L Ut =V, so U~ is actually a complement
to U. In Case (x), we call U non-singular if rad(Q|;;) = 0 and totally singular if Q| = 0.

A maximal totally isotropic subspace of V is called Witt subspace of V.

We say that f is non-singular if rad(f) = 0. In Case (x), we call @ non-singular if
rad(Q) = 0 and non-degenerate if even rad(f) = 0. If g is a form like f (resp. R a form
like @ in Case (%)), we say that f and g (resp. @ and R in Case (x)) are linearly equivalent
if there is a linear map h € GL(V') such that f(u,v) = g(u.h,v.h) (resp. Q(v) = R(v.h) in
Case (x)) for all u,v € V.

Let

GI(V, f) ={g € GL(V) | f(u.g,v.9) = f(u,v) for all u,v € V'}
resp.

GI(V,Q) = {9 € GL(V) | Q(v.g) = Q(v) for all v € V'}

denote the full isometry group of (V, f) (resp. (V,Q) in Case (*)). Note that, when f
and g (resp. @ and R) are linearly equivalent via h € GL(V'), we have an isomorphism
¢0: GI(V, f) — GI(V,g) (resp. ¢: GI(V,Q) — GI(V,R)); a + a”". Subsequently, set
G = GI(V, f) (resp. G := GI(V, Q) in Case (x)) and assume f (resp. @ in Case (x)) to be

non-singular.

In Case (i), f being non-singular forces n = 2m to be even. Also f is uniquely
determined up to linear equivalence. Hence G is determined up to isomorphism and we
call it the symplectic group of degree 2m over F, and denote it by Sp,,,(q) (cf. Section 3.5
of [78]).

In Case (iii), f is again uniquely determined up to linear equivalence. Here we call G
the general unitary group of degree n over ;2 and denote it by GU,(q) (cf. Section 3.6 of
[78]). In Chapter 3, we shall also speak about the general resp. special unitary group over
C, which we denote by U, resp. SU,,.

In Case (ii), assume first that we are not in Case (x) (cf. Section 3.7 of [78]). There
exist two equivalence classes of non-singular symmetric bilinear forms (cf. Section 3.4.6
of [78]). Let f be such a form. When n = 2m + 1 is odd and a € Fy is a non-square,
then f and af are inequivalent, but apparently G = GI(V, f) = GI(V,af). Denote this
group G by GOsy,+1(q) and call it the general orthogonal group of degree 2m + 1 over
F,. When n = 2m is even, there is a form fT of plus type (i.e., a Witt subspace of V

is of dimension m) and a form f~ of minus type (i.e., a Witt subspace is of dimension

11
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m —1). We set GO3, (q) :== GI(V, f) resp. GO, (q) :== GI(V, f~) and call these groups

the general orthogonal group of plus type resp. minus type of degree 2m over F,.

Now assume that we are in Case (%) (cf. Section 3.8 of [78]). If n = 2m + 1 is
odd, f must be singular, since it is alternating. Hence rad(f) has dimension one and

we have a homomorphism 7: G — GI(V/rad(f), f) = Spy,,(¢). It turns out that every
map g € GI(V/rad(f), f) = Spa,(g) has a unique lift § € G, so that 7 is actually an
isomorphism (cf. Section 3.4.7 of [78]) witnessing that GOgy,+1(q) = Spa,,(q). Hence we
neglect this case and assume that n = 2m is even and that rad(f) = 0. In this case,
there are again two equivalence classes of quadratic forms ). One of plus type (i.e., a
Witt subspace of V' is of dimension m), which we call QT, and one of minus type (i.e., a
Witt subspace is of dimension m — 1), which we call Q~. Set GO3, (q) == GI(V, Q") resp.

GO,;,,(q) == GI(V,Q7) and call the groups as above.

Now let SU,(q) = SL,(q) N GU,(q) denote the special unitary group of degree n over
F,2, SO2m11(q) = SL2m11(q) N GO2m41(q) denote the special orthogonal group of degree
2m+ 1 over F,, and SOJ. (q) == SLay,(¢) N GO3.. () resp. SO, (q) = SLay(q) NGO, (q)
denote the special orthogonal group of plus type resp. minus type of degree 2m over [F,. Note
that Sps,,(¢) < SLam(q), whence there is no special symplectic group. Write Qa,41(q)
resp. Q5,,(¢) (¢ = %) for the kernel of the spinor norm SOgpm41(q) — ]F;/(IF;)Q resp.
SO5,,(q) = Fy/(FX)? if p is odd (cf. Section 3.7.1 of [78]). In characteristic p = 2, use
the same notation Q5 (q) for the kernel of the quasideterminant SO5,,(q) — {£1} (cf.
Section 3.8.1 of [78]).

Let G denote any of the groups Sps,,(q), GO2m+1(q) (¢ odd), SO2m,+1(q) (¢ odd),
GO, (9), 505,(9), Qamy1(q) (¢ odd), Q5,,(q), GUn(q), SUn(g) (m = 1, n > 1, q a
prime power, ¢ = +). In each of the above cases, call V the natural module of G. Set
G = G/Z(G). Note that G < GL(V) and G < PGL(V).

Then, if G = Sp,,,(q), call G the projective symplectic group of degree 2m over F,
and denote it by PSpy,,(q). If G = GOgpi1(q) resp. G = SO2m+1(q) (¢ odd) call G
the projective general resp. projective special orthogonal group of degree 2m + 1 over F,
and denote it by PGOgy,41(q) resp. PSOg,11(q). If G = GO;,,(q) resp. G = SO5,,(q)
(e = %) call G the projective general resp. projective special orthogonal group of ¢ type
of degree 2m over F, and denote it by PGO3,,(¢q) resp. PSO5,,(¢). If G = Qopm11(q) (¢
odd) resp. G = Q5,,(q) write PQap,11(q) resp. PQ5,,(q) for G. Lastly, if G = GU,(q) resp.
G = SU,(q), call G the projective general resp. projective special unitary group of degree
n over F 2 and denote it by PGU,,(q) resp. PSU,(q).

We end up this section by stating an important result which we will use frequently in
Chapters 1-4.

Lemma 0.1 (Witt’s lemma). Assume f (resp. Q in Case (x)) is non-singular (resp. Q is
even non-degenerate in Case (x)). Let U/W <V be subspaces such that there is a partial
isometry a: (U, fly) = (W, fly) (resp. a: (U, Qly) = (W, Qly,) in Case (x)). Then «
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extends to a full isometry B: (V, f) = (V, f) (resp. B: (V,Q) = (V,Q) in Case (x)).

Remark 0.2. Lemma 0.1 (cf. Section 3.4.8 of [78]) implies that, if f is non-singular (resp.
@ is non-degenerate in Case (x)), any totally isotropic subspace is contained in a Witt

subspace and all Witt subspaces are conjugate (and hence have the same dimension).

0.2 Some ring and field theory

For Chapters 3 and 4 we need some basic ring and field theory.

Fix a ring R. Write 0 resp. 1 for the neutral element with respect to addition resp.
multiplication in R. Write a+b resp. ab for the sum resp. product of ring elements a,b € R.
Write a=! for the inverse element of the unit a € R*. Write (r) for the principal ideal
generated by r € R. Write rR for the right ideal generated by r € R. Use the same
notation for ring homomorphisms resp. quotient rings as for group homomorphisms resp.
quotient groups. Write Aut(R) for the automorphism group of R. For a ring automorphism
a € Aut(R) write r® for the image of r € R under . Sometimes we use the same notation
when « is just an isomorphism between two different rings. Let R, = {r € R|r* = r}
denote the fized ring of a. If I C R is an ideal of R which is fixed setwise by «, write
Io={iel|i“=1i}=1NRy C R, for the fired ideal of c inside I. For a subset S C R
set STF = {51 4+ -+ + s |51,...,5, € S} and define S = {0}. Also write Cg(S) for
the centralizer of S in R. When the ring R is understood, we omit the subscript. Write
R[X1,...,X,] for the polynomial ring over R in the commuting variables Xi,..., X,. For
re RX],r=ro+mX+ - rp 1 X" L+, X" (1, # 0) write deg(r) := n for its degree.
Write ®,(X) € Z[X] for the nth cyclotomic polynomial (n € Z.). For a field k write k
for its algebraic closure. Write k[G] for the group algebra of G over the field k. For a
finite field extension L/K write trp /x: L — K for the field trace. Write Gal(L/K) for
the Galois group of the Galois extension L/K.

0.3 Ultraproducts and norms

For this section fix an index set I and a non-principal ultrafilter U on I. We start with
the notion of an algebraic ultraproduct of a family of groups. Note that this notion will

only be used in Chapter 1.

Definition 0.3 (Algebraic ultraproduct). The algebraic ultraproduct of a family of (ab-
stract) groups H = (H;);cr with respect to U is defined as the quotient

Hz,{ = G/N(),

where G = [[;c; Hi and No = {(hi)ic1 € G|{i € I|h; = 1g,} € U}.

Remark 0.4. The subset Ny of G is a subgroup, since U is a filter. It is apparent that

Ny is normal.
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In Chapters 24, we will switch from algebraic to metric ultraproducts. To introduce

this notion, we first need to define what a length function (or norm) on a group is.

Definition 0.5 (Length function). A length function ¢ : H — [0, 00] on the group H is

a function which obeys the following three properties:
(i) €r(h) =0 if and only if h = 1y (identity of indiscernibles);
(ii) Ly (h) = Ly (h™Y) for h € H (symmetry);

(iii) L (gh) < Lpg(g) + Ly (h) for g,h € H (triangle inequality).

Call g invariant, if £y (gh) = Ly (hg) for all g,h € H, i.e., Ly is invariant under the

conjugation action of H on itself. An invariant length function is also called a norm.

Remark 0.6. Note that there is a one-to-one correspondence between left-invariant met-
rics dy (which may attend the value infinity) on H (i.e., metrics dgy: H? — [0, 00] such
that dg(fg, fh) = du(g,h) for all f,g,h € H) and length functions ¢z on H via the
identity ¢z (g~ 'h) = du(g,h) for all g,h € H. Throughout the thesis, we will indicate
that a length function and a left-invariant metric correspond to each other by equipping

them with the same subscript.

A length function ¢y: H — [0,00] is invariant, i.e., a norm, if and only if dp is
right-invariant (and hence bi-invariant), i.e., dg(gf,hf) = dg(g,h) for all f,g,h € H.
Throughout the thesis, all length functions that occur will be invariant. Also, subsequently,
we do not add the group to the subscript, when it is clear from the context. By a normed
group we mean a group H equipped with a norm.

Now we introduce the notion af a metric ultraproduct of normed groups.

Definition 0.7 (Metric ultraproduct). The metric ultraproduct of a family of normed
groups H = (H;, ¢;)ier with respect to U is defined as the quotient

/Hzr/lllet = G/Ng,

where G = [],c; H; and Ny = {(hi)icr € G| limy £;(h;) = 0}. Then H" is a complete
metric group with respect to the norm €y (h) := limy £;(h;), which is the ultralimit of the

norms €; (i € I). Here h = (h;);c;.

Remark 0.8. The function ¢ is well-defined, since U is an ultrafilter and [0, oo] is com-
pact. It is invariant, since all ¢; (i € I) are invariant. Also Ny is well-defined and normal,
since all ¢; (i € I) are invariant.

Some authors use a slightly different definition by restricting G to the sequences
(hi)ier € [lie; Hi of uniformly bounded length, i.e., sup;c;€i(h;) < oo. However, we
prefer the above definition, since then the metric ultraproduct is always a quotient of the
product of the finite groups H; (i € I). For more details on the algebraic and geometric

structure of such ultraproducts see also [67] and [73, ?].
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Remark 0.9. Another thing we mention here is that the tuple (Hyy, £4) in Definition 0.7

is always a metric group (i.e., the group operations are continuous), since £ is invariant.

Remark 0.10. In Chapter 4, we shall also use ultraproducts (Xilnet, dy) of metric spaces
(Xi,d;) (¢ € I; namely for (X;,d;) = (My,(k),dw) or (X;,d;) = (PMy,(k),dp)). Such a
metric ultraproduct is defined as Xi,n‘ft = [;er Xi/ ~, where (z;)ier ~ (yi)ier if and only
if limyy d;(x;,yi) = 0. Also the metric dy is defined as dy(z,y) = limy d;(z;,y;) (where

Tr = (fvi)iepy = (yi)iel € thtnet)'

Remark 0.11. Lastly, we remark that the algebraic ultraproduct of the family ‘H =
(H;);er of finite groups is isomorphic to the metric ultraproduct of these groups equipped
with the discrete length function (see Definition 0.12 below) with respect to the same

ultrafilter. In this sense we can view every algebraic ultraproduct as a metric ultraproduct.

We end this chapter by introducing the most common length functions on finite, linear,
and projective linear groups, and showing that some of them are ‘equivalent’ on some

infinite families of finite groups.

Definition 0.12 (Common length functions). On every group H we define the discrete
length function by
0 iflg=nh
by(h) =1—=01,h = :
1 otherwise

On every finite centerless group H we define the normalized conjugacy length function by

. log|hH]
- loglH|

te(h)

On the finite symmetric group S, (n € Z4) we define the normalized Hamming length

function by
1
ly(o) = ﬁ|5upp(0)|-

On the general linear group GLy, (k) = GL(V), where V- = k™ is a k-vector space, we define

the normalized rank length function by
..
lix(h) = - rk(idy —h).

On the projective linear group PGL, (k) = PGL(V') we define the normalized projective
rank length function by

lor(h) == min{ly(h) | h a lift of h}.
Finally, the Cayley length function with respect to some subset S C H is defined by
lcay.s(h) =min{n € N|h=s1---s, fors; € SUS '} U{co}.
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It is a simple matter to check that all of the above length functions, apart from the
Cayley length function, are indeed norms. The latter is invariant if and only if S is
invariant under conjugation. Also note that ¢y can be pulled back to any subgroup of S,
(e.g., to A,) and, similarly, £ resp. £, can be pulled back to any subgroup of GL,, (k)
resp. PGLy(k) (e.g., when k = F, or Fj, to the groups G and G in Section 0.1(f)).
By abuse of notation, we still write ¢y, £k, £pr for these norms restricted to the smaller
subgroup (cf. Theorem 1.3), and dy, dix, dpe for the corresponding metrics (as remarked
in Remark 0.6). If we want to emphasize the group on which these norms resp. metrics
are defined, we add it to the subscript (e.g., by m: H — [0, 00]).

We call a family of norms (¢;);c; on a sequence of finite groups H = (H;);es Lipschitz
continuous with respect to a second such family (¢});c; on the same groups if there is
L > 0 such that ¢; < L} (i € I).

For example, since (. i < {4 g for any finite centerless group H, the normalized con-
jugacy length function is Lipschitz continuous with respect to the discrete length function
on such groups (with L = 1).

If (¢)ier is also Lipschitz continuous with respect to (¢;);cr, we call these families
Lipschitz equivalent.

Note the following fact (which we use in the argument at the end of Section 2.4).

Fact 0.13. The length functions ¢y, %KCay,TSm and L. are Lipschitz equivalent on all finite
symmetric or alternating groups S, or A, (n >5), where T € S,, is a transposition. The
length functions £y and L. are Lipschitz equivalent on the classical simple groups PSLy(q),
PSpo,(q), PQomi1(q) (¢ odd), PQE, (q), PSU,(q) (n,m € Zy, q a prime power).

Proof. The first statement was proven in Proposition 2.7 and Theorem 2.11 of [67].

The second statement follows from Lemmas 5.3, 5.4, 6.3, 6.4, and the end of Section 7
of [49]. Indeed, Lemma 5.4, Lemma 6.4, and the last four lines of Section 7 of this article
imply that the normalized projective rank length function on the above families of groups
is as small as possible (up to a multiplicative constant). Lemma 5.3, Lemma 6.3, and the
last inequality of Section 7 show that the normalized conjugacy length function is Lipschitz
continuous with respect to the normalized projective rank length function. These two facts

imply that both must be Lipschitz equivalent. The proof is complete. ]
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Chapter 1

The normal subgroup lattice of an
algebraic ultraproduct of classical

groups of Lie type

1.1 Introduction

The purpose of this chapter is to correct statements from the work of Stolz and Thom in
[67] and to generalize them to a setting of quasisimple groups. As stated, Theorem 3.9
of [67] is not correct and the main result of this chapter (Theorem 1.3) should replace it.
Note that already in [12] it was pointed out that some of the techniques and results of [67]
were flawed. Some corrections on results about bounded normal generation in the setting
of unitary groups on finite-dimensional Hilbert spaces can be found in [12]. The statement
of [67, Theorem 4.20] should be considered as an open problem at the time of writing. In
this chapter, we focus entirely on the case of finite groups.

Using the results of [49], it is a simple matter to prove the following result about

‘relative’ bounded normal generation for the alternating groups A, with n > 5.

Lemma 1.1. There ezists ¢ > 0 such that for any S,T C A,, (n > 5) normal subsets with
|S],|T| > 1, T # {id} for any integer

k > cmax{log|S|/log|T|, 1}
it holds that S C (T4»)*F.

Proof. Use Corollary 2.4 of [49] to reduce to the case when T is a single conjugacy class.
Hence, subsequently, we may assume that 7" is a single conjugacy class. Now assume the
result holds for S being a single conjugacy class C. Then, in the more general case where S
is arbitrary normal and 7" a single conjugacy class, we have for all conjugacy classes C' C S
that for k > cmax{log|S|/log|T|, 1} > cmax{log|C|/log|T|,1} it holds that C' C (TAn)**

and so S C (T*)**. Hence we may assume that both S and T are conjugacy classes.

17
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The result in this case follows from Lemma 1.8 below and the Lipschitz equivalence of the
normalized Hamming length function ¢ and the normalized conjugacy length function £,

on the family of finite alternating groups of degree at least five (see Fact 0.13). O

A straightforward consequence of the previous lemma is that for any o, 7 € A,, (n > 5)
either o € (747)*f or 7 € (0*)** for any integer k > ¢, which easily implies that the
normal subgroups of an algebraic ultraproduct of alternating groups are linearly ordered
(which was first observed in [17]).

However, in the case of classical finite simple groups of Lie type, all of the above is
false in general. The prototype of a counterexample is given by the following family of

pairs of elements.

Example 1.2. Let hy,hy € H := SLy(q) = PSLy(q) be the elements given by h; =
diag(1,A,...,A) and hy = diag(l,p,...,u), where \,u € Fy are arbitrary such that
A (p)and g & (N) (e.g., take A = (% and pu = (¥, where ({) = Fy and a,b > 1 are coprime
with ¢ — 1 = ab). Then it is easy to show by induction that h¥ has eigenvalue \* and h%
has eigenvalue ;¥ for |k| < g. From the assumptions it follows that hy & (hi U (hyh)H)**
and he & (R U (b)) for any such k.

The example shows that Lemma 3.12 in [67] is false. The problem in its proof is that
the rank and Jordan length (in our notation nfy and nfy,.) of g and h do not always

coincide. The correct replacement of this lemma is Lemma 1.13 below.

This example already implies that the normal subgroups of an algebraic ultraproduct
of finite simple groups of type SL,(g) are not linearly ordered. In this chapter, we shall
prove the ‘best possible’ result on relative bounded normal generation in classical finite
quasisimple groups of Lie type and fully describe the lattice of normal subgroups of an
algebraic ultraproduct of the universal such, i.e., quasisimple groups which are the Schur

covering group of a finite non-abelian simple group. We will prove the following theorem.

Theorem 1.3. Let (H;)ic; be a sequence of universal finite quasisimple groups of Lie
type (i.e., H; is of type SLy(q), Spa,,(q), the double cover of Qam+1(q) or Q%tm(q) for q
odd, Q;Em(q) for q even, or SU,(q) for suitable prime power q and m,n € Z,; cf. the list
at the beginning of Section 1.2), each endowed with the norms ly, and H; == H;/Z(H;)
endowed with €y, (see Definition 0.12). Write V; for the natural module of H; (i € I;
see Section 0.1(f)). Assume that the dimensions n; = n(H;) = dim(V;) tend to infinity
along a fized ultrafilter U on I. Set G = [[,.; H; and define the normal subgroups Ny :=
{(hi)ier € G| limy b (hi) = 0} and Npy == {(h;)ics € G| limy £pe(h;) = 0} of G (where h;
means the image of h; € H; in H;). We also define Ny == {(hi)icr € G| hi = 1y, along U}
and suitable subgroups N1, Ag, A1 < G defined in Section 1.4. Then the following hold.

(i) The subgroup Ny contains all proper normal subgroups of G containing No. In

particular, G /Ny, is non-abelian simple and Ny /Ny is a characteristic subgroup of

G/No.
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(i) The normal subgroups of G lying between Ny and Ny are linearly ordered. Any such

normal subgroup is perfect.

(iii) Define maps between the following two sets

{N 9 G|N; <N < Ny}

s

{M|M§]G, ngMSNrk}X{A|A§]G, N1§A§A1}

by ®: N — (NN Ny, NN Ay) and ¥: (M,A) — MA. Then ® and ¥ are isomor-

phisms of posets and mutually inverse to each other.
(i) If N is normal in G containing Ny and N1 £ N, then N < Ag.

(v) A normal subgroup N containing Ny but not Ny is contained in a normal subgroup
K < Ny, containing Ny if and only if N < A, where ®(K) = (M, A) is the image of

K under the map ® from above.

1.2 Auxiliary geometric results

In this section, we provide the necessary geometric results for the rest of this chapter.

Subsequently, let H be a quasisimple group from the following list:
(i) linear: SL,(q), n > 2, (n,q) # (2,2),(2,3);

(i) symplectic: Spy,,(q), m = 2, (m,q) # (2,2);

(iii) orthogonal: Q2y,41(g), m > 3, ¢ odd,; Qfm(q), m > 4;

(iv) unitary: SU,(q), n >3, (n,q) # (3,2).

Remark 1.4. Here we omit the groups Qa,,+1(¢) with ¢ even as they are isomorphic to

the groups Spy,,(¢q) (see Section 0.1(f)).

Use the notation of Section 0.1(f): Let V' be the natural module of H (there are two
such representations when H = Qa,,,41(¢q) for ¢ odd, corresponding to the two equivalence
classes of non-singular symmetric bilinear forms in this dimension) and n := dim(V'). For
Cases (ii)—(iv) denote by f the corresponding non-singular alternating bilinear, symmetric
bilinear, or conjugate-symmetric sesquilinear form. In Case (iii) for ¢ even, denote by @
the corresponding quadratic form inducing the non-singular alternating form f.

As we ignore the case that H = GOg,+1(q) with ¢ even, a subspace U of V' is non-

singular if f[;; is non-singular. The following fact will be used in the Section 1.4.

Lemma 1.5. If U < V is a non-singular subspace with 2 < dim(U) < n/2, then there
exists a perpendicular decomposition W, L Wy = UL and an element h € H such that h
1s the identity on Wy and interchanges U and W7.
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Proof. Explicit computations with standard bases show that UL always contains a sub-
space Wy isometric to U via an isometry 6: U — W; with respect to f or @ in the
orthogonal case in characteristic two (here we need dim(U+) > dim(U)). Set Wy =
(U L W)+, Then hi: V. =U L Wy L Wo - U L Wy L Wy = V given by
(u, wi,ws) + (07 (wy),0(u),ws) is an isometric involution of V. Hence we may take
h := hi in the symplectic case.

In the unitary case, if det(h1) = ¢ € {1}, letting ho be the linear map which scales
a non-isotropic vector of U by ¢ and fixes its perpendicular complement, then h = hiho
works.

In the orthogonal case for ¢ odd, define hy as in the unitary case. If the spinor norm
of hihg is € € {£1}, find an element s € SO(U) of spinor norm ¢ and set hg = s @ idy .
(for the existence of s we use that dim(U) > 2). Then h = hjhahs works.

In the orthogonal case for ¢ even (forcing dim(V') to be even), if the quasideterminant of
hy is € € {£1}, find an element s € GO(U) of quasideterminant ¢ and set hy = s @ idy .
(again using dim(U) > 2). Then h := hjhy is an appropriate choice. The proof is
complete. ]

The following simple result about the existence of certain non-singular subspaces will

also be used in later sections.

Lemma 1.6. Let U <V, dim(U) = l. Then there exists W < U non-singular such that
dim(W) > 2l — n.

Proof. Choose W < U maximal non-singular. If there were two vectors u,v € Wt NU
with f(u,v) # 0, then W L (u,v) > W would still be non-singular. Hence f is zero on this
subspace. Moreover, for dimension reasons U = W L (VVL NU). Together this implies
ULtNU =W nNU. Hence dim(W+ NU) = dim(U) — dim(W) < dim(U+) =n — 1, so
dim(W') > 21 — n, as desired. O

We introduce the group of quasiscalars S(H) of H by

S(SLa(q)

) = = q 1
S(Spam) :{ 1}
S(Qam+1(9)) = {£1} (g 0dd)
( m(@) = {£1};
Un(q) = {z € Fip |29 =1} = Cgy1.

Of course —1 = 1 if char(F,) = 2.

Our last auxiliary result will be used in Section 1.4:

Lemma 1.7. For any A € S(H) there is a diagonalizable element h € H for a suitable

basis of V' such that all but two of its diagonal entries are equal to A.
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Proof. Clearly, we may assume that A # 1, since otherwise we can always take h = idy .

If H = SL,(q), take h = diag(), ..., A\, \~(»1) with respect to any basis of V.

If H = Spy,,(q), ¢ odd, and A\ = —1, take h = —idy.

If H = SU,(q), take h = diag(), ..., A\, \~(»1)) with respect to an orthonormal basis
e1,...,ep for f,ie., f(ej,ej) =6 fori,j=1,...,n.

For H = Q941(q), g odd, and A\ = —1 take h = diag(—1,...,—1,1) with respect to a
basis e1, ..., eant1 such that f(e;,e;) =01if i # j and f(e;,e;) =1 for i =1,...,2m and
f(€2m+1,€2m+1) = 1 or a non-square o € qu (there are two equivalence classes of such
forms both giving a natural representation of Q9,,+1(q)). Clearly, h has determinant and

spinor norm equal to one.

For H = Q%tm(q), q odd, and A = —1 we find a basis eq,...,es, such that either
f(eiej) = & for all i,5 = 1,...,2m, or f(e;,ej) = 0 for i # j, f(es,e;) = 1 for i =
1,...,2m — 1 and f(eam,eom) = @ € F; a non-square (there are two equivalence classes

of non-singular symmetric bilinear forms corresponding to the two non-isomorphic groups
Q5..(q) and Q3 (g)). In either case, we can take h = diag(—1,...,—1,1,1) with respect
to this basis, which has determinant and spinor norm one.

In all remaining cases we have S(H) = 1, so the proof is complete. O

1.3 Relative bounded normal generation in universal finite

quasisimple groups

In this section, we keep the notation from Section 1.2. Recall that our group H car-
ries the norm f, and H = H/Z(H) carries the Lipschitz equivalent norms £, £ (see
Definition 0.12 and Fact 0.13).

In the following, we will prove a version of ‘relative’ bounded normal generation for
all universal finite quasisimple groups from families of ‘unbounded rank’ (where we mean
the permutation degree in the alternating case; for the others there is no such notion).
We start with the alternating case. Recall that A,, (n > 5) is equipped with the Lipschitz
equivalent norms ¢y and /. (see Definition 0.12 and Fact 0.13). Recall from Section 0.1(d)
that A, denotes the Schur covering group of A,,.

Lemma 1.8. There exists a constant ¢ > 0 such that for any o € A, (n>5), 7 & Z(A,,)
for any integer k > cmax{ly(7)/lu(7),1} we have o € (t87)*. Here &@,7 € A, are the

images of o, T € A,, under the canonical homomorphism A, > A,.

Proof. We prove the lemma for A,, (n > 5) and derive the corresponding result for its Schur
covering group. Let 0,7 € A,,, 7 # id. After conjugating o, we may assume that either
supp(o) C supp(7) or the opposite inclusion holds. In the first case, o € Alt(supp(7)) =
(rAltGsupp(T)yrer € (7An)*e1 for some integral constant ¢; > 0, and in the second case,
o € Alt(supp(o)) = (rALGuWP@))k C (rA ) for any integer k > ca/le Alt(supp(o)) (T) =
colu (o) /lu(T) with some constant ca > 0; both times we use Lemma 3.2 of [49]. So we

may take ¢ := max{cy,ca}.
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The statement now extends to the Schur cover Kn by the following argument. W.l.o.g.,
n > 8 (we may neglect this finite data), so A, is a twofold cover of A,. It follows from
the standard construction of the two double covers of S,, that, when a and b are lifts of
the transposition (12) and (34), then (ab)? = z is the unique non-trivial central element
in one of these. This shows that Z(A,) C (7"1’1)"‘C3 for any non-central 7 € A,, and some

absolute integer constant ¢z > 0, which implies the claim for ;&n ]

Remark 1.9. According to Fact 0.13 by Lipschitz equivalence we can replace ¢y by £. in

the lemma.

Now we turn to the universal finite quasisimple groups of Lie type from families of
unbounded rank. The proof of ‘relative’ bounded normal generation for these is actually
very similar as for the Schur covering groups of the alternating groups.

We need the following fact which can be deduced by adapting the proof of Lemma 4.1
of [49] to quasisimple groups and looking at Lemmas 5.4 and 6.4, and the end of Section 7

of the same article.

Lemma 1.10. There is an absolute constant ¢ > 0 (independent of H) such that for
h € H\Z(H), for any k > c/ly(R) it holds that H = (h*1)**. Here h denotes the image
of h in H.

Remark 1.11. Again by Lipschitz equivalence we can replace £y, by £.

We will also make use of the following Proposition 2.13 from [67], which we state here

without proof.

Lemma 1.12 (Proposition 2.13 of [67]). Forh € H, if ly(h) = &, then £y (k) > min{§, 1—
8}. Here h is the image of h in H.

Here is now the promised result for almost all other universal finite quasisimple groups

from families of unbounded rank:

Lemma 1.13. Let € > 0 be arbitrary. There exists an absolute constant C > 0 and a
constant D > 0 only depending on € such that the following holds: Let hy € H \ Z(H),
he € H, ly(h1) < 1—¢. Then hy € (RI)** for all integers k > max{Cly(hz) /b (h1), D}.

Proof. First assume that € < £, (h1) < 1—e. Then by Proposition 2.13 of [67] it holds that
lpr(h1) > €, so by Lemma 1.10 there is D € N only depending on ¢ such that (hi1)*P = H.

So we may assume, w.l.o.g., that £, (h1) < e < 1/8. Assume additionally that £ (he) <
1/8 as well (we will remove this assumption at the end). Set U; := ker(1 — h;) < V and
l; =dim(U;) (i =1,2).

At first we treat the special linear case, i.e., H = SL,(q): Replace hi,hy € H by
conjugates in Jordan normal form (where one off-diagonal entry might be different from
0 or 1) as matrices with respect to a suitable basis ey, ..., e, with all 1 x 1 Jordan blocks
corresponding to eigenvalue one in the upper left corner. Assuming there are m; of these

for h;, i.e., e1.h; = e1,...,em;.hi = en,, it is easy to see that m; > 2l; —n (i =1,2).
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Indeed, if k; (j > 1) is the number of Jordan blocks J;(1) of a linear map g on a
vector space k" and [ := dim(ker(l — g)) = n(l — £i(g)), we have I = Y70, k; and
> j=1Jk; < n. Hence ki =1—37"_, kj together with 3 7o k; < 3 > i dkj < "Ekl imply
that k1 > 21 —n. Applying this to g := h; yields the claim m; > 2l; — n (i = 1, 2).

Set m == min{my,ma} and W’ := (e;n41,.-.,€n). For X = (€9—n, ..., en) the space
Y := X @& W’ gives rise to a quasisimple group K = SL(Y) (dim(Y) > 3, since n —m > 1
as hy # idy, so that K is quasisimple). Note that X is well-defined, since by assumption
on [ and Iy we have n > m > 3n/4 > n/2. Then dim(X) = dim(W')+1=n—m+1> 2.
Then set Y’ := (e1,...,€2m-n—1). The operators hy, hy write as h; = idys ®idx PA; =
idys ®B; (i = 1,2) with respect to the decompositions V =Y @ XaW =Y @Y.
Assuming m; < mg gives 1/6 < l(B1) < 1/2 (By and Bs are seen as elements of
K = SL(Y); one gets close to the lower bound when A; only has Jordan blocks J»(1)), so by
Proposition 2.13 of [67] we have {,.(B1) > 1/6, implying the existence of a constant D € N
with By € K = (B)*P which yields hy € (hi)*P (by Lemma 1.10). If ma < mj, the same
argument shows 1/6 < £ (B2) and £k (B1) < 1/2, so as previously ¢, (B1) = bk (B1). By
Lemma 1.10, there is ¢ > 0 such that for all integers k > ¢/¢p,(B1) we have K = (Bf)**.
Then it holds that hy € (R1)** and by

6¢lyk(h2) /i (h1) = 6¢cli(B2) /b (B1) > ¢/l (Br)

we are done in this case with C := 6¢.

In the other cases, i.e., H # SL,(q), the proof is almost identical: Define U := Uy N Us
and [ = dim(U) > I3 + lo — n. From Lemma 1.6 we get W < U non-singular with
dim(W) > 21 —n. Then we infer dim(W+) < 2(n —1) from dim(W) > 2/ —n. This implies

dim(W) <2(n —1) <2(2n — (I + 1)) < 4(n — min{ly,lo})

and
4min{ly,lo} —3n < 2(l1 +12) —3n < 2l —n < dim(W).

As by assumption £ (hy), L (ho) < 1/8, implying that 7/8n < Iy, ls, we obtain dim(W+) <
dim(W). Now take X < W a non-singular subspace such that dim(X) > dim(W+)
is as small as possible such that ¥ := X L W' gives rise to a classical quasisimple
group K from the beginning of Section 1.2. As dim(W+=) > 1 (since hy # idy), then
dim(X) < ddim(W+) for some absolute d > 1. With respect to the decompositions V =
Yyt x1wt=v+1 Y, the operators hy, hy write as h; = idy 1L @idx GA; = idy1L &B;
with isometric automorphism A; of W+ and B; of Y (i = 1,2). Now assume /; < l. Then

rk(lde —Al)

Zrk(Bl) = dim(WJ‘) + dim(X)7
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which can be bounded from above by 1/2 and from below by the chain

’I’L—ll n—l1 n—l1 1

0+ d)n—10) - 20+d)@n—(i+h) — i0+dn-10) 11+d)’

Hence by Proposition 2.13 of [67] we get that £, (B1) > 0.25(1 +d)~!, so by Lemma 1.10
there is a constant D € N such that By € K = (B¥)*P| implying that hy € (R1)*P. On
the other hand, if I < [y, by the same computation as above 0.25(1 4+ d)~! < £,(Bs2)
and 4 (B1) < 1/2, so by Proposition 2.13 of [67] we have ¢ (B1) = 4 (B1). Applying
Lemma 1.10 gives ¢ > 0 such that for all integers k > ¢/l (B1) we have K = (Bf)**.
But then hy € (h{)** for such k, and, since

41 + d)clyk(ha) /b (h1) = 4(1 + d) el (Ba2) /6 (B1) > ¢/l (B1),

we are done in this case with C' := 4(1 + d)c.

We still need to eliminate the condition fy(he) < 1/8. This goes as follows: As
shown previously, the conjugacy class hil generates all elements h € H with £ (h) < 1/8
‘quickly’ and these elements generate the whole group H in constantly many steps (by
Lemma 1.10). In total any hy € H with £, (hg) > 1/8 is generated quickly by hil. O

Remark 1.14. The condition {x(h1) < 1 — ¢ for a fixed ¢ > 0 cannot be removed by

Example 1.2. In that sense, the previous result is best possible.

Remark 1.15. The only universal finite quasisimple groups from families of unbounded
rank which are not covered by Lemmas 1.8 and 1.13 are the double covers of the orthogonal
groups in odd characteristic.

Defining £y (h) := £ (h) for h an element of the twofold cover of Q3 (g) or Qamy1(q)
(¢ odd) the statement of Lemma 1.13 also holds for these. This is since Ag is embedded
into both of them (if m is large enough) as lifts of products of an even number of the
reflections with respect to the vectors e; —eo,e0 —e3,...,e7 —eg € V, where eq,...,eg is
an orthonormal system for f. So we can argue as at the end of the proof of Lemma 1.8 to
see that the two-element kernel of the covering map is generated ‘quickly’ by conjugates

of any non-central element.

1.4 The lattice of normal subgroups of an algebraic ultra-

product of classical finite quasisimple groups

Let H = (H;)ier be a sequence of groups from the list at the beginning of Section 1.2 and
set G := Hie ; H;. Let n; be the dimension of the natural module V; of H;. For some ultra-
filter U on I for which limy n; = oo define the normal subgroup Ny = {(h;)ier € G| h; =
1y, along U} of G as in Theorem 1.3. In this section, we give a complete description of
the lattice of normal subgroups of the algebraic ultraproduct Hy = G/Ny of the groups
H; (1 € I) with respect to U.
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Recall from Theorem 1.3 the definitions of the subgroups Ny = {(h;)icr € G| limy ik (h;) =
0} and Np; = {(h;)ier € G| limy, £pr(h;) = 0} of G. Here £y and £, are the norms from
Definition 0.12 (again we write h; € H; = H;/Z(H;) for the image of h; € H; under the
natural homomorphism). As they are norms, it is clear that Nyx and Ny, are normal in G

and contain Ny. Moreover, as £p;(hi) < luc(h;) (hy € Hy; @ € I), we get that Ny < Np,.

The following result is an immediate consequence of Lemma 1.10:

Lemma 1.16. The subgroup Ny, contains all proper normal subgroups of G containing

No. In particular, G /Ny, is non-abelian simple and Ny /Ny is a characteristic subgroup

Of Hu = G/NO

Proof. When h = (h;)icr € G\ Npr, there exist ¢ > 0 and U € U such that £p,(h;) > ¢ for
t € U. Hence from Lemma 1.10 it follows that there is £ € N such that (thl)*k = H; for
i € U. This implies (h))gNo = G, as wished. O

Hence from now on we may restrict to the normal subgroups of G above Ny which are
contained in Np,. Let us first characterize N, among the subgroups of G containing N,y.

For this we recall the definition of the quasiscalars S(H) from the end of Section 1.2.

Lemma 1.17. The map ¢: Ny — Z = [[,, S(H;) defined by (h;)ier — (Ni);c;, where
Ai is arbitrary (from S(H;)) if pe(hi) > 1/4 and X; is the unique X € Fy for which
lac(A"hy) < 1/4 otherwise, is a surjective homomorphism with kernel Ny. Moreover,
Z 2 Ny /Ny = Z(G/Nigo).

Proof. At first we check that \; is always in S(H;): This is clear when £, (h;) > 1/4. So
assume the opposite. In the special linear case there is nothing to check, so consider the
remaining cases. Set U; to be the eigenspace corresponding to eigenvalue A; of h; and
set dim(U;) =: I; > 3/4n;. Then by Lemma 1.6 there is W; < U; non-singular such that
dim(W;) > 2l; — n; > n;/2 > 1. The restriction hi|W¢ is a scalar from the full isometry
group GL(Wj, filyy,), so it must lie in S(H;).

Let us now show that ¢ is a homomorphism. So let (g;)icr, (hi)icr € Npr and pick
U € U and sequences (X;)ier, (ti)ier from [[,.; S(H;) such that

Coc (A i), (T hi) < 1/8

for i € U (this is possible by the definition of Ny, ). Then it follows that £ ((Aip;) "tgihs) <
1/4 for ¢ € U by the triangle inequality, establishing that ¢ is a homomorphism.

Also ¢ is surjective: Let A = mie] € Z. In any case, by Lemma 1.7 there is a
diagonal matrix in H; with all but at most two entries of the diagonal equal to A;. This
gives the desired preimage of .

Moreover, the kernel of ¢ consists of all sequences h = (h;)icr € Npr such that, when
mie] is the image of h under ¢, then \; =1 for ¢ € U and some U € Y. But this means
precisely that h € Ny, since then 0 = limy €, (h;) = limy, Erk()\;lhi) = limy; lyi (hy).
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Lastly, we have to show that Ny, /Ny is the center of G/N,. Since by Lemma 1.16
the quotient G/Ny, is non-abelian simple, it suffices to show that [G, Np] € Ny. So let
9 = (gi)ier € G and h = (h;)icr € Npr and let ();)ier be a sequence in ], ; [y such that
(A;lhi)ie 1 € Ny. Let U; be the eigenspace of h; corresponding to eigenvalue \; and set
W; .= U; N U;.g;. Then for w € W; one computes that w.[g;, h;] = w.gi_lhi_lgihi =w. As
dim(W;)/n; tends to one along U, this verifies that [g, h| € Ny. The proof is complete. []

To describe the normal subgroups N of G with Ny < N < N, accurately, we need some
definitions: Define £ to be the set of null sequences (7;);er along U with r; € [0,1] (i € I).
Two such sequences (7;)ier and (s;);er are said to be equivalent (write (7;)ier ~ (Si)ier
and (r;);c; for the corresponding equivalence class) if limy 7;/s; € (0,00). Here we set
0/0 := 1 and /0 := oo for z > 0. For two elements r and s of the quotient £/~ write
r < s if and only if limy, 7;/s; < oo, where (r;);cr and (s;);es are representatives for r and
s, respectively. It is routine to check that this is a definition and turns (£/~, <) into a
linear order.

Now define the function ct: Ny, — L/~ by h = (hi)ier = ({pr(hi));c; and call ct(h)
the convergence type of h. Denote by L the subset of elements r of £/~ for which either

r > (1/7%:)2'6] orr = (O)iel'

Lemma 1.18. The image of the function ct: Np — L/~ is equal to L.

Proof. At first we prove that the image of ct lies in L: Namely when r = (r;),c; € ct(Npr)

and 7 # (0),c;, then r; # 0 for all i € U for some U € Y. But then it follows that r; > 1/n;

for these ¢ and hence r > (1/n;);;-

The surjectivity is a bit more subtle. We prove it here only for the case that H; =
SLy,(¢i); the other cases are analogous. Choose non-central elements g; € SLa(g;) (i €
I). Then, if r = @ief satisfies ; > 1/n; along U, set h; = gi@m”J @ idp, —onr,) if
n; > 2|n;r;| and choose an arbitrary element otherwise. Letting h = (h;)ier, one sees

immediately that ct(h) = r. Finally, ct(1g) = (0),.; completes the proof. O

Remark 1.19. The normalized rank length function £ does not attain any possible value
on the classical quasisimple groups even for large ranks: E.g., 2m/fy(g) for g € GO5,,(q)
(g even) is even if and only if g € Q5 (q) (see [78, page 77| at the end of Section 3.8.1).

Owing to Lemma 1.18, henceforth we shall consider ct as a function with domain
Npr and codomain L. We extend this function to subsets S C Ny, by setting ct(S) =
{ct(s)|s € S}. For a normal subgroup N of G between Ny and Ny, the set ct(V) is then

called the associated order ideal (see Lemma 1.22 below).
Lemma 1.20. For such a subgroup it holds that ct(IN) = ct(IN N Nyk).

Proof. 1t is clear that ct(N) D ct(N N Ny). Let us prove the converse containment to
finish the proof: Let h = (h;)icr € N < Npp. Then there is U € U and \; € Fx (1 el
such that Kpr(ﬁi) = Erk()\;lhi) < 1/8 for i € U and so, when Uj; is the eigenspace of h;

corresponding to the eigenvalue \; for such an i, then [; := dim(U;) > 7/8n;.
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At first assume that H; = SLy,,(¢;) for all i € I. Then by the same argument as in the
proof of Lemma 1.13 we find a subspace W; < U; of dimension dim(W;) > 2l; — n; > n;/2
which has an h;-invariant complement WiL. Decompose W; = Wil &) Wf such that there
is a map g; € H; = SLy,(¢;) restricting to the identity on Wf and interchanging Wf- and
Wl (ieU).

In the opposite case, i.e., all H; preserve a form, by Lemma 1.6 there is a non-singular
subspace W; < U; with dim(W;) > 2l; — n; > n;/2. Moreover, for all large n; we may also
assume that n; — dim(W;) = dim(W;*) > 2 (by modifying W; a little). Now Lemma 1.5
implies the existence of g; € H; and Wil, I/VZ»2 < W; (i € U) non-singular such that V; =
Wit L W}l L W2 and g; restricts to the identity on W? while it interchanges W and W}.

In both cases it holds that u.[g;, h;] = u.gi_lhi_lgihi = u.gi_l()\i_lgi)hi = )\i—lu.hi for
u € Wit v.[gi, hi] = v.g; 'hi tgihi = N\jw.h; 9 for v € W}, and w.[gi, hi] = w for w € W?
(i € U). Since dim(W?) = n; — dim(W}) — dim(W;t) = n; — 2dim(W:) = n; — 2(n; —
dim(W;)) > 4l; — 3n; > n;/2, we have that £,k ([gi, hi]) = 1 —dim(ker(1 —[g;, hi]))/n; < 1/2
(i € U). Altogether, this implies that £, ([g:, hi]) = Luc([gi, 7i]) = b (N7 i)+ Lac Ny 1) +
0 = 20 (N ;) = 20, (R;). Here we use essentially Proposition 2.13 of [67] for the first
equality.

Therefore, setting g = (g;)icr € G, by Lemma 1.17 the commutator [g, h] is in Ny

(and of course in N as N is normal) and has the same convergence type as h. O

Remark 1.21. In view of Lemma 1.18, this implies that even the restriction ct| Ny | Ve —

L is surjective.

Now we are ready to justify the name ‘associated order ideal’ for ct(N) for N normal

in G lying between Ny and Np,.

Lemma 1.22. Let N be a normal subgroup of G between Ny and Np,. Then ct(N) is an

order ideal of L. Moreover, the maps

{N <G |Ny <N < Ny} 2 - {order ideals of (L,<)}
B

defined by a: N +— ct(N) and 5: J — {g € Ny | ct(g) € J} are isomorphisms of posets

and mutually inverse to each other.

Proof. By Lemma 1.20, we may restrict to the case N < Ny. Clearly, ct(N) is not empty
as lg € N. If r € ct(N), Lemma 1.13 implies that, if s < r, then s € ct(N). As (L, <)
was a linear order, ct(N) is an order ideal.

Concerning the second part: At first note that, as shown previously, a(NN) = ct(V)
is an order ideal. Also §(J), for an order ideal J of (L, <), is a normal subgroup, since
ct(g),ct(h) € J implies that ct(gh) < max{ct(g),ct(h)} € J and ct(¢~!) = ct(¢") =
ct(g) € J;alsoct(lg) = @ie ; € J. Moreover, both maps « and 8 are inclusion preserving.
To show that foa: N — ct(N) — {g € Ny | ct(g) € ct(N)} is the identity, i.e., that

ct(g) € ct(N) iff g € N, is just another straightforward application of Lemma 1.13. The
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map ao f3: J = {g € Ny | ct(g) € J} — {ct(g) € L|g € Ny, ct(g) € J} is the identity by
Remark 1.21. ]

Remark 1.23. Similarly, one can prove that for g € N and S C Ny it holds that ct(g)
is in the order ideal of (L, <) generated by ct(S) if and only if g € (S))cNo.

Corollary 1.24. The normal subgroups of G lying between Ny and Ny are linearly or-
dered.

Proof. This holds by the correspondence of Lemma 1.22, since (L, <) is linear and so its

order ideals are linearly ordered by inclusion. O

Corollary 1.25. For N < Ny normal in G containing Ng it holds that N is perfect, i.e.,
N =N'".

Proof. Pick h € N and proceed as in the proof of Lemma 1.20. The construction of g shows
that ct(g) < ct(h), so Remark 1.23 implies g € ((h)¢No < N. Hence the commutator
[g, ] lies in N' and ct([g, h]) = ct(h), so ct(N') = ct(N). To apply Lemma 1.22 to deduce
that N = N’, we still need that Ny < N’. It is therefore enough to show that Ny is
perfect. This follows from the following simple application of Lemma 1.10: Let h € H be
an element with £,.(h) > ¢ for some fixed ¢ > 0, where H is one of the H;. Then the
previously mentioned result implies that H' D (hf)**h=F = H for a fixed integer k only
depending on . Hence, if h = (h;);c; € Ny, applying this in every component i for which
h; # 1, yields that Ny < N{, as wished. d

Remark 1.26. The argument at the end of the proof also shows that G itself is perfect.

Remark 1.27. In particular, this implies that for No < N < N, normal in G it holds
that N N Ny, = [G,N] = N’ by the end of Lemma 1.17 and Corollary 1.25. Hence
Nix = (Npr)' and so Ny /Ny is characteristic in G/Np as well. Also Ny /Ny = [[,, S(H;)

from Lemma 1.17.

Using the correspondence of Lemma 1.22, we introduce the normal subgroup Nj as
the normal subgroup of Ny such that ct(Ny) = Ji, where J; = {@iel € L|nir; <
C for some C' > 0 along U}. It is obvious that J; covers the trivial order ideal Jy =
{@ie 1} corresponding to Ny, i.e., there is no order ideal properly between them. Hence
N7 covers Ny. Let us mention here that for M, N normal subgroups of G between Ny and
Ny it holds that M is covered by N if and only if the corresponding order ideals « (M)
and a(N) of (L, <) are of the form a(M) ={r € L|r < s} and a(N) = {r € L|r < s}
for some s # @z‘el'

Because we will need them later, we introduce the normal subgroups Ay = {h €
Npr| ct(h) € Jo} =11, Z(H;) and Ay == {h € Ny, | ct(h) € Ji}.

Now we complete the picture of the lattice of normal subgroups of G/Ny by looking
at an arbitrary normal subgroup N < N, of G with Ng < N.

Let us at first assume that N; < N. Then the following lemma applies:
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Lemma 1.28. Define maps between the following two sets

{N < G|N; <N < Ny}

o[

{M‘MﬂG, ngMSNrk}X{A|A§]G, ngASAl}

by ®: N — (NN Ny, NN Ay) and V: (M, A) — MA. Then ® and ¥ are isomorphisms

of posets and mutually inverse to each other.

Proof. Obviously, both maps are order preserving. Moreover, ® o W(M, A) = ®(MA) =
(MAN Ny, MANA;) = (M(ANNw), A(MNA;)) by Dedekind’s modular law. However,
it is easy to see from the definitions that AN Ny = M N Ay = Ny, s0o o ¥ = id as
Ny < M, A.

Similarly, we compute Yo ®(N) = V(NN Ny, NNA;) = (NNNwx)(NNA) <N. So
it is enough to show that every element h = (h;);e; € N can be written as a product of
elements from NN Ny and NN A;. We may assume that ct(h) > (0),.;, i.e., h ¢ Ao, since
otherwise we can write h = fg with f =1g e NN Ny and g=h € NNAg C NN A;.
In the opposite case, choose \; such that Erk(/\;lhi) = lpe(h;) (i € I). Let g; € H; be
an element which has all but at most two diagonal entries equal to A; (which exists by
Lemma 1.7). Then, setting f := (higi_l)iel and g := (gi)ier, h = fg is the desired product
decomposition. Indeed, f € Ny and g € A; by construction. To show that f,g € N goes
as follows: As in the proof of Lemma 1.20, find ¢ € G such that ct(h) = ct([c, h]) and
[c,h] € Ny. Then we have that f,gh~! € Ny and ct(f),ct(gh™1) < ct(h) = ct(]e, h)),
so that f,gh™t € (e, h])aNo < (h)cNo < N by Remark 1.23, yielding the claim that

g, f € N. The proof is complete. O

Remark 1.29. Essentially, Lemma 1.28 (in combination with Lemma 1.22) says that the
lattice of normal subgroups of G/Nj is isomorphic to the product of the linear order of
order ideals of (L, <) different from Jy and the subgroup lattice of the abelian group Z =
Npe /Ny = Ny A1 /Nox = A1 /(A1 N Nyk) = Ay /N; from Lemma 1.17. If @: N — (M, A),
then N — (ct(M),p(A)) is the described isomorphism of lattices, where ¢ is the map
from Lemma 1.17.

In this situation M = N’ is the commutator subgroup (by Remark 1.27 above) and
©(A) = o(MA) = ¢(N) =2 NNy /Ny = N/(N N Ny) = N/N' is the universal abelian

quotient.

Now assume that N; € N. Then it follows from Lemma 1.20 that ct(N) = ct(N N

Nix) = ct(No) = {(0);c;} = Jo (as by assumption Ny < N). Hence we have established

the following result.
Lemma 1.30. If N is normal in G containing Ng and N1 £ N, then N < Ayp.

Finally, we describe when a normal subgroup as in Lemma 1.30 is contained in a normal

subgroup as in Lemma 1.28:
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Lemma 1.31. A normal subgroup N of G containing Ny but not N1 is contained in a
normal subgroup K < Ny, containing Ny if and only if N < A (or equivalently ¢(N) <
©(A), with ¢ the map from Lemma 1.17), where ®(K) = (M, A) is from Lemma 1.28.

Proof. Assume N < K. Then by Lemma 1.30 it holds that N < KNAg < KNA; =A
implying ¢(N) < ¢(A). Conversely, by Lemma 1.17 the assumption ¢(N) < ¢(A) implies
NNy < ANg.. Thus NNg N Ay = N(Ng N A;) = NN; < ANg N Ay = A(Nyc N Ap) =
AN; = A by Dedekind’s modular law. So N < A < K, completing the proof. O

We end up with a few remarks.

Remark 1.32. An ultraproduct of universal quasisimple groups of bounded rank (along
the ultrafilter) will just result in a quasisimple group X (k) over a pseudofinite field k,
where X is the Lie type selected by Y. In this case, its lattice of normal subgroups is
‘understood’. We have Ny = Nyx and Ny, = Z(X (k)).

Remark 1.33. Again we have not yet covered the case that the H; (i € I) are double
covers of Q;tm(q) or Qom+1(q) (m € Z4 suitable, ¢ odd). In this case, define Ny as above
and let Ap be the elements of G = [[;c;
Then G/Ny is a twofold cover of an ultraproduct G/Mj of orthogonal groups with kernel
My /Ny = Co.

It follows from Remark 1.15 that, if Ng < N < G contains an element non-central

H; which are central along the ultrafilter U.

modulo Ny, i.e., it is not contained in Ag, then My < N, so it corresponds to a normal
subgroup of G/M, (which we understood).

Finally, when Ny < N < Ay with My € N and My < K < G, then N < K iff
NMy < K and this again can be decided by considering the lattice of normal subgroups
of G/My, which we ‘know’.

Using the same argument, one can show that the normal subgroups of an ultraproduct
of the double covers of simple alternating groups are still linearly ordered by inclusion
(since here Ay = M).
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Chapter 2

Metric approximation of groups

by finite groups

2.1 Introduction

Eversince the work of Gromov on Gottschalk’s surjunctivity conjecture [29], the class of
sofic groups has attracted much interest in various areas of mathematics. Major appli-
cations of this notion arose in the work of Elek and Szabd on Kaplansky’s direct finite-
ness conjecture [13], Liick’s determinant conjecture [14], and more recently in joint work
of Thom and Klyachko on generalizations of the Kervaire-Laudenbach conjecture and
Howie’s conjecture [41].

Despite considerable effort, no non-sofic group has been found so far. In view of
this situation, attempts have been made to provide variations of the problem that might
be more approachable. In the terminology of Holt and Rees, sofic groups are precisely
those groups which can be approximated by finite symmetric groups equipped with the
normalized Hamming length function (in the sense of Definition 1.6 of [71]). It is natural
to vary the class of finite groups and also the metrics that are allowed. Note that our
terminology (see Definition 2.1) differs from the one used in [57], where similar concepts
were studied.

The strongest form of approximation is satisfied by LEF (resp. LEA) groups. In this
case, it is well-known that a finitely presented group is not approximable by finite (resp.
amenable) groups with discrete length function, i.e., it is not LEF (resp. LEA), if and
only if it fails to be residually finite (resp. residually amenable). Examples of sofic groups
which fail to be LEA (and thus also fail to be LEF) are given in [6] and [40] (see also [70]),
answering a question of Gromov [29].

In [71] Thom proved that the so-called Higman group cannot be approximated by finite
groups with commutator-contractive norm. In [35] Howie presented a group which by a
result of Glebsky [?] turned out not to be approximable by finite nilpotent groups with
arbitrary norm.

This chapter provides four more results of this type (see Sections 2.3 and 2.5). However,
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in our setting we restrict only to classes of finite groups and do not impose restrictions on
the length functions of the approximating groups other than being invariant, i.e., being

norms (see Definitions 2.1 and 2.8).

Recently, Glebsky [24] asked whether all groups can be approximated by finite solv-
able groups (in the sense of Definition 2.1). In Section 2.3, we answer this question by
establishing that each non-trivial finitely generated perfect group is a counterexample
(see Theorem 2.17). The key to this result is a theorem of Segal [63] on generators and

commutators in finite solvable groups.

In Section 2.4, using results of Nikolov from [?] and of Liebeck and Shalev from [49],
we prove that any non-trivial group which is approximable by finite groups has a non-
trivial homomorphism into a metric ultraproduct of finite simple groups of type PSL,,(q)

equipped with the normalized conjugacy length function (see Theorem 2.25).

In Section 2.5, we discuss the approximability of Lie groups by finite groups. It is easy
to see that R as a topological group is not approximable by symmetric groups, i.e., it is not
continuously embeddable into a metric ultraproduct of symmetric groups with arbitrary
norms (see Remark 2.36). Using a much deeper analysis, we show that a connected Lie
group is approximable by finite groups (in the sense of Definition 2.8) precisely when it is
abelian (see Theorem 2.33). In [10, Question 2.11] Doucha asked for groups which can be
equipped with a norm such that they do not embed into a metric ultraproduct of normed
finite groups. Our result implies that any compact, connected, and non-abelian Lie group
is an example of such a group. Thus the simplest example of a topological group which is
not weakly sofic, i.e., not continuously embeddable into a metric ultraproduct of normed
finite groups, is SO3(R). However, we remark that every linear Lie group is an abstract

subgroup of the algebraic ultraproduct of finite groups indexed over N (see Remark 2.35).

Furthermore, in the same section, we answer the question of Zilber [79] if there exists
a compact simple Lie group which is not a quotient of an algebraic ultraproduct of finite
groups. Indeed, we show that a Lie group which can be equipped with a norm generating
its topology and which is an abstract quotient of a product of finite groups has abelian
identity component (see Theorem 2.37). Hence any compact simple Lie group fails to be

approximable by finite groups in the sense of Zilber.

A slight variation of Theorem 2.37 also answers Question 1.2 of Pillay [59]. Moreover,
we point out that Theorems 2.33 and 2.37 provide an alternative proof of the main result
of Turing [74].

Finally, using the same approach as for the previous two results, we solve the conjecture
of Pillay [59] that the identity component of the Bohr compactification of any pseudofinite

group is abelian (see Theorem 2.38).

All results of Section 2.5 follow from a theorem on generators and commutators in

finite groups of Nikolov and Segal [?].
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2.2 Preliminaries

In this section, we introduce the notion of C-approximable abstract and topological groups,
and present examples. Recall the definition of the invariant length functions £y, £, lik,
lor, and Lcay s (see Definition 0.12). Also recall that F denotes a free group of rank rk(F')
(see the beginning of Section 0.1).

2.2.1 On C-approximable abstract groups

We define metric approximation of an abstract group by a class of finite groups. Through-
out this chapter, let C be such a class. Subsequently, a group is called a C-group if it
belongs to the class C.

Definition 2.1. An abstract group G is called C-approximable if there is a function de: G\
{1g} — (0,00] such that for any finite subset S C G and € > 0 there exist a group H € C,
a norm Ly on H, and a map p: S — H such that

(i) if 1g € S, then o(1g) = 1y;
(i) if g,h,gh € S, then du(¢(g)p(h), ¢(gh)) < &;

(ii7) for g € S\ {1lg} we have Ly (p(g)) > d4.

A map ¢ with the above properties is called an (S, €, ds)-homomorphism.

Remark 2.2. Note that the above definition differs slightly from Definition 1.6 in [71],
as we impose no restrictions on the norms. However, it is equivalent to Definition 6 from
[24]. Indeed, we may even require that /g < 1 and de = 1 in the above definition, without
changing its essence. Namely, choosing € > 0 small enough, setting ¢ := mingeg g, {p =
min{ly /¢, 1}, and defining §': G\ {1g} — (0,00] by 4, := 1, we can replace ¢ by ¢’ and ¢
by ¢};. So, in the sense of (34, page 3], if we do not impose restrictions on the norms on the
groups from C, the terms ‘C-approximation property’, ‘discrete C-approzimation property’,
and ‘strong C-approzimation property’ coincide. Hence, for simplicity, subsequently, we

assume the function d, to be constant and write just d for 4 (g € G).

Moreover, similar to soficity, being C-approximable is a local property. This is ex-

pressed in the following remark.

Remark 2.3. An abstract group is C-approximable if and only if every finitely generated
subgroup has this property.

Let us now present some examples of C-approximable abstract groups. Subsequently,
denote by Alt (resp. Fin) the class of finite alternating groups (resp. the class of all finite
groups). Indeed, C-approximable abstract groups (in the above sense) can be seen as a

generalization of sofic (resp. weakly sofic) groups as it is shown in Section 2 of [24]:
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Example 2.4. A group is sofic (resp. weakly sofic) if and only if it is Alt-approximable

(resp. Fin-approximable) as an abstract group.

Groups approximable by certain classes of finite simple groups of Lie type have been
studied in [1] and [73, ?7].

Every C-group G is certainly C-approximable, since we can take H = G, ¢ to be the
restriction of the identity on G to S, and g = {q g to be the discrete length function on
H in Definition 2.1. Hence Remark 2.3 implies:

Example 2.5. Every locally C-group is C-approximable as an abstract group.

Henceforth, let Ab, be the class of finite abelian groups which are a direct sum of at

most d cyclic groups. The last example we mention here is the following:

Example 2.6. A finitely generated abelian group which is a direct sum of at most d cyclic

groups is Abg-approximable as an abstract group.

This example will follow from the fact that such a group embeds in a connected abelian

Lie group, which is Abg-approximable as a topological group by Lemma 2.16 below.

There is another common equivalent characterization of C-approximable groups via
metric ultraproducts of normed C-groups with norm. Recall Definition 0.7. Let us call the

class C trivial if either C = () or C = {1}. Here is the promised characterization.

Lemma 2.7. IfC is a non-trivial class, every abstract C-approrimable group G is isomor-
phic to a discrete subgroup of a metric ultraproduct (Hy, ty) = 11, (Hs, 4;) of C-groups H;
with norms ¢; (i € I) such that diam(H;,¥¢;) = 1 and the distance between the images of
any two different elements of G is one. If G is countable, I can be chosen to be N with
the natural order and U to be some non-principal ultrafilter on it.

Conwversely, any subgroup of a metric ultraproduct of normed C-groups is C-approximable

as an abstract group.

The proof of this result is identical to the corresponding proof in the sofic case, which
is well-known. Hence we omit it here.
2.2.2 On C-approximable topological groups

In view of Lemma 2.7 it is natural to generalize the notion of a C-approximable (abstract)

group to topological groups using ultraproducts:

Definition 2.8. A topological group is called C-approximable if it embeds continuously

mto a metric ultraproduct of normed C-groups.

Lemma 2.7 indicates the following class of examples of C-approximable topological

groups:

Example 2.9. Every C-approximable abstract group equipped with the discrete topology

is C-approximable as a topological group.
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Conversely, a C-approximable topological group is C-approximable as an abstract group
when we ‘forget’ its topology.

To present more classes of examples, we need an auxiliary result. The following lemma
gives a sufficient condition for a normed group to be isomorphic to an ultraproduct of

normed finite groups. Its proof is trivial.

Lemma 2.10. Let (G,¢g) be a normed group, I an index set, U an ultrafilter on I,
(K, li)ier a sequence of normed finite groups, and (Ky,ly) = [ (K, €;) its metric

ultraproduct.

(i) Assume there are maps ¢;: G — K;, which are isometric and a homomorphism in
the U-limit, i.e.,

lim di(pi(9). pi(h)) = da(g, h) and limdi(pi(g)¢i(h), pi(gh)) =0

for all g,h € G. Then there is an isometric embedding ¢: (G,lq) — (Ky,ly) in the

ultraproduct defined by p(g) = (¢i(9));cr-

(it) The embedding ¢ is surjective if and only if for every (k;)ic; € K = [[,c; K; there
exists g € G such that limy, d;(p;(g), ki) = 0.

(iii) It surjects onto the subgroup of elements of finite length of (Ky, ly) if the previous
assertion holds for all (k;)icr € K with sup;c;;(ki) < 0o.

Let CP and CSF be the class of finite products of C-groups and the class subgroups of
finite products of C-groups, respectively. Now we investigate which profinite groups are
C-approximable as topological groups. The standard example is given by the following

lemma:

Lemma 2.11. Let H; (i € Z) be C-groups. Then the profinite group P := Hi€Z+ H; is
isomorphic to a metric ultraproduct of C¥ -groups and so C¥ -approzimable as a topological

group.

Proof. We want to apply (i) and (ii) of Lemma 2.10 to G := P. Equip G with the norm
lg(h) == max{l/i|i € Z4, h; # 1g,} U {0}, where h = (hj)ier € G. Let I := Zy and U
be some non-principal ultrafilter on I. Set K; = Hy X -+ x H; < G and let ¢; be the
restriction of £¢ to K;. Define ¢;: G — K; in such a way that for every g € G the distance
da(¢i(g), g) is minimal. By definition of ¢, we have that dg(pi(g),g) < 1/i. Hence it is
easy to verify that condition (i) of Lemma 2.10 is fulfilled. For (ii) define g as the U-limit
in G of the sequence (k;)ic; € K = [[;c; K; < G' (which exists by compactness of G).
Then limy, d;(@i(9), ki) < limy da(vi(g),9) + limy dg(g, ki) = 0. This ends the proof. [

From the previous example we derive the following result.

-CSP

Lemma 2.12. For a pro group P the following are equivalent:

35



Chapter 2. Metric approximation of groups by finite groups

(i) P is C¥-approzimable as a topological group.
(ii) P is metrizable.

(iii) P is first-countable.

CSP

(iv) P is the inverse limit of a countable inverse system of -groups with all maps

surjective.
(v) P is a closed topological subgroup of a countable product of C-groups.

Proof. The implications (i)=-(ii)=-(iii) are trivial. (iii)=-(iv): Let B be a countable system
of open neighborhoods at 15. For each B € B we can find an open normal subgroup N C B
such that P/N is a subgroup of a C5P-group, so itself a C5F-group (by Proposition 0.3.3(a)
and Proposition 1.2.1 of [77]). Let A be the collection of these subgroups. Since (B =
{1p}, as P is Hausdorff, the same holds for A. Moreover, for M, N € N we have P/(M N
N) < P/M x P/N, so P/(M N N) is a C5P-group, too. Hence we may assume that
N is closed for finite intersections and apply Proposition 1.2.2 of [77] to obtain that P
is the inverse limit of the C5T-groups P/N (N € N') with respect to the natural maps
P/M — P/N for M < N (M,N € N).

(iv)=(v): By the standard construction of the inverse limit, it embeds into a countable
product of C5P-groups, which (by definition) embeds into a countable product of C-groups.
For (v)=-(i) we only need to show that a countable product of C-groups is C"-approximable.
This is Lemma 2.11. The proof is complete. O

Remark 2.13. Lemma 2.12 implies that, if a pro-CS5F group embeds continuously into a
metric ultraproduct of normed CP-groups, then it already embeds into such an ultraprod-

uct of countably many groups.

We are now able to present the following important example:

Example 2.14. If P = (x1,...,x,) is a topologically finitely generated pro-CSF group,

then P is CP-approximable as a topological group.

Proof. Indeed, P embeds continuously into the product of all its continuous finite quotients
[Iy P/N and finite generation implies that there are only countably many of these. By
Proposition 1.2.1 of [77], we can restrict this map to a product of subgroups of C5F-groups
(which are itself CSP-groups) such that it still is an embedding. But the latter embeds
into a countable product of C-groups. Hence P is C¥-approximable (by Lemma 2.12). O

However, it is also simple to find examples of profinite groups that are not approximable

by finite groups:

Example 2.15. Uncountable products of (non-trivial) finite groups are not metrizable

and hence not approximable by finite groups.
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Now we turn to Lie groups. The following example demonstrates that connected
abelian Lie groups can always be approximated by finite abelian groups in the sense of
Definition 2.8. Recall that Ab, denotes the class of finite abelian groups which are a

direct sum of at most d cyclic groups.

Lemma 2.16. Every d-dimensional connected abelian Lie group L = R™ x (R/Z)" (m +
n = d) equipped with the ‘euclidean’ length function £y, is isometrically isomorphic to the
subgroup of elements of finite length of a metric ultraproduct of normed Abg-groups and

hence Abg-approximable.

Proof. We wish to apply (i) and (iii) of Lemma 2.10 to G := L with euclidean length
function £ = ;. Let I := Z and U be some non-principal ultrafilter on I. For ¢ € Z,

s,-;:{?, Z,“,...,Z,} ><<1,Z/Z> C I,
1

set

i i )
and K; = (Z/(4i%))™ x (Z/(i))". Define oy: {—i?/i, (—i2+1)/i,...,i2/i}™ — (Z/(4i%))™
by & — iz, let B;: (+Z/Z)"™ — (Z/(i))"™ be the canonical isomorphism, and set v;: S; — K;
to be the map (z,y) — (ai(z), Bi(y)). Moreover, equip K; with the unique length function
that turns 7; into an isometry. Let §;: G — S; be a map such that dg(d;(g),g) is minimal
for all g € G. Now define ¢; := 7;06;. Clearly, condition (i) of Lemma 2.10 is now fulfilled.
Condition (iii) follows from compactness of closed balls of finite radius in G by the same

argument as at the end of the proof of Lemma 2.11. The proof is complete. O

We will see in Theorem 2.33 of Section 2.5 that connected abelian Lie groups are the

only Fin-approximable connected Lie groups.

2.3 On Sol-approximable groups

Subsequently, let Sol (resp. Nil) be the class of finite solvable (resp. nilpotent) groups.

The goal of this section is to establish the following theorem.

Theorem 2.17. Any non-trivial finitely generated and perfect group is not Sol-approz-

imable.

As a consequence, a finite group is Sol-approximable if and only if it is solvable: Indeed,
any finite solvable group is Sol-approximable. On the other hand, a non-solvable finite
group contains a non-trivial perfect subgroup and hence cannot be Sol-approximable by
Remark 2.3 and Theorem 2.17.

Initially, Howie proved in [35] that the group (z,y|z2y=3,272(zy)%) is not Nil-
approximable. We mimic his proof for any non-trivial finitely generated perfect group
and then extend it by establishing that these groups are not even Sol-approximable using
techniques of Segal [63, 65].

In preparation of the proof of Theorem 2.17 we need an auxiliary result, which is a

generalization of [?, Theorem 4.3] — Theorem 2.18 below. Recall that the pro-C topology
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on a group K is the initial topology induced by all homomorphisms to C-groups equipped
with the discrete topology. Hence the closure S of a subset S C K in this topology is
characterized as follows: An element k € K lies in this closure if and only if p(k) € ¢(95)
for all homomorphism ¢: K — H, where H is a C-group.

Now we can state the auxiliary result relating C-approximable groups to the pro-C

topology on a free group of finite rank.

Theorem 2.18. Let F/N be a presentation of a group G where rk(F) < oo. Then, if G
is C-approximable, for each finite sequence ny,...,nE € N it holds that nf x nE CN (in
the pro-C topology on ¥ ). The converse holds if C is closed with respect to finite products

and subgroups.

The proof of Theorem 2.18 will follow from the two subsequent lemmas (Lemmas 2.20
and 2.21). In the following, set B,(F) := {w € F|{p(w) < p} (the p-ball around 1y with
respect to the Cayley length function g = fcay s on the free group, where S are the
standard generators of F'). In preparation of Lemma 2.20 below, we need to introduce the

notion of a C-separable normal subgroup of the free group.

Definition 2.19 (C-separable normal subgroups of free groups). Let N < F, p € N,
€>0,d >0. Assume there exists a group H € C, a norm £z on H, and a homomorphism

o: F — H such that for any w € By(F) we have
lu(p(w)) < e forweN

and
lr(p(w)) > 6 forw e F\ N.

Then we call N (p,€,0)-separated by ¢.
The normal subgroup N is called C-separable if there exists § > 0 such that for any
0€Nande >0 it is (o,¢,0)-separated by some suitable homomorphism to a C-group (for

some chosen norm l ).

The subsequent lemma is a generalization of [?, Lemma 6.2]. The proof given here

follows the second proof given in the article [?].

Lemma 2.20 (Characterization of C-approximable groups by C-separability). If N < F
is C-separable, then the group G = F /N is C-approzimable. When rk(F) < oo, the reverse

implication implication <=’ also holds.

Proof. We first prove the direction ‘=, i.e., we assume N < F is C-separable and derive
that G = F/N is C-approximable.

Let § > 0 be such that for any ¢ € N, € > 0 the normal subgroup N is (p, €, §)-separated
by a homomorphism to a C-group. We will construct an (S, e,d)-homomorphism (as in
Definition 2.1) from an arbitrary finite subset S C G to a group H € C (for a suitable

norm fg). Assume S = {51,...,5,,} for some si,...,s, € F (all 5; distinct; if 1¢ € S,
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2.3. On Sol-approximable groups

then it is represented by 1g). Set o = max{lr(s;)|i =1,...,m} (it is well-defined since
S is finite).

Choose ¢: F — H to (3p,¢,0)-separate N (where H € C and /p is a suitable norm on
H). Then define : S — H by $(5;) = ¢(s;) (it is well-defined, since the §; are pairwise
distinct). Clearly, @ is an (.5, €, §)-homomorphism:

If 1¢ =35; € S, then by assumption s; = 1y, so that (1g) = (1) = 1y (since ¢ is a

-1

—1
;S s € N and so

homomorphism). Moreover, if 5;5; = 5, then s
A (P(5:)9(55), B(5k)) = Lu(e(s; sy tsp)) <e,

1.-1

since BF(sj_ s; "sk) < 3p by the choice of p € N and the triangle inequality. Lastly, if

Si # 1g, then s; ¢ N and fp(s;) < 3p, whence

tu(?(5:))) = Lu(p(si)) > 6

again since ¢ is (3p, ¢, §)-separating.

Let us now prove the reverse direction ‘<=’. Let F have a basis z1,...,x,. Assume
there is § > 0 such that there exists an (.5, ¢, §)-homomorphism @: S — H for all S and
e > 0 (where H € C is equipped with norm /). Then choose

S = By(F) ={w e G|lw € B,(F)}.

Observe that S is finite, since F is of finite rank r € N. W.l.o.g., assume ¢ > 1, so that
Zitl € S (fori=1,...,r). Define o: F — H by ¢(x;) = ?(7;) (and extend it by freeness
of F).

We claim that N is (g, 20e, § —20¢)-separated by . At first note that for any generator
of F we have by left-invariance of £z that

dy(3@) L 2@ ) = du(@(le), p(@)e(@i 1Y) <e, (2.1)

as ¢ is multiplicative up to ¢ and 1g, 7' € S (by its definition). Now we can prove by

induction on n = fgp(w) > 0, n < p that
du(p(w), p(w)) < 2p(w) = 1)e. (2.2)
For n = 1 we have two cases. In the first case, w = x; is a generator, so
du (p(w), p(w)) = du(@(z7), P(77)) = 0.

In the second case, w = aci_l is the inverse of a generator, whence

dn(p(w),p(W)) = du(p(T) ', p(@ 1)) <e
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by Inequality (2.1). Now assume that Inequality (2.2) is true for n < p. Then we get for
lp(w) =n+1 that

)6n+1’¢($§11 .. 1;27:11))
)

(@) () (e ])

+du(@@n)* - BT, pla ), Plag) - 2B ))
+du (s -2 )Pl ) Pl - ai))

i1 in in+t1 i1 in+41

<e+(2n—-1)e+e=02n+1)e,

as desired. Here we use Inequality (2.1) and left-invariance to estimate the first summand

in the second line, the induction hypothesis and right-invariance in the third line, and the

property of @ to be multiplicative up to € in the fourth line. Moreover, the estimate of

the last line is valid, since all the elements of G in the formula lie in S (by definition).
Now if w € N N B,(F), w # 1g, then

lr(p(w)) = du(p(w), 1) = du(p(w), p(w)) < (2l (w) — 1) < 20z,

since W = 1g as w € N and $(1g) = 1y by definition of an (S, e, d)-homomorphism. The
case w = lg is trivial.
If w e By(F)\ N we get

tr(p(w)) = du(lm, p(w)) 2 du(la, P(W)) = du(p(w), p(w)) > 6§ — 20e

by definition and the triangle inequality. Thus we have shown that N is (o, 20,0 — 20¢)-
separated by the homomorphism ¢: F — H (with respect to the norm ¢f), so by choosing

€ > 0 small enough, we are done. O

The next lemma and its proof is a generalization of [?, Lemma 6.4].

Lemma 2.21. If N < F is C-separable, then for all finite sequences ni,...,ny € N we
have nf ---n¥ C N (in the pro-C-topology on F). When tk(F) < oo and C is closed for

finite products and subgroups, the reverse implication <=’ is also valid.

Proof. We begin with the direction ‘=’. So assume N is C-separable and choose a finite
sequence ni,...,ni € N. In order to prove that nf . nE C N, it is enough to prove that

for w € F\ N there is a homomorphism ¢: F — H to a C-group H such that
p(w) & p(n) - ()™ 2 p(nf -+ np).
So find § > 0 such that N is (g, e,d)-separable for all p € N, ¢ > 0 (w.r.t. C). Take

0 = max{lp(w),p(n1),...,lr(nk)}
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2.3. On Sol-approximable groups

and let ¢: F — H be a homomorphism to the C-group (equipped with norm ¢z) which
(0,0/k,0)-separates N. Then by definition ¢g(p(w)) > 6, since w € By(F) \ N and
Cr(p(nj)) < d/k, since nj € NN B,(F) for j =1,...,k. Thus clearly

k
C(p(w) > 6 =k6/k > La(e(n)") > La(p(n)™ - o(ng)™)
j=1

for any choice of hj (j =1,...,k) as £ is a norm, so that p(w) & @(n1)? - p(ng)?, as
claimed.

Now we prove the reverse implication ‘<=’ under the additional assumptions. We
need to construct an (p,¢,d)-separating homomorphism to a normed C-group for some
fixed § > 0 and all p € N, ¢ > 0 arbitrary. Choose an integer | > §/e. For each
w € By(F)\ N and every finite sequence ni,...,n;y € N N By(F) with k& < [ we may

choose a homomorphism @y, ;... n, : F — H (H € C) such that

Pw,ny,...,nk (’LU) Q Pwny,...,nk (TL? te ng)

since nf ---nf C N (in the pro-C topology on F). As F has finite rank, the set B,(F) is
finite and thus there are only finitely many possibilities for the choice of w and n1, ..., ng.

Taking the tupling of all the corresponding homomorphisms, we get a homomorphism

p: F— HH with o(w) & e(nf ---nk)

for any w € Bo(F)\ N, n1,...,ny € NN By(F), k <land [[H € C (since C is closed for
finite products). Since C is closed for subgroups, we can restrict ¢ to its image I := im(yp)

(which is then a C-group), so that we have

p(w) € (1)’ - ().

Now set € == {¢(n)! |n € NN B,(F)}, E == |J& and equip I with the norm ¢; := elcay g
(see Definition 0.12).
We claim that ¢: F — I (p,¢’,0)-separates N for &’ > ¢ (I being equipped with norm

lr):
At first choose w € B,(F) \ N. Then by construction

o(w) & {1}p(n)" - o(ng)"

for any £ < [ and ny,...,ng € N N B,(F), whence {;(p(w)) > el > §. But if we pick
n € N N B,(F), we have

p(n) € {1r}p(n)",

so £1(p(n)) <e < &'. This completes the proof. O]
Proof of Theorem 2.18. The result immediately follow from Lemmas 2.20 and 2.21. O
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Chapter 2. Metric approximation of groups by finite groups

Remark 2.22. If C is closed with respect to finite products and subgroups, Theorem 2.18
implies that residually C-groups are C-approximable as abstract groups, since, if G = F/N
is a finitely generated such group, for each finite sequence ni,...,nr € N we obtain
n¥...nf C N =N (in the pro-C topology on F).

In view of Theorem 2.18, when C is closed for subgroups, to prove the existence of a
non-C-approximable group, it suffices to find a normal subgroup N < F of a free group
of finite rank, an element = € F \ N, and a sequence ni,...,nxy € N such that ¢(z) €

(1)
As both classes Nil and Sol are closed with respect to subgroups, we shall construct

-~ (ng)H for any surjective homomorphism ¢: F — H to a C-group.

a situation as described before.

Subsequently, let F be freely generated by x1,...,z,. Fix a presentation F/N of some
non-trivial perfect group P and an element z € F\ N. The assumption that P is perfect is
equivalent to the fact that F = F'N. Hence we can find nq,...,n,,n € N such that x; = n;
(i=1,...,r) and x = n modulo F’. Consider a surjective homomorphism ¢: F — H to
some finite group H (later H will be assumed to be nilpotent resp. solvable). Writing
yi = o(x;), hi = ¢o(n;) (i =1,...,r), y = ¢(x), and h := p(n), the above translates
toy; = h; (i =1...,r) and y = h modulo H'. Clearly, hq,...,h, generate H modulo
H' (as ¢ is surjective). Now we need a lemma. To state it, we need some notation from
the Section 0.1(b). Recall that in a group G we write [g,h] = g7 h~1gh = g~ 'g" for the
commutator of the elements g,h € G. For S C G and g € G we write [S, g] for the set
{[s,g]|s € S}, and for subgroups K,L < G write [K, L] for the subgroup generated by
{lk,l]|ke K,le L}.

Lemma 2.23 (Proposition 1.2.5 of [65]). Let L < G be groups and suppose that G =
G'(g1,.--,9m). Then
(L, Gl = [L; g1] - -+ [L, ][ L1 G]

for alll > 1. Here [L,; G] denotes the subgroup [[L,G],...,G| of G.
—

Proof of Theorem 2.17, Part 1. We apply Lemma 2.23 to G = L = H, m = r, and
gi = h; (i =1,...,7). Moreover, we choose [ > 1 to be an integer such that v;(H) =
Yw(H) (recall from Section 0.1(c) that 7;(H) is the ith term in the lower central series
of H and v,(H) = (;ez, 7(H)). Hence there exist l;;,l; € H (i,j = 1...,r) such
that y; = hi[lin, ha] -+ [lir, he] (0 = 1,...,7) and y = h[ly, hy] - - [ly, hy] modulo 7, (H).
Assuming H is nilpotent (so 7,(H) = 1), the last congruence shows that

y = p(x) € o) p(nj,),
where knj = 2r + 1 and (né)?ﬁ‘f is the sequence (n, nl_l, n1,...,n. Y n,.). Thus P cannot
be Nil-approximable. O

To prove that P is not Sol-approximable, we need the following deeper result of Segal

on finite solvable groups:
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2.4. On Fin-approzimable groups

Theorem 2.24 (Theorem 2.1 of [63]). Assume G is a finite solvable group and

Yo (G g1,y gm) = G

for some m € N. Moreover, assume that G is generated by d elements. Then there is a
fized sequence (z])gnzl1 of indices in {1,...,m}, whose entries and length m' only depend

on d and m, such that

Yw(G) = H['Yw(G)a gij]'
j=1

Proof of Theorem 2.17, Part 2. Assume that H is solvable. We want to apply Theo-
rem 2.24 to G = H. Since ¢ is surjective, the elements y; = ¢(x1),...,y, = p(z,)
generate H, so we may set d := r. We still have to define the elements ¢1,...,9m € G.
From the above congruences we conclude that the sequence
h17 ) hr, (hfl)l117 Ty (h’zl)lha ) (hfl)lrl? Ty (h':l)lm

is a good choice for ¢i,..., gm. Thus m = r(r + 1) is bounded in terms of r.

The theorem gives us, similarly as in the nilpotent case, a fixed sequence (n;’ )?i"l‘ with
entries in {n,niﬂ, oo ,nF}, whose length ksel = kni + 2m’ is bounded in terms of r,

such that

y = ¢(z) € ()7 p(nf, )"

Thus P cannot be Sol-approximable. O

Note that finite generation is crucial here. Indeed, there exist countably infinite locally
finite-p groups which are perfect and even characteristically simple [53]. By Example 2.5,
these groups are Nil-approximable (since finite p-groups are nilpotent), but by definition
they are not finitely generated. It is known that locally finite-solvable groups cannot
be non-abelian simple [60, page 154], but it seems to be an open problem if there exist

Sol-approximable non-abelian simple groups.

2.4 On Fin-approximable groups

Let PSL be the class of simple groups of type PSL,(¢q), i.e., n € N>9 and ¢ is a prime
power and (n, q) # (2,2),(2,3), and recall that Fin is the class of all finite groups. In this

section, we prove the following result, which is motivated by a private note of Nikolov.

Theorem 2.25. Any non-trivial finitely generated Fin-approximable group has a non-
trivial PSL-approzimable quotient. In particular, every simple Fin-approximable group is

PSL-approzimable.

To prove Theorem 2.25 we need some preparation. At first we recall a classical lemma
of Goursat [28]:
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Lemma 2.26 (Goursat’s lemma). Let G < K X L be a subdirect product, i.e., the restricted
projection maps x: G — K, np: G — L are surjective. Set M = ker(mwy) and N =
ker(mg). Then M < K, N < L, and the image of G in K/M x L/N is the graph of an

isomorphism.

We need Lemma 2.26 for the following auxiliary result (Lemma 2.27 below). Recall
that a profinite group is called semisimple if it is the direct product of finite non-abelian
simple groups. Moreover, a finite group G is almost simple if it has a unique minimal

normal subgroup N which is non-abelian simple; in this case N < G < Aut(N).

Lemma 2.27. Let G be a closed subdirect product of a profinite group A = [];c; Ai, where
A; is almost simple (i € I). Then G contains a closed normal semisimple subgroup H such
that G/ H 1is solvable of derived length at most three and each simple factor of H is normal
in G.

Proof. For J C Ilet my: A—[];c,
of [77] the group G is the inverse limit of the groups 7;(G) (J C I finite) together with
the natural maps 7;(G) — 7y(G) for J' C J.

Using Goursat’s lemma, one can show by induction on |J| that for J C I finite there

A;j be the projection maps. Then by Proposition 1.2.2

exist » € N and finite non-abelian simple groups Si,...,S; such that S; x --- x S, <
77(G) < Aut(S1) x -+ x Aut(S,). In this situation, for jo € I\ J the projection
Ty0go} (G) — m7(G) either is an isomorphism or there exists a finite non-abelian sim-
ple group S, such that S; x -+ x Sp11 < ﬂ'Ju{jO}(G) < Aut(Sy) x -+ x Aut(S,41) and
the restriction of 7y} (G) — 7(G) to the socle S X - -+ X Syq1 of Ty¢jy) is the natural
projection onto Sy X - -+ x S, (the socle of 7;(G)).

Now it is clear that G, as the inverse limit of the groups 7;(G) (J C I finite) and the
maps 7;(G) — 75(G), contains the inverse limit H of the socles of these groups together
with the restricted maps. It is routine to check that H has the desired properties. The fact
that G/ H is solvable of derived length at most three is implied by Schreier’s conjecture. [J

Now we can start with the proof of Theorem 2.25: We will prove that our group has
a non-trivial PSL-approximable quotient, where we endow the groups PSL,(q) with the
normalized conjugacy length function /. (see Definition 0.12).

If the group in the theorem is not perfect, it has a non-trivial cyclic quotient, which
clearly has the desired property. So let P = F/N be perfect, where F is freely generated
by 1,...,2, and N < F. Let F be the profinite completion of F and M := (N)g be
the normal closure of N in F. Identifying F with its image in the profinite completion, it
follows from Theorem 2.18 that P is Fin-approximable if and only if N = M NF, since

for a sequence ny,...,n,r € N we have
B, ~ -
nfl --~nkI =F [lnEl ---nk,I,

where the closure on the left is taken in F. This is equivalent to saying that the map
F — F/M induces an embedding of P in F/M.
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For a profinite group G set Gp = ([{O <, G|G/O is almost simple} (here O <, G

means that O is an open normal subgroup of G).
Claim 2.28. It holds that F £ FoM.

Proof. Assume the contrary. Then by perfectness of P there are y; € N such that z;F' =
yF' (i = 1,...,r). By assumption, there are also z; € M such that xif‘o = zif‘o (i =
1,...,7). Set Y = {yfl, .. .,yﬂﬂ,zlﬂ, o zE As Fy is closed, by definition we have
that

F=FyY)=FoY) and F=F()=F(),
where all closures are taken in F. Hence by Theorem 1.7 of [?] applied to G = F and
H = Fy we get that M > (g > [Fo,F] > f"o Since FoM/M = Fo/(Fo N M) is
abelian by the preceding argument, we cannot have F < ﬁoM , since otherwise P would

be abelian and hence trivial. Contradiction proving the claim. O

Claim 2.28 implies that P has a non-trivial homomorphism to F / f‘OM .

Apply Lemma 2.27 to G = F / f‘o as a subdirect product of all almost simple quotients
of F. Let H = K /f‘o be the semisimple group provided by this lemma. As f‘/K is
solvable, we cannot have K < f‘oM , otherwise the image of P in F / f‘oM would be trivial,
contradicting Claim 2.28.

Hence (K N FoM ) /f‘o is a proper normal subgroup of the semisimple group H =
K/F = [I;c; Si, where S; (i € I) are the simple factors, so by Theorem 5.12 of [?] it is
contained in a maximal normal subgroup L/ Fo of the former (to fulfill the hypothesis of
this theorem, we need that rk(F) < oo). By the same result, K/L is isomorphic (as an
abstract group) to a metric ultraproduct of the S; equipped with the normalized conjugacy
length function /. ; (i € I). Note that in this situation L is even normal in f‘, since £ ; is
left invariant under Aut(S;) and S; < F/F by Lemma 2.27 (i € I).

Claim 2.29. In this setting we have F £ LM.

Proof. Otherwise [F, K| < [LM,K]| < L[M,K] < L(M N K) = L. Here the first inclusion
holds by assumption, whereas the second follows from the commutator identity [lm, k| =
(L, k][[l, k], m][m, k] for k € K, 1 € L and [I,k] € L, since L < K, and [[l, k], m],[m, k] €
[K,M] = [M, K]. The last inclusion holds as M, K < fo, and the final equality by the
choice of L. Hence Fo[F, K] < L.

Let S be a simple factor of H. f‘/ f‘o maps continuously on the finite discrete group
Aut(S) via the conjugation action. The image of this map clearly contains the inner
automorphisms, since these are induced by S itself. The elements Zy,...,T, generate a
dense subgroup of F / f‘o, which must induce all inner automorphisms of .S by the previous
fact.

As S has trivial center, we have |S/Cgs(Zi,)| = [[S,Ts]| > |S|Y/" for some iy €
{1,...,7}. Lemma 3.5 of [?] implies that [[/_, [S,7;][S,T; ] contains the normal sub-
sets [S,7;]° € S fori =1,...,r. Since |[S,@%H > |S|'/", by Theorem 1.1 of [49] there is
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e € N only depending on r such that

(H S, 7] [S,xfl]) — .

=1

This implies that K < fo [F, K], since e is independent of the simple factor S. But then
K < L, a contradiction. O

From the previous claim we deduce that P still has a non-trivial homomorphism to
f‘/ LM. Since f‘/ KM is solvable as a quotient of F /K, this homomorphism restricts to
KM/LM, which is a non-trivial homomorphic image of the metric ultraproduct K/L.
Since the latter is simple by Proposition 3.1 of [67], we are only left to show that K/L,
which is a metric ultraproduct of the sequence (.S;);cs of finite simple groups from above
equipped with normalized conjugacy length function with respect to some ultrafilter U,
embeds into a metric ultraproduct of groups PSL,,(¢;) (i € I) equipped with the normal-

ized conjugacy length function, since then P would have the same property.

Let us briefly sketch the argument for this: Firstly, if the limit of the ranks of the groups
S; (i € I) is bounded along the ultrafilter & (where the rank of the alternating group A,
is defined to be n and the sporadic groups are also considered as groups of bounded
rank) the resulting ultraproduct will be a simple group of Lie type over a pseudofinite
field £ or an alternating group A,,, respectively. In the first case, it clearly embeds into
PSL,, (k) for n € N appropriately chosen. However, the latter is a metric ultraproduct of
groups PSL,(¢;) (i € I) equipped with the normalized conjugacy length function for some

sequence (¢;)ier of prime powers. The second case is similar.

Hence we may assume that our ultraproduct does not involve finite simple groups from

families of bounded rank.

Furthermore, we can assume that it contains no alternating groups, as we can replace
any alternating group A, by PSL,(q) for some prime power g. Namely, the natural
embedding A, — PSL,(q), where PSL,(q) is equipped with the normalized projective
rank length function £, induces norm %KCay,TSn on A, with respect to the conjugacy
class of a transposition 7 of the ambient symmetric group S,,. The latter is Lipschitz

equivalent to the normalized conjugacy length function on A,, by Fact 0.13.

Hence we can assume that all groups S; (i € I) are classical Chevalley or Steinberg
groups equipped with the normalized conjugacy length function. Applying Fact 0.13 once
again, we can replace the norms on the S; (i € I) by normalized projective rank length
functions and embed our metric ultraproduct K/L into a metric ultraproduct of groups
PSL,,(¢;) (i € I) equipped with the normalized projective rank length function. Thus
K/L is PSL-approximable and so P must have a non-trivial PSL-approximable quotient,

as wished. The proof is complete.
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2.5 On the approximability of Lie groups

In this section, we utilize the following theorem of Nikolov and Segal to deduce two re-
sults concerning the approximability of Lie groups by finite groups and one result on

compactifications of pseudofinite groups.

Theorem 2.30 (Theorem 1.2 of [?]). Let g1, ..., gm be a symmetric generating set for the
finite group G. If K Q G, then

*e

k.6 = | [[1K.a) )| -

where e only depends on m.

Remark 2.31. It was remarked in [?] that it was an open problem at the time of writing
to decide whether a finite product of conjugacy classes in a non-abelian free group is always
closed in the profinite topology.

It is a rather straightforward consequence of Theorem 2.30 that this is not the case.
Indeed, the theorem implies that in F = (x1,...,x,,) the profinite closure of the product

of the 2me conjugacy classes of xl_l, r1,...,2, , T, contains the entire commutator sub-
group, but it is a well-known fact (see Theorem 3.1.2 of [65]) that the commutator width
in this group is infinite if m > 1.

This implication was first observed by Segal and independently discovered by Gismat-

ullin.
Actually, we shall use the following immediate corollary of Theorem 2.30:

Corollary 2.32. Let G be a quotient of a product of finite groups, then for g,h € G and
N € N we have
9", h"] € (1G, g]lG, g7 1N[G, R)IG, A1)

for some fixed constant e € N.

Recall that Fin denotes the class of all finite groups. At first we prove the following

theorem:

Theorem 2.33. A connected Lie group is Fin-approzimable as a topological group if and

only if it is abelian.

By Lemma 2.16, we already know that connected abelian Lie groups are Fin-approx-
imable. So we are only left to prove that a Fin-approximable connected Lie group is

actually abelian. This will be a consequence of the following auxiliary result:

Lemma 2.34. Let ¢, ¢: R — (Hy, ty) =[], (H;, 4;) be continuous homomorphisms into
a metric ultraproduct of finite groups H; with norm ¢; (i € I). Then for all s,t € R it
holds that [p(s),¥(t)] = 15.
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Let us first prove Theorem 2.33 using Lemma 2.34.

Proof of Theorem 2.33. Assume L is a connected Fin-approximable Lie group. Then there
is an embedding ¢: L — (Hy, lu) = [[;; (Hi,¢;) into a metric ultraproduct of normed finite
groups. If a,b € L are in the image of the exponential map, Lemma 2.34 implies that ¢(a)
and ¢(b) commute. So as ¢ is injective, a and b commute. Hence by connectedness L = L°

is abelian. This ends the proof. O
We are still left to prove Lemma 2.34:

Proof of Lemma 2.34. For € > 0 by continuity we can choose N € Z large enough such
that €4(p(s/N)), by (P(t/N)) < e. Set G == Hy, g .= p(s/N), and h := 1 (t/N) and apply
Corollary 2.32. This gives

xe

[o(s), v(t)] = (g™, h™] € ([Hu, g)[Hu, 9~ ) [Hya, B [Huy h 1),

whence £ ([¢(s),1¥(t)]) < 8ee by invariance of £; and the triangle inequality. Since & > 0

was arbitrary, the proof is complete. O

Note that Theorem 2.33 provides an answer to Question 2.11 of Doucha [10] whether
there are groups with norm that do not embed into a metric ultraproduct of normed finite
groups. Since every compact Lie group can be equipped with a norm that generates its
topology, every such group with non-abelian identity component is an example of such a
group by Theorem 2.33. (Indeed, the theorem even provides topological types of groups
which cannot occur as subgroups of such a metric ultraproduct.)

Before we continue with our next result, let us state the following two remarks.

Remark 2.35. In Theorem 2.33, the topology of the Lie group matters. Indeed, any
linear Lie group is Fin-approximable as an abstract group by Remark 2.3, since all its
finitely generated subgroups are residually finite by Malcev’s theorem and hence Fin-
approximable by Remark 2.22.

Thus any linear Lie group L is embeddable (as an abstract group) into a metric ul-
traproduct of normed finite groups indexed over, say, the partially ordered set of pairs
consisting of a finite subset of L and a positive rational number. We will now show that
we can even choose this index set to be N. Namely, if L < SL,,(C), then L can be em-
bedded into the algebraic ultraproduct [[;, SLy, (p"), where U is a non-principal ultrafilter
on the set of prime numbers. Indeed, this ultraproduct is isomorphic to SL,(k), where
k = [, F,e is a pseudofinite field. Now it is straightforward to see that & contains the
field ko = [[,,Fp together with its algebraic closure k' := ko. However, k" is an alge-
braically closed field of characteristic zero and cardinality 2% (a result due to Shelah [66])
and hence isomorphic to C. Note that, if we view the above algebraic ultraproduct as a

metric ultraproduct, the induced topology on SL, (C) is discrete.
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Since some non-linear Lie groups admit finitely presented subgroups which are not
residually finite [8], it is clear that such embeddings cannot exist without the assumption

of linearity.

Remark 2.36. When one approximates with symmetric groups, one cannot even embed
the real line R in a metric ultraproduct of such groups with norm. E.g., for the symmetric
group S,, it holds that all norms ¢ on it satisfy £(c') < 3¢(o) for every | € Z and o € S,,.
Let us demonstrate this briefly: First assume that o consists of just one n-cycle. Then
for any m € Z4 coprime to n we have that ¢ is as well an n-cycle and hence conjugate

to 0. Recall from Section 0.2 that for a subset S C R of a ring R we set
S+k = {81+"'+Sk|81‘ ES}

At first assume that [ = 2k is even. Then it holds that [ = 2k € ((Z/(n))*)™2 C Z/(n).

This follows from the Chinese remainder theorem and the easy facts that
((Z/(p)*)*? = Z/(p°) for every prime p > 2 and ((Z/(29))*)** = (2) C Z/(2°),

where e > 1.
If [ is odd, then [ € ((Z/(n))*)*3® C Z/(n), which follows as previously from

((Z/(p*))*)™? = 2/ (p°) for every prime p > 2 and ((Z/(2%)*)** = 1 +(2) C Z/(2°),

for e > 1.

In total, if [ is even, we find my, mo € Z, coprime to n such that ¢! = 6™ ¢™2, and if
[ is odd, we find I, 1s,13 € Z coprime to n such that o! = o'1¢2¢'. Since the o™, ol
(1 =1,2, j =1,2,3) are conjugate to o, applying ¢ to both sides of these two equations,
using the triangle inequality and invariance of /¢, this immediately yields the inequality
(o) < 3¢(0).

If 0 is not an n-cycle, we can apply the previous construction on every cycle of o. The
proof is complete.

Using the above inequality, it is simple to deduce that the only continuous homomor-

phism of R into a metric ultraproduct of finite symmetric groups with norm is trivial.

Referring to the question of Zilber [79, page 17] (also Question 1.1 of Pillay [59])
whether a compact simple Lie group can be a quotient of the algebraic ultraproduct of

finite groups, we present the following second application of Corollary 2.32:

Theorem 2.37. A Lie group equipped with a norm generating its topology that is an

abstract quotient of a product of finite groups has abelian identity component.

The proof of this result is almost identical to the proof of Theorem 2.33.

Proof. Let (L,¢r) be such a Lie group with norm and a,b € L be in the image of the
exponential map. For ¢ > 0 we find N € Zy, g,h € L such that ¢1(g),¢r(h) < € and
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g" =a, h"V = b. Then applying Corollary 2.32 to G := L yields
la,0] = [g", h™] € ([L, gL, g~ L, W)L, A7),

whence (1,([a,b]) < 8ee by the invariance of ¢;, and the triangle inequality. This shows
that @ and b commute. Hence, as L? is generated by the image of the exponential map, it

must be abelian. O

Theorem 2.37 implies that any compact simple Lie group, the simplest example being
SO3(R), is not a quotient of a product of finite groups, answering Zilber’s question (and
hence also answers Question 1.1 of Pillay [59]).

Moreover, Theorem 2.37 remains valid if we replace the product of finite groups by
a pseudofinite group, i.e., a group which is a model of the theory of all finite groups (as
Corollary 2.32 is still valid in this case, with the same proof). It then also provides a
negative answer to Question 1.2 of Pillay [59] whether there is a surjective homomorphism
from a pseudofinite group to a compact simple Lie group.

Before we state the last theorem of this section, we digress briefly by pointing out a
further application of Theorems 2.33 and 2.37.

Referring to [74], we call a compact group G with compatible norm fg Turing-appro-
ximable if for all € > 0 there is a finite subset S; C G, a group H,, and a bijection . : S; —
H_ such that for all g € G thereis s € S. with dg (g, s) < € and dg(gh, -1 (7:(g)7:(h))) < €
for g, h € S;. Define for g € H,

le(g) = [H ™ > da(v='(fgh), 7o' (fR).

f,heHe

It is routine to check that /. is a norm on H. and that for all ¢ € H. we have

[6-(9) — ta(v: ' (9))] < 3e.

Set d.: G — S: such that dg(d:(g), g) is minimal for all g € G.

In this situation we can apply Lemma 2.10, setting I := Z,, U to be a non-principal
ultrafilter on I, K; := H;;, and ¢; = 71/ 0 §1/;. Again one checks easily that we may
apply (i) and (ii) of this lemma. Hence a Turing-approximable group is isomorphic to a
metric ultraproduct of normed finite groups. Thus Theorem 2.33 as well as Theorem 2.37
imply that a Turing-approximable Lie group has abelian identity component. This is the
main result of [74]. By Lemma 3.4 of [23], the latter condition is also sufficient for a
compact Lie group to be Turing-approximable.

Let us now turn to pseudofinite groups. By a compactification of an abstract group G
we mean a compact group C' together with a homomorphism ¢: G — C with dense image.
Pillay conjectured that the Bohr compactification (i.e., the universal compactification) of
a pseudofinite group has abelian identity component (Conjecture 1.7 in [59]). We answer

this conjecture in the affirmative by the following result:
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Theorem 2.38. Let G be a pseudofinite group. Then the identity component of any

compactification C' of G is abelian.
The proof is again just an easy application of Corollary 2.32.

Proof. As G is pseudofinite it satisfies the statement of Corollary 2.32 (and so does its
image in C'). An easy compactness argument shows that C' has the same property. Now
let 0;: C — GL(V;) be the irreducible unitary representations of C' and L; the image of
0; (i € I). By the Peter-Weyl theorem, C' embeds continuously into [[,c; Li, and so C°
embeds into [],, LY.

But as L; is a compact quotient of C, Corollary 2.32 holds in it, and so, as in the proof
of Theorem 2.37, it follows that L? is abelian (i € I). But then C° must be abelian as
well, from the above embedding. O

o1






Chapter 3

Word maps are surjective on

metric ultraproducts

3.1 Introduction

Recently, there has been increasing interest in word maps on finite, algebraic, and topo-
logical groups [2, 3, 16, 22, 26, 27, 31, 32, 36, 41, 43, 44, 45, 46, 47, 51]. Recall that for
a word w € F,, where F, denotes the free group of rank r freely generated by z1,...,z,
(see the beginning of Section 0.1), and a group G the symbol w(gy,...,g,) denotes the
evaluation at w of the homomorphism F, — G which is defined by x; — g; fori =1,... 7.
We call the map G" — G which sends (g1,...,9,) € G" to w(g1,...,9-) € G the word
map associated to w and write w(G) C G for its image.

Subsequently, fix a non-trivial word w € F,. For a fixed finite group G the word image
w(@) can just be {1} if w is a law for G — when G is a finite simple group, the possible
word images were characterized by Lubotzky in [51]. In analogy, for a fixed compact
group G the word image w(G) can be contained in any neighborhood of the identity, as
was proved by Thom in [72, Corollary 1.2]. However, examples show that for fixed w and
a family G of finite simple groups resp. compact connected simple Lie groups, for G € G
one should expect w(G) to be large in G if the order resp. dimension or rank of G is large.

There are two intriguing conjectures regarding this observation. Letting G be the class
of finite non-abelian simple groups, Shalev conjectured [3, Conjecture 8.3] that, if w is not
a proper power, the associated word map on G is surjective if the order of G is sufficiently
large. Similarly, if G is the class of simple connected compact groups, Larsen conjectured
at the 2008 Meeting of the AMS in Bloomington that w is surjective on G € G if the rank
of G is sufficiently large.

Shalev’s conjecture was disproved for groups of type PSLa(g) in [39] using trace poly-
nomials, however, it remains plausible that such word maps are surjective once the rank
is large enough (as conjectured in [48, Conjecture 4.6]). Remarkably, Lyndon proved this
for infinite symmetric groups, see [11]. A weak form of Larsen’s conjecture (surjectivity

on SU,, (over C) for infinitely many n € N) was proved by Elkasapy and Thom in [16] for
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all words w € Fy \ Fg).

In this chapter, we prove that metric versions of Shalev’s and Larsen’s conjectures
are true. Let us explain what we mean by this. For ¢ > 0 and a subset ¥ C X of a
metric space (X,d) say that Y is e-dense in X if d(z,Y) = infycy d(z,y) < e for all
x € X. Recall from Chapter 0.1(d) that S, denotes the symmetric group acting on the
set n = {1,...,n} and fg: S,, — [0,1] the normalized Hamming length function (see
Definition 0.12; the associated metric is denoted by dy;). The following metric analog of

Shalev’s conjecture holds for symmetric groups.

Theorem 3.1. Let w € F,. be a non-trivial word and € > 0. There exists an integer
N(e,w) such that w(S,) is e-dense in S, with respect to the normalized Hamming metric
if n > N(e,w).

For a classical group G < GL(V') of Lie type with natural module V' (see Section 0.1(f))
set n = n(G) = dim(V). Recall from Definition 0.12 that fx: G — [0,1] denotes the
normalized rank length function (write d,x for the associated metric). In analogy to

Theorem 3.1 we then have the following.

Theorem 3.2. Let w € F,. be a non-trivial word and € > 0. Let G be one of the groups
GL.(q), Spom(q), GO2m+1(q), GO;Em(q) or GU,(q) (q a prime power, n > 2, m > 1).
There exists an integer N(e,w) such that w(G) is e-dense in G with respect to the nor-

malized rank metric if n = n(G) > N(g,w).

Recall from Section 0.1(f) that U, resp. SU,, denote the general resp. special unitary
group (over C) of degree n € Z,. Equip these groups with the normalized rank length

function £,.. We will also prove the following metric version of Larsen’s conjecture.

Theorem 3.3. Let w € F,. be a non-trivial word and € > 0. There exists an integer
N(e,w) such that w(U,,) is e-dense in U,, with respect to the normalized rank metric for
alln > N(e,w).

First of all, note that in the metric context there is no notable difference between
A, and S,,, GL,(q) and SL,(q), GOamy1(q) resp. GO, (q) and Qomi1(q) resp. QL (q),
GU,(q) and SU,(q), and similarly between U, and SU, when n is large, so that we
are essentially talking about families of quasisimple compact groups. We conjecture that
results analogous to Theorem 3.3 hold for other families of compact Lie groups of increasing
rank. Also note that density with respect to the normalized rank metric implies density
with respect to the normalized Hilbert—Schmidt metric on U,, — this was also unknown to

the best of our knowledge.

Let us now say some words about the proofs of Theorems 3.1, 3.2, and 3.3. First
observe that it suffices to prove both results for r = 2. Indeed, if w € F,. for r > 2, then
via a suitable embedding F, < Fg = (z,y) we can view w as a non-trivial word in the two

variables, x,y. Hence we shall restrict to the case w € Fo = (z,y). We may also assume
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that w is cyclically reduced, since w(G) is a characteristic subset for any group G, so that
up to a change of variables w = 2% or w = 2 y% ... z%y% for some | € Z,. In the first
case, we call w a power word. Note that in this case we can replace w = z® by any word
v = u®, where u € Fo \ ((x) U (y)) is arbitrary, so that we are in the second case (since
then v(G) C w(G) for all groups G).

Now let (G,dg) be one of the groups from Theorem 3.1, 3.2, or 3.3 together with the
corresponding metric. Write n = n(G) for its permutation degree resp. the dimension of
its natural module. In all three theorems, instead of proving the existence of N(w,¢), we
will prove the equivalent statement (including the corresponding quantitative bounds for
N (w, ) mentioned below) that there exists a function d: [0,1] — R of type d(z) = Cz'/¢,
where e = e(w) > 1 only depends on w and C' > 0 depends on the choice of e, such that
da(g,w(G)) < d(1/n) for all g € G. This just means that N (w,e) = O ((1/)™)), where

now the implied constant in the O notation may still depend on w.

Now we give a brief outline of the proofs of Theorems 3.1, 3.2, and 3.3. For the
convenience of the reader we will prove Theorem 3.3 before proving Theorem 3.2, as their

proofs follow the same idea, but the details of the latter are more involved.

In the proof of Theorem 3.1, at first we consider the case when w = z% is a power word
(a ¢ {0,£1}) to determine the precise quality of the quantities sup,cs,, isotypic @1 (o, w(Sn))
and sup,cg, du(o, w(Sy)) for n — oo (see Lemmas 3.4, 3.5, and 3.6). Lemmas 3.5 and 3.6
show that the above estimate with d(z) = Cz'/? is optimal in this case (up to the constant
C) and also demonstrates that the argument using Jensen’s inequality, at the end of
Subsection 3.2.4, gives the optimal estimate in the power word case (see Remark 3.16).
However, as remarked above, one could neglect the power word case if one is not interested
in the precise quality of the function d. In the case that w is not a power word, we first
settle the case where the permutation o which we want to approximate by word values
is isotypic (see Section 0.1(d)) using the cycle structure of elements of PSLy(¢) acting
on the projective line L, (see Subsections 3.2.2 and 3.2.3), and then deduce the general
case using an application of Jensen’s inequality and the fact that a permutation o € S,
has less than v/2n distinct cycle types (see Subsection 3.2.4). Note that the idea used in
the proof of partitioning the set n into copies of projective lines L, and letting copies of
groups PSLy(q) act on them already appears in [43, Proof of Proposition 8]. In this case,
one needs a number theoretic result by Linnik [50] to prove the existence of the constant
e = e(w) > 1. However, the qualitative statement of Theorem 3.1 remains true without
this assumption. Assuming a conjecture of Chowla [5] one can show that any e > 2(1 4 1)

works.

We proceed by giving an overview of the proof of Theorem 3.3. The proof of the
results in [16] relied on the analysis of a certain algebraic condition on the abelianized Fox
derivative of w and our new strategy is a generalization of this — see Subsection 3.3.3 for
details. We use monomial matrices and draw a connection to the normalized dimension of

the second cohomology group of finite quotients of the Cayley complex of the one-relator
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group K = Fy/((w)). As an intermediate step, we consider the largest free nilpotent group
H which is a quotient of K, i.e., when ¢ = ¢(w) > 0 is determined by w € 7.4+1(F2) \
Yet2(F2) (recall that (v;(L));cz, denotes the lower central series of the group L; see
Section 0.1(c)), then H = Fy/v.+1(F2). Using Jennings’ embedding theorem, for all
sufficiently large primes p we find arbitrary large finite p-groups H(p) of composition
length h = h(w) equal to the Hirsch length of H, which are quotients of K and where the
above normalized dimension gets arbitrarily small. A quantitative analysis then reveals
that one can take any number greater than h(w) for the exponent e = e(w). In the worst
case, we get that ¢ < 2I by a result of Fox [19] and then h(w) < > 5_, 2F < 22+1,

In Subsection 3.3.2, we point out that our method of proof together with a fact on
the linearized permutation representation of S, (see Lemma 3.23) implies as well that
w1 (SUp,)w2(SU,) = SU,, for non-trivial words wy,wy € F, and large n, providing an
alternative proof for Theorem 2.3 of [36]. However, it still remains unclear how to prove
surjectivity of single words w in general.

Finally, in Section 3.4, we use the same cohomological method as in Section 3.3, but
with coefficient groups (k[X]/(x))* for x € k[X] a polynomial instead of U; and a modified
version of Lemma 3.21 (namely Corollary 3.26) to settle Theorem 3.2. We remark here
that our proof for GL, (k) works for all fields & (not only for finite ones) and we conjecture
that the same is true for the other Lie types.

After finishing a first version of this chapter, we noted that there is an alternative root
to the proof of Theorem 3.1, which uses the ideas from Section 3.3 and 3.4, but with finite
cyclic groups Cj instead of coefficients in U;. We present this in Subsection 3.4.3.

The statement that w has dense word image on a suitable class of normed groups (as
in Theorems 3.1, 3.2, and 3.3) is equivalent to surjectivity of w on metric ultraproducts
of those normed groups, where n(G) — oo along the ultrafilter. Forming such a metric
ultraproduct of symmetric groups leads to a so-called universal sofic group, whereas for
complex unitary groups we obtain a group which surjects continuously on a universal

hyperlinear group.

Let us end by drawing some connections to related questions and articles. To prove
that the cardinality of the word image w(G) for G a quasisimple group is large (which was
done in [43, Theorem 2] and [44, Theorems 1.9 and 1.11]), Shalev and Larsen approximate
an element which has a logarithmically large conjugacy class (e.g., in S,, an n-cycle and
in a classical group of Lie type an element admitting a cyclic vector) and exploit that
the cardinality of conjugacy classes is continuous in the normalized Hamming resp. rank
metric, i.e., [g¢|/|h%| < |(gh~1)E| which is bounded by |G|F@@:R) resp. |G|Ldx9:P) (for
some constant L > 0; see Fact 0.13; this is used, e.g., in [49]; see also [67, Corollary 2.14 and
Theorem 2.15]). Hence metric density also implies that log||w(G)| — 1 when n(G) — oc.
In private communication with Shalev, he conjectured, because of the above connection,
that the word image w(S,) is actually C/n-dense for a fixed constant C' > 0, as indicated
by Theorem 1.9 of [44] stating that |w(S,)| > n~**n! for n sufficiently large. To prove
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the latter fact, it is enough to find one conjugacy class in the image w(S,,) which comes
from an element being C-close to an n-cycle, as such a class has a centralizer of order
polynomially bounded in n. However, in [42] it is shown that for power words the even
better estimate |w(S,)| > Cn~'n! holds, but Lemma 3.6 of Subsection 3.2.1 demonstrates
that though the word image misses some large e-balls, i.e., € = Q(1/y/n). Hence the word
image can be distributed quite non-uniformly in the metric sense.

Similarly, using results of [49] or [12], if one can approximate a conjugacy class of large
cardinality resp. norm, one gets bounded width of the word image. In any case, maybe
both questions about cardinality and width of the word image have the same simple
answer, namely that w is eventually surjective (when w is not a proper power in the case
of finite simple groups).

The rest of this chapter is structured as follows. In Section 3.2, we give the proof of
Theorem 3.1, Section 3.3 presents the proof of Theorem 3.3, and in Section 3.4, we prove
Theorem 3.2.

3.2 Symmetric groups

This section is devoted to the proof of Theorem 3.1. Recall the notation from Section 0.1(d)
and Section 0.2. At first we consider the case that w = z% is a power word separately to
determine the quantity sup,cg, du(o, w(Sy)) as a function of 1/n for large n up to a factor
21/2 (see Lemmas 3.5 and 3.6). We also consider the quantity sup,cg, isotypic A1 (0, w(Sy))
(see Lemma 3.4 below). However, as explained in the introduction of this chapter, this
case is somehow superfluous by the argument given there. Hence, if the reader is not

interested in these details, we propose to skip this section.

3.2.1 Power words

We can certainly assume that a > 2, replacing a < 0 by —a and ignoring the trivial case
w = x. We need some number theoretic notation for this subsection. For x,y € Z, denote
by rad(z) the radical of x, which is the product of all primes dividing =, and by the y-part
my(z) of x the biggest integer z € Z such that rad(z) = rad(ged{x,y}) and z | =.

The isotypic case. Assume first that the permutation ¢ € S,, which we want to ap-

proximate by w-values is isotypic. Then we have the following.

Lemma 3.4. Let 0 € S,, be a k-isotypic permutation and set ¢ == cx(c). Then we have
dy(o,w(Sy)) < a/n with equality if and only if rad(a) | k and ¢ — a|ck/a] =a — 1.

Proof. Let T € S;, be such that dy (o, 7%) is minimal. Set @’ := 7i(a). Note that an I-cycle
of 7 gets transformed into ged{l, a} cycles of length I/ ged{l, a} of 7%, so ¢ (7%) is a multiple
of a’. Hence, subsequently, we can certainly restrict to the case a’ { ¢, since otherwise we

can take 7 of cycle type ((ka’)/%"), so that ¢ = o (so in particular k,a’, gcd{k,a} # 1).
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Assume first that rad(a) | k, ie., a = a’. Then ¢, (7%) is a multiple of a. Let ¢}, be
the number of k-cycles in o which are not cycles in 7%. Call these k-cycles bad. Then
¢, > c; —a|cg/al > 1 and the middle term is at most a — 1. Hence o and 7¢ differ in
at least ¢} points (at least one point for each bad k-cycle of o). However, if du (o, 7%) =
¢,./n = (cx—a |cg/al)/n, then each bad k-cycle of o would have support strictly contained
in the support of a cycle of 7% (by optimality of 7 the supports cannot be equal). But this is
impossible, since then 7* would have a cycle of length bk for some b > 2, so cpi(7%) > a and
our set n would be to small. So o and 7% differ in at least ¢, —a |cx/a]+1 < a points. This
bound is also attained by choosing 7 of cycle type (11, (k(cx — a |cx/al) — 1)1, (ak)Lee/al)
(so that 7% is of cycle type (1, (k(cy — a |cp/a]) — 1)1, keles/aly),

Now assume that rad(a) 1 k, i.e., @’ < a. Then ¢ (7%) is a multiple of a’. If rad(a) |
k(cr—a' |cx/a’]), similarly to the above, we can take 7 of cycle type (1%, (k(cp—a’ |cx/a’|)—
DY, (ka')les/9']) so that 7@ is of cycle type (1, (k(cx — a' e /d’]) — 1)1, k%'lev/a)) and
du(o,7) = ¢ —d' |cp/d’| +1 < d' < a. In the opposite case, rad(a) t k(cy — a’ [cx/a’])
write a = ajag, where a1 < a is the k(cy — @' |¢x/d’|)-part of a. Then in the arithmetic
progression k(cy—a’ |ci/d’|)—1,k(cp—a |cx/d'|)—1—aq, ... k(ck—a' |cx/d'|)—1—ay(az—
1) there is a unit v modulo ag (which is of course also a unit modulo a; and so modulo
a). If the last number is the only such, we must have a; = 2. In this case, we take 7" of
cycle type (12, (k(cy —a’ |ex/a']) —2)1, (ka')L/9']) | so that 7% is of cycle type (12, (k(cy, —
d lep/a]) —2)L, k¥lev/a' ]y and dy (o, 7%) < dg(o,7'%) = ¢, —d |ep/d' | +2 < d/ +1 < a (as
a’ # 1). In the opposite case, we can choose u = k(cx —a’ [cp/d’|) —1—ia; with i < ag—2.
Set t := 14 iay. If u < 0, one can choose 7/ of cycle type (1¥(cx—a'lew/a') (kq/)lex/a']) 5o
that 7/ is of cycle type (15(cx—a’lex/a’]) pa’lex/a’]y and

dy(o,7%) < du(o, 7)) =

k(e —a |ex/a']) < 1+a(az —2) < a/n.

n

In the opposite case, we take 7/ of cycle type (1, u!, (ka')l/@'}) so that 7/¢ is of cycle
type (1t,u!, k¥lx/@')) and dy(o,7%) is bounded by

cp —a [cpfa' ]+t < (@ —1)4+ (1 +ai(az —2))

dy (o, 7'%) <
n n

<a/n,

where the second inequality is strict when ¢ > k, and the last inequality holds since a’ < ay.
To see the first inequality, first take a big cycle of length ¢, — a’ |¢/a’| with support on
the bad cycles of ¢ such that on each of these there is exactly one point where this cycle
does not agree with . Then, adding ¢ consecutive fixed points on this cycle, we produce

at most ¢ more errors. ]

The general case. Now we consider the case that the permutation o € S,, which we want
to approximate by w-values is arbitrary. At first we estimate the quantity du (o, w(S,))

from above.

Lemma 3.5. Set D = radl(a) zaﬂa) (mi(a) — 1) = 1370 (7k(a) = 1). For any e > 0
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and n € Z4 sufficiently large (in terms of €) we have that

du(o,w(Sy)) < (14 E)\/?

forall o €8,.

Proof. Let the permutation ¢ which we want to approximate by word values be of cycle
type (k% )rez,. At first we justify that we may assume c; < mp(a) — 1 (k € Z;). Note
that the function d(x) = (1 + €)v2Dz obeys the following properties:

(i) For all N € Z4 it holds that d(x) > Nx for > 0 small enough;
(ii) d is concave;
(iii) d(0) = 0.

For a fixed N € Z, assume that dg(o,w(S,)) < d(1/n) for alln > N and 0 € S,
with ¢x(0) < m(a) — 1 for all K € Z,. For o € S, arbitrary write ¢ = o109 such
that the supports Q; = supp(oi) and Qg = supp(oz2) of o1 and o9 are disjoint and
ck(o1) = e, — mp(a) [ew/mr(a)] < me(a) — 1 (so mi(a) | cx(o2) = mk(a) [ck/mk(a)]). Then
du(o, w(Sn)) < "du(o1,Sym(€21)), where ny = [Q1|, since o2 € w(Sym(£2)). Now if
n1 < N, for n sufficiently large we have that

du(o,w(Sy)) <ni/n < N/n <d(1/n)

by Property (i). In the opposite case, if ny > N, Properties (i) and (ii) and Jensen’s
inequality imply that du(o,w(S,)) < "rdu(or, w(Sym(Q21))) < 2d(1/n1) < d(1/n).

So, subsequently, fix o € S,, with ¢ < m(a) — 1 (k € Z4). Let u be the biggest unit
modulo a with u < n. Then set ¢t :==n —u < a — 1. Choosing 7 € S,, of cycle type (1, u!)

so that 7% has the same cycle type, we see that

t+1+2kez+ Ck < a+2kez+ Ck

dy(o,7) < < €
n n n

)

since we make at most one mistake on each cycle of o (if 7® would be one big cycle) plus
the modification of ¢t + 1 points. This estimate is worst possible if the number of cycles of
o is maximal. Hence, assuming n is large and modifying it slightly if necessary, we may

assume ¢ = mi(a) — 1 for all k < lrad(a) and ¢, = 0 otherwise for some large [ € Z,. In
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this situation we have
lrad(a
=S kot

rad(a rad(a)

_zz i(ri(a <;)rad(a) (m5(a) = 1)

1

o

.
Il

D rad(a)
2

12

Here we use the fact that 7;(a) depends only on the congruence class of £ modulo rad(a).

Similarly,

rad(a)

e=a+1 Y (m(a)—1)~ Drad(a)l,
i=1

so that

e 2 2D

n  rad(a)l n’
The proof is now complete. O

In the next lemma, we establish that the constant D in Lemma 3.5 is optimal up to
factor 2v/2.

Lemma 3.6. With D defined as in Lemma 3.5, for any € > 0 there are infinitely many
n € Z4 and o € Sy, such that

l1—-¢ /D
di(o,w(Sy)) > 5 pt
Proof. Set E = radl(a) zadl |me(a)/2] = L3570 ) |mi(a)/2]. Fix | € Zy and choose

o € S, such that ¢x(0) = |mk(a)/2] for k < Irad(a) and cx(o) = 0 otherwise. Then we

have

lrad(a
Z k| mk(a
rad(a rad(a)
-1 Z |mi(a (;) rad(a) 2 |mj(a)/2]
- Mz
2 9

using the same trick as in the proof of Lemma 3.5.

Next we establish a lower bound for e := ndg (o, w(Sy)). Fix 7 € S, such that dg(o, 7%)
is minimal. Recall that a cycle of ¢ is called good if it is a cycle of 7® and bad otherwise.
Similarly, we call a point € n good if .0 = x.7% and bad otherwise. Now fix k € Z,. If

there are exactly i good k-cycles of o (so they are k-cycles of 7 as well), then the other
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ck(17%) — i k-cycles of 7 contain at least ¢ bad points. Indeed, either cx(7%) = 0 and there
is nothing to show, or ¢x(7%) > mi(a) and i < ¢ (o) = |7mr(a)/2] by the choice of o, which
implies ¢ (7%) — 1 > mi(a) — [7r(a)/2] > |mr(a)/2] > i.

Hence, indexing the cycles of ¢ with some set I and writing b; for the number of bad
points in the ith cycle, we obtain from the previous argument that |{i € I|b; = 0}| <
Y icr bi = e. This implies that e > |I]/2, since [{i € I'|b; = 0}| < >, ., b; < |I|/2 leads to
the contradiction ) ;. b; > [{i € I'|b; # 0} = [I| — [{i € I|b; = 0}| > |I]/2.

Therefore
Irad(a) rad(a)
1 1 l FErad(a
2 M-S im@2) =1 Y w2y = 22,
k=1 i=1

and we obtain

e, L JE
n ~ lrad(a) 2n
The claim follows from the fact that D/2 < E(< D). O

This ends this subsection. In the following, we assume that w is not a power word. To
attack this case, we start by collecting some basic facts about the groups PSLa(q) for ¢ a

prime power.

3.2.2 The cycle structure of elements from PSL;(q)

In this subsection, we recall some well-known facts about the cycle structure of the elements
from PSLa(¢) < Sym(L,) acting on the projective line L, of order ¢, where ¢ = p° is a
power of the prime p. The key observation, which we will exploit in Subsection 3.2.4 to
prove Theorem 3.1, is here that these elements are all almost isotypic.

Consider an element g € SLy(q) and write § € PSLa(gq) for the corresponding per-
mutation on L,. Then g has two eigenvalues A, Ale Fg2. Recall from Section 0.1 that
o := ord(A) denotes the multiplicative order of A\. We have the following complete distinc-

tion into three disjoint cases.

Case 1: If A = £1, then g has at least one eigenvector. If it has a second eigenvector

not contained in the span of the first one, we have g = +id, so g = id,. If this is not the

L[t
g_ 01)

so g has precisely one fixed point [1 : 0] and the remaining g/p cycles are all of length p.

case, in a suitable basis

Case 2: In the case when A € F,\ {£1}, we see that ¢ is diagonalizable over F,, whence
o = ord(g) divides ¢ — 1. So choose coordinates such that g = diag(\,A™1). Then g has
the two fixed points [1:0], [0:1] on L, corresponding to the eigenvectors of g over F,. Take
any other point x = [a:b] € L, (i.e., ab # 0). Then the orbit of z under (g) < PSLy(g) has
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length k = 0/2 resp. k = o when o is even respectively odd. Namely, z.g' = z is equivalent
to [Ma: A7) = [A\?a:b] = [a:b], which is equivalent to A\* = 1, meaning that 0/2 | I for o

even and o | [ for o odd.

Case 3: In the last case, A € F2 \ Fy. Since (X — X\)(X — A1) = x,4(X) € Fo[X],
it follows that A~! = \? is the Galois conjugate to A in F,2, so o = ord(g) divides g + 1.
Moreover, g has no fixed points as g has no eigenvector over IF,. However, embedding into
SL2(¢?), we can again assume g = diag(\, A™!). Then the same argument as above shows
that all cycles of g have length k = 0/2 resp. k = o when o is even resp. odd.

To summarize our observations, let us state the following corollary.

Corollary 3.7. The cycle type of g acting on L, only depends on o = ord(\) and q if o > 2.
Namely, if 2 < o and o | ¢ — 1 (Case 2), then it is (12, (0/2)2@=1/°) resp. (12, 0la=1)/0)
when o is even resp. odd, and if 2 < o0 and o | ¢+ 1 (Case 3) it is ((0/2)>@+D/%) resp.

(04t 1)/0) when o is even resp. odd.

3.2.3 Effective surjectivity of word maps over finite fields

In this subsection, using the facts from Subsection 3.2.2, we demonstrate that permutations
of certain cycle type are attained as w-values inside groups of type PSLa(¢), thus providing
the crucial ingredient for the proof of Theorem 3.1 in Subsection 3.2.4.

As in the previous subsection, let ¢ = p° be a power of the prime p. The map
try: SLa(F,)? — F, defined by (g,h) — tr(w(g,h)) is surjective. Indeed, this can be
seen from the existence of trace polynomials and the theorem of Borel [4] that the word
map associated to w on SLg(F,) is dominant — but it follows also from direct inspection
as explained below. Here we show surjectivity of tr,, for p large enough but in an effective
way. Throughout this subsection, assume that w is not a power word and p t a;,b; for

i=1,...,1, where w = 2™y" ... z%y" as in the introduction.

Lemma 3.8. For any t € F, there exists m < | and unipotent elements g,h € SLa(¢™)
such that try (g, h) = t.

Proof. A classical result (going back to [20]) says that
tru (g, h) = f(tr(g), tr(h), tr(gh))
is a polynomial in tr(g), tr(h), and tr(gh), where
FX,Y,2) = f(X,Y)Z! + - + fo(X,Y) € ZX,Y, Z]

is uniquely determined and called the trace polynomial of w.
Now we define g(U, V), h(U,V) € Z[U, V] by

g(U, V) = <é (1)> and A(U,V) = ((1] Y) .
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Then tr(g(U,V)) = tr(h(U,V)) = 2 and tr(gh) = UV + 2 in Z[U,V]. Computing f,(2,2)
from above gives f,,(2,2) = a1b; - - - a;by, in particular, f is non-trivial.

Now substituting 1 for V' and reducing modulo p gives a polynomial
r(U) = try(9(U, 1), W(U, 1)) = a1b ... iU + s(U) € F,[U],

with deg(s) < I, of degree | by assumption on w, as p { aib; - - - a;b;. Hence the equation
7(U) —t = 0 is an equation over F, of degree [, so has a solution in one of the fields F
fori=1,...,1L O
Remark 3.9. If [ is odd, then m can also be chosen odd, since then at least one irreducible
factor of r(U) must be of odd degree.

As a consequence of Lemma 3.8 together with the facts mentioned in Subsection 3.2.2,
for any fixed integer £ > 1 we get a word value in some groups of the form PSLa(g™) for
all ¢ € Z,, where g depends on k, consisting only of k-cycles up to two fixed points. We

conclude the following corollary.

Corollary 3.10. Let k > 1 be an integer. Assume that 2k | ¢—1 resp. k| ¢ —1 when k is
even resp. odd. Then there exists m < [ such that there is an element o € w(PSLz(¢"™)) C
Sgim41 of cycle type (12, k@™ =D/kY for all i € Z,..

Proof. Let i € Z4 be arbitrary. Choose A € Fy* of order 2k resp. k when k is even resp.
odd. Then apply Lemma 3.8 to t :== A + A~! € F, to get g, h € SLa(¢™) < SLa(¢"™) for
some m < [ with try(g,h) = tr(w(g, h)) = t. Note that w(g, h) € SLa(¢™) < SLa(qg"™) is

diagonalizable with eigenvalues A\, A\™! € Fr C F;m. Setting o == w(g, h) € PSLy(qg"™) <
Sgim41, Corollary 3.7 of Subsection 3.2.2 immediately implies the claim. O

Remark 3.11. If [ is odd, using Remark 3.9, one can even remove the two fixed points
from the above element o. Indeed, assuming 2k | ¢+ 1 resp. k | ¢+ 1 when k is even resp.
odd and going through the proof of Corollary 3.10 together with the fact that m can be
chosen odd, one gets o € S;im_; of cycle type (k:(qimﬂ)/k) for all odd i € Z..

The next result shows that there is also a word value in PSLo(q) < Sym(Lg) = Sg41,
which is close to a (¢ + 1)-cycle in Sgy1. It can be considered as a weak version of [44,

Theorem 4.1] which permits an elementary proof.

Lemma 3.12. Assume that g > 4l. Then there ezxists 0 € w(PSLa(q)) € Sym(Lg) = Sg41,
which differs in less than 2+ \/lq points of Lq from a (q+ 1)-cycle in Sg41.

Proof. Using the same trick as in the proof of Lemma 3.8, one sees that the map
try: SLa(g) x SLa(q) — Fy

meets at least ¢/l points. This implies that the set A C FqXQ of eigenvalues of elements

from w(SL2(q)) has cardinality at least 2(g/l — 1) (two eigenvalues for each trace value
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apart from the trace values +2; if 2 | ¢ one can take 2¢/l — 1). Now assume that the
multiplicative order of all these eigenvalues is less than b := 2,/¢/l. Then we obtain the

contradiction
[b]—1

A< Y ) <

i=1

(= gy,
where the second inequality holds since by assumption [b] — 1 > 4. Hence A contains an
element A of order o > 2./q/l > 4. Let f € w(SLa(q)) with eigenvalues \,A\7! € Fpo.
Then by Corollary 3.7 the permutation o := f € PSLy(q) consists apart from zero or two
fixed points only of cycles of type 0/2 resp. o when o is even resp. odd. This implies that
o differs in less than 2 + \/Iq points from a (¢ + 1)-cycle in Sym(Lg) = Sg41. O

Remark 3.13. For even g one can improve the estimate by a factor 1/2, since o will

always be odd.

3.2.4 Proof of Theorem 3.1

In this subsection, we use the facts provided by Subsection 3.2.3 to establish Theorem 3.1.
We may assume that w = z®y% ... 2%yb as in Subsection 3.2.3, as the case that w is a
power word was already settled by Lemma 3.5. We start with the isotypic case and prove

the general case as a consequence.

The isotypic case. At first let o € S,, be k-isotypic, i.e., n = ¢xk for ¢ = cx(0). We
can certainly restrict to k& > 1, since the identity is always in w(S,). Subsequently, we
prove two estimates for the quantity dp(o,w(Sy)). The first estimate will be suitable for

small k, whereas the second will be better for large k.

Estimate for small k. Let p be the smallest prime such that p { a;,b; fori = 1,...,1
and 2k | p — 1 resp. k | p — 1 when k is even resp. odd. Apply Corollary 3.10 to ¢ := p to
get the integer m < [. Set ¢ := p™ and write

S
n= Z:nl(q2 +1) +no
i=1

such that Zg:1 ni(q" +1) +ng < ¢ for all 0 < j < s (i.e., use a greedy algorithm to
produce such a representation, starting with the biggest summand ¢* + 1).

Then n; < ¢ —1 for i > 1 and ng < q. Moreover, using a standard estimate for the
g-ary representation of positive integers, one obtains Y7 _n; < g(log,(n) + 1).

Write n = | |7, n;Lqi Lng as a disjoint union of n; copies of the projective lines L for
i =1,...,s and ng singletons. Using Corollary 3.10, let g, h € S,, be permutations which

restrict to maps g, h € PSLa(q’) acting on the copies of L, such that w(g, h) has cycle
type (12, k(qifl)/k), and which fix the remaining ng points. Then, if we label the points in
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an optimal way, we get

ndy (o, w(g, h)) = ng + 2 an < 22”1’ < 2¢(log,(n) +1).
1=1 =0

By a celebrated result of Linnik [50], one has that the least prime which is congruent to
1 modulo 2k resp. k is bounded by D;kP? for some constants D; > 0, Dy > 1. Choosing
D, large enough, one can also ensure that pt a;,b; for i = 1,...,1, e.g., take p congruent
to 1 modulo 2kaib; - - - a;b;. Hence q < DllkDQZ, so that

dit(o,w(g, h)) < 2D} kP (logy(n) + 1) /n.

Remark 3.14. The logarithmic term in this argument can be removed if [ is odd. Namely,
then we require 2k | p+ 1 resp. k | p+ 1 for k even resp. odd, and can choose m <[ odd,
so that we are in Case 3 of Subsection 3.2.2, where no fixed points occur. However, then
we may only use the odd 7 and thus get a bigger constant.

It is probably also true that, when w is not a square, o € w(S,,) if & is fixed and ¢ is
even and large enough in terms of k (Lemma 3.42(ii) of Subsection 3.4.3 can be seen as a
weak form of this conjecture which is true). But this also would not improve our estimate.

The result of Linnik is not necessary for the qualitative statement of Theorem 3.1. We
only need it to get a nice function d, which is mentioned in the introduction. There are

weaker versions of Linnik’s result available with an elementary proof, e.g., see [68].

Estimate for large k. Let p be the smallest prime such that p { a;,b; for i = 1,...,1
and p > 41. Set ¢ == p and write n = Y7 ni(¢" +1) + ng and n = | [;_; n;L, Ung as
above. Using Lemma 3.12, let g, h € S,, = Sym(n) be permutations which restrict to maps
g, h € PSLa(q") acting on the copies of L such that w(g, k) differs in less than 2 + Vil
points from an (¢° + 1)-cycle for i = 1,..., s, and which fix the remaining ng points.

Again, under an optimal labeling, an n-cycle differs from o in at most ¢; points. Hence,

using the triangle inequality,

du (o, w(Sn) % <an (Vg +2) —|—n0>

The second term can be estimated by Ds/+/n for suitable D3 > 0 depending on ¢ and I.

Remark 3.15. By Theorem 1.3 of [44] there exists a constant Dy > 0 such that there
are elements g, h € S, which restrict to permutations on the support of each k-cycle of &
such that dy(o,w(g,h)) < D4/k. However, the proof presented there uses some algebraic
geometry and the weak Goldbach conjecture, and using it instead of the above estimate
would not improve the exponent e mentioned in the introduction. Note here that we found
an alternative proof of this result of Larsen and Shalev after having finished a first version

of this chapter, which is presented in Lemma 3.42(iii) of Subsection 3.4.3.
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Global estimate for isotypic elements. Using the first estimate for

n DorrT
()
2D (logy(n) + 1)

and the second one in the opposite case, one obtains that

dir(o,w(Sy)) < Cyn~ /e

for any ey > Dol + 1 > 2 and Cj; appropriately. Assuming a conjecture by Chowla [5], we

can take Dy arbitrarily close to one, so that ey can be taken arbitrarily close to [ + 1.

We will now use our knowledge about the isotypic case to conclude the proof of the

theorem in the general case.

The general case. Now we are ready to establish Theorem 3.1. A basic ingredient we
need is the elementary fact that a permutation on n letters has less than v/2n different

cycle types.

Proof of Theorem 8.1. By Lemma 3.5, we may restrict to the case when w is not a power
word. Set dji(x) = Cyazt/¢t and note that di is monotone and concave. Recall from
Section 0.1(d) that Q, := Qg (o) denotes the support of all k-cycles of o € S,, and ny, == ||
for k € Z. Let S be the set of numbers k € Z, such that n; > 0 and note that |S| < v/2n.
Then for n > 2

di(o,w(S,) < Y “dn(olg,, w(Sym(e)))

(s ()t

kesS

where the second last inequality is implied by Jensen’s inequality applied to the concave
function dj;, and the last one by monotonicity of di;. We can now set d(z) = di(v/2x) =
V2C;; 2t/ (2¢4) . This finishes the proof. O

Remark 3.16. In the power word case w = z% (a > 1), Lemma 3.4 shows that di;(z) = ax
is optimal. Applying the above argument, this produces d(z) = av/2x. Lemmas 3.5 and 3.6
demonstrate that the term /z in this expression is ‘correct’. However, the coefficient v/2a
is far from optimal, since it is apparent that D < a — 1, where D is the constant from
Lemmas 3.5 and 3.6. Still, the argument from above using Jensen’s inequality produces
the optimal bound N(w,¢) = O((1/€)?) in this case.
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3.3 Unitary groups

In this section, we present the proof of Theorem 3.3 (Subsection 3.3.1 below) and draw

some connections to the article [16] of Elkasapy and Thom (see Subsection 3.3.3).

3.3.1 Proof of Theorem 3.3

Denote by K the one-relator group

(z,y[w) = Fa/{w)

associated to w.

The key observation is the following lemma involving the second cohomology group of
a quotient of the Cayley complex of K, in which we interpret monomial matrices in U, as
1-cochains.

Let X be the Cayley complex of the presentation (z,y|w) of K, i.e., its 1-skeleton is
the directed Cayley graph I' := Cay(K, {z,y}) and for each vertex v € V(I') = K we glue
in a 2-cell ¢, along w starting at v.

For m: K — G being a surjective homomorphism to a finite group G of order n set
g =m(x), h = m(y) and let X (7) be the quotient of the 2-complex X induced by 7, whose
1-skeleton is the Cayley graph I'(w) := Cay(G, {g,h}) of G. Consider also permutations
0g,0n € Sy, = Sym(G) arising from the action of G on itself. Set d(r) = dim(H?*(X (r),R))
to be the dimension of the second cohomology group of X ().

Lemma 3.17. For every diagonal unitary matric M € U, we can find monomial ma-
trices Mg, My, € U11S, < U, such that My = (\;)]-y.04 and My, = (u;)}_,.0n so that
w(Mg, Mp) is diagonal and differs in at most d(m) diagonal entries from M. Hence, set-
ting e(m) == d(m)/n, the image of the word map w(U,,) is e(7)-dense in Uy, with respect to

the normalized rank metric.

Proof. Write C,() resp. C*(m) for the chain resp. cochain complex over R associated to
X (m) with differentials

di(m): Cy(m) = C;_1 () resp. codifferentials d' () := (d;(w))*: C*"}(x) — C'(n)

for i € N. A l-cochain a: X;(m) — R assigns to each edge e of I'(7) a real number
. Then the Cayley graph I'(m) together with this assignment encodes two elements
Ja, ha € RS, € R™ ™ where the permutation part of g, resp. h, is given by the action
of g resp. h on the vertices V(I'(7)) = G of I'(7), and the first part is induced by the
values ae (e € E(I'(7))). The group R S,, can be seen as the set of monomial matrices in
R™ " where the entries marked along the corresponding permutations are added instead

multiplied.
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Given the 1-cochain a, its image under the codifferential d?(r): C(r) — C?(n) is
defined by
dP(m)()(e) = Y ecale)
ecd(c)
for all ¢ € Xy(m), where 0(c) is the set of edges of the boundary of the cell ¢ and €. € {£1}
is the corresponding orientation. Now C?(7)/im(d?(w)) = H?(X (7),R).

Choose M = diag(\y)veq € GU(£2G) = U, arbitrary and find 3, € R such that )\, =
e for v € G. Then there exists a function a: X1(m) — R such that d?(7)(a)(c,) = Bo
for all but at most d(m) vertices v € V(I'(7)) = G.

But, letting ¢ : RS, — U1:S,, < U, be the homomorphism induced by exponentiation,

we also see that
w(p(ga), p(ha)) = (V@) g id.

Hence My = ¢(ga), Mp, == ¢(hq) is a suitable choice of matrices. The last statement of the
lemma follows from the definition of the normalized rank metric on U, (see Definition 0.12).

This completes the proof. O

Remark 3.18. Subsequently, for a chain x € Ci(n) (i = 0,1,2) write 2* € C¥(x) for
the corresponding dual cochain defined by (z,-) = z*, where (-,-) is the inner product
associated to the basis X;(m) of C;(m).

If w € FY, it is clear that d(w) > 1, as any element

> Xoc; € im(d*(m))

veG

lies in the hyperplane given by )~ A, = 0 (here we use that G is finite). This reflects
the fact that then w(U,) C SU,. Moreover, in this case, if d(7) = 1, the word map
w: SU, x SU,, — SU, is surjective (by transitivity we can then achieve equality on any
n — 1 diagonal entries in the above proof). Namely, if w(g,h) = u for g,h € U, and
u € SU,, we can find \, u € C such that A" = det(g) and p” = det(h). Then ¢’ :== A~1g,
h' = p~'h lie in SU,, and satisfy w(g’, k') = u.

In the opposite case, when w € Fgy \ F, either w(1,z) or w(x,1) is of the form z™ for
m € Z \ {0}. So the word w is always surjective on U,, and SU,, since every element of
these groups is diagonalizable and hence has an mth root (of determinant one in the case
of SU,).

Remark 3.19. In the situation of the proof of Lemma 3.17 write Co = Co(X) resp.
C* = C*(X) for the chain resp. cochain complex over R associated to X. Then we have

a commutative diagram
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where the top arrows are K-equivariant, the bottom arrows are G-equivariant, and the
vertical arrows are induced by m. The duality defined in Remark 3.18 identifies C?(r)

G-equivariantly with C;(m). Then, further identifying via the isomorphisms
Ci(r) 2 g-RIG|®h-R[G] and Csy(m) = R[G],

where the latter is given by ¢, — v (v € G), and letting *: R[G] — R[G] be the natural
involution given by g — ¢! (g € G), one computes that the map d?(r) is then given by
d*(r)(g-1) = w(0w/dz)* and d?(7)(h-1) = ©(Ow/dy)*. Here Ow/Ox resp. Ow/dy denote
the Fox derivative [19] of w with respect to z resp. vy, i.e., if w = 2% y® .. z%y® and

g; = sgn(a;), §; = sgn(b;), then

l
ow ) . g1 , s
oo = gy at Ty e (L2 gt ),
T

i=1
ow : a1, b1 a;, %t 8; 8;|bi—1|

=1

Later we will apply Lemma 3.17 to a family of surjective homomorphisms 7(p): K —
H(p) (p a sufficiently large prime) to finite groups H(p) of order n, = p" (h is a constant
defined later) such that e(m(p)) — 0 as p — oo. This is only possible if the corresponding
map d?(w(p)) in the above proof for G = H(p) is non-trivial for sufficiently large p. Hence

next we characterize when this happens for an arbitrary homomorphism 7: K — G.

Lemma 3.20. Let G = Fy/N = (x,y)/N be a (not necessarily finite) quotient of the
one-relator group K, i.e., w € N, and set g ===, h =75 in G. Define m: K - G as
in Lemma 8.17. Then d*(r) in the proof of Lemma 3.17 is identically zero if and only if
w e N' =[N, N].

Proof. By assumption, we have w € N. If w € N’, then w = Hle n; is a product of
elements n; € N (i = 1,...,k), where the multiset (n;)"_, equals (n; )% . Consider
the w-loop I, (w) with arbitrary starting vertex v € V(I'(w)). The above shows that each
subloop of [, (w) associated to n; (i =1,...,k) returns to v and hence any edge in I'(7) is
traversed equally often in both directions. But then one sees immediately that d?(r) = 0.

Conversely, the assumption d?(7) = 0 implies that the loops I,(w) (v € V(T'(x)))
traverse all of its edges equally often in both directions. Let A be the undirected simple
graph which is the image of the loop [,(w). Then A is homotopic to a bouquet of circles
each of which is traversed equally often in both directions by the loop [ corresponding to
ly(w) under the chosen homotopy. But this means precisely that the homotopy class of [
lies in 71 (A)". Pulling back the generators of the group 71 (A) to elements of N, we see

that w € N'. O

Now we show how to define the maps 7(p): K — H(p) and quotients H (p) appropri-
ately (for p a sufficiently large prime) such that (7 (p)) — 0 for p — cc.
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Since Fy is residually nilpotent, there exists a unique integer ¢ = ¢(w) > 0 such that
W € Yer1(F2) \Yer2(F2). Set H := Fy/7v.4+1(F2) to be the free 2-generated nilpotent group

of class ¢ (in which w is trivial) and let 7: K — H be the corresponding quotient map.

By Jennings’ embedding theorem, every finitely generated torsion-free nilpotent group
N can be embedded into the group U := UT,4(Z) of upper unitriangular matrices over Z
(for d € Z sufficiently large; such an embedding can even be explicitly computed from a
polycyclic representation of N by an algorithm due to Nickel [54]; see also [30] and [64]).
Since the factors of the lower central series v;(F2)/vi41(F2) (i = 1,...,c) are free abelian,
H is a poly-Z group and we obtain that H can be concretely realized as a subgroup of
UT4(Z) for some dimension d = d(w).

Define the central series H; := HNv;(U) of H fori = 1,...,d (note that the group 7;,(U)
consists of the upper unitriangular matrices v = (u;;) € U with u;; = 0for 1 < j—i <[-1).
Then H;/H;y1 < 7i(U)/vis1(U) = Z97 (the ith off-diagonal). Let B; C Z%~" be a basis
of Hi/H;y1 and set h; := dim(H;/H;+1) = |B;| (i =1,...,d —1). Let p be a prime not
dividing some h; x h; minor of the (d—i) X h;-matrix associated to B; forall: =1,...,d—1.
Then, writing U(p) := UT4(Z/(p)) and letting H(p), Hi(p) (i = 1,...,d) be the image
of H,H; in U(p), we see that H;/H;y1 = ZM — H;(p)/Hit1(p) = (Z/(p))*. Define
7(p): K — H(p) to be the induced quotient map to the finite p-group H(p).

Now refine the central series (H;)%_; to a central series (L])?Ill such that L;/Lj1 =7
for j = 1,...,h, where h = Zfz_ll h; is the Hirsch length of H. Then still L;/Lj;1 =
Z — Lj(p)/Ljs+1(p) = Z/(p) for j = 1,...,h and p as above. Let x; € H be such that
(xj)Lj+1 = L; for j = 1,... h. Note that the map d*(rm) associated to the surjective
homomorphism 7: K — H is non-trivial, since if it where trivial, then by Lemma 3.20
applied to m and N = ker(7) = 7.+1(F2) we would have w € N' = [y.41(F2), Ver1(F2)] <
Ye+2(F2), which is not the case by the choice of ¢. Hence from the local nature of the
definition of d?(n) it follows that there is an edge e € E(I'(r)) such that 0 # d?(m)(e*) =
> ey with A, € Z\ {0}. This element corresponds to the element 0 # y = > A\v €
Z[H] in the group ring. Subsequently, let k£ be a field of large enough characteristic such
that the image of y in k[H| is non-trivial, and for z € k[H] an element in the group algebra
of H, write z(p) for its image in k[H (p)]. It follows that for p large enough the elements
v in the support supp(y) C H are mapped injectively to the elements v(p) = 7(p)(v) €
supp(y(p)) € H(p) (e.g., take p larger than all matrix entries of elements v form supp(y)).

Now the k-dimension of im(d?(7(p))) can be bounded from below by the k-dimension
of the right ideal y(p)k[H (p)] as the action of H(p) on C?(n(p)) (here with coefficients in
k) equals its right action on the group algebra k[H (p)]. We bound the dimension of the

latter from below by the following lemma.

Lemma 3.21. In this situation the right ideal y(p)k[H (p)] C k[H(p)] generated by y(p)

has k-dimension at least (p — f)* for a constant f = f(w) only depending on w.
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Proof. For I =0,...,h write

_ el €h—1
Y= E Ty Ty Ce
eczZh—!

for e = (e1,...,en_;) and ¢, € Z[Ly41_;]. We prove by induction on [ that for all e € Z"~
the right ideal c.(p)k[Ly41—1(p)] is either zero or has k-dimension at least (p— f)!, obtaining
the claim for [ = h as ¢y = y # 0 and so y(p) # 0 for p large enough.

For | = 0 there is nothing to prove, as c. is either zero or it spans a one-dimensional
ideal in k = k[Lpy1]. Now for the induction step assume the statement is proven for
1 >0. Let e € Z'M1~! be arbitrary and write ¢, = Y ez JUZ_lC(e,i)- If cc = 0, we are
done, so assume the opposite. Then, certainly, the set S = {i € Z|c; # 0} # 0 is
an invariant of y and so of w, hence m := max.S —min S < f(w) for some function f of

w. Set z = x5 Since the right k[L;_;(p)]-ideals generated by c.(p) and (27'c.)(p)

lee instead of ¢.. This

have the same dimension, we may consider the element u = 2z~
equals u = >" x}?lQe’Hmin 5)- Now it is easy to see that the set of linear combinations

i;gl_l (uz® _,dy)(p) with di, € k[Lj41-4] arbitrary for k = 0,...,p —m — 1 generate a
k-subspace of dimension at least (p —m)(p — f)!. Indeed, by choosing dy appropriately,
one can obtain any element of (¢ min 5)k[Lnt1-1] as the left coefficient in k[Ly 1] of 9 .
Then, choosing d; such that xh_ldlx,il € k[Lpy1-1] is appropriate, one can obtain any
left coefficient in front of 2}, in some coset of the right ideal Ce,min S)K[Lht1-1], etc. Since

by assumption p —m > p — f, we are done. O
Now, as a consequence of Lemma 3.21, we obtain the following immediate corollary.

Corollary 3.22. Applying Lemma 3.17 to w(p) as above, we obtain that e(mw(p)) < 1 —
(1—f/p)" < hf/p=hfnY" for n = p", where h = h(w) and f = f(w) are defined as

above.

Proof. Lemma 3.21 and the comment preceding it imply that

dim(H?(X (n(p)),R)) < p" = (p = ).
Normalizing, we obtain the desired identity. O

The homomorphisms 7(p): K — H(p) for p > py = po(w) a sufficiently large prime
suffice now to prove the quantitative version of Theorem 3.3 given in the introduction.

Namely, one proves by induction on n > 1 that for D = D(w) > 0 sufficiently large
dri(9,w(Un)) < (n) = (Dlog(n) + 1)n~ /"

for all g € Uy,. Set €(0) == 0.
Indeed, this is true for n < pg. Now for n > pg we pick the largest prime p such
that p" < n and the largest integer [ > 1 such that Ip” < n. Then via the embedding
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U, —iph @Uf?,f < Uy, writing nq == n — Ip" and ny := Ip”, we see that

(9. w(Un)) < “re(ni) + 2 hf /p

for all ¢ € U, by the induction hypothesis and Corollary 3.22. Since p is the largest
prime such that p < n'/", Bertrand’s postulate implies that p > n!/" /2. Moreover, by

construction ny < n/2, so that the above term can be bounded by

1

5 (Dlog(n/2) + 1)(n/2)" " + 2hfn~ " < (Dlog(n) + 1)n~ /"
again if D is large enough.

3.3.2 Further implications

It is easy to see that our method of proof implies that w(SU,) has width at most two in
SU,, for n large enough, which was first proven in [36, Theorem 2.3] using Goto’s trick,
Borel’s theorem and the representation theory of SUs. The reason for this is the following

basic fact about the linearized permutation representation of the Weyl group S,,.

Lemma 3.23. Let V = R" be the permutation representation of S,. Let Vi be the sub-
representation of V' of all vectors whose entries sum to zero. If U1,Us <V are subspaces
and dim(Uy) + dim(Uz) > n — 1, then Uy + Us.oc =V for some o € S,,.

Proof. This is a consequence of the fact that the exterior power A¥(1}) is irreducible for
k=0,...,n—1,see Proposition 3.12 of [21]. Note that the determinant pairing h: A*(Vp)x
AP 1F(V) — R given by h(vi A+ Ak, Vg1 A - - AVp_1) = V1A -Avp_q € AV (Vo) =R,
is non-degenerate. Using irreducibility, we can easily see that this implies the claim.
Indeed, set k := dim(U;), choose a basis uq,...,u; for U; and a linearly independent set
Upyps- -y in Uz, Now we have that h(uy A... Aug, (U A... Auy_q).0) # 0 if and
only if Uy 4+ Uz.0 = Vp. By irreducibility, the set {(uj , A...Auj,_y).0|lc € S,} spans
A" 1=F(V}). The fact that h is non-degenerate implies the claim. O

We immediately obtain the following corollary.

Corollary 3.24. Let wi,ws € Fy be non-trivial. Then
w1 (SUn)wz(SUn) = SUn

for n sufficiently large.

Proof. Set U; < w;(R1S,) NR™ < V := R" to be a vector subspace of the diagonal
matrices R” which lies in the above w;-image and has maximal dimension with respect
to this property (i = 1,2). In Lemma 3.17, Corollary 3.22, and the remarks thereafter,
we have shown that dim(U;) > ”T_l for n large enough. Applying Lemma 3.23 to Uy, Us
and V, and exponentiating, we see that for every diagonal matrix ¢ € SU, there are
hi € wi(SU,,) (i = 1,2) such that g = h1hg, so that wi(SU,)w2(SU,,) = SU,. O
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3.3.3 Concluding remarks

Lemma 3.17 and the above proof of Theorem 3.3 can be seen as a generalization of the
methods used in [16] and clarify various aspects of it. Let us demonstrate this briefly.
For a word w € Fy) \ Fj set m: K — H = F9/F), = Z* = (g,h) to be the natural
homomorphism. Applying Lemma 3.20 to 7, we see that d?(7) is non-trivial, so again
we get an edge e € I'(m) such that d?(m)(e*) # 0, which corresponds to an element
z = 2(g,h) € Z|H] = Z[Z?] = Z|g*', h*!] in the integral group ring. By symmetry, it is
no loss to assume that e is rooted at 1 and labeled by h.

The Laurent polynomial p,,(X) defined in Section 3 of [16] is now precisely equal to
2*(X,1) = (X1 1), where 2(g,h) = d?*(7)(e*) = 7(0w/dy)* (see Remark 3.19). Here
2*(X, 1) is just the image of z under the homomorphism Z[Z?] = Z[g*!, h¥!] — Z[Z] =
Z[X*] induced by g?h? — X% as, e.g., for w = [2%,y"] = 2% 2%’ a,b > 0 we have
2(g,h) = (h+ -+ h’)(1 — g%) and pu(X) = —b(X~? —1).

Now we can find a suitable homomorphism ¢: Z2? = (g, h) —» Z = (X) such that the
induced ring homomorphism Z[Z2] = Z[¢*!, h*!] — Z[Z] = Z[X*'] maps z to a non-
zero element ¢(z) = p(X) (e.g., take as the kernel of the homomorphism ¢ a saturated
copy of Z in Z? which does not hit any element in the support of z). For n € Z, we
define the homomorphism 7(n): K — H(n) = Z/(n) just by composing ¢ o 7w with the
natural projection Z — Z/(n). One now quickly derives the conclusions of Lemma 3.1,

Corollary 3.2, and Proposition 3.8 of [16] from the following lemma.

Lemma 3.25. Let p(X) be as above. Write z(n) for the image of z in Z[H(n)]. Define
Wy = {w € C|p(w) = 0 and w™ = 1}. The (right) ideal z(n)R[H(n)] has codimension
|Wh!, so in particular, if the least prime dividing n is large enough, then it has codimension

one and the word map w on SU, is surjective by Lemma 3.17 and Remark 3.18.

Proof. By the Chinese remainder theorem, we have the isomorphism

R[H(n)] =R[Z/(n)] = R[X]/(X"-1)=  H R[X]/(x) =R eCM,
x| Xm—1
x irreducible
where e, = 2 if n is even and e, = 1 if n is odd. This holds, since the (monic) irreducible
polynomials x | X™ — 1 are either of the form X £+ 1 (so that R[X]/(x) = R) or of the
form (X —w)(X —w) for w € C\ R an nth root of unity (so that R[X]/(x) = C). The last
isomorphism in the above equation is given by X — (wy)y, where w, is a root of x. Hence
the ideal generated by z(n) has as codimension precisely the number of nth roots w for
which p(w) = 0, as claimed. The second claim follows from the fact that p(X) € Z[X*!]
and the minimal polynomial of a primitive mth root of unity, m > 1 dividing n, over
Q is the cyclotomic polynomial ®,,(X) of degree ¢(m) > p — 1, where p is the least
prime divisor of n. Hence, if p —1 > deg(p(X)), we have W,, = {1}. This completes the
proof. O
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The above shows that the result from [16] is precisely the simplest application of
Lemma 3.17, namely when G = H(n) is taken to be cyclic. We can now also understand
that Question 4.4 from [16] has a negative answer. Indeed, assume that for every choice
of p: Z2 = (g,h) - Z = (X) in the above construction, the image im(d?(w(n))) C
R[H (n)] = R[X]/(X™ — 1) has codimension greater than one, i.e., d*(¢ o 7)(¢(g) - 1) and
d?(¢ o) (p(h) - 1) as Laurent polynomials in Z[X*!] have a non-trivial nth root of unity
as a common root. Now choose o € Aut(F3) arbitrary. Replacing w by a(w) will not

improve this situation. To see this, set 2’ := a(z), ¥’ = a(y) and obtain by the chain rule

ow ox'  Ow oy \™
2 . — Y N YW onNTd
da(w)(goO’]T)(gO(g) 1) Sooﬂ-(ax(xvy)ax + 8y (xay)8$> s
ow ox'  Ow oy \"
2 1) = o /A

where di(w)(@ o 7) denotes the map corresponding to d?(y o ) but with a(w) in the role
of w. But then, as « is an automorphism, we see that p o 7(2’) = X and pow(y’) = X°
with a,b € Z coprime (as they must generate Z = (X)). Hence
0 0 0 0
por <£(w’,y’)> = %(X“,Xb) resp. @om (;;(fc',y’)> = %(X‘l,Xb),

which is equal to d?(¢’ o 7)(¢'(g) - 1)* resp. d?(¢' o)(¢'(h) - 1)*, where ¢': Z2 = (g, h) —»
Z = (X) is given by g + X% h + X’ (see Remark 3.19). But these two expressions
seen as Laurent polynomials in Z[X i1] by our assumption have a non-trivial nth root of
unity w as a common root. But then, by the above equations, di(w)(gp om)(¢(g)-1) and
di(w)@p o7)(p(h) - 1) also must have w as a root, so that the image im(di(w) (m(n))) C
R[H(n)] 2 R[X]/(X™ — 1) has codimension greater than one.

In retrospect, as has been pointed out to us by Jack Button, the study in [16] would
have been much clearer, when the connection to Fox calculus and the even more classical

subject of Alexander polynomials would have been observed from the start.

Let us end this section by drawing some further connections to related facts. In case
that K is residually finite, one could also prove Theorem 3.3 using Liick’s approximation
theorem together with the fact that the second L?-Betti number of a one-relator group is
zero by a well-known result of Dicks and Linnell [9] — or the validity of the L?-zero divisor
conjecture for torsionfree nilpotent groups applied to H (see [52] for more background).

However, our argument is much more explicit and does even give an effective estimate.

3.4 Finite groups of Lie type

In this section, we prove Theorem 3.2 using aspects presented in Section 3.2 and 3.3 — for
convenience of the reader we decided to present the proof first in the case of unitary groups

U, where the methods come into play in the most natural way. However, we will now use

74



3.4. Finite groups of Lie type

the same cohomological method as in Lemma 3.17 together with Lemmas 3.20 and 3.21
of Section 3.3, but instead of using the additive group of R as our coefficient group, we
now will use groups of type (Fq[X]/(x))* for x € F,[X] some polynomial. Indeed, we will

need the following modified version of Lemma 3.21, which is an easy consequence of it.

Corollary 3.26. In the setting of Lemma 3.21, using coefficients in Z instead of the field
k, there is a non-zero ¢ € N and f € N such that for all large primes p there exists a
subset C' C H(p) of at least (p — f)! coordinates so that the projection of the right ideal
y(p)Z[H (p)] onto Z|C] contains the module (c¢Z)[C].

Proof. Applying Lemma 3.21 to k = Q, we get a set C C H(p) of coordinates of size
|C| > (p — f)" such that y(p)Q[H (p)] projects surjectively on these. Hence we generate
the unit vectors in Q[H (p)]/Q[H (p) \ C]. So multiplying by the least common multiple ¢
of the denominators of the involved scalars, we obtain that the projection of y(p)Z[H (p)]
onto the coordinates C' still contains the module (¢Z)[C]. O

Subsequently, we fix the symbol ¢ to be the constant from Corollary 3.26. For the rest
of this chapter, all polynomials from k[X] that occur are meant to be monic polynomials.
Recall from Section 0.1(e) that for a polynomial x € k[X] for a field k we write F'(x) for
the Frobenius block associated to y, that is multiplication by X in k[X]/(x) with respect
to the standard monomial basis. Similarly, for A € k write J.()\) for the Jordan block of
size e with respect to \, that is multiplication by A + X in k[\, X]/(X¢). Recall that a
polynomial y € k[X] is called primary if it is the power of an irreducible polynomial, i.e., if
the ideal it generates is primary. Recall that for an element g € End(V), V is irreducible
resp. indecomposable resp. cyclic as a k[X]-module, where X acts as g, if and only if
g = F(i) resp. g = F(x) resp. @é:l F(xi) & F(x1---x) for an irreducible polynomial
i € k[X] resp. a primary polynomial y € k[X] resp. pairwise coprime primary polynomials

X1s- -, X1 € k[X].

3.4.1 The linear case

We start by proving Theorem 3.2 in the case when G = GL,(q). We consider here the
more general case that G = GL,, (k) for an arbitrary field k. So let V = k™ be the natural
module of G. We use the same approach as in Subsection 3.2.4, first approximating
isotypic elements g € GL(V') by word values, i.e., we first assume that V' is the direct sum
of isomorphic cyclic k[X]-submodules so that g = F(x)® for some polynomial x € k[X]
of degree k, and then deducing the general case by using the Frobenius normal form and

Jensen’s inequality.

The isotypic case. So let x, ¢, and k be as previously mentioned. We want to approx-
imate F'(x)-isotypic elements by word values with these parameters, so that n = ¢, k. As
in Subsection 3.2.4, we distinguish two cases, one in which k is small and one in which it

is large (compared to c,).
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Estimate for small k. In view of Corollary 3.26 we need the following auxiliary fact.
Lemma 3.27. It holds that F(x(X¢))¢ = F(x)®°.

Proof. The block F'(x(X¢)) is the matrix of multiplication by X in the ring k[X]/(x (X)),
so that F(x(X¢))¢ is the multiplication by X* in k[X]/(x(X¢)). But k[X]/(x(X°)) =
@f;é X' (X)), holds for dimension reasons, so that the claim follows. O

Now we use the same idea as in Lemma 3.17 with appropriate coefficient group. Con-
sider the ring R = k[X]/(x(X€)) and write ¢, = rc¢+ s for r € Nand 0 < s < c.
Corollary 3.26 and Lemma 3.27 give us that in R* ! Sym(r) < GLg, (k) we have that
w(R* 1 Sym(r)) approximates the block diagonal matrix (F(x(X¢))®")¢ = F(x)® up to

an error of d(1/r). Hence, since the function d is concave, we obtain

dyk (g, w(GL,(k))) < Z:d(l/r) +5/cy < d(c/ey) +c/cy.

Estimate for large k. On the other hand, the matrices F(x) and F(X* — 1) differ
only in the last row, so by rank one. The last matrix is the permutation matrix of a

k-cycle, which we can approximate by word values by the result for symmetric groups
(Theorem 3.1). Hence dy (F(x), F(X* — 1)) < 1/k, implying that

(g, w(GLn(k))) < d(1/k) +1/k.

Global estimate for isotypic elements. Now we combine both estimates as in the proof

for symmetric groups. Using the first estimate if k& < y/n/c and the second in the opposite

du(9,w(GLa())) < d (Ve/n) + Ve/n,

as wished. Subsequently, in analogy to the proof of Theorem 3.1 in Section 3.2, write dj

case, we obtain

for the function of 1/n on the right.

The general case. Using the Frobenius normal form, we can write g = € ez, F (xg )@,
X% being the invariant factor of degree k and ¢, = c,, .

Now we can finish the proof. Define the set S C Z, as in Subsection 3.2.4. Writing
ny = cxk, we get that

du(g, w(GLa(K)) < D7 di(1/my)
kesS

< dy (Z 1/n> < dy (\/2/7> ,

keS

as at the end of Subsection 3.2.4, as desired.
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Remark 3.28. Similarly to the symmetric case, one verifies that such a bound is also

attained for power words w = zP when char(k) = p.

3.4.2 The case of quasisimple groups of Lie type stabilizing a form

We proceed by proving Theorem 3.2 for quasisimple groups of Lie type of unbounded
rank which stabilize a form. Recall the notation of Section 0.2 and the setting from
Section 0.1(f):

The group G is of the form Spy,,(q), GO2m11(q), GOZL, (q) or GU,(q) (n > 2, m > 1),
V = k" is the natural module of G, and f is the form stabilized by G. If we are in
Case (x) of Section 0.1(f), i.e., G is orthogonal and p = char(k) = 2, recall that @) denotes
the quadratic form inducing f. In the unitary case, f is semilinear in the second entry
with respect to the ¢-Frobenius endomorphism o: k — k; x — x%. In the other cases, let
o denote the identity on k. The sign ¢ € {£1} of f is defined to be +1 if f is symmetric
bilinear or conjugate-symmetric sesquilinear, and to be —1 if f is alternating.

For a fixed g € G, which we want to approximate by w-values, subsequently, consider V'
as a k[X]-module, where X acts as g. If we are not in Case (*), a non-singular submodule
of V is said to be orthogonally indecomposable if it is not an orthogonal direct sum of
non-trivial proper submodules (with respect to the form f). In Case (x), when rad(f) is
one-dimensional, V' is said to be orthogonally indecomposable, if V/rad(f) is orthogonally
indecomposable with respect to f (the induced form on the quotient).

In analogy to the linear case, V (resp. V/rad(f) in Case (x)) is the orthogonal direct
sum of such submodules. Hence, following the same strategy as in Subsection 3.4.1, we
first consider the case when V is itself orthogonally indecomposable. To provide a pleasant
presentation, we recall the classification of such modules V' in the case that p = char(k) # 2
or that g is non-unipotent for an arbitrary field k& (all statements are well-known and are,
e.g., used in Section 6 of [49]; see also [75]). When p = 2, k is finite, and ¢ is unipotent,

we refer to Section 3 of [25].

§1 Structure of orthogonally indecomposable modules

In this subsection, we recall the classification of orthogonally indecomposable k[ X]-modules,
where k is an arbitrary (not necessarily perfect) field to provide a concise reference of this
topic. All the results are summed up for finite fields in Fact 3.40. If the reader is not

interested in the subsequent technical details, we propose to skip this subsubsection.

Auxiliary facts. We start by collecting some auxiliary facts, which we will use in the

classification.

Lemma 3.29. Fiz a k-vector space U. Let R C End(U) be a faithful cyclic representation
of the abelian k-algebra R, i.e., there is a vector w € U such that u.R = U. Then
Cina)(R) = R. In particular, if an abelian group A C End(U) acts on the vector space
U with a cyclic vector, then Cgnq(u(A) = k[A].
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Proof. Let ¢ € Cgpq(u)(R) and u be a cyclic vector as in the lemma. Then the value u.c of ¢
determines ¢, since for any v € U we find r € R such that u.r = v and so v.c = u.rc = u.cr.
Hence, if u.c = 0, we must have ¢ = 0. For an arbitrary ¢, by assumption we find r € R
such that u.c = u.r. Then u.(c—7) =0 and as R is abelian, c —r € Cgyq()(R). But then
¢ —r = 0 by the preceding argument, so that c € R. O

Remark 3.30. This is a perfect analog of the corresponding statement for transitive

abelian permutation groups, see [37, page 158, Hilfssatz 3.1].

For a k-vector space U, subsequently, let U* denote the o-semilinear functionals on U.
Equipping it with the dual action (u*.g)(u) == u*(u.g~!) for u € U, u* € U*, the space U*
becomes a k[X]-module, too. We will also need the following simple connection between

the centralizer of an action and the forms it stabilizes.

Lemma 3.31. Let H be a group acting on the k-vector spaces U and U’. Let f: UxU' — k
be an H-invariant non-singular bilinear resp. o-sesquilinear form over k (in the last case,
it is o-semilinear in U'). Then any other such H-invariant form h: U x U — k, which is

not necessarily non-singular, is of the form h = f(e.c,®) for an element c € Cgyq(ur)(H)-

Proof. The form f is the same as an H-equivariant bijective linear map ¢s: U — U™.
Consider the same map ¢y, for h.

Set ¢ = pp 0 gpjjl € Cgua(u+)(H), which exists as ¢ is invertible by assumption.
Define d := ¢* € Cgpqu)(H) as the adjoint of ¢ with respect to the natural pairing
between U™ and U, i.e., via (u*.¢)(u) = u*(u.d) for all uw € U’, u* € U™. Then h(u,v) =
er(u)(v) = (Yo pf(u))(v) = (pr(u)¥)(v) = ¢f(u)(v.d) = f(u,v.d). Taking as c the
adjoint of d with respect to f, we get the claim. O

If G is orthogonal and p = 2, we still need the following fact.

Lemma 3.32. Assume we are in Case (x) of Section 0.1(f), i.e., G is orthogonal and
p = char(k) = 2. Let Q,Q": U — k be quadratic forms inducing the symmetric bilinear
form f on a k-vector space U. Then Q — Q' is a semilinear form on U with respect to the
2-Frobenius. In particular, when Q) is H-invariant for some group H acting on U, and H

does not fix a hyperplane in U, then @ is uniquely determined.

Proof. We have that (Q —Q")(u+v) = Q(u) + f(u,v) + Q(v) = (Q'(u) + f(u,v) + Q'(v)) =
(Q—-Q)(u)+(Q —Q)(v),so @— Q' is additive and hence semilinear with respect to the
square map. The second claim follows from the fact that in this case ker(Q — Q') < U is
an H-invariant subspace of codimension at most one. O
The classification. Write g = @, ,imary I (x)®x in generalized Jordan normal form.
Consider a ‘block’ U < V such that g|;; acts as F'(x) for some x = i¢ € k[X] primary, with
i irreducible of degree d and e > 1. This means that the action of g|; on U is isomorphic

to multiplication by X in the k-algebra R, = k[X]/(x) = U. In particular, the g-invariant
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subspaces of U form a chain 0 = Uy < Uy < --- < U, = U, where U; corresponds to the
ideal (i¢7) C R, (j =0,...,e). By finiteness, we can assume that e is as large as possible.
Let A € k be a root of i and set K, = k[\] = k[X]/(i) to be the residue field of R,. For a
polynomial 7 = ag + a1 X + - - + ap_1 X* 71 + X¥ € k[X] with ag # 0 write r* for the dual
polynomial ay® X8 ro(X~1) with ‘normalized’ reversed coefficients twisted by o. Call
the polynomial r self-dual if r = r*, i.e., when its set of roots is preserved under inversion
and an extension of o, or equivalently, the map o: K, — K, defined by «|, = ¢ and
X = A+ X! extends (uniquely) to an automorphism of K. Note that x is self-dual
if and only if 4 is self-dual. The restricted form h = f|; induces a map ¢,: U — U™.
Let W :=rad(h) = U N U~ be its radical. Then h descends to a non-singular form % on
U :=U/W. As W is clearly g-invariant, i.e., a submodule, and the set of submodules of
Uisachain 0=Uy < Uy < - < U = U, where g acts as F(i/) on U; (j = 0,...,e),
when W = Uj, we have that g acts as F(i°7) on the quotient U = U/W. The form h
induces an isomorphism of the g-modules U and U". Now g also acts as F((i*)¢ ) on U .
Hence, if j < e, i.e., U is not totally singular, we need to have that i = i*, i.e., 4 and so

is self-dual.

(A): Hence, if U is non-singular and we are not in Case (x) of Section 0.1(f), then
U =V and x is self-dual, since U L. U+ = V is an orthogonal decomposition of V. If
we are in the Case (%) and U is non-singular, either W = 0 and we are in the previous
situation, or W = rad(f) is one-dimensional and @ is non-trivial on W. This implies that
i has degree one, so i = X — . Then for v € W\ {0} we have Q(\v) = X\2Q(v) = Q(v) # 0
implying that A = 1, i.e., g is unipotent. Then also V =U.

So assume that U is singular. Then W must contain the minimal submodule U; of U.
Fix a vector u; € Uy \ {0}.

(B): First assume that U;Nrad(f) = 0 (which is always true unless we are in Case (x) of
Section 0.1(f) and n = dim(V') is odd). Then by assumption we find another block U’ < V
(with respect to the decomposition associated to the above generalized Jordan normal form
of g) and a vector v’ € U’ such that f(u1,u) # 0. This implies that |, : UxU" — kis
separating in U, as U N U < U is g-invariant, but does not contain U;. Hence we obtain
an injective g-equivariant linear map ¢: U — U’*. This implies that g acts as F(x’) on
U’, where x' = (i*)¢ for some € > e. But by assumption on e, we must also have ¢’ < e,
implying that ¢ must be an isomorphism, i.e., U' = U*, and f|;, . is also separating
in U’. Then the submodule U L U’ is non-singular, so, since V was indecomposable,
V=UL1U',asV = (U LU") L (U LU")" is an orthogonal decomposition of it.

(C): Now assume that rad(f) is one-dimensional and rad(f) < U and we are not in (A)
(i.e., we are in Case (x) of Section 0.1(f) and n = dim(V') is odd). As rad(f) is g-invariant,
this implies U; = rad(f). As in (A) it follows that g is unipotent. But since we are not
in (A), we must have Uy < W. Fix a vector ug € Us \ U;. Similarly to the above, we find
another block U’ <V such that f descends to a non-singular form on U/U; x U’, so that
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gactsas F((X +1)¢) on U and as F((X +1)*"!) on U".

From this starting point we classify all cases that occur. We distinguish three cases.

Case 1: x is not self-dual. Then we are in paragraph (B) from above and U’ = U* 2 U,
so that V must be orthogonally indecomposable, since the only direct sum decomposition
of V is then U @ U’ and neither of the summands, by the above reason, carries a non-
singular form. Also the pairing between U and U’ = U* (as k[X]-modules) is canonical.
Hence f is given by f(u@®u/,v®v") = u/(v) +ev'(u)?, where v/, v" € U’ are interpreted as

elements from U*.

Remark 3.33. When we consider the isomorphisms U = R, and U’ = U* = R,+, we can

write the pairing f|; . : U x U = R, x R+ — k more explicitly as
Ry X Ry 3 (u,v) — £y (uv®),

where a: Ry« — R, is the isomorphism given by «|, = o and X Yﬁl, and 0, : R, — k
is the form ¢ constructed in the proof of Lemma 3.34 below. This is completely analogous
to the construction of f in Case 2 below (cf. the proof of Lemma 3.34), where xy = x* and
soU =U"= R := R, = R+ and hence o € Aut(R).

Case 1*: Orthogonal case in characteristic two. In this case, we still have to determine
Q. Since f vanishes on U and U’, we must have that @ is semilinear with respect to
the 2-Frobenius endomorphism on them. Hence the subspace {u € U|Q(u) = 0} resp.
{v' € U"|Q(u") = 0} is g-invariant and has codimension at most one in U resp. U’. Thus
@ must vanish on U and U’ if d > 1, since then every proper submodule of U resp. U’ has
codimension at least d. If d = 1 we have that g|; = F((X — X)) = Je(\). Let u1,...,ue
be a basis in which the element ¢ is represented by J¢(\). @ must vanish on U._1, so
that Q(ue) = Q(ue-g) = Qe + tte—1) = N2Q(ue) + M (e to—1) + Que—1) = X2Q(u),
so that either Q = 0 on U or A = 1, the latter being a contradiction to the fact that i is
not self-dual. The same holds on U’. Hence Q: V — k is given by Q(u ® u’) = f(u,u’) as
Q(u) = Q) =0 for u € U, v € U’, and one easily verifies that this quadratic form Q is

g-invariant and induces f.

Case 2: x = x* is self-dual and \*> # 1 if f is bilinear. For this case we need a

preparatory lemma (Lemma 3.34 below).

Preparation for Case 2. Write K = K, = k[\], R == R,, and let a resp. 7 be the
automorphism of R resp. K such that a|, = 7|, =0 and a: X — X resp. 7: A — AL
(so that o induces 7 on the residue field K of R). Note that both are involutions. Recall
from Section 0.2 that R, resp. K, denote the subring of R resp. the subfield of K whose
elements are fixed by a resp. 7. Also define trf': K — K to be the map = ~ x + 27
and Ny: R — R, resp. N.: K — K to be the map r — rr® resp. z — zx”. Recall from
above that the action of g on U is isomorphic to multiplication by X in R = U.
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Lemma 3.34. In this situation there is a natural bijection between the equivalence classes
of non-singular alternating resp. symmetric bilinear resp. o-conjugate-symmetric sesquilin-

ear forms on U = R and the factor group

Ry /Na(R*) = K/ N-(K”).

Proof. Let £: R — k be a k-linear form such that f: (u,v) — f(uv®) is a non-singular
o-sesquilinear form. It is easy to see that this is equivalent to (i°~!) € ker(¢). Then f is
g-invariant as uX (vX)* = uXvoX " = u® for all u,v € R and any other such (possibly
singular) form is given by f.(u,v) = f(u.c,v) = l(cuv®) for ¢ € R by Lemmas 3.29
and 3.31 as U = R is a cyclic module over R. Moreover, the map ¢+ f. is easily seen to

be bijective.

Now let us construct a form ¢ explicitly such that the corresponding form f is non-

singular alternating resp. symmetric bilinear resp. o-conjugate-symmetric sesquilinear.

At first assume that K /k is separable (which is always the case when £k is finite). Define
S = K[Y]/(Y®) = k[\,Y]/(Y®) and B € Aut(S) via Y — —Y and S|, = 7. Now let
s=A+s5Y +---+ 367176_1 € S with s; # 0. Then s is conjugate to A +Y in S via
the k-automorphism Y — s1Y + - + 86_1?6_1 of S. So assume subsequently, w.l.o.g.,
that s = A + Y. Consider the homomorphism ¢: k[X] — S given by X ~ s. Then
(1) =i(s) = Z;-l;(l] (Djz')()\)?j, where D7i is the jth Hasse derivative of i, so that, since
i is separable, (i) = u1Y +- - Ue 1Y with g # 0. This shows that ¢(x) = ¢(i)¢ =0,
showing that (y) C ker(yp). But it is easy to check that ¢ is surjective as K = k[)], so
that for dimension reasons we must have equality, i.e., k[X]/(x) = R = S as k-algebras
via p: X — 5. Next, dropping the assumption s = A + Y, we find appropriate coefficients
for s such that a corresponds to 3 via @. For this we have to solve the equations ss® = 1

and sg = \ for s = Zj;é sj?j inductively. This means

e—1 ) e—1 ' )
sV | D1y | =1,
j=0 §=0

together with s9 = A. The coeflicient of 7 in the above product is always one, since

7: A — A~ Computing the coefficient of V" for k > 1 gives

k k—1
Do (=DM Isgsiy = gk + (=1 sosp + > (1) ssi_; = 0.
j=0 J=1

Abbreviate the last term by #; and observe that ¢] = (—1)*#;. This means that

N7 (s0) tr(T_l)k(Sk/SO) = tT(T_l)k (sk/s0) = —tg-
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But the condition on t; means precisely that
iy € ker(trgfl)k_l) = im(trgfl)k),

so that the system has a solution. Hence we have found s such that @ carries « into 5. We
can now define the K-linear form A: S=2 R=U — K by S > ug+u1Y +-- -+ue,1?efl —
te_1 and the T-sesquilinear form S? — K by (u,v) — A(uv®), so that

e—1

A(uvﬁ) = (—1)6_1_jujvg_1_j.

Il
o

J

has sign (—1)*"!. Hence choosing § € K> such that 6" = (—1)°"1e6, ie.,, 0 # § €
ker(tr(_l)ea), and setting F'(u,v) :== 6A(uv®) for u,v € S gives a T-sesquilinear form of the
desired sign €, so that £ := trg, 00A induces an appropriate form f on U = S, when K/k
is separable. Note that by construction dA(u®) = e(§A(u))” for u € S = U and, similarly,
l(u®) =el(u)? forue R=U.

In the inseparable case, we have i = ¢’ (Xpa) for a separable polynomial i’, where p® is
the degree of inseparability of K/k. Set Kyep = k[AP"]. Then R contains Reep = <Ypa> =
k[Z])(i"(2)) = KeepY]/(YE) = k[N",Y]/(Y®) = Ssep- Then define tTR/Ryep © 12— Rsep
by ug + w1 X + -+ + upa,lypa_l — ug, where u; € Reep (i = 0,...,p* — 1), and set
€= lsep 0 tTR) Ruep» Where lsep: Rsep — k has already been defined in the separable case.
Then £ induces a non-singular form f of the desired type on U = R, since for 0 # u = ug+
ur X +-- -—i—upa_lypa_l € R=U withuj € Reep (7 =0,...,p*—1) thereis a uy # 0. Then
tTR) Reep (U(Yk)o‘) = ug, so that f(u,ykv) # 0 for appropriate v € Rsep € R = U. Also
note that trp/p,, commutes with o (which stabilizes Rsep), so that still £(u®) = ef(u)”
forallue R=U.

Finally, we have to prove the claimed correspondence. We already mentioned that
¢ — f. is a bijection. Assume that f was already alternating resp. symmetric bilinear
resp. o-conjugate-symmetric sesquilinear. That f. has the same property means now that
{(cuu®) = 0 implying that £(cul) +£(clu®) = £(c(u+u®)) = 0 resp. £(c(u—u®)) = 0 resp.
lcu) —Ll(cu®)” =0forallue R=U.

In the first two cases, we see immediately that all ¢ € R, satisfy the assumption. But
since f is non-singular and dimg(R,) = dimg(R)/2, there are no other such c. In the
last case, we can use the property of ¢ that ¢(u)? = ¢(u®), so that the condition becomes

{((c — ¢*)u) = 0, which means ¢ € R, as well.

Changing the coordinates g-invariantly of a form f(u,v) = ¢(uv®) means to multiply
both entries by some ¢ € R. Hence we get a natural one-to-one correspondence between
RY /No(R*) and the non-singular forms f (in each of the three cases).

It remains to show that R /Ny (R*) = KX /N, (K*). For this purpose consider the
natural homomorphism of groups 7: R} — KX /N, (K*). That u € ker(m) means that

there is v € R* such that u = vv® modulo (i). Now let 1 < k < e — 1 and assume we

82



3.4. Finite groups of Lie type

have found v € R* such that ug == u — Ny (v) € (i%),. We want to find w € (i*) such that
upr1 = u — No(v 4+ w) € (i*+1),. This means uy — vw — vw® = uy, — No(v) tra(w/v) €
(i*+1),. But it is easy to check that a acts on K = R/(i) as it acts on (i¥)/(i*T1).
Therefore, since u, € (i*), and N, (v) € RX, the system can be solved. Thus we find
v € R* such that u = N, (v) and the proof is complete. O

Remark 3.35. Using for £ the trace trg, is not a good choice, since this trace is zero if

1 is inseparable.

Remark 3.36. The proof shows that, if ¢ is separable, all possible non-singular forms f
are of the form (u,v) = trg o0 A(uv?) for suitable 0 # 6 € ker(trgfl)%) as above. This
is, since then KX C R} surjects on K /N (K*) under the map = in the proof and ¢ is

determined up to a factor in KX.

Now we apply Lemma 3.34.

Discussion of Case 2. We are either in paragraph (A) or (B) from above. We first
show that (B) cannot occur. Assume we are in paragraph (B), i.e., V. = U L U’ and
U= U’'=U* Then Lemma 3.34 gives that

o fu fiz) _fe 1
fo1 fo2 e d

for some ¢,d € R,. By this notation, which we shall use also in the subsequent cases,
we mean that f(u; @ ug,v1 © va) = L(uygfriv1 + ug fiove + ugforv1 + ug foouve), where
{: R=U — k is the linear form from the proof of Lemma 3.34. If ¢ resp. d was a unit in

R, we could split off U resp. U’. So assume c¢,d € (i). Then

1 a c 1 L 0\ c+ea—+a®+ aa®d %
0 1 e d a 1) * %]’

so that taking a such that K > @ ¢ ker(tr) gives a transformation such that {u @ ua|u €
U = R} splits off. Here we used that « is non-trivial, since A # A~L. Hence U =V, so
we are actually in paragraph (A), and f is determined up to KX /N, (K*) as described
in Lemma 3.34 (so uniquely when k is finite, since then the norm N,: K* — KX is

surjective).

Case 2*: The orthogonal case in characteristic two. In characteristic two we still need
to determine Q.
At first assume that K/k is separable (which is certainly true if & is finite). In this

case, from the proof of Lemma 3.34 and Remark 3.36 we get

e—1

flu,v) = trg )y 52%‘7’;17]' )
=0
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as 1 = —1. Noting that trg/, = trg s otrg g, and that

e—1
/x| 0 Z ujve_q_j | =0y (uviq_j+ujve—1-;)
= J
H(u+v) = H(u) — H(v),

I
=)

where

H(u) = 6A(uuf) = (52 Ut _q_;

is a g-invariant Hermitian form over K which induces the previous K, -bilinear form.
Setting () = trg. /; oH gives an appropriate quadratic form ) inducing f.
If K/k is inseparable and p® is the degree of inseparability, then f is given by f (u v) =
v 81 sep (Ui, v;), as in the proof of Lemma 3.34, where u = Zp 0 ulyz v = Zp 0 vzi
with 4, v; € Reep (i =0,...,p% — 1), so that we can define Q by Q(u) == >7 ol Qsep (i),
where Qgep is the quadratic form we defined in the separable case.

It remains to prove that ) is uniquely determined. So assume @’ would be another
g-invariant quadratic form inducing f. Arguing as in Case 1* for Q — Q' instead of @, we
obtain that, if Q — Q' # 0, we must have that ¢ is unipotent, i.e., A = 1, a contradiction.
Thus @ is unique.

Case 3: i = X £ 1 and f is bilinear. We can restrict to ¢ = X — 1 by multiplying g by
—id (which stabilizes f) if necessary.

Case 3.1: pis odd. Write R := R, = k[X]/((X —1)¢) and S = k[Y]/(Y°) as in Case 2
and note that R = S via X ++ 1+Y. Define a as there and set R4y = im(trE!) = ker(trT!)
to be the £1-eigenspace of a: R, — R,. In analogy to Lemma 3.34 we have the following.

Lemma 3.37. In this situation there is a natural bijection between the equivalence classes

of g-invariant alternating resp. symmetric bilinear forms on U and the quotient
R(_1ye-1/ No(R™) resp. R(_1)e/Na(R).

Hence equivalence classes of g-invariant non-singular alternating resp. symmetric bilinear
forms are in bijection with k* /(k*)?, as R/ No(R*) 2 k> /(k*)?, (which equals Cs if k is
finite) in the case e is even resp. odd, whereas all g-invariant alternating resp. symmetric

forms on U in odd resp. even dimension are singular.

Proof. Find s € S such that ss® = 1 and ag = 1 so that X — s defines an isomorphism
R = S carrying « to 8 as in the proof of Lemma 3.34 (here one uses that 2 # 0). Define A
as in the proof of Lemma 3.34 with 7 = id, so that f: S? — k; (u,v) — A(uv®) has sign
(=1)¢~!. Then by Lemma 3.31 any other possible form is given by f.. Now f. has sign
(—1)¢~1 if and only if ¢ € im(try) = R; and sign (—1)¢if ¢ € im(trf{l)) =R_;. O

According to Lemma 3.37 we have the following two cases.
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Case 3.1(a): ¢ = (—1)°"!. Then we have that

o fu fiz) _fe 1
fo1 fo2 1 d)’

so that we can use the same trick as in Case 2 to obtain U = V. Indeed, since V is orthog-
onally indecomposable, ¢, d € (i), so that, if we apply the same coordinate transformation

as there, we get

F= fii fia) (1 a\[c 1 1 0\ ([ct+ta+a®+aa®d x
S\ ) N0 1) \1 d)\e> 1) % « ]

Taking f{; modulo (i) gives 2ag € k, where
e—1 )
a = Z aj?],
=0

so that, taking ag # 0, we have found the g-invariant non-singular subspace {u @ ua|u €

U = R}, contradicting the assumption.

Remark 3.38. Hence, if k = FF, is finite, we get the two inequivalent possibilities that
fu,v) = l(uwv®) and f(u,v) = Bl(uv®) for B € k™ a non-square. These correspond to
Vi(2k) and V3(2k) resp. Vi(2k 4+ 1) and Vg(2k + 1) of Section 2.4 resp. 2.5 of [25]. Note
that Vz(1)t? = V1(1)*? (use the trick in Section 3.4.6 of [78]). Hence, if g is isotypic of
type F((X £1)%)®¢, where ¢ = (—1)°~1, V is either of type Vi (e)*¢ or Vs(e) L Vi(e)-(e=b)
(cf. Propositions 2.3 and 2.4 of [25]).

Case 3.1(b): e = (—1)¢. In this case, V = U & U’ and due to Lemma 3.37 there is no
non-singular g-invariant form on U = U’. We show that we can change the coordinates
such that U and U’ are totally singular. For this define deg(c) := max{j € {0,...,e}|c €

(i7)}. Write
fo fir o fie [ @ b
for fo2 —b* d

and assume, w.l.o.g., that deg(a) < deg(d) and b € 1+ (i) (at the start we may even

assume that b = 1). Again we obtain

- 1 =z a b 1 0y [a—-0%+bz*+dex® b+dx
SN0 1) \= d) \a 1) —(b+ dx)* d |’

We have that R_; = im(tr;!) = tr 1 (R_1), so that we find x € bR_ such that a — bz +
br® = a — No(b) tr;!(x/b) = 0. Then the new entry o’ := f{; has degree deg(dzx®) >
min{e, deg(d) + 2} and still f{, = € 1+ (7). Hence, repeating this procedure, eventually

we obtain a = ¢ = 0, so that in suitable coordinates fis = fo; = 0.
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Remark 3.39. If k = F, is finite, in this subcase, we only get the representative W (2(+1)
resp. W (2l) of Section 2.4 resp. 2.5 of [25] in the symplectic resp. orthogonal case.

Case 3.2: p = 2. In this case, to give a reasonable classification, we need some
assumption on the field k. The case that k is quadratically closed, i.e., every quadratic
polynomial has a solution, is considered in [33].

In the case that k¥ = F, is finite, we refer to Chapter 3 of [25], which shows that
there are four types of indecomposables (namely W(m), Wy(m), V(2k), and V,(2k),
which satisfy certain relations given in Table 1 of [25]). Letting the transformation g act
F((X + 1)¢)-isotypically and choosing coordinates such that f (which is preserved by g)
is in the normal form of [25, Theorem 3.1], we see that f restricted to all but constantly

many Jordan blocks of g is of the form W (e).

§2 The Frobenius normal form for elements g € GG

We wish to apply the same method as in Subsection 3.4.1, for which we need an analog
of the Frobenius normal form for elements g € G.

Write g = h L uw=h L u; L u_y, where u;, —u_; are unipotent and h has only
eigenvalues different from +1. This is possible by considering the Cases 1, 2, and 3 of
indecomposables in the previous subsubsection.

We obtain a normal form for A in the same way as the Frobenius normal form is
obtained from the generalized Jordan normal form: In the first summand we collect all
orthogonally indecomposable summands from Case 1 resp. Case 2 of the form F((ii*)¢) =
F(i¢) ® F(i*¢) with ¢« € k[X] irreducible and not self-dual resp. F(i¢) with i € k[X]
irreducible and self-dual (and 7 # X +1) and e as large as possible. Then we split off this
summand and proceed in the same way with the perpendicular complement.

For u; and u_; we use the normal form provided by [25, Propositions 2.2, 2.3, 2.4, and
Theorem 3.1].

We still need the following fact, which follows from the analysis of Cases 1, 2, and 3

of the previous subsubsection:

Fact 3.40. Whenever x € k[X] is self-dual and is not divided by X +1 in the bilinear case,
then there exists a non-singular form f (coming from a quadratic form Q when p = 2)
which is preserved by F(x) (f is even unique up to linear equivalence). On the other

hand, for all e we have that there is a form f (together with Q when p = 2) preserving
F((X £1)9)%2,

§3 Proof of Theorem 3.2 for the remaining groups

We decompose g =2 h 1 u; L u_; as described above. Hence, using Jensen’s inequality,
we only need to consider two cases: (a) g = h and (b) g = +u, where u is unipotent. Now
we can apply the previous considerations to elements that are F'(x)-isotypic for x € k[X]
self-dual of degree k which is not divided by X + 1 in Case (a), and elements that are

86



3.4. Finite groups of Lie type

F((X 4 1)¢)®%isotypic, where d = 1 or 2 and k = de in Case (b). It is enough to consider

these two isotypic cases. Again we derive an estimate for k small and £ large.

Estimate for small k. In Case (a), we have that g = F () for y self-dual and there is
up to equivalence only one form f preserved by F'(x) (which follows from the first part of
Fact 3.40 above). We can approximate the linear map g by elements from w({X)?Sym(r)),
where (X) C R* = (k[X]/(x(X¢)))* and ¢, = rc+ s for 0 < s < r, as in the estimate
for small k in Subsection 3.4.1. But X € R* preserves a non-singular form f as x(X¢)
is again self-dual (which again follows from Fact 3.40 above), so that also the group (X)
preserves such a form and we are done by uniqueness.

In Case (b), we have g = F((X £ 1)¢)®.c. Since k = de is small, ¢4, is large and
we can certainly assume it to be even. Observe that F((X 4 1)¢)®? always supports
a non-singular form, so that F((X¢ + 1)¢)®? will do as well (by Fact 3.40). Hence we
can use the same trick as in Case (a) and use Fact 3.40 in the unitary case and [25,
Propositions 2.3, 2.4, and Theorem 3.1] in the bilinear case, which says that the form f is
essentially determined by g up to a constant number of summands F((X +£1)¢)®¢ (namely,
with the notation used there, most of its blocks will be U(e) in the unitary case and Vi (e)

or W (e) in the bilinear case).

Estimate for large k. In this case, we assume that g = F(x) in Case (a) (so ¢, = 1)

and g = F((X +£1)¢)®? for d = 1 or 2. Here we want to apply the following simple fact.

Lemma 3.41. Let C > 0 be a fized constant. Assume that V = X @Y & Z, where X
and Y are totally isotropic, n — 2dim(X),n — 2dim(Y) < C, i.e., X and Y are close to
a Witt subspace, and codimx (X N X.g),codimy (Y NY.g) < C, i.e., X and Y are almost

g-invariant. Then g can be approxrimated by word values.

Proof. Note that dim(Y1) = n — dim(Y) < %€, so that dim(X NY*) < C. Hence
we can find X’ < X of dimension at least dim(X) — C > % such that f|y/, .y is
separating in X’. Hence, choosing Y/ <Y which induces all o-semilinear functionals X"*,
we can assume by passing from X to X’ and Y to Y’ that f|y, is non-degenerate, so in
particular dim(X) = dim(Y").

Now let ¢ be an extension of g|XﬁX.g*1 : XNX.g ! — XNX.g to an invertible
linear map X — X. By Subsection 3.4.1, we find h = w(z,y) € w(GL(X)) such that
duex (g, h) < d(1/ dim(X)) < d(=25).

We extend h to all of V' as follows: Extend x,y € GL(X) to Y by taking their dual
on Y, so that they fix X and Y setwise, and then extend them to V with Witt’s lemma.
Then set h = w(z,y) on all of V. Write Y.(g — h) = (Y.(¢9 —h)NY) @& W. Then, since
h fixes Y, W is injectively mapped by the natural map Y.(¢ — h) — (Y + Y.g)/Y, but
the last quotient, by assumption, had dimension at most C, so that dim(W) < C. Now
flx(g7t —=h1),y) = f(z,y(g—h)) =0forz € X,y €Y, when = € ker(g~! — h™1) =
(ker(g — h)).h as g7' — h™t = h=Y(h — g)g~!. But the vector space of all such z € X has
dimension at least dim(X)(1 —d(1/dim(X)) — C/dim(X)), which follows from the above
estimate on dy x(¢', h) and the fact that g and ¢’ agree on X N X.g~ 1.
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Hence the dimension of Y.(g —h)NY is at most dim(X)(d(1/dim(X)) + C/dim(X))),
so that, using dim(W) < C, the dimension of Y.(g — h) is at most dim(X)(d(1/dim(X))+
2C/dim(X)). Hence the rank of g — h is small on X and Y, so is small on V. This ends
the proof. O

Now V is the direct sum of orthogonally indecomposable modules, each type of which
occurs at most once. Subsequently, we construct subspaces X, Y, and Z with the property
required by Lemma 3.41. Write S; (j = 1,2,3) for the orthogonally indecomposable
summands of V' described in Case j from above.

For each orthogonally indecomposable summand S = U & U* € &1 of V as in Case 1
set Xg =U, Yg:=U*, and Zg := 0. Then define X; := 695631 Xg, Y1 = @3631 Ys, and
Z1 = 0. Define x; by the fact that all the summands from Case 1 grouped together act
as F(x1).

In Case 2, for each S = U € Sy we have that g acts as F(xs) = F(ig’) on S, where ig
is irreducible of degree dg and xg is of degree kg = dgeg. Set xo2 = H5652 Xs € k[X] and
set ko := deg(x2). The form f on P Sy is given by (u,v) = L(uv®) = Y g, £s(usvs®),
where u = (ug)ses,, v = (vs)ses,, and £g,ag (S € S2) are as described in Case 2 above.
Set X = (Xs)ses, € R = [Ises, Bs = [lses, k[Xs]/(xs), @ = (as)ses,, and recall
that g acts on V' = R as multiplication by X. Also recall that R, = {r € R|r* =r}.

That the vectors v,...,v.g""! for v € @ Sy span a totally singular subspace hence
means that Z(vfjvo‘) = E(Na(v)yj) =0for j=0,...,l—1, where we write Ny (v) = vv®.
Write u = N, (v). We demonstrate how to find such a vector v for which the vectors
v,...,v.g"" 1 are linearly independent in the orthogonal case for p = char(k) # 2 (i.e.,
o =1id and € = 1). The other two cases are similar. So assume that f is non-singular
symmetric bilinear. Let Ag € k be a root of ig. Define i's to be the minimal polynomial
over k of Ag + Ag' and let X’y € k[X] be the minimal polynomial of X g + Y;l € Rg
(S € Ss). Note that i'g(X + X 1) X%/? = ig and ys(X + X 1) XFs/2 = yg, so that
deg(i'y) = deg(is)/2 and deg(x’s) = deg(xs)/2. This holds as Ag # A\g' are conjugate in
Kg = k[X]/(is), so that 2 | dg (S € S2). Hence the i resp. xg are pairwise coprime, since
the ig are coprime (S € Sa). Define x5 by x5 = [[ges, X's € k[X], so that deg(x5) = k2/2.
Set [ := deg(x5) — 1. Note that R, is a k-subalgebra of R of k-dimension [ + 1 = deg(x5)
and £ descends to a k-linear functional R, — k. The minimal polynomial of Y+Y_1 € R,
over k is x4, so that R, = k[Y—i-Y_l] = k[X]/(x5) (here we used that the xy are pairwise
coprime for S € S;). This implies that the (X + Y_l)j and hence the X° + X (j =
0,...,1—1) span an [-dimensional k-subspace of R, and are hence linearly independent.

Now note that E(Yju) = 0 is equivalent to E(Yﬁju) = 0 when v € R,, as ¢ has the
property £(z)? = £(z) = l(z®) = £(z*) and X~ = X (as we are in the orthogonal
case). But for j <[ —1, X’ + X # 0 from the previous observation, so that the two
preceding equations are equivalent to E((Yj + Y_j)u) = 0. Now from the construction
of £ one sees that f restricts to R, as a non-singular form (here we use that we are in
the orthogonal case and p # 2). Hence W = ((X + Y_l)j |j=0,....0 — 1)Lt NR,is
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one-dimensional. Let 0 # u € W be a generator of this subspace. We show that w is a
unit in R, € R. Assume the contrary, namely that ug € (ig) for some S € Sp. Then the
k-linear functional £, : R, — k which is zero on all Rg/ o, (S # S’ € S2) and which equals
x> O(rigs X+ Y;l)x) for r € Ré wg arbitrary must be a linear combination of the
functionals R, — k; x — E((Y—i—y_l)ja;) (j=0,...,1—1), since £,(u) = 0 and the latter
functionals span the space of all such functionals. This means that there is a polynomial
s € k[X] of degree | — 1 = deg(x}) — 2 such that S(Y—I—Y_l) is zero on Rgr o, for S' # S
and lies in (i';s_l(YS + Y;l)) = (igs_l) N Rsag o0 Rgqg. This means that x, | s for
S" # 8 and ¢! | 5. Hence, since the polynomials i, € k[X] (T € Sy) are irreducible
and pairwise coprime, to achieve an arbitrary r, we hence need that s = (x4/7's)so, where
sop € k[X] is arbitrary of degree less than dg/2. Hence we would need in the worst case
that deg(s) =1 = deg(x5) — 1, which is a contradiction. So we have that u is a unit in R,
and every such unit is in the image of the norm N,: R — R,, since k is a finite field, so
that we find an appropriate vector v € R such that N, (v) = u. Also, since v is a unit in
R, the space Xo := (v.¢7 |j =0,...,1—1 = deg(x5) — 2) is actually of dimension /. Hence,
setting Y5 := X5.¢g' and choosing Z3 appropriately, we are done in this case.

Now, in Case (a), we have that g acts as F\(x) = F(x1x2). Setting X = X; & Xo,
Y =Y ®Ys and Z = Z; @ Z3 (and cutting of a further dimension if necessary when
p = 2 by restricting to @ = 0), we can apply Lemma 3.41 to F(x).

In Case (b), when S € S3, one can easily extract almost invariant isotropic subspaces
Xg,Ys, and a space Zg as needed in Lemma 3.41 from the explicit representations given

in [25, Propositions 2.2, 2.3, 2.4, and Theorem 3.1] and sum them up as in Case (a).

Final proof. The final proof is now identical with the one given in the last two para-

graphs of Subsection 3.4.1.

3.4.3 An alternative way of proving Theorem 3.1 using wreath products

The techniques of Section 3.3 and 3.4 provide an alternative proof of Theorem 3.1. The

reason for this is the following lemma on isotypic elements.
Lemma 3.42. Let 0 € S,, be k-isotypic of type (k). Then the following hold.

(i) There exists a prime po(w) such that, if all prime divisors of k are greater than

po(w), then, if ¢, > N(w), the element o lies in the word image w(Sy,).

(i) There are constants N(w), m(w) such that also, if k has prime divisors < po(w),
for m(w) | ¢, and ¢ > N(w)m(w) the permutation o lies in w(Sy). In particular,
any permutation of type (k°) can be approximated up to distance m(w)/cy by word
values if ¢ > N(w)m(w).

(i13) If ¢, = 1, we can approzimate o up to error C(w)/n for a fixed constant C(w) > 0
(which is Theorem 1.3 of [44] without fized constant).
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Proof. Use the setting of Section 3.3 together with Corollary 3.26 of Section 3.4 with
coefficient group the cyclic group Cy, i.e., look at the wreath product Cy S, .

For (i) we find the finite p-groups H(p) such that d?(m(p)) is non-trivial. Then, as
H(p) acts transitively on the coordinates of Ca(7(p)), the image im(d?(n(p))) contains a
vector z(p) € C?*(w(p)) = R[H(p)] with all coefficients non-zero and integral (otherwise
it would be contained in the union of the coordinate hyperplanes, which is impossible
as Z C R is infinite). Then, using coefficients in Cy, we get that w(Cg1S,r) contains
an element of cycle type (k‘ph), when k is not divisible by a prime dividing one of the
coefficients of x(p). Now, if we use for p two distinct primes pi, p2, we can write every
cx > N(w) = (p} —1)(ph — 1) as a sum of numbers p?, pk, so that, taking disjoint unions
of the previous construction, every o of type (k%) with ¢, > N(w) lies in the word image
w(Sy).

To obtain (ii), use the same idea as in (i), but instead of using coefficients in Cy, take
coefficients in C,,;, where m = m(w) is defined to be the least common multiple of all
coefficients of z(p1) and x(p2) from above. Doing the same construction, we obtain that
any element o of type (k%) with m | ¢, and cx/m > N(w) lies in w(Cpx 0S¢, /m) € w(Sy).
For the second part of (ii) write ¢ = rm + s, where 0 < s < m, and use the former
construction on S,k and fill up by the identity.

For (iii) just take a fixed group H(p) where d?(m(p)) is non-trivial. Then pick an
element with only non-zero coefficients as in (i). Plugging in the coefficient group C,, we
see that we differ in boundedly many points from a k-cycle, where k = n = rp. For
arbitrary n write n = rp" +s, where 0 < s < p", use the former construction on 7p" points
and fill up with the identity. O

Remark 3.43. We conjecture that m = 1, if k£ is odd, and m = 2 if k is even, can be
taken (which would be the best possible outcome, as, when w € F%, its image w(S,,) lies
in A,).

The estimate for arbitrary elements follows as at the end of Subsection 3.2.4.
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Chapter 4

Isomorphism questions for metric

ultraproducts

4.1 Introduction

In [73, ?] Thom and Wilson discussed various properties of metric ultraproducts of finite
simple groups. In particular, they asked the question which such ultraproducts can be
isomorphic. In Theorem 2.2 of [73], a metric ultraproduct of alternating groups is distin-
guished from a metric ultraproduct of classical groups of Lie type, where the permutation
degrees resp. dimensions of the natural module tend to infinity. This is done by considering
the structure of centralizers of torsion elements in these groups (see Theorems 2.8 and 2.9
of [73]). In the case of a metric ultraproduct of classical groups of Lie type, in Theorem 2.8
of [73], investigating the structure of such centralizers of semisimple and unipotent torsion
elements, Thom and Wilson even extract the ‘limit characteristic’ of the group. At the
end of Section 2 of [73] they ask which metric ultraproducts of classical groups of different
types can be isomorphic.

In this chapter, we will give an almost complete answer to this question in the case when
the field sizes are bounded. We will show that for a metric ultraproduct of alternating
or classical groups of Lie type of unbounded rank over fields of bounded size one can
extract the Lie type (up to one exception). Also one can extract the ‘limit field size’. Our
results are summed up in Theorem 4.1 below. To state it, we first need to introduce some

notation.

Recall the definitions from Section 0.1(a)—(f) and Section 0.3. Also recall the classifi-
cation given in Subsection 3.4.2 §1. Let H = (H;);es be a sequence of groups where either
H; =8,, is a symmetric group or H; = X;(¢;) is a classical group of Lie type X; over the
field F,, (resp. qu in the unitary case; i € I). Here let each X; be one of GLy;, Spy,,,,
GO;‘EW7 GOg2pm;+1 (gi odd), or GU,, for suitable m;,n; € Z, (i € I). Throughout, let

G = H}}* be the metric ultraproduct of these groups (see Definition 0.7) with respect

to the normalized Hamming length function fg; resp. the normalized rank length function
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4k (see Definition 0.12) when H; is a symmetric resp. a classical linear group of Lie type.
Assume that the permutation degrees resp. dimensions of the natural module n; of H;
(¢ € I) tend to infinity along U.

Note that, since U is an ultrafilter, we may assume that each group H; is of the
same type, i.e., all groups H; are either symmetric, general linear, symplectic, general
orthogonal, or general unitary groups. In these five distinct cases, we write Sy/, GLy/, Spyy,
GOy, or GUy, for G. Also, when the field sizes ¢; are bounded, we may assume that ¢; = ¢
is constant (i € I), setting q := limy ¢;. Throughout, set Z := Z(G) and G = G/Z.

If the groups H; (i € I) are symmetric groups, then Z = 1 and G = G. Now assume
that all groups H; are of type X(¢;) (i € I; i.e., they are not symmetric groups). Then
G=G/Z = ﬁﬁet is the metric ultraproduct of the groups H; := H;/Z(H;) with respect
to the projective rank length function £,,. Recall from Theorem 1.3 that G is the unique

simple quotient of G.
Similarly to the above, write PGLy, PSp;,, PGOy, or PGUy, for G when all the groups

H; (i € I) are general linear, symplectic, general orthogonal, or general unitary groups.
Moreover, in this case, if all the fields Fy, (i € I) are equal to F, (or 2 in the unitary case),
we write GLy/(q), Spy(q), GOu(q), GUu(q) resp. PGLy(q), PSpy(q), PGOu(q), PGUy(q)
for G resp. G. Also write My, My(q) resp. PMy;, PM(q) for the metric ultraproduct
of the spaces My, (gi), My, (q) resp. PM,,(gi), PM,, (¢) with respect to the metrics dyx
and dp, (i € I; see Remark 0.10), so that GLy € My, GLy(q) € My(q), PGLy € PMy,,
PGLy(q) € PMy(q). Throughout, if not stated otherwise, let k = F, when G is classical

non-unitary and k = F 2 in the unitary case.

If all H; (i € I) are symplectic, orthogonal, or unitary, write f; for the forms stabilized

(and @; for the quadratic form in the orthogonal case in characteristic two).

The main result of this chapter is now as follows.

Theorem 4.1. Let G = G = G with G = Xy, (q;), where X; € {GL,Sp, GO, GU} (j =
1,2). Then it holds that g1 = qa2. Also we must have X1 = Xo or {X1, X2} = {Sp, GO}.
Moreover, an ultraproduct X 1y, where the sizes q; of the finite fields F,, (i € I1) tend to

infinity along Uy cannot be isomorphic to an ultraproduct X o4,(q).

Let us say some words about the proof of Theorem 4.1. Our strategy is to compute
double centralizers of semisimple torsion elements of a fixed order o € Z, in the above
metric ultraproducts. If the sizes ¢; (i € I) of the fields F,, are bounded, it turns out that
these are always finite abelian groups. Then we consider the maximal possible exponent,
which such a double centralizer can have. It turns out that this data is enough to determine
the limit field size ¢ and the Lie type (up to the exception mentioned in Theorem 4.1). If
the field sizes ¢; (¢ € I) tend to infinity, a double centralizer of such a torsion element of

order o > 2 is always infinite.
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4.2 Description of conjugacy classes in Sy, GLy(q), and PGLy(q)

In this section, we give a description of the conjugacy classes of groups of type Sy or
PGLy(q). We will make use of this in the subsequent sections. At first we consider
GLy(q) instead of PGLy(g). Throughout this chapter, all polynomials from k[X] that

occur are meant to be monic polynomials.

Conjugacy classes in Sy and GLy(q). For an integer k € Z and a polynomial § € k[X]
define 75, (0) = |fix(c")|/n resp. r¢(g) == dim(ker(£(g)))/n for o € S, resp. g € M,(q).
Extend this definition to Sy and My(q) by setting (o) = limy ri(0;) and r¢(g) =

limg, r¢(gi) for o = (03);c; resp. g = (gi);c;- Both expressions are well-defined, since for

o= (Ui)iej = (Ti)iel € Sy one has

1
— l[fix(o})| — [fix(rf)|| < du(of, 7F)
n;

<dn(of,oF'n) + -+ duloitF ) (4.1)
= de(Ji,Ti) — U 0.

Similarly, if g = (¢;);e; = (hi);e; € GLu(g) and € = ag+ a1 X +- - +ap_1 X* 1+ X* € k[X]

we have

- dim(ler §(91)) ~ dim(ler §(h))| < do(€(0).€(h0)

< drk(ajgga a’]hi)

M-

<
I
=)

duc(gl, ) (4.2)

M-

<
Il
o

<

k
) k+1
< E J drk(gi7hi)_< 5 )drk(givhi)
Jj=0

and the latter tends to zero along U. Here we used the same trick as in Estimate (4.1)
above to bound drk(gzj, hi) by jdi(gi,hi) (j =0,...,k) in Estimate (4.2). Write r(o) =
(1%(0))kez, and r(g) = (1¢(9))eekx)- Now define gi(o) for k € Z via the equality

> qa(o) = ri(0),

d|k

for all k € Z,. Write q(0) = (qx(0))rez, - Applying Mobius inversion, we obtain

ar(0) =Y p(k/d)ra(o).

dlk
Alternatively, one can think of ¢x(c) as the U-limit of the normalized cardinality of the
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support of all k-cycles in o; (i € I), i.e.,

qk(a) = hZ/I{Ilnk(UZ)/nZ = ]{ZIILI{an(O'Z)/nZ

Similarly, for x € k[X] primary define g, (g) via the equality

re(g) = > deglecdix.£h) | (o),

X primary deg(X)

for all polynomials & € k[X]. Write ¢(g) := (¢y(9))y primary. Alternatively, one can think
of gy (g) as the U-limit of the normalized dimensions of the (not unique) subspaces V. (g;)
(1€1),ie.,

ax(9) = limny(g:) /i = Ky limey(g:) /1,

where k, = deg(x) = edeg(i). This is because, when g acts as F'(x) and & € k[X], then
dim(ker(§(g))) = deg(ged{x, ¢}).

We claim that the conjugacy classes in Sy resp. My(q) are in one-to-one correspondence
with all tuples (g (0))rez, resp. (¢x(9))x primary, where the only condition on the sequences

are that

Z qr(0) < 1 resp. Z a(9) < 1.

keZ4 X primary
Here we let GLy(q) act on My(q) by conjugation. The element g lies in GLy(q) if and
only if ¢, (g) = 0 for x = X° (e > 1). Indeed, one sees easily that r(o) resp. r(g) is
conjugacy invariant, and so is q(o) resp. q(g) for o € Sy and g € My(q).

To see the converse, let 0 = (07);c;, T = (Ti);e; € Su 1esp. 9 = (gi)ier h = (hi)ier €

M;,(q) be elements such that g(o) = q(7) resp. q(g) = q(h).

Find a sequence (N;);cs tending to infinity along U such that

Ni Ni
> lar(e) = arloa)l, Y lax(r) — gr(m:)| = 0
k=1 k=1

resp. such that

ST dnde) —a@)l > la(h) = ax(hi)| = 0.

X primary X primary
deg(x)<N; deg(x)<N;

Then by the triangle inequality
1 &
— 2 (i) = (i) =y 0

b k=1
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resp.
LS dim(Vy () — dim(Vy(hi))] —u 0.

n; ,
X primary
deg(x)<N;
Hence we can conjugate a big part of |_|2V;1 Qi (0;) equivariantly to a big part of

|_|,Z€V;'1 Qi (7;) resp. an almost fulldimensional part of

P W) to P Vi)

X primary X primary

deg(x)<N; deg(x)<N;
equivariantly (with no error in the limit; here again V,(g;) resp. Vy (h;) are not unique).
The remaining part of o; and 7; resp. g; and h; can be modified into one big cycle resp.
one big Frobenius block with no change of o and 7 resp. g and h, since N; —y; co. Then

we conjugate this cycle resp. Frobenius block onto the other.

The case of PMy(q). Let the group &* = F; act on all (monic) polynomials § € k[X]
by £.2 :== 2% €£(2X), where ke := deg(€). Extend this action to all tuples ¢ = (¢y)y primary
with >0 imary O < 1 via

q.2 = (qX.z)x primary

and denote by g the orbit orbyx(q) of ¢ under this action of k*.
Let G = PGLy(q). We claim that the conjugacy classes of elements § € PMy,(q) are

classified by the bijection g& — (ax(9)) where ¢ is any lift of g in My/(q) (here

X primary’
we exclude the tuple ¢ where ¢x = 1 and ¢, = 0 otherwise).

Indeed, the map is well-defined, since any other h such that h = g € PMy(q) is of the
form zg for some z € k* (as k = I, is finite), so that (¢, (h))y primary = (Gx(29))y primary =
(@x.2(9))x primary = q(g).z. Also ¢ is constant on conjugacy classes of My(q) (under the
action of GLy(q)).

Conversely, if ¢, (h) = ¢y.-(9) = ¢, (2g) for some fixed z € k> and all x € k[X] primary,
then from the above we derive that the elements g and z='h of My(q) are conjugate, so

that g and h are conjugate in PMy(q). This proves the claim.

Remark 4.2. For G of type Sp;;(q), GOy(q), or GUy(q) the conjugacy classes of elements
g € G for which }° ooy x(9) = 1 are still characterized by the tuples (gy(9))y primary-
The only necessary additional restriction on these tuples is that ¢,(¢g) = ¢,~(g), where x*

is the dual polynomial of x defined in Subsection 3.4.2 §1.

Indeed, assume g = (g;);c;, h = (hi);c; € G, q(g9) = q(h) and
Z qX(g) = Z qX(h) =1
X primary X primary

Then g is conjugate to h.
This holds, since on all but constantly many Frobenius blocks F(x) of g; resp. h;

(i € I), where x is a self-dual primary polynomial or of the form x = ££*, where £ is
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not self-dual primary (see Subsection 3.4.2 §1), the form f; (and in characteristic two
the quadratic form ;) is uniquely determined up to linear equivalence, so that we can
map these blocks of g; to such blocks of h; and extend this partial map by Witt’s lemma
(Lemma 0.1).

Conversely, if we have a tuple (gy)y primary such that ZX primary & = 1 and g = ¢+,
we can see from Fact 3.40 that there exists an element g € G such ¢,(g) = ¢y for all
X € k[X] primary.

Recall that G = G/Z, where Z = Z(G). For a tuple ¢ = (qy)y primary let g denote its
orbit orbz(q) under the action of Z < k*. Then for the elements g € G (i.e., G is one of
PSpy(q), PGOu(q), or PGUy(q)) such that >° .00 ax(g) = 1 for one lift g € G of g
the same characterization as for PGLy/(q) above holds by the same argument. Again we
need to restrict the tuples ¢ = (¢y)y primary SO that ¢, = ¢, for all x primary.

However, we conjecture that the above characterization for G of type Spy(¢), GOy(q)

or GUy(q) is false if
Z ay(g) <1

X primary

for an element g € G.

Remark 4.3. It is easy to see that (y.2)* = x*.z for z € Z. Indeed, since 27 = z~! for z €
Z,wehave (x.2)" = (=5 x(2X))* = (5)7ag " XH (=) (27X 1) = ag? Xix7(2X) 1) =
2 kx*(2X) = x*.z, where Y = ag+ a1 X +---+ap_1 X* 1+ X¥ and 0 € Aut(k) is defined
as at the beginning of Subsection 3.4.2.

4.3 Characterization of torsion elements in Sy, GLy(¢q), and
PGLy(q)

In this section, we characterize torsion elements in metric ultraproducts of the above type.
At first note that an invertible element in My,(q), i.e., an element of Gl (q), is algebraic
over k = [F, if and only if it is torsion. Indeed, if g is torsion, then g° — 1 = 0 for some
integer o > 1. Conversely, if g is algebraic and invertible, let x € k[X] be the its minimal
polynomial. Setting o := |(k[X]/(x))*| < oo one sees that g° = 1 as g is invertible.

Here comes the promised characterization of torsion elements.

Lemma 4.4. An element o € Sy resp. g € GlLy(q) is torsion if and only if there is
N € Z4 such that

qr(o) =1 resp. Z a(g) = 1.
X primary
deg(x)<N

T

An element g € PGlLy(q) is torsion if and only if any lift g € GLy(q) is torsion.

Proof. Indeed, if the above two conditions are fulfilled, then writing o := lem{1,..., N}
resp. o = lem{|(k[X]/(x))*||x primary, deg(x) < N}, we have ly(c¢) —y 0 resp.
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li(9?) —u 0 meaning that 0° = 1 resp. g° = 1. Conversely, if we assume 0° = 1
resp. ¢° = 1, we get that (o) —y 0 resp. 4 (g7) —u 0, meaning that, asymptotically,
the d-cycles in o; for d | o support the whole set resp. all Frobenius blocks F(x) for
X | X? — 1 primary support the whole vector space, so taking N := o above, we get the
converse direction.

The last statement follows, since the kernel of the surjective homomorphism GLy(q) —
PGLy(q) equals k* = ¥, which is finite. Hence, if g € GLy(q) represents g € PGLy(q)
and the latter is of order o < oo, we have that ord(g) | o(q — 1) < . O

4.4 Faithful action of S;; and PGL(¢q) on the Loeb space and
the associated continuous geometry

In this section, we show that the groups Sy and PGLy(q) faithfully act on natural asso-

ciated objects. For this purpose we need the so-called Loeb space
L(ni)ier = (S, p)
resp. its vector space analog, the continuous geometry
V(ni)ier = (V,dim),

which are associated naturally to the metric ultraproduct Sy resp. PGLy(q).

Here S resp. V equals [ [,c; P(ni) resp. [[;c; Sub(£™) modulo the equivalence relation
(Si)ier ~ (Ti)ier resp. (Up)ier ~ (Vi)ier it 113 (S; AT;) —4 0 resp. dim; (U; + V;) — dim; (U; N
Vi) =u 0, where p; resp. dim; is the normalized counting measure resp. dimension on n;
resp. k™ (and AAB denotes the symmetric difference of the sets A and B). Then one
defines p resp. dim by

#(S) = pu((Si)ier) = lim pi(S:)

and

dim(V') = dim((V;),c;) = lizjr{n dim; (V).

It is easy to check that both are well-defined in this way. Also the operations U, N resp.
+, N are inherited to S resp. V in a natural way, e.g., (S:);c;N(Ti);c; = (Si N T});cp. Write
S CTresp. U<Viff u(SNT) = pu(S) resp. dim(U N V) = dim(U). Call a permutation

of § resp. V an automorphism iff it preserves u resp. dim and the relation C resp. <.

Then one observes that Sy resp. PGLy(q) is faithfully represented as group of auto-
morphisms of (S, i) resp. (V,dim).

At first we consider the case G = Sy. Indeed, assume for fixed o = (0y),c; € Sy that

S.o = S for all S € S. Then take S = (5;),c1,

way. For each k-cycle ¢ C n; (k > 1; here seen as a set) we pick s. € ¢ and define

where S; C n; is taken in the following

S; by S;Ne = {sc,sc.af,...,sc.af(tkm_l)} and S; N Qi(0;) = 0. Then S;AS;.0; = 0
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and ;(S;) > 1/3|supp(c;)|. This means that S is fixed by o if and only if supp(o) =
mie ;= () has measure zero. But this means o = id in the metric ultraproduct
St

Now consider the case G = PGILy(q). Here, similarly, assume for fixed g = @ie 7 €
GLy(q) that V.g = V for all V € V. Then take V = (V;),; in the following way: The
linear transformation g; is a direct sum of Frobenius blocks F(x), where x € k[X] runs
through all (monic) primary polynomials. For each such block b < k" of dimension
ky > 1 (here seen as a subspace) of g; select a cyclic vector vp. Then define V; by V; =
®b,kb>1 (vb,vb.gf,.. Up gZ(Lk”/2J 1)>. Then one observes that V; N V;.g; = 0, so that
dim; (Vi + Vi.gs) — dimy(V; N V;.g;) = 2dim;(V;). This shows that ¢, (g) = 0 for all x € k[X]
primary of degree k, > 1. But one observes that, if qx_x)(9),qx—p)(9) = & > 0 for
A # p elements of k, we can use the following construction: Let e;1,..., ek, € Vx_2(9i)
and fi1, ..., fi, € Vx—pu(g:) such that limy, k;/n; = . Define V; := (esj+ fij |1 =1,..., ki)
(¢ € I). Assume v € V; N Vj.g;, then there exists numbers aq, ..., ax,, b1, .., Bk, € k such
that

k; ki
v= ajlei+ fiy) = ) Bi(heij + nfiy).
7j=1 Jj=1
This gives that
ez] /BJM fU?
j=1 J=1

so that by disjointness of Vx_x(g;) and Vx_,(g;) both sides are zero and so, since the
eij, fij (j = 1,...,k;) are linearly independent, we get that o; — 5;A = Bjp —a; = 0,
so that, since A # p, we obtain a; = 3; = 0. Hence v = 0 and V; N V;.g; = 0. But
limy, dim(V;)/n; > ¢, yielding the same contradiction as above. Therefore we must have
g = Aid (as k = Fy is finite) in the metric ultraproduct GLy(q), i.e., PGLy(q) is faithfully

represented.

Remark 4.5. The above statement about PGLy(g) holds for any such metric ultraproduct
of groups PGL,, (k;) where the fields k; are not restricted with the same proof. Here the
kernel of the action GLy — Aut(V,dim) is given by [],, k; (the algebraic ultraproduct of
these groups).

Remark 4.6. Hence, if the sequence of subsets (S;)ier resp. subspaces (V;);er is almost
stabilized by each element of a subgroup H of G = Sy resp. G = PGlLy(q) (or of G =
GLy(q)), we can restrict H to S = (S;),c; resp. V i= (Vi)

Remark 4.7. For an element 0 = (07),.; set Q(0) = ((0:));c; € S for k € Zy.
Similarly, for a semisimple element g = @ie ; € GLy(q) (see the next section for the
definition of semisimple elements) set V,(g) = mie ; €V for x € k[X] primary.
Note that these definitions are independent of the chosen representatives (for the unique-
ness of V,(g) we need that g is semisimple, since then V,(g;) = ker(x(g;)) for a suitable

representative (g;)icr of g).
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Remark 4.8. Call a sequence of subsets (B;)icr € k™ a basis of V' € V if there is a
representative (V;);cr of V such that B; is a basis of V; (i € I).

Remark 4.9. Call V € V totally singular if it has a representative (V;);er such that V; is
totally singular (i € I).

4.5 Centralizers in Sy, GLy(q), Spy(q), GOy(q), and GUy(q)

In this section, we provide tools (Lemmas 4.10 and 4.11) to compute centralizers of certain
elements from the metric ultraproducts Sy; and GLy(q). We will use this in Section 4.6 to

compute centralizers of elements in PGLy(q).

Centralizers of elements in G = Sy, GLy(q). Note that for o = (0i),c; € Sy resp.
9 = (9i);c; € GLy(q) we have [],, C(0;) < C(0) resp. [[,; C(g:) < C(g) (subsequently,
by this notation we mean the metric ultraproduct of subgroups of the H; (i € I)). In the
following lemma, we characterize when the above inclusion is actually an equality in the

case of Syy.

Lemma 4.10. An element o € Sy satisfies 3 ez, ar(0) =1 if and only if for each choice
of a representative (0;);cr of o the centralizer C(o) equals [[;, C(03).

Before proving Lemma 4.10, we turn to GLy(q). An element g € GLy(q) is called
semisimple if it has a representative (g;)ier such that g; € GLy,(q) is semisimple, i.e., of

order prime to q.

Lemma 4.11. A semisimple element g € GLy(q) satisfies 32, imary 0x(9) = 1 if and
only if for each choice of a representative (g;)icr of g where each g; is semisimple (i € I)
the centralizer C(g) equals ][, C(g:)-

To prove Lemmas 4.10 and 4.11, we need the following auxiliary result.
Lemma 4.12. The following are true:

(i) Assume o € Sym(n) is of order k and S C n has normalized counting measure p(S).

Then S contains a o-invariant subset T' of measure u(T) > 1 — k(1 — p(S5)).

(i) Assume g € GL(V') for a k-vector space V' and that the minimal polynomial of g
over k has degree k. Assume U <V, then there exists a g-invariant subspace of U

of codimension at most kcodim(U).

Proof. (i): Observe that the biggest o-invariant subset of S is equal to T' = (), S.ot.

But since o*

= id by assumption, we see that actually T = ﬂf:_ol S.o'. Hence, since
w(S.0%) = p(S) for all i € Z, we have that u(T) > 1 — k(1 — u(S)).

(ii): Similarly to the above, the biggest g-invariant subspace contained in U is W =
Nicz Ug'. Now v € ﬂf;ol U.g" means that v,...,v.g-*% D € U. But then v.g~% =

L (alv.g*(kfl) - dag_1v.g7 +v) € U, where x = ag+ a1 X + -+ ap_1 X1+ XFis

_%
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the minimal polynomial of g. Note that a9 = (—1)*det(g) # 0. This shows that actually
W = ﬂfz_ol U.g", so that codim(W) < k codim(U). O

Remark 4.13. The bounds in Lemma 4.12 are sharp. E.g., take o of type (k) and set
n = cpk. Take S of size n — s such that for precisely s < ¢ k-cycles of o, S contains
k — 1 elements of each of them and all elements of the remaining k-cycles. Then the set T’

constructed in Lemma 4.12 has size n — ks. In (ii) we can use a similar construction.

Now we are able to prove the Lemmas 4.10 and 4.11.

Proof of Lemmas 4.10 and 4.11. At first we prove Lemma 4.10. Assume that o = (0;),c;,
T = ﬁiel € Sy commute and assume that » -, gx(0) = 1. Find a sequence (N;)ier
tending to infinity along U such that

lim
U

M=

N;+1
Qk(Ui):land< i )

EH([Ui, 7‘@]) —U 0.
k=1

Recall that Ci(0;) denotes the set of k-cycles of o; (see Section 0.1(d)). Call a k-cycle of
o; bad if it is not mapped o;-equivariantly to another k-cycle of o; by 7;. Collect the set of
bad k-cycles of o; in C} (0;). For each bad k-cycle of o; we get at least one non-fixed point
of [0y, 7], so that |C(0;)|/n; < lu([os, 7)) for all k € Z,. Hence, if we change 7; such
that all bad k-cycles of o; are mapped accurately for & < N; and all k-cycles for k& > N;

are mapped identically, we get a permutation 7/ such that

N; 0o
1 K3
dy(7i,7]) < Ezkl%(m)l + > ar(o)
v k=1 k=N;+1
N; o)
S( k) talos,m) + > ar(od)
k=1 k=N;+1
Ni +1 >
= < 5 >€H([Oz‘,7‘i])+ > (o).
k=N;+1

By the assumption ) 2, gx(c) = 1, the last term in the above estimate tends to zero
along U. Hence 7 = (7;),c; = @ie] and [o;,7/] = 1.

Conversely, assume that Y .~ gi(0) < 1. Choose the sequence (N;);cr such that
limy, Zi\gl qk(0:) = > req qk(0) and limy N;/n; = 0.

For each ¢ € I change o; to o) such that the k-cycles of o, are the same as in o; for
1 < k < Nj; and the other k-cycles of o} (k > Nj; if they exist) are grouped into one big K-
cycle so that dy (04, o)) is minimal possible. It is easy to see that then still d (0, o)) — 0
as N; —y 0o. Now o) eventually has precisely one K;-cycle for K; > N;. Obtain o/ by
dividing this K;-cycle (if it exists) into two | K;/2]-cycles and at most one fixed point so
that dy(o},0!') <3/n; is minimal. Note that K;/n; =1 — Zg;l qr(0;) =y € > 0, so that

| K;/2] > N; along U, as limy N;/n; —1 0 by assumption.
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Now consider the restriction of the centralizers C(o}) and C(o]) to the support of
the unique Kj;-cycle of o) (which certainly both fix setwise by the previous inequality).
The first group is isomorphic to Cg,, whereas the second is isomorphic to C|, /2 1 Ca.
Taking the metric ultraproducts of these groups restricted to this support (in the sense
of Remark 4.6), we get an abelian group in the first case, and a non-abelian group in the

second case. Hence, in at least one case, [[,, C(o}) # C(o) or [[,, C(c}) # C(0).

Now we prove Lemma 4.11. Assume that g = (g;)

ier = (hi);cr € GLy(q) commute,
i.e., [g,h] =1id, that g and each g; (i € I) is semisimple, and assume that

Z ax(g) = 1.

x irreducible

Note that semisimplicity implies that for each Frobenius block F'(x) in the generalized

1

Jordan normal form of g;, x =" is irreducible. Choose the sequence (N;);cr such that

liLIIn | Z ¢y (g:) = 1 and | Z deg(x) | 4x([gi, hi]) —u O.
X irreducible X irreducible
deg(x)<N; deg(x)<N;

Define U; := ker([g;, h;] — id). Fix an irreducible polynomial x € k[X] and apply
Lemma 4.12(ii) inside V' := V}(g;) to the subspace U = U; N V,(g;) to get a g;-invariant
subspace W = W;,, < U such that codimy (W;,) < k, codim(U;), where k, = deg(x).
Note here that V,(g;) = ker(x(g;)) is unique, since g; is semisimple. This large-dimensional
subspace Wj, is mapped accurately by h;, as g; commutes with h; on it. Define A} to be
equal to h; on each W;, and complete it on each V;, to a map commuting with g; for
deg(x) < N; (here we use semisimplicity of g;). On Vi (g;) with deg(x) > N; set A, to be
the identity. As in the proof for Sy above, it follows that dy(h;, h}) = 0 and [g;, k)] = 1.

Conversely, assume that > jucinie 9x(9) < 1. Choose the sequence (N;)ier such
that

N; o)
li N — i s = 0.
m Z o) = Z ax(9) and lim Ni/n; =0
x irreducible X irreducible
deg(x)<N;

For each ¢ € I change g; into g} such that all Frobenius blocks F(x) for x irreducible
of degree at most N; are left unchanged and all bigger Frobenius blocks (if there is any
such block) are grouped into one big Frobenius block F(¢) of size K; (for ¢ irreducible).
Define ¢/ in the same way, but split the Frobenius block F(¢) (if it exists) into two or
three blocks, two of which are F'(¢) for ¢ irreducible of degree | K;/2| and, if K; is odd, one
block of size one, which is the identity. Then, as above, the centralizer of ¢, restricted to
the large Frobenius block F(¢) of it, equals C(g}) = (k[X]/(¢))*, whereas the centralizer
C(g/) restricted to the same subspace is non-abelian (again in the sense of Remark 4.6).
Also one sees that their metric ultraproducts are non-isomorphic, similarly to the case of

permutations. The proof is complete. ]
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Remark 4.14. If G is one of Spy(q), GOy (q), or GUy(q) and a semisimple g € G is
represented by (gi)ier and > i educible 9x(9) = 1, one can adapt the above argument for
GLy(q) to see that still C(g) = [[;, C(gi) when all g; are semisimple.

Indeed, from Subsection 3.4.2 §1 it follows that in the space Wi, + Wiy« (where
Wiy, Wiy+ are constructed as above) we can still find a big, i.e., almost fulldimensional, g;-
invariant non-singular subspace W/

Xt Then the form f; (and @; in the orthogonal case
in characteristic two) on Wi’ix* N(Vy(gi)+Vi=(gi)) and (Wi’x7x*.h¢)Lﬂ(VX (9i)+Vy+(9i)) are
isomorphic (which again follows from Subsection 3.4.2 §1), so that we can still complete

our partial maps to h} (i € I).

As a consequence of Lemma 4.4 together with Lemmas 4.10 and 4.11, and Remark 4.14,

we get the following corollary.

Corollary 4.15. If o € Sy resp. a semisimple element g € GLy(q), Spy(q), GOy (q), or
GUy(q) is torsion, then C(o) resp. C(g) is equal to [],, C(o;) resp. [];, C(g:) for each
representative (0;)ier resp. (gi)ier of o resp. g, where we require all g; (i € I) to be

semisimple.

4.6 Centralizers in PGlLy(q), PSpy,(q), PGOy(q), and PGUy(q)

Now we can deduce the structure of centralizers of semisimple elements from PGLy(q),
i.e., elements that lift to semisimple elements in GLy/(q). Let g = @iel € GLy(g) be a
semisimple element which maps to g € PGLy(¢) = GLy/(q)/k*. Here g; is also assumed
to be semisimple (i € I).

Assume that h = (h;);c; € GLy(q) is such that [g, h] = pid for p € kK, then g" = pg,
so that q(g) = q(9") = q(ng) = q(9) -1, i-e., p € stabyx(q(g)). Now let v € stabyx (¢(g)) <
k* be a generator of this cyclic group.

It is now easy to see that the conformal centralizer Ceons(g) == {h € GLy(q) | there is u €
k> such that g" = ug} is an extension C(g). stabyx (¢(g)) = C(g).{v) of C(g) by stabyx (¢(g))-
Hence C(g) = (C(g).(v))/k*.

Remark 4.16. The analog statement of Lemma 4.11 is false in PGLy(q). Indeed, take a
semisimple element g € PGLy(q) such that for a lift g € GLy(q) the group stabyx (¢(g))
is non-trivial. Choose a representative (g;)icr of g € GLy(q) such that g, (g;) # qe(g;) for
all x, ¢ € k[X] distinct irreducible and g; is semisimple (i € I). Then C(g;) stabilizes each
subspace V,(g;) = ker(x(g;)) < k™. But this means that, if h € C = [[;; Ccont(gi), We
have that g" = g, so that C/k* is properly contained in C(g) (namely, C(g)/(C/k*) =
stabyx (¢(g)), which is non-trivial).

Remark 4.17. For the groups PSpy(q), PGOy,(q), and PGU(q) the same structure for
C(g) holds, where Spy,(q), GOy(q) resp. GUy(q) play the role of GLy(g). The possible
scalars p € k* are restricted to u € {1} in the symplectic or orthogonal case, and to

pdtt =1 in the unitary case.
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4.7 Double centralizers of torsion elements

In this section, we compute the double centralizers of (semisimple) torsion elements of
the groups G of type Sy, PGLy(q), PSpy(q), PGOy(q), and PGUy(q). Note that for
g € G a group element C(C(g)) = Z(C(g)), since g € C(g), so that C(C(g)) < C(g).
Set C%(g) == C(C(g)) and C2_(9) = Ceont(Cecont(g)) to be the double centralizer resp.

conf

double conformal centralizer of g. Here Ceont(g) == {h € G|lg,h] € Z(G)}.

4.7.1 The case Sy

Let 0 = (05);c; € Su = G be torsion of order 0. Then >kl qk(0) =1 by Lemma 4.4. By
Corollary 4.15 we have that C(c) = [[;, C(0;). But C(0;) has a subgroup

[ G 1Sym(cx (o)
klo
which is dense in it along U, so that C':= C(0) = [, [ 11/, Ck tSym(ck(03)).

At first, for simplicity, assume that o; is isotypic of type (k%*) (so that n; = cipk).
Assume that 7 = (7),c; € Z(C) and 7, = (aij).pi € C1Sym(ciz). Assume that
limy/ |supp(¢;)|/cix = € > 0. Then we can conjugate @; by ¢; € Sym(c;,) < Cr1Sym(cix) =
C(o;) such that limy, d,; (i, pipi) > € > 0. But this leads to the contradiction

hg{ndH(TZ(ﬁl,d)sz) >e>0.

Hence we may assume that ¢; = id, applying a small change to 7; along U if necessary
(i € I). Now assume that limy [{j | ai; = c}|/ci, =€ € (0,1). Then we find permutations
¢; € Sym(cik) < CglSym(cir) = C(oy) such that dH(Ti,TZ¢i) = {Jjlai # aije, t|/cik >
min{e, 1 — e} > 0. Hence we can assume that all a;; are equal. This shows that, in this
case, Z(C(0)) is the metric ultraproduct [[;, Ci = Cj, where Cy, in the ith component is
generated by the element o; itself (i € T).

In the general case, we obtain that

This holds, because o € C(o), so that, when 7 € Z(C(0)), it must commute with o.
But this implies that limy |Q(0;) AQk(0;).7| = 0, so that 7 must stabilize the isotypic

components of o (in the sense of Remark 4.6), and we can apply the above argument.

4.7.2 The case PGLy(q), PSp,(q), PGOy(q), and PGU;(q)

Recall that k = F, when G is GLy/(q), Spy(q), or GOy(q), and k = F2 when G = GUy(q).
Set d =1 in the first three cases and d = 2 when G is unitary over F 2.
Recall that Z = k* when G = GLy(q), Z = {£1} C k* when G = Spy(q) or
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G =GOy(q),and Z = {z € kX | 29T =1} C kX = FZQ when G = GUy(q). Also, recall
that, if G is not of shape GLy(q), we have 27 = 27! for z € Z, where o: k — k is the
identity in the symplectic and orthogonal case, and the g-Frobenius endomorphism x + x4
when G = GUy(q) (cf. the beginning of Subsection 3.4.2). Let g = @iel € G < GLy(k)
be semisimple, with g; (i € I) semisimple such that g € G < PGLy(k) = GLy/(k)/k* is

torsion of order dividing o, i.e., there is u € k* such that ¢° = pid. This implies p € Z.

Then
Z ay(9) =1

X irreducible
Xo=p(x)

by Lemma 4.4. Set P := {x € k[X]|x (monic) irreducible, x | X°—u}, T := stabz(q(g)),
K, = Ek[X]/(x) for x € k[X] irreducible (as in Subsection 3.4.2 §1), and ¢;,, = ¢,(gi)

(i € I). Hence, similarly to the above, we have

C(g) = H H MCiX(KX)7

U x irreducible

X=p(x)

ax(9)>0
the centralizer being computed in My, (k). Now, by Section 4.6 we ‘know’ the structure of
Ceonf(9) < G. For x € k[X] irreducible consider the g-invariant subspace V = V¢(g) =
@Deey Ve(g) € V, where X = orbr(x) is the orbit of x under T (see Remark 4.7 for the
definition of V¢(g) € V). Set I, == [X| and my, = |T|/ly,. Note that m, = [stabr(x)|, and
so my = max{m | |T]|3x" : x = x'(X™)}. The restriction of the action of Ceon(g)/Z to
Vx(g) is given by

HHC(QH/&(g)) xT|/Z.

U gex

We will explain this below.

Definition of the action of T'. In this situationt € T' < Z < k* acts as the map ; which
is constructed as follows: Find K¢-bases (B ;)icr of each Ve(g) (£ € X for all representatives
x of orbits of the action of T" on the irreducible polynomials; see Remark 4.8) and compati-
ble bijections o, ¢,i: Be i — Bey i (0 € I51e., gy 65,1008, 0,0 = g g5 for all {1, &2, &3 € X,
all x, and all 7 € I). If G comes from groups preserving a form, we still find bijections
®*: B¢ — Bg; such that b** = b, the pairing f; restricted to K¢b x K¢«b* — k is non-
singular, the pairing f; restricted to K¢b x Kg/b' is zero for all b € Bg ;, b’ € Bgr;, V/ # b*,
and such that * commutes with the maps g, ¢, (¢ € I). Such bases exist by the classi-
fication in Subsection 3.4.2 §1. The last condition can be fulfilled, since (£.t)* = £*.t for
all £ € k[X] and t € T' by Remark 4.3. Define ¢;; by (pt’i‘<B§,i>K5 (Bei) ke = (Bei) ke,
to be the field isomorphism ¢ ;: K¢ = k[X]/(§) = K¢y = E[X]/(£.t); X — tX applied to
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4.7. Double centralizers of torsion elements

each K¢-multiple of a basis vector in By ;, i.e.,
o | D b= D @erM)ageri(b).
bEBe ; bEBe 1

Doing this for all representatives x of orbits of the action of T" on the irreducible polyno-

mials y € k[X] with x | X° — u, this defines, up to a small error in the rank metric, a map

pri: k" — k™, s0 set o to be (i)

The action of T preserves the forms f; (and Q;; i € I). Assume G is not GLy(g). Then
one verifies that T' preserves the forms f; (i € I): According to Subsection 3.4.2 §1 for
b € Bg; the form fi|; p+ 1 U x U* = K¢b x Kexb* — k is given as U x U* = K¢ x K¢« 3
(u,v) = Btrg, x(uv®) (where a: K¢« — K as remarked in Remark 3.33, noting that
K¢ = R as e = 1, since g is semisimple, and (3 is either one or a standard non-square
in k£*; the latter is only needed in Case 3.1 of Subsection 3.4.2 §1 when G is orthogonal
and b = b*; but we can even neglect this case by Remark 3.38; so 8 = 1). In Case 3.2
of Subsection 3.4.2 §1, i.e., p = 2, so f; is alternating and thus b # b*, we can assume
additionally that Q(Ab+ ub*) = Au € k, as all but at most one irreducible block have this
shape W(1) (cf. [25, page 8 and Theorem 3.1]).

Hence for (u,v) € K¢ X K¢« 2 U x U* we obtain fi(u.t,v.t) = tr, , /x(pe(u)pi(v)*) =
trr, k(o) (vY)) = trg,, n(o(uv®)) = trg, p(uww®) = fi(u,v). This holds, since
the action of T' commutes with « and ¢; is a field isomorphism. The former is verified
as follows: Let v € k[X]. Then ¢ (v(X))* = v(tX)™ = v“(t"yil) = v”(t_lyil)
@t(vg(y_l)) = ¢1(v¥), as desired, since by definition of Z we have t° =t~! € Z. Here X
is the image of X in K¢ = k[X]/(§).

Now let us fix h € C2_.(g). We want to understand the shape of h.

conf

Step 1: h stabilizes each Vy(g) (x € k[X] irreducible). Assume that h € C2 ;(gl,,) <
Ceonf(gly,) does not stabilize each subspace Ve(g) of V' (§ € X). Write ¥ = {&1,...,&}
and assume that Ve (g9).h = Vg, (g). Take f = (My, My, *,...,%) € C(gly) < Ceont(9ly),
where the jth component of f acts on V¢, (g) (j =1,...,1), then

P =hT R = (e, M %, ).

Now there are three cases according to the classification in Subsection 3.4.2 §1: If
G = GLy(q), we can take My = 1y, (5 and M, far away from k*idy, (5. Then [f, h] =
(%, MP' %, ... %) is far away from k*idy. If G is one of Spy(q), GOy(q), or GUy(q),
&1 is not self-dual and & # &, we can do the same as before. When £ = & in this
case, we must have My = (Mf")T, so that [f,h] = (x, M{TMpP, %,... ). Again we can
choose M € [, GL, (K¢, ) such that (M{)T M} is far away from Z. In the last case,
&1 = & is self-dual. Then again M; and My are independent of each other and we can
choose My = 1‘/52 (9)- The only restriction on M; is that it lies in I, GU%1 (Ke,) if
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& # X £1or Gis GUy(q) (see Case 2 of Subsection 3.4.2 §1) resp. M; € [],, Xeye, (k)
in the opposite case when §& = X £ 1, where G = Xy(q) (X = Sp or GO; see Case 3.1

of Subsection 3.4.2 §1), so again we can choose M; such that [f,h] = (*,Mlh, k..., k) dS

2

far away from Z. In all cases, we get a contradiction. This shows that h € CZ_ ;

each V (g9) € V (x € k[X] irreducible).

(g) fixes

Assume now that hly, (,y = M.c,, where a corresponds to an element of Th = {t |t €

T'} which induces a non-trivial field automorphism on K, .

Step 2: The automorphism « equals the identity idk, . Then for A € K, we have
(Aid)" = A%id = (A*A"')Aid. This implies that for all A € K* stabilizing the forms f;
(or Qi; i € I) on Vy(g) we have A*A~1 € Z < k*. When G = GLy/(q) or x is not self-dual,
there is no restriction on A\ (of course, if G is one of Sp;,(q), GOy(q), or GUy(q), then if
h acts as M on V,(g), it must act as (M~°)" on V,+(g)). Hence, in this case, for each
A* € K, there exists k) € k™ such that A\~ = k). However, then every vector A € K,
is an eigenvector of the k-linear map «, which forces a = idg, , since 1 € K, is fixed, a
contradiction.

In the opposite case, G is one of Sp;,(q), GOy/(q), or GUy(q) and y is self-dual. Then
we are in Case 2 and 3 of Subsection 3.4.2 §1. Let 7: K, — K, be the map defined there,
ie, 7|, =cand7: A — AL, where X € K, is the root of x. Then 2 = idg, and 7 = idg,
if and only if we are in Case 3 of Subsection 3.4.2 §1. Here, if we are in Case 2, C(g)\vx(g)

is an ultraproduct of unitary groups over the field K, equipped with the involution 7. In

Case 3, C(g)]vx( g) is an ultraproduct of symplectic resp. orthogonal groups over Ky = k.
We proceed as follows: Find totally singular K,-subspaces U = (U;);c;, U' = (Uj), ., U" =
(Ul);er €V of Vy(g) (in the sense of Remark 4.9) such that U @ U' = U © U" = V,(g),
U'NnU" = 0 and dim(U) = dim(U’) = dim(U”) = dim(V,(g))/2. W.l.o.g., we may
assume that dimg (U;) = dimg, (U]) = dimg, (U]) and that the restrictions fi[;.,
and fi|y . y» are non-degenerate (i € I; as we may by modifying U;, U, and U/ a little
if necessarys. Then define f" = (f]),c;, f" = (f{);e; € C(g) < G such that f; and f/’
act F(p)-isotypically on U; and such that f! resp. f! act F(¢*)-isotypically on U/ resp.
U/ (i € I) for a fixed irreducible polynomial ¢ € K,[X] which is not self-dual with
,h‘VX(g) = 2" f//|VX(g) for 2/, 2" € Z. Note
that g, .-1(2'f'ly, () = @ ('l (g)) = 1/2 and qp -1 (2" "]y, (4) = 2o ( "y, () = 1/2,

and ©.2/~! and .21

respect to 7. Then f’h‘v @) = 2’ f|,VX(g) and f”
X

are both also not self-dual, since ¢ € K, [X] is not self-dual and
212" € Z sothat 277 = 277 = 2’ and 277 = 279 = 2 whence, e.g., (p.2'"1)* =
@*.2""1 # p.2/71. Then h must stabilize the decompositions V,(¢) = U & U’ = U & U”,
so it must stabilize U. But on the h-invariant totally isotropic subspace U, we can do the

same argument as above for G = GILy(q) to see that a = idk, .
Hence we have obtained that h]vx(g) =M €[],y M, (Ky), so that h € C(g).

Step 3: We have that h|VX(g) = M = Xid for A € K. According to Subsection 3.4.2 §1
we can find V; (i € I) such that (V;);c; = Vi (g) such that either all V; are totally singular
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(Case 1 of Subsection 3.4.2 §1; if x is not self-dual; this includes the case G = GLy(q)) or H;
preserves a unitary form (Case 2) or a symplectic or orthogonal form (Case 3) over K, on
Vi (i € I). Note from the classification in Subsection 3.4.2 §1 that orthogonally indecom-
posable blocks involving a Frobenius block of size > 2 are non-central in the ambient pro-
jective linear classical group. This shows that g¢(M) = 0 for all £ € K, [X] of degree > 2.
Assume now that there exist distinct A, u € K such that gx (M), gx—n(M) > > 0.
If G = GLy(g) or we are in Case 1, FI(X — \) @ F(X — p) = diag(\, u) € GLa(Ky)
is mapped to a non-central element in PGLy(K,), so that by the assumption, since
we have ‘many’ of these blocks, h\vx(g) would not commute modulo scalars with all of
C(g)|vx(g) = [y Me,, (Ky). In Case 2, we use the same argument for a block of shape
diag(A\, A\™7, p, 1 7) acting on a four-dimensional (K, 7)-unitary space. In Case 3, we use
the same argument with a block diag(\, A™!, s, u~!) acting on a four-dimensional sym-
plectic or orthogonal space. In total we get that M = Aid for A € K,. If we are in
Case 2 of Subsection 3.4.2 §1, we have the additional assumption that N.(\) = 1, where
N;: Ky — K, ; is the norm defined there. In Case 3 of Subsection 3.4.2 §1, we must have
=1

Step 4: The precise shape of C :== C2_.(g). We know now that h|VX(g) = A\ (h)id for

conf

each irreducible x € k[X] and so h commutes with all of C(g). In order that h € C2_.(g),
we still need to check that [h,T] C Z. Now choose t € T' to be a generator and z € Z and
assume that h z-commutes with ¢, i.e., [h, o] = zid. Let x € k[X] run through a system
of representatives of the orbits of the action of 7" and e* on the irreducible polynomials
(the action of e* is only used when G is not GLy(gq)). This means zh = h¥t, so since
hly, (g = Ax(h)id, we must have hly, ) = 2 oyt (A (h)) idy, ,, so that h is determined
on all of V"= Vg(g) by Ay (h). In this situation the only condition that needs to be satisfied

. _ _ . _ _l .
is that hly, ;) = h"/x,th () = W (h)id = 27xp i (A((h))id. Note that
Pyt Ky ZF ary = Ky = F ary (d=1,2)
is given by z — ¢%x/"™x_ 5o that the previous condition becomes
2= )™ (4.3)

Hence we can write C' as follows. When G = GLy(q), we have

C=c¢h= P Mh)idy g |Tz€ Z: Au(h) =2 oA (h)) for all x p. (4.4)
x irreducible

Xo=p(x)

ax(g)>0

Here the condition from Equation (4.4) is equivalent to Equation (4.3) for x run-
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ning through a system of representatives of the action of 7" on the set P = {x €
k[X] irreducible | x divides X° — p and ¢,(g) > 0}. For G one of Spy(q), GOy(q), or
GUy(q) we have

C= B MNmidy Ry (4.5)

X irreducible
Xo=p(x)
ax(9)>0

where the condition R is that there exists z € Z such that A\ (h) = 2 oy (A (h))
for all x € P (as in the previous case) and A (h)A\y(h)® = 1 for all x € P, where
a: Ry = K\~ = R, = K, is defined as in Remark 3.33. If G is one of Sp;,(¢q) or GOy(q)
and x = x* # X £1 is self-dual, this means k, is even and )‘x(h)qu/QH = 1. Also, in this
case, if y = X £1 it means A\ (h)? = 1. If G = GUy(q) and x = x*, this means that k,

is odd (since o needs to induce o : x + 2% on k = F2) and )\X(h)qk"+1 =1

4.8 Distinction of metric ultraproducts

Now we want to distinguish all (simple) metric ultraproducts G = Xy(g) for distinct
pairs (X, ¢), where X € {GL, Sp, GO,GU} and q is a prime power (all but PSp;,, (¢) and
PGOy,(q) as mentioned in Theorem 4.1). For a group H define the quantity

— 2
enfo) =, max = exp(C7(h)).
Clearly, when H = L, we have ey (o) = er (o) for all values o € Zy. Our strategy is to
compute e (o) for the groups H = G, where G = X4(q) as above, for certain values of o

to distinguish these groups (with the only exception: PSp;,, (q) = PGOy,(q)?).

4.8.1 Computation of ez(0) when ged{o,p} = ged{o,|Z|} =1

If 0 is coprime to |Z| (and by semisimplicity of g € G coprime to p), from Subsection 4.7.2
we can compute ez(0). Note that in this situation, when g° = p € Z, we can replace
g by ¢ = Mg € G such that ¢’° = 1, choosing A € Z such that \° = p~!, since the
homomorphism Z — Z; x +— z° is then bijective. So assume, w.l.o.g., ¢ = 1. Then
P C Q = {x € k[X] irreducible | x divides X° — 1}.

The case G = GLy(q). From Equation (4.4) we see that, the bigger the group T is,

2
conf

(x € P). Also, the bigger the set P is, the ‘bigger’ is the group C2_.(g), i.e., there are

conf

for an element h € CZ ;(g), the more restrictions are imposed to the scalars A\, (h) € K

more components. Hence, to optimize the exponent of C%(g) = C?, .(g)/Z, we choose g

such that P = @ and 0 < gx—1(g9) # ¢y(g9) > 0 for all x € P\ {X — 1}. Namely, then
T = stabz(q(g)) must fix the polynomial X — 1, so that we must have T'= 1. Set

fq(0) = min{q¢® — 1o divides ¢° — 1}.

108



4.8. Distinction of metric ultraproducts

Equation (4.4) then gives

. 1 ifo=1
e (0) = exp(C*(g)) = exp(Clon(9)/Z) = ‘ : (4.6)
fqlo) ifo>1

Let us demonstrate Equation (4.6). The first equality in it holds by the previous argument.
When o = 1, we have g = 15 and so

C2(9) = (@) = 1

so that ez(1) = 1. Now assume o > 1. For each x € P, if A € E* is a root of y, the
condition that y | X° — 1 is equivalent to A° = 1. Also K, = k[A]. Let u € k& be an
element of order o with minimal polynomial { € k[X]. Then, if A is a root of x € P, we
must have A\° = 1 and thus A = p/ for some f € N. Hence K, = k[\] = k[uf] C k[u] = K,
so that in Equation (4.4) we have ord(Ay(h)) | [K{] | |K | = fq(0). This shows that

exp(C*(9)) | exp(Clons(9)) | lem{|K (|| x divides X° — 1} = [K| = [k[u]*| = fy(0).

To show the equality exp(C?(g)) = f,(0), take h € C20nf( ) such that Ax_1(h) =1 and
A¢(h) has order fy(o) = |K/[| in k™. Then, when 7= = 15, we must have h! € Z. But
Ax_1(h)! =1, so that, since gx_1(g) > 0, it follows that h' = 1. Then /\g(h)l =1, so
that exp(C?(g)) > | > ord(A¢(h)) = f4(0). This completes the proof.

The case G = Spy(q) or GOy(q). As in the linear case, Equation (4.5) shows that the
optimal exponent of C2(g) is obtained when P = Q and 0 < gx—1(g) # gy(g) > 0 for all
x € P\ {X — 1}, so that T'=1. Set

¢“? +1 i fy(0) = ¢° — 1,e s even and o | ¢*/* + 1

folo) = ‘ (4.7)
fq(0) otherwise
Equation (4.5) then gives
1 ifo=1
65(0) = eXp(C2(§)) = exp( conf( )/Z) 2 ifo=2. (48)

fqlo) ifo>2

We demonstrate Equation (4.8). If o = 1, we obtain, as in the linear case, that C%(g) = 1
and so eg(1) =1. If 0 =2, g = 1 and so P = {X —1, X +1}. From Equation (4.5) we see
that, if h € C2_;(g), we have Ax_1(h)? = Ax4+1(h)? = 1, so that h? = 1. Also, defining h
by Ax—1(h) :=1 and Ax41(h) = —1, we obtain h ¢ Z, so ordg(h) = ez(2) = 2 (1 # —1,
since the case p = 2 does not occur due to the condition ged{o,p} = 1). Assume now that

0 > 2. As in the linear case, for each y € P, if A € k is a root of y, the condition that
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X | X° —1 is equivalent to A° — 1. Choose u € k™ of order o and let & € P be its minimal
polynomial. Then, as previously, if A is a root of y € P, we have A = uf for some f € N.
There are two cases:

1

In the first case, ¢ is not self-dual. This means that u and p~" are not conjugate

in K¢/k. If they were conjugate, say by an automorphism «, ie., u® = p~ !, then o €
1 ke/2

Gal(K¢/k) needs to be the unique involution (since p # p~" as 0 > 2) given by x — x¢ "~ ;

in particular, e = k¢ would need to be even. Hence this case is equivalent to either e = kg

being odd or pu® = uqumﬂ # 1, 1e, 01 ¢®/? +1 = ¢"/2 4 1. This is precisely the

gonf (g) we can

choose A¢(h) € K[ = k[u]* arbitrarily (Ae«(h) is then determined by A¢(h)). Arguing
as in the linear case, we obtain exp(C?(g)) = f,(0). Indeed, for h € C% _.(g), as above,

conf
ord(Ay(h)) | fq(o) and defining h such that Ax_i(h) = 1 and A¢(h) has order fy(0), we
see that ordg(h) = ez(0) = fq(0).
In the opposite case, ¢ is self-dual and { # X £ 1 as 0 > 2. Then e = k¢ needs to be

even and

opposite of the first case in Equation (4.7). Here for an element h € C

Nﬂa _ ’uqkﬁ/Q_i_l — )\f(h))\ﬁ(h)a _ )\g(h)qu/2+1 — 17

where « is the involution s 27" of K, = IFqu from Subsection 3.4.2 §1 Case 2. This
means that o | ¢/ + 1 and we are in the first case of Equation (4.7). Note that for each
X € P the map « restricts to an automorphism of each K, C K¢ of order dividing two
(as all the fields are finite). Then o, = id if and only if ky | k¢/2, and o is the
unique involution of K if k¢/k, is odd. Now, if X € k™ is a root of X, then in the first
case A2 = 1, and in the second case AL 1; so all x € P are self-dual. Hence, if
h € C2 .(g), for each y € P one of A\ (h)2 = 1 or A (h)?**!1 = 1 must hold. But
2| ¢"/2+1if p > 2, and ¢"/2 +1 | ¢"¢/2 + 1 in the second case, since ke¢/k, is then
odd. Hence exp(C? (9)) | ¢/ +1=¢"/? +1= f/(0). Defining h € CZ (g) such that

conf conf

Ax—1(h) =1 and X¢(h) has order f(0), we see that ordg(h) = f;(0).

The case G = GUy(q). Here, as well, Equation (4.5) shows that the optimal exponent
of C%(g) is obtained when P = @ and 0 < gx_1(g) # ¢y (g9) > 0 for all x € P\ {X — 1},
so that T'= 1. Set

(o) ¢“+1 if f2(0)=¢**—1,eisoddand o] ¢°+1
qO = .

f42(0) otherwise
Equation (4.5) gives

1 ifo=1

e (0) = exp(C?(g)) = exp(Clone(9)/2) = _ :
fi(o) ifo>1

(4.9)

Again ez(1) = 1 is clear. If o > 1, take p € k™ of order o with minimal polynomial €.

Then the argument proceeds as in the bilinear case. But the condition that £ is self-dual
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is here equivalent to u being conjugate to p~!

_ . q : _ qdk5/2+1_ : e _ k
al, = o; x +— x9. This forces e = k¢ to be odd and p =1,ie,0|¢+1=qg"+1.

in K¢ by an automorphism « such that

4.8.2 Proof of Theorem 4.1

Set G = Xy, (¢5), Z; = Z(Gy), and G; = G;/Z; (j = 1,2). Let p; be the characteristic
of the field F,, (j =1,2). Assume that G = G = Gy. We start by showing that p; = ps.

Determining the characteristic p. Choose o large enough and coprime to p1, pe, | Z1],
|Z3|. Then from Equations (4.6), (4.8), and (4.9) we see that ez(0) is of the form ¢i* & 1
and ¢5? £ 1. If eglo) = ¢f* =1 = ¢52 — 1 or eg(o) = ¢i* +1 = ¢52 + 1, we have
qi' = qi?, so that p; = pe by the uniqueness of the prime factorization. So, w.l.o.g.,
we have ez(0) = ¢°' — 1 = ¢5> + 1 for infinitely many o, and so for infinitely many pairs

(e1,e2) € Z2. If p1 # py we get a contradiction to Corollary 1.8 of [18]. Hence p; = py = p.

Determining ¢%. We can now assume that ¢; =p% (j =1,2). Choose j € {1,2} and
set X := X}, ¢ == q;, and d := d;. Consider the quantity f = ged{ez(0)|o € O}, where

O = {o € Zy |2 < o coprime to p,|Z1|,|Zs|; eg(0) = —1 modulo p°}

From Equations (4.6), (4.8), and (4.9) it follows that for every element o € O the number
eg(0) is either of the form g% — 1 or ¢° + 1. But the second case is excluded by the
condition that eg(0) = —1 modulo p3. Hence ¢? — 1 | eg(0) = ¢ — 1 and so ¢? — 1| f.

For a prime r set t, == qq_—_ll. Then for distinct primes r and s we have

s __ 1} 1 ngd{T»S} —1

¢ —-1¢q
dt t — d == d T—]_ 8—1 =
ged{t,, ts} = gc {q_ 1% {¢"—1,¢" -1} 1

17¢g—1
Hence the numbers ¢, (r prime), being pairwise coprime, have arbitrarily large prime
divisors. Take for 7 > 2 a prime such that ¢, has a prime divisor o > p, |Z1|, |Za|, ¢* — 1.
Then o is coprime to p, |Zi|, and |Za|, so that by Equations (4.6), (4.8), and (4.9) we
have eg(0) | fya(o) | ¢ —1,as 0 | ¢" =1 | ¢ — 1. Hence the number f(0o) must
be one of ¢¥ — 1 or ¢¢ — 1, the latter being excluded by the condition o > ¢% — 1;
s0 fya(0) = ¢ —1. If X = GL, X = Sp, or X = GO, since 7 is odd and d = 1,
Equations (4.6) and (4.8) show that we must have e5(0) = fa(0) = ¢ —1=¢"—1=—1
modulo p?. Hence, in this case, o € O. If X = GU, it could be that eg(0) = q" +1, when
o| ¢" + 1. However, gcd{q" + 1,¢.} | gcd{q" + 1,¢" — 1} | 2 and ¢, is always odd, so that
ged{q" +1,t,} = 1 and hence, as o | t,, also gcd{q" + 1,0} = 1. This shows that here also
eg(0) = fpa(o) = ¢ —1=¢* — 1= —1modulo p3. Therefore again o € O.

Applying this argument for two different primes r, say 1 and ry, which produces two
different primes o, say o1 and oz, we get f = gcd{eg(0) |0 € O} | gecd{ez(01),eq(02)} =
ged{gi — 1,¢%2 — 1} = geedtdridra} _ 1 — gd _ 1,

Altogether, we have shown that f = ¢% — 1. Plugging in j = 1,2, we obtain qfl —1=
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qgQ — 1 implying that qfl = qgQ.
Now we exclude all remaining possible isomorphisms but PSpy, (¢) = PGOy,(q).

Proof that PGLy, (q) 2 PSpy, (q) and PGLy, (q) 2 PGOy,(q). Let Gi = GLy, () and
G2 = Xy, (q), where X = Sp or GO. Set

b i (4.10)
P+l ifp=2

Note that o > 2 is coprime to p, |Z1| = ¢ — 1, and | Z2| = [{£1}|. Hence by Equation (4.8)
we have ez(0) = eg,(0) = ¢®>+1. Indeed, 0o | ¢> + 1| ¢* — 1. But of ¢/ — 1 for f properly
dividing 4, since then o | ¢> — 1, but it is easy to see that ged{o,¢? — 1} = 1. This shows
fq(0) = ¢* — 1 and egz(0) = eg,(0) = fylo) = ¢®> + 1. But then by G; = G5 we obtain
eg(o) = eg, (0) = fylo) = d-1>¢3+1= eg,(0) = eg(0), a contradiction.

Proof that PSpy, (¢*) % PGUy,(q) and PGOy, (¢%) % PGUy,(q). Let Gi = Xy, (¢%),
where X = Sp or GO, and G2 = GU,(g). Define o as in Equation (4.10). Note that
o > 2 is coprime to p, |Z1| = |{£1}|, and |Z2] = ¢+ 1. Then by Equation (4.8) we
have ez(0) = eg, (0) = f(;z (0) = ¢> + 1 (as above). But by Equation (4.9) we obtain

q

"

that ez = eg,(0) = f;

(0)=q¢*—-1>¢+1= eél(o) = eg(0), since e = 2 is even, a

contradiction.

Proof that PGLyy, (¢?) % PGUy,(q). Let Gy = GLy, (¢%) and G = GUy,(q). Set

¢o+1 : _
if ¢ = —1 modulo 5
0: 5§q"11) .
qq% otherwise

Note that o is coprime to p, |Z1] = ¢* — 1, and | Zs| = ¢+ 1| ¢> — 1. Indeed, ged{o,q+ 1} |
gcd{%,q + 1} = ged{5,¢ + 1} | 5. But 5 1 o, so that gcd{o,q + 1} = 1. Similarly,
ged{o,q—1} | ged{¢®+1,q—1} | ged{2,q—1} | 2. But o is always odd, so gcd{o,q—1} = 1.
We have that o | ¢'°—1, so that from Equation (4.6) we obtain that eg(0) = eg, (0) = fg2(0)
is either ¢'° — 1 or ¢ — 1. But clearly ¢> — 1 < o, so that we must have fg2(0) = q'0 — 1.
But Equation (4.9) gives that ez(0) = eg, (0) = f7(0) = P+1<q%—1=f,(0)= eg, (0),
a contradiction.

Remark 4.18. If ¢; =y oo, then double centralizers of semisimple torsion elements are

infinite groups.

Remark 4.19. If ¢ is even, then PSpy,, (¢) = PGOy, (q) is possible due to the isomorphism
SP2m (q) = GO2m41(g). Also it seems hard to distinguish a group PSpy, (¢) from a group
PGOy,(g) for ¢ odd.
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Set theory
Symbol Explanation
reX x is an element of the set X
r ¢ X x is not an element of the set X
ACB A is a subset of B
ACB A is a proper subset of B
ADB A is a superset of B
ADB A is a proper superset of B
| X| the cardinality of the set X
ANB the intersection of the sets A and B
NS the intersection of the sets in S
Nicr Si the intersection of the sets S; (i € I)
AUB the union of the sets A and B
Us the union of the sets in S
Uier Si the union of the sets S; (i € I)
AUB the disjoint union of the sets A and B
LS the disjoint union of the sets in S
Licr Si the disjoint union of the sets S; (i € I)
A\ B the difference of the sets A and B
AAB the symmetric difference of the sets A and B
Ax B the Cartesian product of the sets A and B
I[Is the Cartesian product of the sets in S
[Lic; Si the Cartesian product of the sets S; (i € I)
X" the nth power of the set X
P(X) the power set of the set X
f:A—= B f is a map from the set A to the set B
f:A—= B f is an injective map from the set A to the set B
f:A—> B f is a surjective map from the set A to the set B
f(zx) the value at x of the function f
X/ ~ the quotient of the set X by the equivalence relation ~
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Standard sets

Symbol Explanation

N the set of natural numbers {0,1,2,...}

n the set {1,...,n} (n € N)

A the set of integers {...,—2,-1,-0,1,2,...}

Zy the set of positive integers {1,2,...}

Q the set of rational numbers {p/q|p € Z,q € Z+}
R the set of real numbers

C the set of complex numbers

Arithmetic
Symbol Explanation
log(z) the natural logarithm of «
min S the minimum of the set S
max S the maximum of the set S
a<b a is less than or equal to b
a<b a is less than b
a>b a is greater than or equal to b
a>b a is greater than b
|| the absolute value of z € C
ab a raised to the power b
Y icr Ti sum of the z; (i € I)
SUp;c1 Ti supremum of the x; (i € I)
ged S greatest common divisor of the elements of S
lem S least common multiple of the elements of S

Basic group theory

Symbol Explanation

1g the neutral element of a group G

gt the inverse of the group element g

gh the product of the group elements g and h

g" the conjugate of the group element g by the group element h; ¢" = h=gh
g the image of a group element g under a natural homomorphism
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g the conjugacy class of the group element g inside G; g% = {¢g" | h € G}
ord(g) the order of the group element g

|G| the order of the group G

exp(Q) the exponent of the group G

1 the trivial group

Cg the cyclic group of order k € Z

G=H the groups G and H are isomorphic

Aut(G) the automorphism group of the group G

HLG H is a subgroup of G

NG N is a normal subgroup of G

HnI the intersection of the subgroups H and [

Gx H the direct product of the groups G and H

G the wreath product of the groups H and G

N.H an extension of the group N by the group H

[TH the direct product of the groups in H

[Licr Hi the direct product of the groups H; (i € I)

p:G—H © is a group homomorphism from G to H

p:G—H  is an injective group homomorphism from G to H
p:G—->H  is a surjective group homomorphism from G to H

im(yp) the image of the homomorphism ¢

ker(p) the kernel of the homomorphism ¢

G=G/N the quotient of the group G by its normal subgroup NV

(S) the subgroup generated by the set S (inside an ambient group)
(SN, (S)Ha  the normal subgroup generated by the set S (inside the group G)
Sk the k-fold product of S C G; S** = {s1---s|51,...,5, €S}
ST the product of S, T C G; ST = {st|se€ S,t € T}

F a free group (of arbitrary rank)

rk(F) the rank of a free group

F, the free group of rank r (freely generated by x1,...,z;,)

(S| R) the group generated by the set S with relations R

Group actions

Symbol Explanation

x.g the image of the point  under the action of the group element g
stabg () the stabilizer of the point z in the group G

orbg(z) the orbit of the point z under the group G
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Commutators
Symbol Explanation
lg, h) the commutator of the group element g and h; [g,h] = g 'h~'gh
(S, g] the subset {[s,g||s € S} of an ambient group
g, 5] the subset {[g, s]| s € S} of an ambient group
[H, L] the subgroup generated by all commutators [h,l], h € H, [ € L
Subgroups
Symbol Explanation
Z(G) the center of the group G
C(S5),Cq(S) the centralizer of the set S (inside the group G)
G',GW the commutator subgroup of G
G® the ith term in the derived series of G (i € N)
7 (G) the ith term in the lower central series of G (i € Z)
Yw(G) the subgroup (;cz, % (G) of G
Permutations
Symbol Explanation
Sym(€2) the symmetric group on the finite set
Alt(Q) the alternating group on the finite set €2
Sn the symmetric group of degree n
A, the alternating group of degree n
A, the Schur covering group of the finite alternating group A,
id, idg the identity permutation (on the set 2)
supp(o) the support of the permutation o
ck(o) the number of k-cycles of the permutation o
(k) kez, the cycle type of a permutation
Cr(o) the set of k-cycles of the permutation o
Qi (o) the support of all the k-cycles of the permutation o
ng(o) the size of Qk(0); ni(0) = keg (o)
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Vector spaces and linear maps

Symbol Explanation

k the ground field

0 the zero vector

—v the additive inverse of the vector v

u+v the sum of the vectors u and v

Av the vector v multiplied by the scalar A

dim(V) the dimension of the vector space V'

codim(U) the codimension of a subspace U of V

uv=v the vector spaces U and V' are isomorphic

U<v U is a vector subspace of V

U<V U is a proper vector subspace of V

Sub(V) the set of vector subspaces of V'

unw the intersection of the vector subspaces U and W

UV the direct sum of the vector spaces U and V

D, Vi the direct sum of the vector spaces V; (i € I)

p: U=V @ is a linear map from U to V

p: U=V © is an injective linear map from U to V

p:U—>»V © is a surjective linear map from U to V

B Y the direct sum of the linear maps ¢ and 1)

Dicr i the direct sum of the linear maps ¢; (i € I)

im(¢p) the image of the linear map ¢

ker () the kernel of the linear map ¢

rk(y) the rank of the linear map ¢

V/W the quotient vector space of V' by the subspace W

(V1,0 Un) the subspace generated by the vectors vy,...,v,

det(g) the determinant of the linear endomorphism g

tr(g) the trace of the linear endomorphism g

F(x) the Frobenius block of a (monic) polynomial y € k[X]

Je(N) the Jordan block of size e € Z, with eigenvalue \ € k

cx(9) the number of Frobenius blocks F'(x) the generalized Jordan normal
form of g

Vy(9) the F'(x)-isotypic vector space part in the generalized Jordan normal
form of g

ny(9) the dimension of V) (g); ny(g) = deg(x)cy(9)

id, idy the identity (on the vector space V')

diag(A1, ..., \p)the diagonal matrix with entries Aq,..., A, on the diagonal
End(V),M(V) the ring of endomorphisms of the vector space V'
PM(V) the projective space associated to M(V)
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M,, (k) the endomorphism ring M (k™)

GL(V) the general linear group of V; GL(V) = M(V)*

SL(V) the special linear group of V

PGL(V) the projective general linear group of V'

PSL(V) the projective special linear group of V'

GL,, (k) the general linear group of degree n over the field &

SL, (k) the special linear group of degree n over the field k

PGL, (k) the projective general linear group of degree n over the field k
PSL, (k) the projective special linear group of degree n over the field k

Classical groups of Lie type and spaces with form

Symbol Explanation
F, the finite field with ¢ elements
p = char(F,;) the characteristic of the defining field
V the natural module
GL,(q) the group GL,(F,)
L.(q) the group SL, (IF)

PGL,(q) the group PGL,,(F,)
PSL,(q) the group PSL,,(F,)
o the sesquilinear map x + x?
f(u,v) the o-sesquilinear form f applied to the vectors u and v
Qv) the quadratic form @ applied to the vector v
u L v the vectors u and v are perpendicular, i.e., f(u,v) =0
Uu.lw the spaces U and W are perpendicular, i.e., u L wforallu e U, w e W
Z =U1W  Zisthe orthogonal direct sum of U and W,ie., Z=U&W and U L W
Ut the perpendicular space of U; U+ = {v € V |u L v for all u € U}
rad(f) the radical of f; rad(f) = V+
rad(Q) the radical of @; rad(Q) =rad(f) N {v e V|Q(v) =0}
GI(V, f) the full isometry group of (V, f)
GL(V,Q) the full isometry group of (V, Q)
SPam (q) the symplectic group of degree 2m over F,
GOgmH(q) the general orthogonal group of degree 2m + 1 over F,

5m(Q) the general orthogonal group of degree 2m of ¢ type over Fy (¢ = %)
SOQm+1(q) the special orthogonal group of degree 2m + 1 over F,

5m(Q) the special orthogonal group of degree 2m of ¢ type over Fy (¢ = £)
ng+1(q) the kernel of the spinor norm (or quasideterminant for p = 2)

5m(Q) the kernel of the spinor norm (or quasideterminant for p = 2; ¢ = +)

SOg (R) the special orthogonal group of degree three over R
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GU,(q)
SUx(q)

SU,

PSme (Q)

PGO2m+

1(q)

PGO5,,(q)

PSO2m+1(q)
PS05,,(q)

PQomt1
PO, (g
PGU,(q)
PSU,.(q)

q)

the general unitary group of degree n over F .

the special unitary group of degree n over F

the general unitary group of degree n over C

the special unitary group of degree n over C

the projective symplectic group of degree 2m over I,

the projective general orthogonal group of degree 2m + 1 over F,

the projective general orthogonal group of degree 2m of € type over F,
(c = £)

the projective special orthogonal group of degree 2m + 1 over I,

the projective special orthogonal group of degree 2m of ¢ type over F,
(c = +)

the group Qopm1(q)/{£id}

the group Q5,,(¢)/{xid} (¢ = %)

the projective general unitary group of degree n over F 2

the projective special unitary group of degree n over [ 2

Ring and field theory

Symbol Explanation

0,1 the neutral element with respect to addition resp. multiplication

a+b the sum of the ring elements a and b

ab the product of the ring elements a and b

a=! the inverse of the unit a

R the units of the ring R

rR the right ideal generated by r € R

(r) the principal ideal generated by r € R

R/I the quotient of the ring R by its ideal I

re the image of the ring element r under the ring automorphism «

R, the fixed ring of the ring automorphism « on R

1, the subset of the ideal I fixed pointwise by «

Aut(R) the automorphism group of the ring R

Stk the k-fold sum of the subset S of a ring; ST* = {51448 | 51,...,5% €
S}

C(S5),Cr(S) the centralizer of the set S (in the ring R)

R[X4,...,X,] the polynomial ring over R with free commuting variables Xi,..., X,

deg(r) the degree of the polynomial r € R[X]

D, (X) the nth cyclotomic polynomial (of degree p(n))

k the algebraic closure of the field k

k(G| the group algebra of G
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trr k() the trace of x € L with respect to the subfield K
Gal(L/K) the Galois group of the Galois extension L/K

Ultraproducts and norms

Symbol Explanation

1 an index set

U a non-principal ultrafilter

Huy the algebraic ultraproduct of the sequence H of groups along the ultra-
filter U

Hypet the metric ultraproduct of the sequence H of normed groups along the
ultrafilter U

limy, the limit operator associated to the ultrafilter &/

L ly a length function (on the group H)

Ly, dq the discrete length function (and the associated metric)

Le,de the normalized conjugacy length function (and the associated metric)

U1, dyg the normalized Hamming length function (and the associated metric)

Lo, dix the normalized rank length function (and the associated metric)

Cor, dpy the normalized projective rank length function (and the associated met-
ric)

lCay,s,dcay,s  the Cayley length function for the set S (and the associated metric)

Special symbols in Chapter 1

Symbol Explanation

‘H = (H;)ier a sequence of quasisimple groups H; (i € I)

S(H) the quasiscalars of the quasisimple group H (see page 20)

Ap the subgroup of G = [[ H defined on page 28

Ay the subgroup of G = [[ H defined on page 28

No the subgroup of G = [[ H defined in Theorem 1.3 (see page 18)
Ny the subgroup of G = [[H defined on page 28

Ny the subgroup of G = [[ H defined in Theorem 1.3 (see page 18)
Npr the subgroup of G = [[ H defined in Theorem 1.3 (see page 18)
o U maps defined in Theorem 1.3(iii) (see page 19)

L a poset defined on page 26

~ an equivalence relation on £ defined on page 26

(L) ~,<) a linear order defined on page 26
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GO(U)
SO(U)

a subset of £/ ~ defined on page 26

the convergence type (see page 26)

maps defined in Lemma 1.22 (see page 27)

the general orthogonal group on the submodule U

the special orthogonal group on the submodule U

Special symbols in Chapter 2

Symbol Explanation

C a class of finite groups

cP the class of finite products of C-groups

CSP the class of subgroups of finite products of C-groups

Fin the class of all finite groups

Alt the class of all finite alternating groups

Aby the class of all finite d-generated abelian groups (d € N)
Nil the class of all finite nilpotent groups

Sol the class of all finite solvable groups

PSL the class of all finite simple groups PSL,(q)

lp the word length function on the free group F (see page 38)
B,y(F) the p-ball of F around the identity 1 in the word metric (see page 38)
S the closure of the set S in the pro-C topology (see page 38)
F the profinite completion of F

Special symbols in Chapter 3

Symbol Explanation

w a non-trivial word

w(g1,...,9-) the word map w applied to the tuple (g1, ..., g,) of group elements
Ty the trace of the word map w (see page 62)

(@) Landau’s O notation

Q Landau’s € notation

rad(z) the radical of the number = € Z, (see page 57)

7y () the y-part of « (x,y € Z4; see page 57)

L, the projective line over IF,

[a : 0] a point on the line Ly ((a,b) € F2\ {(0,0)})

w(G) the image of the word map associated to w on the group G
K the one-relator group Fao/((w)) (see page 67)
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X
r

Xy (), Xo(m)
(Ce,ds)
(C*,d°)
(Co(), do(m))
(C*(m),d*(m))
supp(y)

,,,,*

tr!

the Cayley complex of the one-relator group K (see page 67)
the Cayley graph Cay (K, {z,y})

the quotient of X by 7 (see page 67)

the Cayley graph Cay(G,{g,h}) (see page 67)

the 1- and 2-skeleton of X ()

the chain complex defined on page 68

the cochain complex defined on page 68

the chain complex defined on page 67

the cochain complex defined on page 67

the support of y = > o Avv € E[G]; supp(y) = {v € G|\, # 0}
the dual polynomial of r (see page 79)

the map = — = + a7 (see page 80)

the map = +— = £+ 2 (see page 84)

the map = — zz” (see page 80)

the map 7 — rr® (see page 80)

the jth Hasse derivative of the polynomial i; D7(X™) = (?) Xn-i
the space of o-semilinear functionals on the vector space U

the general unitary group of the Hilbert space £2G

Special symbols in Chapter 4

Symbol Explanation

‘H = (H;)ier asequence of groups H; (i € I; see page 91)

G= H{}m the metric ultraproduct of the groups H; (i € I; see page 91)

G = G/Z(G) the unique simple quotient of G

Su a metric ultraproduct of groups S, (i € I; see page 92)

GLy a metric ultraproduct of groups GL,,(¢;) (¢ € I; see page 92)

GLy(q) a metric ultraproduct of groups GL,,(q) (i € I; see page 92)

Spy a metric ultraproduct of groups Spy,,.(¢:) (i € I; see page 92)

Spy/(q) a metric ultraproduct of groups Sps,,.(¢) (i € I; see page 92)

GOy a metric ultraproduct of groups GOQimi(qi) or (for ¢; odd) GOg2y,+1(qi)
(i € I; see page 92)

GOu(q) a metric ultraproduct of groups GO%tmi (q) or (for ¢ odd) GOgp,;+1(q)
(i € I; see page 92)

GUy a metric ultraproduct of groups GU,, (¢;) (i € I; see page 92)

GUy(q) a metric ultraproduct of groups GU,, (q) (i € I; see page 92)

PGLy a metric ultraproduct of groups PGL,, (g;) (i € I; see page 92)

PGLy(q) a metric ultraproduct of groups PGL,,(q) (i € I; see page 92)

PSpy, a metric ultraproduct of groups PSpy,, (¢;) (i € I; see page 92)
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Jis Qi

(o), re(g)
r(o),7(g)
a(0), ax(9)
(o), q(9)
(S, 1)
(V,dim)
(o), Vy (9)

(jconf(g)

C*(g), C?

conf\d
en(0)

a metric ultraproduct of groups PSp,,, (¢) (i € I; see page 92)
a metric ultraproduct of groups PGO;Emi(qi) or (for ¢ odd)
PGOopm,+1(qi) (i € I; see page 92)
a metric ultraproduct of groups PGO;tmi (q) or (for g odd) PGOagy,,+1(q)
(i € I; see page 92)
a metric ultraproduct of groups PGU,, (¢;) (i € I; see page 92)
a metric ultraproduct of groups PGU,,(q) (i € I; see page 92)
the metric ultraproduct of the rings My, (¢;) (i € I; see page 92)
n;(q) (i € I; see page 92)
n; (k) for a field k
the metric ultraproduct of the spaces PM,,,(¢;) (i € I; see page 92)

the metric ultraproduct of the rings M

the metric ultraproduct of the rings M

the metric ultraproduct of the spaces PM,,.(q) (i € I; see page 92)
the sesquilinear resp. quadratic form stabilized by H; (i € I; see page 92)
quantities defined on page 93
the tuple (r%(0))rez, resp. (r
quantities defined on page 93
the tuple (qx(0))rez, resp. (¢x(0))y primary
the Loeb space defined on page 97

X(U))xek[X]

the continuous geometry defined on page 97

the extension of the corresponding expressions to S resp. V (see Re-
mark 4.7; page 98)

the conformal centralizer of g € G; Ccont(9)
zhg for some z € Z(G)}

{(h € G|gh =

(g) the double (conformal) centralizer of g (see page 103)

the quantity defined on page 108 for a group H and o € Z
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Index

(S, &, de )-homomorphism, 33
F(x)-isotypic linear map, 10
C-approximable abstract group, 33
C-approximable topological group, 34
C-group, 33

C-separable normal subgroup, 38
o-ball in a normed group, 38

k-fold product of a subset, 7
k-isotypic permutation, 8

g-Frobenius map, 10

algebraic closure of a field, 13
algebraic ultraproduct, 13
almost simple group, 44
alternating bilinear form, 10
alternating group, 8

automorphism group, 7

Cayley length function, 15
center, 8

centralizer, 8, 13

characteristic of a field, 10
codimension, 9

commutator, 8

commutator subgroup, 8
compactification of a group, 50
conjugacy class, 7

conjugate, 7

conjugate-symmetric sesquilinear form, 10

continuous geometry, 97
convergence type, 26

cycle type of a permutation, 8
cyclic group, 7

cyclotomic polynomial, 13

degree of a polynomial, 13

derived series, 8

determinant, 9

dimension of a vector space, 8
direct product of groups, 7
direct sum, 9

discrete length function, 15
double centralizer, 103

double conformal centralizer, 103

exponent of a group, 7

extensions of groups, 8

field trace, 13
finite field, 10
fixed ideal, 13
fixed point set of a permutation, 8
fixed ring, 13

form of minus type, 11
form of plus type, 11
free group, 7
Frobenius block, 9

full isometry group, 11

Galois extension, 13

Galois group, 13

general linear group, 10
general orthogonal group, 11
general unitary group, 11
generalized Jordan normal form, 9
generated normal subgroup, 7
generated subgroup, 7
generated subspace, 9
generator, 8

group action, 8

group algebra, 13

group homomorphism, 7
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group presentation, 8 non-trivial word, 7

norm, 14
identity, 10

identity permutation, 8

normal subgroup, 7

normal subset, 7

image of a group homomorphism, 7 normalized conjugacy length function, 15

image of a linear map, 9 normalized Hamming length function, 15

injective homomorphism, 7 normalized projective length function, 15

intersection of subgroups, 7 normalized rank length function, 15

intersection of subspaces, 9 normed group, 14

invariant length function, 14

inverse element, 7 orbit, 8

inverse vector, 8 order of a group element, 7
isomorphic groups, 7 orthogonal direct sum, 10
isomorphic vector spaces, 9 orthogonally indecomposable, 77

isotropic vector, 10 perpendicular space, 11

%sotyp?c linear ma?’ 10 perpendicular subspaces, 10
isotypic permutation, 8 perpendicular vectors, 10

Jordan block, 9 polynomial ring, 9, 13
power word, 55

kernel of a group homomorphism, 7 primary ideal, 9

kernel of a linear map, 9 primary polynomial, 9

primary rational canonical form, 9

length function, 14 principal ideal, 13

linear map, 9 pro-C topology, 37

linearly equivalent forms, 11 product of group elements, 7

Lipschitz continuous, 16 product of ring elements, 13

Lipschitz equivalent, 16 projective general linear group, 10

Loeb space, 97 projective general orthogonal group, 12

lower central series, 8 projective general unitary group, 12

matrix ring, 9 projective special linear group, 10

metric ultraproduct, 14 projective special orthogonal group, 12
monic polynomial E; projective special unitary group, 12
multiplicative inverse, 13 projective symplectic group, 12
pseudofinite group, 50

natural homomorphism, 7 .
quadratic form, 10
natural module, 12 .
quotient group, 7
neutral element, 7 .
) quotient vector space, 9
non-degenerate quadratic form, 11

non-singular quadratic form, 11 radical of a form, 11
non-singular sesquilinear form, 11 rank of a free group, 7
non-singular subspace, 11 rank of a linear map, 9
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scalar multiple, 8

Schur covering group, 8
self-dual polynomial, 79
semilinear functional, 78
semisimple element, 99
special linear group, 10
special orthogonal group, 12
special unitary group, 12
stabilizer, 8

subgroup, 7

subspace, 8

sum of ring elements, 13
sum of vectors, 8

support of a permutation, 8
surjective homomorphism, 7
symmetric bilinear form, 10

symmetric group, 8

totally isotropic subspace, 11
trace, 9
trivial group, 7

Turing-approximable group, 50

ultralimit, 14

units of an algebra, 10

Witt subspace, 11
word, 7
word map, 53

wreath product, 8

zero vector, 8
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