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Preface

Let us first consider a space curve ¢ and the complex I of all straight lines through c.
Then we may select a (not necessarily unique) ruled surface * < K by demanding that
c c X has certain projective or affine or Euclidean geometric properties on X. It even might
happen that the demanded conditions can only be fulfilled, if ¢ is somehow special.

To give an example, we consider £ — K such that ¢ is the (Euclidean) striction curve
on X. It is well known that to any strip through c there still exists a one parameter set of
ruled surfaces X such that ¢ has this property. So the solution set {2} is too big and thus not
interesting. But if we add the assumption that ¢ should be an asymptotic curve, we will
receive the one-parameter PIRONDINI set of surfaces X to the osculating strip of C only.

To restrict the set of solution surfaces X, we also might start with two curves ¢,, ¢, and
the congruence K of lines hitting both curves ¢; and ask for surfaces ¥ = KX such that ¢,
have certain properties on X. Demanding for example that X consists of common main
normals of ¢; will lead to the well known BERTRAND curves problem and thus showing an
example, where the demanded assumptions to X (and ¢;) can not be fulfilled by a pair of
arbitrary curves C; in general.

As many of the classical geometric properties of a curve C lead to a quadratic functional
along the generators of X, it is some how natural to start with a pair of curves ¢, and ¢, and
construct X under certain assumptions on properties of with ¢;. Let ¢; depend on parameters
U, € l; R, then ¥ is described by a correspondence (ul(t), uz(t)), teJ c R, between the
point sets of ¢;. A certain demanded property of ¥ and ¢; c £ should allow to develop the
functions U;(t), at least in the vicinity of an arbitrarily chosen parameter value U; =U;,, as
well as it should deliver TAYLOR-representations of C;, too. The topic we want to deal with
belongs therefore to local differential geometry and in most cases the canonical representation
of ¢; by curvature functions (with respect to the considered euclidean, affine or projective)
geometry) will be the proper tool for such a treatment.

In the following, projective differential geometric properties of ¢; = X will be the main
topic of consideration. So, this dissertation deals with local projective differential geometry of
ruled surfaces of a real projective 3-space. The single chapters of this doctoral thesis collect
and present the different treatments of ruled surfaces throughout history, as they were found
in literature. In more detail the content is as follows:

Chapter 1 is an introductory chapter with an explanation of the problem and giving basic
definitions and presenting the aim of the dissertation.

Chapter 2 provides the method of WILCZYNSKI and of his followers, who gave some
examples for the effectiveness of that calculus. WILCZYNSKI’s general scheme in studying a
given geometric surface is to set up a system of one or more linear homogenous differential
equations such that the fundamental set of solutions of the system determine the surface
uniquely up to projective transformations. The independent and the dependent variables,
which appear in the differential equations and also in the parametric equations of the surface,
can be subjected to certain transformations which leave the surface invariant and do not
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change the form of the system of differential equations, but such transformations will in
general change the coefficients of the differential equations. A function of the transformed
coefficients and their derivatives and of the new dependent variables and their derivatives,
which is equivalent to the same function of the original coefficients and variables, is called a
covariant. A covariant which does not contain the dependent variables or their derivatives is
called an invariant. WILCZYNSKI used a complete and independent system of invariants and
covariants as the basis for each of his geometric studies. His general method of calculating the
invariants and covariants is by means of the LIE-theory of continuos groups. Since the method
is purely analytical, there is no certainty that the invariants and covariants will readily show
their geometric significance.

Chapter 3 presents the method of CECH and FUBINI for treating ruled surfaces from a
projective geometric point of view. FUBINI’s method is based on studying projective
differential geometric properties of surfaces by means of differential forms (see Appendix A).
However, to obtain results with a geometrical interpretation by this method, it is necessary to
pass from the differential forms to a system of differential equations of the type used by
WIiLczyNsKI. Thus, in CECH’s theory of ruled surfaces, the coefficients of the system of
differential equations of WILCZYNSKI are decomposed into terms, from which the invariants
of a ruled surface X become obvious.

Chapter 4 treats the flecnode- and LIiE-curves of ruled surfaces in the affine space. Using the
affine geometric natural equations of a space curve C in the affine space, O. MAYER studied
ruled surfaces ¥ which have a given curve C as an asymptotic line, and he deduced the
equations of its flecnodes. MAYER used the deduced formulae to study some special cases like
the case of C being a TZITZEICA’s curve, the case when X has distinct planar flecnodes, and
the case of two flecnodes lying in parallel planes. MAYER defines also a ‘harmonic
transformation’ and applies it on an R-family of curves on X . Such an R-family (or cross
ratio set) is a set of curves that intersect the generators of X in projectively coupled rows of
points. Particularly, he called the R-family which contains the flecnode-, the LIE-curves and
the so called involute curves the principal family of X.

Chapter 5 deals with BOL’s treatment of ruled surfaces. G. BOL developed the projective
differential geometry of ruled surfaces using a new point of view, which depends on HESSE’s
correspondence principle. Using this principle BOL gave a geometric projective classification
of ruled surfaces depending on its characteristic curve, which is an image of the flecnode
curve under a so called hyperbolic mapping. BOL deduced the differential equations of a ruled
surface firstly with respect to an arbitrary pair of curves g, q, , which is normalized in such a
way that (ql,qz,q{,q;) =const.# 0, and later on q,, q, are specialised to the pair of flecnode
curves. Applying what he called *-transformation, a process of differentiating and norming
projective coordinates at the same time, BOL deduced a system of projective invariants, by
which he explained some geometric concepts related to ruled surfaces like cross ratio sets of
curves, the flecnode strip, the principal system of curves, the fundamental mapping and the
sequel of flecnode tangents’ surfaces.

Chapter 6 gathers J. KLAPKA’s [32] geometric constructions of the flecnode points and LIE-
points on the generators of a ruled surface X of 4t degree. For a surface X, of type III
(according to STURM’s classification), which lies in the congruence of chords of a twisted
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cubic, the construction of the flecnode points is based on the following theorem: “On an
arbitrary generator p of a ruled surface X,;, which lies in the congruence of chords of a
twisted cubic, there exists a well defined involution of second degree which contains the pair
of flecnode points F,, F,”. Through p pass two bi-tangent planes of X, who intersect X;
in two conic components, which of intersect p in a pair of points Q,, T, and Q,, T, each. The
self-corresponding points of the involution determined by the pairs T,, Q, and T,, Q, are the
Lie-points L, L, of p. The previous theorem is valid also for the construction of the
flecnodes on 4™ degree surfaces of STURM’s types IX and IV, which are dual to each other.
A modified construction is given for the flecnodes of a gererator of a surface of STURM’s type
V. The flecnodes on a surface of type VI can be constructed as the intersection of this
surface with another surface of 4™ degree with rectilinear directrices. The surfaces of type XI
are dual to those of type VI. The other types of 4™ degree surfaces, according to STURM’s
classification, belong to linear congruences, therefore their flecnode curves coincide with the
directrices of these congruences.

Chapter 7 shows a treatment of flecnode and LiE-curves of ruled surfaces in the KLEIN-
model of line space. Using KLEIN’s correspondence principle, J. KANITANI [28], [29] studied
the projective differential geometry of ruled surfaces in the projective space of three
dimensions IT’ as curves on KLEIN’s hyperquadric M; in the projective space of five
dimensions IT°. In the differential relations deduced by KANITANI appear, as coefficients, five
fundamental quantities, which are not invariant by themselves. But applying a parameter
transformation and a special norming of the projective coordinates one can deduce a system
of invariants as functions of those fundamental quantities. These invariants are interpreted as
anharmonic ratios, in which mainly the following surface elements appear: The intersection
points of the osculating quadric along a generator p with the ‘neighbouring’ generator that is
infinitely near to p, (thus these points are the flecnodes of p), the flecnode tangents of X,
the flecnode curves’ tangents and the flecnode strips’ limit lines. If the 5 fundamental
quantities are given as functions of a known parameter u, then one can determine, up to a
projective transformation, a ruled surface, to which the given fundamental quantities do
belong. We will give a summary of KANITANI’S most important results as far as they are
concerned with the flecnode curves on a ruled surface. Finally, we are going to give a new
treatment, which allows to explicitly calculate LIE- and flecnode curves of an arbitrarily
parameterised ruled surface X based on preceding work and lectures of G. WEISS [72], [73],
what could not be done before. Closely related is F. ANZBOCK’s treatment, which uses a
natural moving frame of X and BOL’s concepts of projective arc lenght and curvatures.
Finally we also list some still open problems concerning the topics of the thesis.

Appendix A contains a summary of FUBINI’s method as applied to surfaces in ordinary space
(cf. LANE [40]).

A comprehensive bibliography” containing references to related and previous work on
the treated subject concludes the thesis.

* The numbers in square brackets after author names refer to the bibliography at the end of the thesis.
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1 Introduction

Two space curves ¢, and c, can be related to each other point for a point in different ways.
Each such assignment determines a correspondence or a relation, by which a space curve ¢, is
transformed into the other one c,. Depending on the kind of this assignment, there exist
between the data of the two curves more or less simple relations, whose analytic derivation
prepares from the given conditions no difficulties. If the correspondence is too particularly
selected, then it can occur that there are either no curves, which suffice it, or only a special
class of space curves, for which then the rule can be regarded as a defining characteristic. If
one requires for example a space curve c,, which has common tangents with another given
space curve ¢, then ¢, and c, must coincide together: the selected relation is not suitable to
relate two different curves one to the other. On the other hand, the demand that two curves are
to have common principal normal, can be fulfilled only be a special class of curves and
therefore can be used for the definition of these BERTRAND’s curves. If one selects less special
relations, then one has the advantage to connect curves of unknown characteristics with those
which admit more exactly known ones, and from this connection the possibility to get a
helping tool for research.

1.1 The aim of the dissertation

A general skew ruled surface ¥ in a three-dimensional projective space IT® possesses a pair
of flecnodal curves and a pair of LIE-curves, which are invariantly connected with £ with
respect to projective transformations in IT°. So the topic belongs to the projective
differential geometry of ruled surfaces in TT°.

The original aim of this dissertation was to investigate, whether two arbitrarily given curves
may serve as a pair of flecnodal curves or Lie-curves of a ruled surface or not. If not, what are
the conditions, which the curves and their mutual position have to fulfil, such that they
become flecnodal curves or LIE curves on a connecting ruled surface?

Throughout the research it turned out that two curves cannot be chosen freely such that
there is a correspondence between them delivering a connecting ruled surface with the given
curves as flecnodal curves or Lie-curves. When collecting references it turned out that this
result is not at all new, but hidden in partly unpublished articles.

These facts might justify the change of the main goal of this dissertation: I want to present the
different approaches to the described problem throughout history, add explicit examples, and
connect the problem with another group of analogous classical problems: the BERTRAND
curves pairs.

Throughout history ruled surfaces and flecnodal and Lie-curves are treated in three
slightly different ways: by the method of E. J. WiLczyNskiI, the method of E. CECH and
finally by the projective geometric calculus of G. BoL. These three persons stand centrally for
three academic schools in treating ruled surfaces independently (!) in a projective resp. an
affine 3-space.
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1.2 Flecnodal points (flecnodes)

It seems that SALMON [56] was the first to notice and publish the fact that a tangent may meet
a surface in four consecutive points. This appeared in 1849 in the Cambridge and Dublin
Mathematical Journal. In 1852, and in the same journal, CAYLEY [17] published an article
“On the Singularities of Surfaces, and denoted a point, at which a four-point tangent can be
drawn, as a flecnode. It’s called so, because at such a point the tangent plane of the surface
intersects the surface in a curve having at the point an inflexion and a node. Since four skew
lines in projective space have in general two straight line intersectors (as solutions of a
quadratic equation), it follows that there are in general two flecnode points on each generator
of a ruled surface X in ordinary space. These two flecnode points may, of course, be real and
distinct, real and coincident, or imaginary. The four-points-tangents shall be called the
flecnode tangents; the locus of the flecnodes on X is it’s flecnode curve® and the locus of
the flecnode tangents, a ruled surface of two sheets, is the flecnode surface of X. Note that,
in general, the flecnode tangent is not tangent to the flecnode curve, never, in fact, unless the
latter degenerates into a straight line.

1.3 Lie-points

Five consecutive generators of a ruled surface define, in general, a linear complex. A regular
generator g(t,) of X and its derivatives ¢,§,d,§ thus span, in general, the
(hyperosculating) accompanying linear complex X of . If K is not special?>, what means
that /C defines a regular null-polarity v(g), then the restriction of v(t,) to g(t,) is a

projective correlation of the points of g(t,) to the planes through g(t,).

Similarly, v|g(t,) defines also a linear complex K and its null-polarity, restricted to g(t,),
delivers another projective correspondence, the so-called CHASLES-correlation, mapping the
points of g(t,) to the tangent planes of X along g(t,). The product of v|g(t,) and the
CHASLES-correlation turns out to be an involutoric projectivity of the point set of g(t,), which
is called the KLEIN-involution y along g(t,), see [36]. If vy is hyperbolic, there are two real
and distinct fixed pointsL,(t,), L,(t,) of », which are named the LIE-points of g(t,).
Actually, in English literature and according to E.J. WiLCzYNsKI [78] these points are called
the “complex points” of g(t,), and their locus on X is “the pair of complex curves” of the
ruled surface. As these concepts allow misinterpretations®, we use the concept Lie-points and
LiE-curves instead.

Note that the pair of flecnodal points of g(t,) suits into the KLEIN involution y of g(t,) and
therefore is harmonic to the Lie-points L, (t,), L, (t;) of g(t,). It seems that A. Voss [70] was
the first to notice that the Lie-curves and the flecnode curves of a rules surface intersect each
generator in harmonic pairs of points.

1 In view of the fact that the flecnode curve on a ruled surface ordinarily crosses each generator twice and consequently appears in the
neighbourhood of a generator like two curves, we may speak of the flecnode curves on a ruled surface when we are considering only the
neighborhood of a generator.

2 A special linear complex X consist of all lines meeting a fixed line, the axis of K. If X is not special, then X consists of the fixed lines
of a null-polarity v and v and K define each other mutually.

% For example a complex curve usually is understood as a real curve whose tangents belong to a linear complex K.
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Already in 1872 S. LI [43] stated that if (and only if) the accompanying linear complex is
fixed, i.e. K(t)=K(t,) Vtel cR, then the Lie-curves are asymptotic lines of X, which
means that the osculating planes of these curves are tangent planes of X~ and their tangents are
osculating tangents of X. Such asymptotic Lie-curves are indeed “complex curves” in the
sense of footnote 3.

1.4 Involute points (harmonic points)

There exists, in the complex extension of a real line, always a pair of points harmonically
conjugate to two arbitrarily given pairs of points, namely the pair of fixed points of the
involutoric projectivity : defined by the two given pairs. This fixed pair is real if the given
(real) pairs do not separate each other, otherwise it is imaginary, cf. H. BRAUNER [9].

On a generator g of X the flecnodes and the LIE-points are two pairs, which, in general,
define such an involutoric projectivity ¢, which is invarianty connected with ¥ up to
collineations. As real flecnodes and real Lie-points are harmonic pairs thus separating each
other, ¢ is a hyperbolic involution only if one of the two pairs, flecnodes or LIE-points, are
imaginary. WiLczynski [78] calls the fixed points of ¢ the “involute points” of g and their
locus on X the “involute curves” of X. In the following we restrict our considerations to the
flecnodal curves and the LIE curves of X, and if needed use the complex extension of the real
3-space IT°.

1.5 Ruled surfaces belonging to a linear line congruence

A ruled surface X is said to be a “congruence surface”, if all its generators belong to a linear
line congruence C. The focal lines of C are met by all generators of C and they act as the
flecnodal curves of X, as they are flecnodal tangents of X in each of their points. We
distinguish three cases of C: elliptic congruences with two conjugate high imaginary focal
lines, parabolic congruences with a coinciding pair of focal lines and a CHASLES-correlation
along this one and only focal line, and finally hyperbolic congruences with two real and skew
focal lines. So the problem of finding a surface X to a given pair of real, coinciding or
imaginary straight flecnodal lines is trivial and not determined by the focal lines alone.

The generators of a congruence C belong to a one-parameter set of linear complexes £,
they are the common lines of a pencil of linear complexes. Thus a congruence surface £ can
be interpreted as a complex surface, too. The Lie-curves of X with respect to a regular
complex K of the mentioned pencil of complexes is a pair of asymptotic curves of . Due to
H. NEUDORFER [51] one can construct the asymptotic curves of a congruence surface without
integration with ruler and compass alone! He found that, on a generator g, besides the
flecnodes, the contour point U with respect to a central projection with centre Z and the
intersection point V of g with the null-plane of Z with respect to the null-polarity v to a
chosen K form a second pair (U, V) of KLEIN’s involution along g. At the end of the 19" and
at the beginning of the 20™ century direct integral free “geometric” solutions of differential
equations constituted an important topic of research. NEUDORFER’S idea is an example of that
type of research.
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The problem of finding a congruence surface ¥ to a given Lie-curve |, can be solved as
follows: Necessarily I, must be complex curve of a linear complex /C, and the flecnodal lines
must be a pair of (real or imaginary) reciprocal polar lines (in case of a hyperbolic resp.
elliptic congruence) or a null-line (in case of a parabolic congruence) of K. These conditions
are already sufficient, and they define X~ uniquely.

1.6 Ruled surfaces belonging to a special linear complex

In the following we deal with surfaces X having one straight directrix line a, but do not
belong to a linear congruence of lines. Such a surface X is a “complex surface”, whereby the
linear complex K, spanned by ¥ is special. (KLEIN’s image curve ¢, =X" < MZ < II° spans
a hyperplane in T1°, which is tangential to the PLUCKER-KLEIN quadric M3).

A ruled surface X of a special linear complex with complex axis a has this axis as (one)
flecnodal curve and as coinciding Lie-curves. By arbitrarily giving a second flecnodal curve
f,, there exist always a solution surface X (cf. Theorem 2.9.1 chapter 2, Theorem 3.6.2.1
chapter 3 and ANzBOCK [1], p. 111).

1.7 BERTRAND curves

A pair of BERTRAND curves is defined by having common main normals, c.f. e.g.
K.STRUBECKER [62]. BERTRAND curves are classical differential geometric objects of the
euclidean 3-space. A curve ¢ is of BERTRAND type, iff there holds a linear equation between
its (euclidean) curvature x(s) and its torsion z(s), s being the arc length parameter of c.

We are interested in the ruled surface ¥ formed by the common main normals g(s) of
the BERTRAND pair ¢, C,. The curves c;, ¢, are asymptotic curves on X, as their osculating
planes are tangent to X. In addition, as their tangents are asymptotic tangents of X being
normal to g(s), BERTRAND curves constitute the locus of vanishing mean curvature on X. In
case X is a helicoidal conoid (right helicoid), this property is trivial.

The latter very special ruled surface X gives rise to connecting the BERTRAND problem to
the Lie-curve problem: X is a hyperbolic congruence surface, such that the asymptotic curves
are LIE-curves with respect to any regular complex K containing the hyperbolic congruence.
The Lie-curves are helices and thus complex curves. The Lie-curves of X intersect the
generators orthogonally, as their tangents are asymptotic tangents and X is a minimal surface
with over all vanishing mean curvature. So the LIE-curves turn out to be BERTRAND curves,
too.

This in mind we may already state as a conjecture, that will be described and proved in the
following chapters in details:

Conjecture:

Two arbitrarily given curves, in general, cannot serve as a pair of flecnodal curves or LIE-
curves of a ruled surface. They have to fulfil certain conditions, which involve (projective
differential geometric) curvature and torsion of the given curves.



2  The Method of WILCZYNSKI

As a basis for the theory of ruled surfaces, WiLCzYNSKI [78] has used a system of ordinary
linear homogenous differential equations of the form

Y'+ puY + Pz’ +0uy+0pz2=0

" ’ ’ (A)
'+ p21y + pZZZ +Q21y+q222 :O

with coefficients py, gi functions of an independent variable x, to describe a ruled surface
in affine space. Where (Yi,zi) for (i =1,2,3,4) be any four systems of solutions of (A), and

/_d_y u_dzy

—dX, —W,...etc.

y

A transformation of the form
n=ay+pz, ¢=yy+oz, &=1(X) (2.1)

where «, g, y, o, f are arbitrary functions of x, converts it into another system of the same
form. We can build a complete system of invariants and covariants to describe a ruled surface
depending on the rule saying that: Any projective property of a curve will be expressed by an
invariant equation or a system of such equations, and any invariant equation or system of
equations will be the adequate analytical expression of some projective property of the curve.

2.1 The complete system of invariants and covariants

Firstly, to build the complete system of invariants and covariants which describes the
projective properties of a ruled surface, we are going to use the following rules and properties:

- There are no rational covariants of odd degree for a binary system of linear homogenous
differential equations.

- If C,, is an integral, rational, irreducible covariant of degree A and of weight o, it is
transformed by the transformation (2.1) in accordance with the equation

(0{5—,87/)§
(&)

where its degree A is necessarily even.

r/l,w = C/l,w (22)

- For invariants 4 =0. From two invariants, an absolute invariant can always be formed.
Similarly, from three covariants, an absolute covariant may be obtained.

- An absolute rational invariant is the quotient of two relative integral invariants of the
same weight.

- Let &, be an integral rational invariant of weight v. Then the considered transformation
(2.1) will convert it into 6,, where

0, = 0,. (2.3)
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- From two invariants of weights x and A, we can always form a new invariant of weight
A+ u+1, viz.:

Osua = 10,0} - 20,0, (2.4)
which is the Jacobian of 8, and 6,.

- We may form from every invariant of weight m, its quadriderative”, of weight
(2m +2), where

On1 = 2MGn6, — (2M+1)(0p)* +1m?16; (2.5)
is the required quadriderative of 4,,.

Now let us put

Uip = 2Pi — 401 + p121 + Pr2 P21y
Uy =2 P12 — 4012 + Pra (P + P22),

(2.6)

Uz = 2 P31 — 4021 + P (P + P22),
Uz = 2Py — 402 + P22 + Prz Pau,

and
V11 = 2Uf; + Proloy — P,
Vi = 2Ufp +(Pu — Paz)Uiz — Pr2 (Usy — Uzz), 2.7)
Va1 = 2Uz — (Prr — P22 )Uas + Paz(Uzs — Ugz),
Vay = 2Uj — Prollay + Paslhz,

and
Wiy = 2v1; + PraVor — Pavaz,
Wi = 2vi, +( P — p22)V12 — P2 (V11 —sz)y 2.8)
Woy = 2V’21_( P — pzz)Vzl+ p21(v11—v22), '
Wao = 2V — PraVar + Paaviz,

with p;., Qi from (A). Then the expressions
| = Uy +Ug, J = UpUz — UpoUy; (2.9)
K =vivay —Vipva, L = Wiy Wap — Wi Wy

turn out to be semi-invariants. Where vy; +vy, =21, Wy +W,, = 2(v1l +v'22) =41"
Using the previous rules, we can deduce the following expressions for the invariants, viz.:

0,=1>-4], 0,, =80;0,—9(6;)* +816;

Uyg—Ux Uy Un

6, = A, where  A=|vi—Vy Vip Vp (2.10)
Wi =Wy Wi, Wy

6o = O (K —1"%) "'%(94)2-

*) see FORSYTH, “Invariants, covariants and quotient-derivatives associated with linear differential equations”,
London Phil. Trans. Vol. 179, 1888
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To express the covariants in a simple manner, we can write
P=2Y'+puy+ P, 0©=27"+pay+ P2l (2.11)
whence we find the following covariants:

C=zp-yo, G, =U1222—U21y2+(u11—U22)yZ

2(Uy—u +4U0 + 3 (viy — +Viy2Z
C, = (11 22)P 120 2(V11 sz)y VipZ Y (2.12)

- 4U21,0—2(U11—U22)0'+V21y—%(V11—V22)Z z

Cs = I:(Un ~ Uz, Jvio — (Va1 _V22)u12:| 2+ [(ull Uz Jvar = (Vas _sz)uﬂ] y*

+2(U12V21 —U21V12) yz
C, = [VlZZZ —vay’ + (V11 —sz) y2}94 _[ulZZz —Upuy® + (U11 - Uzz) yz]@;

where the indices indicate the weight of the invariant or covariant considered.

Now, if (yk, zk) for k=1, 2, 3,4 are four pairs of functions satisfying (A), and for which the
determinant

i 4 VY14

Yo 2 Y2 2

D= o (2.13)
Y3 23 Yi3 I3
Yo Zo Ya Z4
does not vanish, the most general solutions of (A) are given by
4 4
Y= CYi 2= ¢, (2.14)
k=1 k=1

with four arbitrary constants c,...,cC,.

Let vi,...,Yys be interpreted as the homogenous coordinates of a point P,; z,...,z, as the
coordinates of another point P,. As x changes, these points describe two curves c, and c,
which are the integral curves of the system of form (A). Let g,, be the line joining P, to P,.
The points of the integral curves ¢, and c,, moreover, are put into a definite correspondence
with one another, those being corresponding points which belong to the same value of x. Itis
necessary and sufficient that the tangents of the two curves, constructed at corresponding
points, shall not intersect, i.e. the integrating ruled surface of a system (A) is never a
developable. The developable surfaces are excluded by the condition D = 0.

The part which the transformation (2.1) plays in this theory in now quite obvious. The points
P, and P, are changed by it into two other points P, and P, of g,,, i.e. the curves ¢, and c,
on X are converted into any two others ¢, and c,, while the parameter X is, at the same
time, transformed in an arbitrary manner.

As the invariants of a linear homogenous differential equation characterize the projective
properties of its integral curve, we can investigate the geometrical relations related to a ruled
surface through studying the invariants and covariants of the system of ordinary linear
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homogenous differential equations describing this surface, and finally we can characterize the
projective invariant curves of a ruled surface by very simple conditions.

Of course we are not going to explain all the results of WiLczYNsKI’s work about projective
differential geometry of ruled surfaces, but we are going to concentrate on the results,
especially those, which related to flecnode curves and LIE-curves.

First of all we will state the following theorem, which is according to WiLCzYNsKI, the
fundamental theorem of the theory of ruled surfaces:

Theorem 2.1.1: |If 6,,6,,,6, and 6, are given as arbitrary functions of x, provided
however that 6, and 6, are not identically equal to zero, they determine a ruled surface
uniquely up to projective transformations. (proof see [78] p.143)

As an exception to this theorem is the ruled surfaces, for which the two branches of the
flecnode curve coincide, and those which have a straight line directrix.

Since the discriminant of the covariant C, is equal to ,, the significance of the condition
6, =0 becomes apparent. We may recapitulate as follows:

Theorem 2.1.2: The flecnode curve is determined by factorising the covariant C,. Its two
intersections with the generators of the ruled surface are distinct if 6, = 0; they coincide if
6, =0. If the integral curves c, and c, of a system of form (A) are the two branches of the
flecnode curve, this system of differential equations is characterized by the conditions

ulg = U21 = 0 (215)

Moreover we have:

Theorem 2.1.3: The necessary and sufficient condition for a ruled surface belonging to a
single linear complex, which is not special, are
04 * 0, 99 = A = 0, 910 * O and RankA = 2 (216)

If 6, =0, while the other conditions remain the same, the complex is special. The surface
belongs to a linear congruence with distinct directices if Rank A =1, while still 6, #0. The
directrices of the linear congruence coincide, if 6, also vanishes. In this latter case the
surface is, or is not a quadric, according as the equations

Uy — Uz =Upp = Uy =0 (2.17)

are, or are not satisfied .

2.2 The ruled surface referred to its flecnode curves

By a suitable transformation on the dependent variable, the system (A) may be reduced to a
new system of the same form:

Y'+ P2’ + Gy + 0z =0
2"+ puY +0ny+0,2=0

(F)
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for which py; = p, =0, pi2 =20, P =20,. For this system (F), the two curves ¢, and c,
are the two branches of the flecnode curve of X. When this transformation has been made, the
fundamental invariants are:

0, =16(Q22 - Q11)2

O =05 P12 P21

_oph ' ,
0 =20, ( P21 P12 — Pr2 le)
0., = 80,0, — 96, +16( P21P12 — 201 — 2%2)-

(2.18)

If 6,0 and &, #0, then the coefficients of (F) can be expressed in terms of the invariants
by means of the formulae:

\/— I\/Eegd \/— _{J—agd

P =—— ) P =—— )
)
= 6/20, + 26,6/, — 46,6
P = 20,60, 9 AL AvT)
3
Dl = ﬁ(—eﬁ@ 26,60, — 46,0 ) (2.19)
4V10
i = (160~ 0,1 +80.07 - 907 -80]7
64 (94

q =L(169 0., +86 9"—99'2+89%)
22 64942 10 4.1 4Y4 4 4 '

To find the differential equations of the flecnode surfaces, we are going to use a tetrahedron
of reference, two of whose vertices are the points P,, P,, in which g,, is cut by c,, c,, and
whose other two vertices are the points P,, P,, determined by substituting y=vyy, z=1z
(k =1,2,3,4) into the expression (2.11), i.e., from the expressions

pP=2Y'+pnz, o©=27"+p,yy. (2.20)

The unit point is so chosen that any expression of the form u, = &Yy + @,z + @3¢ + 240,
k =1,2,3,4, represents a point P, whose coordinates are (o4, @, a3, a. ). We are going to call
it the fundamental tetrahedron of reference.

The defining systems of differential equations for the two sheets @,, ®,, of the flecnode
surface are obtained by eliminating from equations (F) and (2.20) and others derived from
them by differentiation, on the one hand z and o, and their derivatives, and on the other
hand, y and p and their derivatives. When this is done, surface @, is referred to the curves
¢, and c,, and surface @, to the curves c, and c, as directrix curves. For ®,, c, is one
branch of its flecnode curve but c, is not the other branch. Similarly, c, is one branch of the
flecnode curve of @, but c, is not the other branch. To find the canonical form of these two
systems of differential equations, which uses for directrix curves on these two surfaces the
two branches of their flecnode curves, simple transformations on the dependent variables are
required. For the sheet @,

|01277=\/ay, \/a§=p—7lzy,
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and for the sheet @,,
p21¢’:\/aZ, \/EV/:O'_J/le,
where

g = O — G2, 712 =20/ P —0'/q, Y21 =20u/P2—0'/0.
The resulting systems are

n"+epd + fun+ 1,4 =0,

" , (F1)
é/ +82177 + f2177+ fzzé/ :O,
where we put
_ q _ p12 ' 2
€ =——, e21—_|:27/12 +712+2(Q11+Q22)— Pr2 p21:|,
P12 q
’ A 1 !
fllz—(q+%7/12 +%7/122 +—21J, f12=2—2(2q(hz—p12q ),
12 P2 (2.21)
f [1 ! 1.2 Al j
2="|7Yetyret—|
12
fo = %[71”2 + 20002 + 1 71 +(Q11 + 022 — 35 Pre p21)7’12 + 01 + 022 — PraQos — pn%z]-
For the sheet @,,
"+ + jup+ jy =0,
” hy, | .21 .12 (F2)
Y+ 00" + ju0+ jpw =0,
where
__Pa 24! 249 _ h _ a4
h, = q [ Vio t Vet (q11+QZ2) p12p21]’ b1 = Py’
Ju __(%7/21‘*‘%7221"' 22 j’
P21
. 1 , . , A
1212_2_2(2qq21_ P.4 )' J» :(q_%%l_%?/zzl__zzj (2.22)
P21 21
H p 14 ’ !’ !
o = _%[721 +2¥ 0V +%7§1 +(q11 +0y, _% Prz p21)7/21 + 0y + 0z — P02 — p21q12}
with
A= p122CI22 —1ppn+3 pl'ﬁ, A, = p221qll — 1 pupa+3 pﬁ (2.23)

2.3 The ruled surface referred to its LIE-curves

The Lie-curve, may be determined by factorising a quadratic covariant, viz., Cs. For system
(F), the covariant Cs reduces to

Cs= (Un — Uy )2 ( Py’ — plzzz) (2.24)
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such that the transformation which replaces the two branches of the flecnode curve with the
two branches of the LIe-curve is

Y=/Pay++/Pr2Z; Z=\PaY—+Pnz (2.25)

and in this case the surface X will be referred to its LIE-curves as directrix curves, and the
differential equations (F) will take the form

V' + PuY + PpZ +0uy + 0,7 =0, O
7'+ Puy + PZ +0uy +02Z =0.
where
P =+ %o . Oz A — O Qu
Pu =+ PPz _(_+_]' P22 = —+/ P12 P21 _[_‘F—j,
Pz P P2 Pa

P2 = P = (%—%j,

N (2.26)
_ A A
1 =G = %(_22"'_21] =3(8+61),

21 p12

_ A A
Gz = Q21 :%(—j——;j = %(52 —51)
P2 P2

where

_ Rn2 1 " 3 /2 _ n2 1 " 3 /2
A= POz —5 PP +5 P2, Az = Palhs —35 PaPar + 7 Pai-

2.4 The osculating quadric — The flecnode congruence

The osculating quadric Qy along a generator g of a ruled surface X is defined as the limit of
the regulus determined by g and two neighbouring generators of X as each of these
approaches g, remaining on X. It contains two different sets of lines; the first one are the
generators of Q. which belong to the same set as g, the concordant set of lines. The
asymptotic tangents of X along g constitute the second set of generators of Q., the
transversal set of lines.

Now if we let the generator g,, of our ruled surface vary over the surface, then there is
clearly a one-parameter family of osculating quadrics, and the totality of their concordant set
of lines is a two-parameter family, or a congruence of lines, which WiLczynski called the
flecnode congruence C of the ruled surface. Actually, the flecnode congruence receives its
name from its relation to the flecnode surfaces, which constitute its focal surfaces. Moreover,
if we substitute y=vy,, z=2(k=12,3,4) into the expression (2.11), the two sets of four
quantities p, and oy, may be interpreted as the homogenous coordinates of two points P, and
P,; let the line which connects them be g,,. Now, as x changes, g,, describes a ruled
surface X', whose generators belong to the congruence C, and we will call it according to
WiLczyNsKI the derivative of £ with respect to x. This surface is a developable if J =0.
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Thus we have the following theorem:

Theorem 2.4.1: The flecnode congruence contains two families of oo’ developables, which
coincide if and only if 8, =0, i.e., if and only if the two branches of the flecnode curve of
coincide. To determine any developable surface of the congruence, it is necessary and
sufficient to find a solution of the equation

4{&x)" +21{&x}+1 =0, (2.27)

where {5, x} denotes the Schwarzian® derivative of & with respect to x, and to take this
solution & =¢&(x) as the independent variable of the defining system of differential equations.
The derivative of X with respect to & will then be a developable surface, and all
developables of the congruence may be obtained in this way. Moreover, any four
developables of the same family intersect all of the asymptotic tangents of ¥ in point-rows of
the same cross ratio.

There exists in general two families of oo’ non-developable ruled surfaces of the
congruence C each of which has one branch of its flecnode curve on the flecnode surface of
Y. But may it happen that the derivative of X, as a non-developable ruled surface of the
congruence , has both of the branches of its flecnode curve on the flecnode surface of %,
one on each sheet? We have the following theorem as an answer on this question,

Theorem 2.4.2: If there exists a ruled surface of the flecnode congruence C, different from
¥, which has both of the branches of its flecnode curve on the flecnode surface of %, one on
each sheet, then the surface X belongs to a linear complex. Conversely, if ¥ belongs to a
linear complex, but not to a linear congruence, there will be o ruled surfaces in its flecnode
congruence which have the required property.

If = belongs to a linear congruence, this is true not merely for o but for all ruled surfaces of
the flecnode congruence which, in this case, coincides with the linear congruence to which X
belongs. Another question arises, whether among those «® ruled surfaces of the congruence
C there exists one (there can not in general be more than one) whose flecnode surface has one
of its sheets in common with that of X.

Actually, we have,

Theorem 2.4.3: If the surface X is not of the second order, and if its flecnode surface has a
sheet @' which does not degenerate into a straight line, no other ruled surface of the
congruence C has @' also as a sheet of its flecnode surface. Or, in other words, the second
sheet of the flecnode surface of @’ does not belong to the congruence C.

() 3{ f"(x)T_

)

*) The Schwarzian derivative of a non constant meromorphic function f:C — C is defined by Dschwarzian = 0 2

It is historically the first and most fundamental projective differential invariant. (see [52])
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If we trace any curve on a ruled surface %, there will correspond to it a perfectly definite
curve on the derivative X'; the lines joining the corresponding points being the asymptotic
tangents of . The investigation of such correspondences gives rise to a number of important
results. It may be shown that there exists a single infinity of ruled surfaces in the flecnode
congruence two of whose asymptotic lines correspond in this way to the flecnode curve on X.
In other words this may be expressed as follows,

Theorem 2.4.4: If X is a ruled surface with two distinct branches of its flecnode curve and
not belonging to a linear congruence, there exists just a single one parameter set of ruled
surfaces in the congruence C, whose intersections with the two sheets of the flecnode surface
of X~ are asymptotic lines upon them. They are the derivatives of £, when the independent
variable is chosen such as to make the seminvariant | vanish. Moreover, the point-rows, in
which any four of these surfaces intersect the asymptotic tangents of %, all have the same
anharmonic ratio.

The derivative X', of ¥ with respect to x, is cut thus by the flecnode surface of X along
a pair of asymptotic lines if 1 =0. But this relation turns out to be reciprocal, i.e., the surface
> cuts out an asymptotic curve upon each sheet of the flecnode surface of X. The asymptotic
lines upon the two sheets of the flecnode surface correspond to each other. Since the flecnode
surface is also the focal surface of the congruence C, we see that the flecnode congruence is a
W-congruence.

The principal surface X, of the flecnode congruence (cf. [78] p.216) my be constructed as
follows:

We consider the flecnodes P, and P,of g, the planes 7, and 7, osculating the flecnode
curves at these points, and the points P, and P, upon the flecnode tangents f, and f, whose
loci are the second branches of the flecnode curves on the two sheets @, and @, of the
flecnode surface respectively. The plane 7z, intersects f, in a certain point to which
corresponds a point on f; such that the line joining them is a generator of the osculating
quadric. This latter point together with P, constitute a pair, such that the harmonic conjugate
of P, with respect to it is the point in which the principal surface intersects f;. The
intersection with f, is found in the same way. The curves in which this principal surface
intersects the two sheets of the flecnode surface of X are their principal curves.

We might also say, that in this way there is determined, upon the generators of the
osculating quadric, an involution whose double elements are g and the generator of the
principal surface. For Z, the following can be easily verified:

- If 65=0, 6, =0, the principal surface %, is the harmonic conjugate of ¥ with respect to
the two ruled surfaces of the flecnode congruence which cut out the second branches of
the flecnode curves on ®; and @,.

- If 6,,=0, or 66,—96, =0, the principal surface X, intersects ®, and @, along
asymptotic curves, where 6; =21 (17 =4J)+5(K —1"?)+4(K-23"+11").

- If 67,-646; =0, the principal surface ¥, is developable.
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- If 65-626; =0, the principal surface X, intersects one of the sheets of the flecnode
surface along the second branch of its flecnode curve. It thus intersects both sheets if
1915 = 99 =0.

We have to notice that our construction of the principal surface becomes indeterminate if
% has two straight line directrices.

The process of forming the derivative of a ruled surface with respect to an independent
variable may be repeated. We thus obtain X" the second derivative of X with respect to x.
This may coincide with X itself. We then have the following result,

Theorem 2.4.5: Every ruled surface which has a second derivative coinciding with X itself
may be defined by a system of form (A) for which p; =0, and for which the quantities q;
are constants. If the independent variable is chosen such that the second derivative X"
coincide with X, the first derivative X' is a projective transformation of the original surface,
and its asymptotic lines correspond to those of X. Such surfaces are a special case of a ruled
surface ¥ contained in a linear congruence (i.e. one, or both, branches of the flecnode curve
are straight lines), which we will study later.

2.5 The derivative cubic

Let g', a generator of the concordant set on Q;, be the corresponding generator of X',
and let Q" be the quadric which osculates X' along ¢'. Since g’ is situated entirely upon Q'
as well as upon Qq, the rest of the intersection of these two quadrics is, in general, a space
cubic. This cubic is called the derivative cubic. Using the fundamental tetrahedron of
reference P, P, P, P,, then the parametric equations of the cubic will take the following form

Xl — Atlztz, X3 :(Bt]_2 + 2Ct1t2 + Dt22 )t]_ = l//t]_, (2 28)
X, = Att2, x = (Bt +2Ctt, + Dt )t, = yty, '
where
il (L = Uz) Viztizz w = Bt? + 2Ctit, + DtZ. (2.29)

C= %(U11V22 - U22V11)a D =—valh,

We obtain, in this way, associated with every ruled surface, surfaces containing a single
infinity of space cubics. The derivative cubic degenerates only if the two branches of the
flecnode curve of X coincide, if £ has a straight-line directrix, or if the derivative surface X'
is one of the developables of the congruence C. The relations of the derivative cubic to the
ruled surface are numerous and of considerable interest. We shall mention only the following
theorem:

Theorem 2.5.1: Let the derivative surface X' be one of the ' surfaces of the congruence C
which intersects the flecnode surface along an asymptotic curve. The derivative cubic will
then intersect the generator of X in its Lie-points (cf. [78] p.207).

If the two branches of the flecnode curve of X coincide, there is a derivative conic to
consider instead of a derivative cubic.
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As a space cubic always determines a null-system, then associated with this null-system, we
have a linear complex. We are going to call it the linear complex of the derivative cubic. For
the relation between this complex and the osculating linear complex of the ruled surface, we
have,

Theorem 2.5.2: The osculating linear complex and the complex of the derivative cubic are in
involution if the first derivative ruled surface cuts out asymptotic curves on the flecnode
surface of Z, and the cubic passes through the Lie-points of g.

The coordinates of the plane, which corresponds to a point (X, x,,0,0) of g in the null-
system of the cubic are

4((:2 - BD)XZ, —4((:2 - BD)xl, —ABX —2ACX,,  2ACX, + ADX,.
This plane contains g if , and only if, C2—BD =0, i.e., if the derivative cubic is tangent to
g. It will coincide with the plane tangent to X at this point, if further

—ABX; —2ACX, = wX,, 2ACx, + ADX, = —wXq,
where @ is a proportionality factor, or

Abx, +(2AC + @)%, =0,  (2AC + @)x + ADx, =0,

whence follows @ =—-AC or —3AC. We have therefore
X :X,=—C:B=-D:C or x:x,=C:B=D:C.

These points are harmonic conjugates with respect to the flecnodes. Therefore,

Theorem 2.5.3: If the derivative cubic is tangent to g, there are two points of g whose
tangent planes are the planes corresponding to them in the null-system of the cubic. These
points and the flecnodes form a harmonic group on g. They never coincide with the LIE-
points unless the ruled surface has a straight line directrix.

Generally, it can be proved that

Theorem 2.5.4: There exist in general two points on g, harmonic conjugates with respect to
the flecnodes, such that the planes, corresponding to them in the null-system of the derivative
cubic, pass through a generator of the osculating quadric.

Let ¢ be one branch of the flecnode curve of a ruled surface X, and let the developable
surface formed by its tangents be called its primary developable. There exists another
important developable surface containing ¢, which WiLczynski called its secondary
developable, as indicated in the following two theorems,

Theorem 2.5.5: If at every point of the flecnode curve of X there be drawn the generator of
the surface, the flecnode tangent, the tangent of the flecnode curve, and finally the line which
IS harmonic conjugate to the latter with respect to the other two, the locus of these last lines is
a developable surface, the secondary developable of the flecnode curve.
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Theorem 2.5.6: We can find a one parameter set of ruled surfaces, each having one branch
of its flecnode curve in common with that of =. This family of o' surfaces may be described
as an involution, in which any surface of the family and its flecnode surface form a pair. The
primary and secondary developables of the branch of the flecnode surface considered, are the
double surfaces of this involution. In fact, the generators of these surfaces, at every point of
their common flecnode curve, form an involution in the usual sense (see [78] p.233).

2.6 The differential equations of curves situated on a ruled surface

To find the differential equations of the integral curves ¢, and c, of the ruled surface
described by the system (A), we shall eliminate once z and then y, so as to obtain the linear
differential equations of the fourth order which each of these functions must satisfy. The
required differential equations take the form:

@ 4 4py® +6p,y" +4psy + pgy =0,
y Py p.y P3y + Py (2.30a,b)
7™ +40,2® +60,2" +4057' + 9,2 =0
where
P = AL A ——(Oih2 — P2My2), P2 = BA. A ——(S12h2 —i2my2),
g, = 4A ——(Q21l21 = PaaMy1), g, = 6A ——(Saalo1 — iMyy),

P3 = 4i [m21( Profi1 — Prafiz) + iz (PraSi — Ghotis) — |11A1] )

(2.31)
Ps = A_l[mIZ (P12811 — thafiz) + ho (ChaSio — ChoSi1) — mllAl] ,
0 = 4i [mzl( P21r22 = Paal21) + 121 (P22S21 — Uaalaz) — 1224 ],

0 = A_z[m21( P21522 = O2l21) + 121 (U22821 — U21S22) — Moo, ]

We shall assume that A; # 0 and A, #0; i.e. neither ¢, nor c, is a plane curve.

The quantities A, A,, lyj, my and s;; are defined as follows

A1 = PraSi2 — Oiohi2, Ay = Pa1Sp1 — Qoiln
2
1= Pi1 + P12 P21 — Pi1 — G, S11.= Pralhs + P12021 — Oi1,
f2 = Pr2 (P11 + P22) — P12 — Chz, S12 = P11tz + P12022 — Gz,
1 = P21(Pr1 + P22) — P21 — Goa, So1 = P21t + P22021 — 21,
Lo = P + P12 Par — Ph2 — Gz, S22 = P21tha + P22022 — U22, (2.32)
iy =—P1ihiy — Pz + 1+ Si, Myy = —A10h1 = F2021 + S,
Lo =—Piahis — Pa2liz + M2 + Si, Mip = —M10hz — 2022 + Si2,
|21 == Pualo1 = Paalfo2 + 31 + Sa1, Moy = —Fo1011 — 22021 + Sa1,

!
lo2 = —=Prals — Pazloy + 12 + Spo, Maz = —T210h2 = 22022 + S22
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The fundamental seminvariants and invariants of the integral curve c, are given by the
following expressions:

P=p,-pi—-pf, Pi=ps—p{-3pp.+3p;,
P, = ps—4pips—3ps +12pfp, —6p; — pi® +3P7, (2.33)

6 =P —3P;, 0y =P,— 2P+ SR/ - 5P},

On replacing p, P and @ by q, Q and & respectively, we obtain the corresponding
expressions for the integral curve c,.

The tangents to the integral curves ¢, and c, will belong to linear complexes if, and only
if, the invariants @; and @; vanish identically. Similarly, if ¢, and c, are conics, then 6; and
65 vanish identically. By making use of (2.31) and the first of (2.23), one can express &; and
&5 in terms of the coefficients of (A) as follows

05 = Eiz (G22 — Ch1) _%(qlzz - Qil)a 0; = %(%1 —0U2) —%(Qil - qéz). (2.34)

Thus the conditions 8;=6;= 0, reduce to

2 14
P21 (4, — 0z0). (2.35)
P21

Gy — 02 = ﬂ(C111 —022), iy — 02 =
P12
As the flecnode curve and the Lie-curve are of fundamental importance for the projective
theory of ruled surfaces, it becomes essential to find out to what extent they may be arbitrarily
assigned. To answer this question, let us consider a curve ¢ be given by means of its
differential equation

4o 3y 2y iz
O a8 vep, S Y v ap, T ipiy =0, (2.36)

dx* dx® dx? X

where Py,..., Ps are given functions of X. In the system of differential equations (A) defining
the surface X, we must regard the coefficients p; and g; as unknown functions. We may,
however, assume without exception that u;, =0, so that ¢, is one of the branches of the
flecnode curve on X, that p,; =0, so that c, is an asymptotic curve on X, and that
pi1 = P22 =0. Under these assumptions we form the differential equation (2.30a) of the curve
¢, . Since ¢, is to be identical with c, it must be possible to transform equation (2.30a) into
(2.36) by a transformation of the form

y =p(X)Y, X = f(x). (2.37)

The functions ¢ and f are not independent. For, while the equations u;, =0 and p,; =0 are
not disturbed by any transformation of this form, the conditions p;; = p,, =0 are. In fact, a
transformation of the form (2.37) converts (A) into another system of the same form whose
corresponding coefficients p;; and p,, will be

p+22 + 2 p22+2%+*

— f' —
P =———— Pop = ——r—— (2.38)
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In order, therefore, that after this transformation p;; and p,, may again vanish, we must have

o=-C (2.39)

Jr
where C is an arbitrary constant, which may be put equal to unity.

If then we apply the transformation (2.37) to (2.36), we shall get an equation

dy ,. Ay d’y , . dy
+4 +6 +4p; =+ =0,
e P Ve P2 e Ps dx Psy

which we must identify with (2.30a). Equating coefficients gives us a system of four
equations with five unknown functions of X, viz.: f, pi, i1, U1, G2 . One may, therefore,
impose another condition and still obtain an infinity of ruled surfaces. The most general curve
¢, which is capable of being the second branch of the flecnode curve on a ruled surface, for
which ¢, is the first branch, involves therefore, in its expression one arbitrary function of x.
It cannot, therefore, be an arbitrary curve, as that would involve two arbitrary functions.

The same can be proved analytically for the LIE-curves, thus we state with WiLCzyYNsKI the
following theorem,

Theorem 2.6.1: Any arbitrary space curve being given, can be considered as one branch of
the flecnode curve (Lie-curve) of an infinite set of ruled surfaces into whose general
expression there enters an arbitrary function. Two curves taken at random can not be
connected, point to point, in such a way as to constitute the complete flecnode curve (LIE-
curve) upon the ruled surface thus generated.

P,(0,0,0,1)

P,(0,0,1,0)

Fig. 2.1

Let us consider a space curve c,, whose linear homogenous differential equation of the
fourth order is

Yy +4py® +6pyy" +4psy + pay =0 (2:40)

with the relative semi-covariants, besides y which is obviously itself a semi-covariant,
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Z=Yy'+py,

P=Y'+2py' + Py, (2.41)

o=y +3py" +3p,Y + pay.
The absolute semi-covariants are % % and %. All other semi-covariants and seminvariants
are functions of these and of the derivatives of P,, P, and P, defined in (2.33). If we make a
transformation of the independent variable &= £(x), we find that

7=%(2 +31Y),
b= (;)Z [p+2772+%(4y+9772)y] (2.42)
&= (51,)3 [a+g;7p+(y+gn2)z+%(y'+4m,+3n3)y}.
where we have put
77=% p=n-in. (2.43)

If the functions v;,...,y, constitute a fundamental system of (2.40), then we may interpret
them as the homogenous co-ordinates of a point P, of the curve c, in ordinary space. If we
put y =Y, (k=1,2,3,4) into the expression (2.41), we obtain three other points P,, P, and P,
which, as x varies, describe three curves c,, ¢, and c,, curves which are closely connected
with c,. P, is clearly a point on the tangent of c, constructed at P,;P, is in the plane
osculating c, at Py, while P, is outside of this plane (see Fig.2.1).

In order to study the curve c, in the vicinity of P,, it will be convenient to introduce the
tetrahedron P, P, P, P, as tetrahedron of reference, with the further condition that, the unit
point is chosen such that any expression of the form uy =Yy + @22 +azpx + @40y,
k =1,2,3,4, represents a point B, whose coordinates are (4,22, a3,a4).

We may without affecting the positions of the points P,, P, and P, assume that (2.40)
is written in the semi-canonical form®, so that p, =0. For, in order to put (2.40) in the semi-
canonical form, we need only to multiply y by a certain factor A, which will then also
appear multiplied into the semi-covariants z, p and o.

Let us then assume p, =0. We shall have from (2.41) z=vy'. If we differentiate (2.40)
and eliminate y between the resulting equation and (2.40), we shall find

9t s always possible to reduce the equation (2.40) to a canonical form in which p,=p, =0, i.e. P, =0. This will be called the

LAGUERRE-FORSYTH canonical form.

It can be also proved that: "the most general transformation which leaves the LAGUERRE-FORSYTH canonical form invariant, is

5= (;;(( : g ' = <y , the totality of these transformations constitutes a four-parameter group. (cf. [78] p.25)

(yx+8)""
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(Ps+3P7 )2 — (P +6P,P;) 2 + 6P (P, +3P7 ) 2"
+[(6P2' +4P;)(P, +3P7) - 6P (P; + 6P2P2')}z’ (2.44)

+] (4Py+ P +3P2) (P +3PF )~ 4Py (P + 6R;P5) |2 =0

if P,+3P7 =0.
If P, +3P% =0 we find
7® 4+ 6P,z +4Pz =0. (2.45)

Equation (2.44) determines the curve c, in the same way as (2.40) determines c,. But if
P, +3P7 =0, z satisfies (2.45) showing that the curve c, is in this case a plane curve, i.e., is
a plane section of the developable surface whose cuspidal edge is c,.

We shall need to consider the ruled surfaces generated by those edges of our tetrahedron
which meet in P,. Of these we know one immediately, namely the developable which has c,
as its edge of regression, and of which PP, is a generator. The ruled surface X, , generated
by P,P, clearly has c, as an asymptotic curve; for, the plane P,P,P, is both osculating plane
of ¢, at Py, and tangent plane of the surface at P,. If we assume that p, =0, we can find the
system of differential equations representing this ruled surface as follows:

From (2.41), we have

y'=p—p2y,
y® = p'— pry-poY', (2.46)
y@ = p"— pyy"—2phy — pay.

Substituting these values in (2.40), we obtain the equation
p"+(4ps—2p3)y +(Ps— Ps =5p;)y +5p,0 =0 (2.47)
Hence, assuming p, =0, then this ruled surface may be studied by means of the equations

y'+Py-p=0,

, (2.48)
p” + (4P3 - 2P2')y,+ (P4 - P2"—5P2 )y +5P2p = 0

Similarly, assuming p, =0, the differential equations representing the ruled surface X,
generated by P, P, are obtained as

Y+ Py + P20’ + Gy + Ghoo =0,

) , , (2.49)
0"+ Py + P20’ +0QnY + 030 =0,
where
_P-P 1 P +3PF Py B Y B
P = B, p12—3P ) Q11——3P2 y G2 =0, pp= P, 022 =3P,
P21 =Pi ~3P{ +3P;P; + 2P, P —3P,Py+ P,P, 6P |, (2.50)

I = [P, —6P?P; + P,y + P,P; + 6P7P; — P,Py .
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Now, if (2.40) is written in the LAGUERRE-FORSYTH form, i.e. P, =0. In that case, the
two equations (2.49) reduce to the single equation

Ry +ic'+i(R-P)y=0 (2.51)

which proves that, in this case, the surface X, is a developable. Moreover, if 7= Ay + uo
represents the point in which P, P, intersects the edge of regression of the developable, then it
can be easily proved that,

r=3Ry+0o (2.52)
represents the edge of regression of the developable to which X, reduces when P, =0.

To find the equations of both the osculating cubic and the osculating conic of ¢, at P,
we are going to assume that the differential equation be written in the LAGUERRE-FORSYTH
canonical form, and that P, corresponds to the value of x =a. The solution Y of our equation
may then be developed by TAYLOR’s theorem into a series proceeding according to powers of
(x—a) up to the fifth order, and for greater convenience in writing, we shall put a=0. So we
shall find

Y=y+yx+2yx?+Ly@xd 4 Ly@xt o LyOye (2.53)
an expression which may be written in the form

Y =YY+ YoZ+ Y3p+ V4o (2.54)

where y1,Y,,Ys, Y are themselves such power-series, which will represent the curve ¢, up to
terms of the 5" order in the vicinity of the point P,, referred to the system of co-ordinates
which has just been defined.

Since p, =P, =0, we shall find from (2.41) by successive differentiation that

y=2, y=p, y9¥=-Ry+o, y¥=-Ry-4pg

(2.55)
y® = —Ply— (P, +4P)z-4Pyp.
If therefore we put Y into the form indicated above, we shall have:
y; =120 — 20Pyx3 — 5P x* — Pjx° + ...
y, =120x — 20R,x* — (4P + P)X° + ... (256)

Y3 = 60X% — 4R + ...
Yo =20 +...

We see at once that the following equations are exact up to terms no higher than the fifth order

3Y,Ys —2y5 =0,

2 (2.57)
5(2y1y3 —¥2) —6PRsy3y, =0.

These same equations must be satisfied by the co-ordinates of any point of the osculating
cubic of the curve c,, since this cubic must have contact of the fifth order with ¢, at P, .
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These equations (2.57) are, therefore, referred to this special tetrahedron of reference. In terms
of a parameter t we may write

% =15+12Rt%, %, =30t, x3=30t, x,=20t%. (2.58)
It can be also proved that the expression

(12P3 —12P; + 24P,z +15T3) Y+ 20(% P, +%72)Z +30z0 + 200 (2.59)
represents an arbitrary point of the osculating cubic when the tetrahedron of reference is not
restricted to the condition P, =0, because this expression remains invariant under the general

transformation & = £(x), and reduces to (2.58) for P, =0, if 7 =1. From this we can find the
equation of the osculating conic as

—40% X3 +15X5 +32P,x5 =0 (2.60)

which may be defined as a part of the intersection of the developable of the osculating cubic
with the osculating plane.

To deduce the equation of the osculating linear complex, i.e. of that linear complex
determined by five consecutive tangents of the curve, denote by Y and Z the expressions of
y and z in the vicinity of P,. Then we have up to terms of the fourth order

Y = y( —1PC -4 P+ z(x—%ng“)Jr%pxz +1o%®,
Z= y(—% Px® —1p,x° —§P4x4)+ z[l—%PgX3 — (4P + P4)X4} (2.61)
+p(x—%P3x4)+%ax2.

If we denote the coefficients of v, z, p, o in these two expressions by vi,...,y, and
Z,...,24 respectively, then the PLUCKER line-coordinates of the tangent will be

Wik = Yilk — Yk

whence
_ 1 3,1 4 1,2
o =1-5BX +3PX" +.., W3 =5X"+...,
1 4 1.3
CO_]_3:X—EP3X +..., a)24—§X +..., (262)
1y2 1,4
C!}_|_4—EX +..., 0)34—EX +

Therefore, the equation of the osculating linear complex , referred to the special tetrahedron
of reference, is

oy — w3 =0. (2.63)

In general, it can be proved that the equation representing the osculating linear complex when
the tetrahedron of reference is general , takes the form

Wy — 2P20)34 —Wh3z = 0 (264)
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The equations of the null-system defined by the osculating linear complex are then

N1 = —Xyg, Vg =—Xy + 2P;Xy,
1 4 3 2 274 (265)
Ny = X3, Ny :X1—2P2X3
or
a)’X]_:ZPzVZ +Vy, COIX =Vs,
, s (2.66)
@ Xy :—2P2V1—V3, WXy =—Vq.

We are going to find the position of the point P, on the generator P,P,. The curve c,, on the
ruled surface X,, generated by P,P,, is an asymptotic curve upon it, and the surface is
characterized by the equations (2.48).

According to the general theory of ruled surfaces, the asymptotic tangents to X, , at the
points P, and P, are obtained by joining these points to 2z and 2o —-4P,z+2PRy
respectively. Therefore, the asymptotic tangent to X, , at any point (al,O,aS,O) of P,P, joins
this point to

2P30{3y + (20{1 — 4P20{3) Z+ 2&30‘.
The equation of the plane tangent to X, , at (a4,0,3,0) is then
—a3X2 + (0{1 — 2P20(3)X4 =0.

To the same point of PP, there corresponds a plane in the osculating linear complex.
According to (2.65), this is the plane

a3X2 + (0{1 — 2P2a3) X4 = O (267)

It is clear that these planes form an involution, and the double planes of this involution are the
osculating plane x, =0, and a plane x, =0 which contains o. The point which corresponds
to this latter plane is

B =2P,y+p. (2.68)
At the same time the osculating conic intersects P,P, in P, and in P, where

a=4Py+5p. (2.69)
The cross ratio of the four points P, P,, P,, P, is then

(@Y. 5.p) =3

Hence if, upon the generator of X, ,, there be marked its intersections with the osculating
conic, and the point P, whose tangent plane coincides with the plane corresponding to it in
the osculating linear complex, the point P, is determined by the condition that the cross ratio
of these four points shall be equal to 3.

We notice that if P, =0, then P, and P, coincide with P,, and in that case P, can be

defined as the point at which the plane tangent to the ruled surface and the plane
corresponding to it in the osculating linear complex coincide. In this exceptional case it can be
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also proved that the curves ¢, and c, shall be harmonically divided by the branches of the
flecnode curve of the ruled surface.

Now, we proceed to deduce the equation of the osculating linear complex of X, ,. Let us
assume that p,=P, =0, and let Yand R denote the developments of y and p in the
vicinity of an ordinary point x=a, and replace again (x—a) by x in the developments.
Then we shall find

Y = V1Y + Y2Z+ V3P + Y40,

2.70
R=pY+p2+psp+ psc (270
where
pr=—Pix— 1P — 1P + L (4P7 —P)x* + ..
= 2Px2 —L(4P+ P)x* =L (2P + P))x* + ...
P2 3 6( 3 4) 12( 3 4) 2.71)

p3=1-2Px° - L(8P+ P )x* +...
pa=X-1Px*+ ..
and vy;,..., Y, have been computed before in equations (2.56).

Denoting by ay = Yipx — Ykpoi, the PLUCKER-coordinates of the line joining the two points,
we find

o =-PX* —1(2P - P =L (2R - P)x* + ...,
o =1-1Px° -1 (2P -P)x* + ...,
oy =X—2Px* + .,

2.72)
Wh3 :X+%P3X4+...,

Woy :X2+...,
_ 1,3
W3y —EX +...
Now, let

aa)_|_2 +ba)_|_3 +Ca)_|_4 +d0)23 +ea)24 + fa)34 =0
be the equation of the osculating linear complex of the surface in question. Then, the
coefficients of all powers of x up to and including x* must be zero, if we substitute the
above development for @y, into the left term. This gives us the following equations
b=0, c¢+d=0, c+d=0 -PRa+e=0,
~L(2P-P)a-iPb+Lif =0, (2.73)
-+ (2P/-Pj)a—1(2P—P,)b—1Pc+1Pd =0

and finally we find thus the equation of the linear complex osculating the ruled surface Z,,
as

—Ban, —(PA' - 2P3”)(a’14 - 6023) - 4P326024 + 4(P4 - 2P3') Pz, = 0. (2.74)
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We notice that it coincides with the osculating linear complex of c, if, and only if, P; =0,
i.e. if ¢, belongs to a linear complex. The coordinates v, of the plane, which corresponds to a
point (xl, X, X3, x4) in the linear complex (2.74) are given by

= xR x o+ (A2
vy = —APyx, + * - (PI-2P))x + 4P?Xy, (2.75)
avg = * + (Pj—2P) %, + * — 4Py (P, — 2P)) X4,
vy = —(Pj—2P)% — 4P X, + 4Ps (P, — 2P5) %3 + * :

where @ is a proportionality factor.

Thus, if the curve ¢, belongs to a linear complex, i.e., & =0, and we put P, =0, then from
(2.33) also P, =0. Hence, the ruled surface X,, is a non-developable surface, and its
equations take the form:

p"+Py=0, y"—p=0. (2.76)

It belongs to the same linear complex as ¢, , and ¢, and c, are the two branches of its LIE-
curve, which is at the same time an asymptotic curve.

To find the equation which determines the curve c,, in the same way as (2.40) determines c,
in this special case, we have to differentiate (2.40) twice ( taking into account that p, =0,
P, = P, =0) then eliminate y and y'. Finally the equation determining c,, takes the form:

2 y y ”
S0 2P ) {2_&)’0 4 pup=0. (2.77)
P4 P4

In this case P,P, generates a developable, since z'= p, of which c, is the cuspidal edge.
P,P, generates a developable, since _p' = o, of which c,, is the cuspidal edge. Finally P,P,
generates a ruled surface whose equations are

!

0”—&0"+ Pz=0, z
Py

4

-0 =0, (2.78)
upon which ¢, and c, are asymptotic lines. So we have the following theorem,

Theorem 2.6.2: If a given curve belongs to a linear complex we may, in an infinity of ways,
choose the fundamental tetrahedron so that four of its edges give rise to developables, whose
cuspidal edges are described by the four vertices. The other two edges of the tetrahedron will
then give rise to ruled surfaces, upon which the vertices of the tetrahedron trace a pair of
asymptotic curves. The latter coincide with the two branches of the special Lie-curves as
asymptotic lines on the surface.

Now, let us see under what conditions can the given curve c, be one branch of the
flecnode curve upon one of these surfaces. Let us study the ruled surface generated by P,P,,
on which ¢, can never be an asymptotic line. In fact, if we form the quantities u; of the
theory of ruled surfaces for system (2.49), we find

P,
P2’

Up =—
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But u, =0 is the condition that ¢, may be a branch of the flecnode curve on the surface
generated by P,P,. Suppose that the variable has been so chosen as to make P, =0. The most
general transformation which leaves this relation invariant satisfies the condition

~2nPy =34 +3mu =0
or, since u=7n'-1n? then
5" -12nP, +15n77' -57° =0 (2.79)

a differential equation of the second order for 7. Moreover, two different solutions of this
equation give rise to two distinct ruled surfaces. For, let 7, and 7, be two such solutions, and
let o3, o, be the corresponding values of o. Then, according to (2.42),
__1 3 3p2\744(, 14 33 =12 2.80
O-X_(é:')a O-+277xp+(/ux+277x )Z+4(,ux+ TxHx + 77x)y (X— : ) (2.80)
X
But, if the same ruled surface corresponds to 7, and 7,, the three points y, oy and o, must
be collinear. We must, therefore, be able to reduce

(&) o —(&) o2 =2(m-m)p+...

to a multiple of y, But clearly, this is possible only if 7, =7,. We see, therefore, that there
are oo® of the ruled surfaces Z,, upon which c, is one branch of the flecnode curve.

If P, #0, our problem leads to the differential equation

%(n'—%nz)zgpz’—%Pzn+277(77’—%772) (2.81)
which is of the second order and of the third degree. Corresponding to the «?® solutions of
this equation, we find oo? positions for Ps, viz.:

4V 5= (%Pz' ~ 2Py +6nu +3773)y+(4y+ 6772)2 + 67+ 40.

The locus of these points is a cubic surface
27P5x3 —36P,X3X3 + 90X, XaX, — 90%,X5 — 40x5 =0 (2.82)

which contains P,P,, the tangent of c,, as a double line. It is, therefore, a ruled surface. Itis a
surface of the kind known as CAYLEY’s cubic scroll.

Suppose that a solution 7 of (2.81) be known. We may make a transformation of the

independent variable, & = £(x) such that % = 7. For the resulting equation follows P, = 0. If
we again denote the independent variable by x, (2.81) becomes
0" —nn' =-2Pm+2n(n' - 4n°), (2.83)

where P, is a constant, since P, =0. But we may satisfy this equation by putting 7 = const.,
which gives the equation



2 The Method of WILCZYNSKI 27

n’+2Pn =0,
whence

The root n» =0 gives the original solution, the other two are new. Thus, if one of the surfaces
X, Is known, upon which c, is a branch of the flecnode curve, two others may be found by
merely solving a quadratic equation.

2.7 CARPENTER’s surfaces with planar flecnode curves

A. F. CARPENTER [10] considered ruled surfaces whose flecnode curves consist of two plane
branches. The necessary and sufficient conditions that ¢, and c, as flecnode curves shall be
plane curves are:

2 1 " 3 A2 _
Ay = POz —5 PP +4 P2 =0,

(2.85)
Ay = Plithy —5 PPy +5 ps; =0.
We have from (2.19) by differentiation
P, =502 (0,:1/0,0, + 20,6, - 40,6,
12 404910 4 4Y9 4Y10 4Y10 |
! le ’
pﬂ_wem( 040,00+ 20,0, ~ 46,0 ),
P, = 162129120 (0267 — 4620.2 + 320,202 — 60,0, 0,040, (2.86)

—166,0;0,00% +407/0,06,, +8020,,01 —160,0,62),

Ph =7 622192 (0267 — 4020.2 + 320202 + 60,0, 0.,0,0,0
4 Y10

~166,0,0,,01, — 402/, 60, +86026,,00 —1606,0103).

By substituting from (2.19) and (2.86) in (2.85) we obtain A; and A, in terms of the
fundamental invariants, in the form

ped _, A, = Pad, _
640267, 640262

1=

where

—160; 6,004 + 40,6, (20,65 36,06, — 20,030, + 36,6:6, ).
(2.87)
5, =166 — 6,,02 +400,0/02 — 250202 + 6262 + 200262 —166,0,0,,0.,

—~160; 6,00 — 40,6, (20,05 — 30,0,6,0 — 20,0,0, + 30,6,6), ).
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Now p,, can not be zero for otherwise the first of equations (F) would reduce to a second
order equation in y alone, that is, ¢, would be a straight line contrary to our hypothesis.
Similarly for p,;. We conclude therefore that 6,=0 and 6, =0 are the conditions for a
flecnode curve with two distinct non-rectilinear plane branches.

The differential equation for c, is, in view of (2.19),

y"+3py"+3py'+ psy =0, (2.88)
where
! 3 1 ! !
P = _2p_51221 P, = _%( Pi2Por — qll)! Ps = _%_% P12 P21 + Chs- (2.89)

Let us suppose that both ¢, and c, are conics. By addition of the two conditions of (2.34), we
have

P Pa
B2 (g, g ) =0.
( by P j (Q22 Chl)

But if g,, —q;; =0, then by (2.18), 6, =0, that is the two branches of the flecnode curve are
coincident, contrary to our hypothesis. It follows that p;,/p,, = p5/p.. and therefore that

dx { pr 2\ pp P 2\ P

’ ! 2 " / 2 (2.90)
_ g[@j_;(@j _ @_g(@j |
X\ Py ) 2\ pa Pu 2\ Py
Now from (2.85) we have
" r\2 " ' 2
plZ 3 p12 le 3 le
20,, =—=—=| == | , 20, =—=—=—-=2| == 2.91
e =7, Z(puj b= Z(pﬂj (2.91)

and this, with (2.90) gives again q,, —g,; = 0. We conclude therefore that

Theorem 2.7.1: There are no ruled surfaces whose flecnode curves are composed of two
distinct, non-degenerate, conics.

We can also prove that if either branch of flecnode curve of a ruled surface is a conic then
the principal surface of the flecnode congruence intersects one of the sheets of the flecnode
surface along the second branch of its flecnode curve. Moreover this theorem holds when
only one branch of the flecnode curve is plane.

It is possible by a suitable chosen transformation of the independent variable to make
U;; —U,, =1. Let us then assume system (F) is such that

Py = P = Uy, = Uy =0, Uy — Uy =1 (2.92)

and at the same time that c, is a conic while c, is any plane curve not a conic.
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From equations (2.18) we have

6, =1, (2.93)
and since ¢, is aconic (i.e. 8; =0) then

6, + 26/, =0. (2.94)
By means of (2.93) and (2.94) the first of equations (2.87) gives

8, = 05[8(20,5 +1) = O, | +(6y + 264 ) (6, +106), ) — 86,0 (65 + 26 )

= 0658(20,+1)—- 6, .
But in our case 6, =0 and &, # 0, so that we find

94_1 = 8(2010 +l). (295)
Remembering also that &, =0, then &, — o, may be reduced by means of (2.93) and (2.94) to

26,000 —36;¢ + 65 = 0. (2.96)

The general solution of (2.96) is

O = —2PE (2.97)
A(A—€)
and this result substituted in (2.94) and (2.95) gives
09:_8A2e (A2+e3)’ O, =8 LXZH . (2.98)
A(A-e) A(A )

We now have our four fundamental invariants expressed explicitly in terms of the
independent variable and two arbitrary constants. Consequently it is possible to calculate the
coefficients of system (F). By means of (2.93) and (2.19), we find p,, = A; =const. From
equations (2.18) then

G 4Ae"
Py =22 = - (2.99)
P AN (A ¢
From (2.19) we find
0, =0, Qo = 2he (AQ +ex3)' (2.100)
AA (A —¢)

From the first of equations (2.85), since p, is a constant, g, =0, and since
Uy —Uyp = 4(q22 _q11)=1a

— 1
Oy =—7%-



2 The Method of WILCZYNSKI 30

The coefficients of system (F) have now been calculated. They involve three arbitrary
constants of integration, but two of these are not essential; since the transformation

n=". =z, E=x—logA, (2.101)
leaves conditions (2.92) unchanged and serves to remove A, and A;. The transformed system
of equations is

77”"'4/'_%77:0,

Aef (1+¢€f
e ( +93 ),7:0_ (2.102)

4
éxﬂ_l_ 2Ae 277!_"_

e o)

Since each value of A gives a system of equations defining a class of mutually projective
ruled surfaces, we conclude that

Theorem 2.7.2: There exists a single infinity of classes of mutually projective ruled surfaces
having the property that their flecnode curves consist of two distinct plane branches, one of
which is a conic.

We are going to give a geometrical construction of a ruled surface ¥ whose flecnode
curve consists of two plane branches, as an answer of the question of the extent to which a
ruled surface is determined by the condition that the two branches of its flecnode curve shall
be distinct, non-rectilinear, plane curves.

Let ¢ be any given plane curve. On c let any set of points P,..., R,.. be taken,
corresponding for instance to values of the parameter & differing by A& . Through each of
the points B, P,, P, draw an arbitrary line and let Q,, Q,, Q,, be the points of intersection
of these three lines g,, 0,, g5, with an arbitrary plane z. Through P, and Q, respectively
draw the lines f' and f," which intersect g,, 9,, 0s.

The plane determined by f,' and P, will intersect
f," This point of intersection, together with P, will
determine a line g, which intersects both f,' and

f,} and cuts the plane 7 in a point Q,. Through P, 0 Q3 Q2 Q 7
and Q, respectively draw the lines f, and f,) o\ /,"
which intersect g,, gs;, g,. The plane determined \\ i !/

by f, and P, will intersect f,° This point of f - ,

intersection together with P, will determine a line
gs which intersects both f, and f,,, and cuts the
plane 7 in a point Q. Proceed thus, locating each
time a new point in the plane 7. The sets of lines f;
and f;" are such that each line of either set intersects
four successive lines of the set g,. When A¢&
approaches zero the set of lines g; will constitute a
ruled surface X, while the sets of lines f,;' and f."
will also constitute ruled surfaces F’' and F"such
that each line of either surface will be a four-point
tangent to X, those of F' having as locus of their
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points of tangency the curve ¢ and those of F" having as locus of their points of tangency
the locus of the points Q,. X will therefore be a ruled surface whose flecnode curve consists
of two plane branches.

2.8 Ruled surfaces whose LIE-curves have planar branches

As the pair of Lie-curves of a ruled surface is closely connected with its flecnode pair, we are
going to study what happens for the Lie-pair if we assume that ¢, and c, are plane curves.
From (2.26), then

(:_hlzc_]zzquzzqzlzo

hence the system (L) will take the form

Vrr+|:@_(k+hj:|y’+(k_%]7ZO,

P Pa P Pa (Lp)
Zu(&_ﬁjyf{m_(ﬁ+hﬂf _o,
P Pa P Pa
Thus we can find the differential equations for the LIE-pair ¢, and c, in the form
" 1 A " " VA Evid 1 AR B Y Y =3\
y +—_|:( P+ Pzz) Pro — p12:| y +—_( P11P12 P22 = PuaPro + Pu Pro — plz) y'=0
Pr2 Pr2 (2.103)

U

Z +%I:(Ell + ﬁzz)ﬁn - E’z]?”"‘%(ﬁnﬁmﬁzz ~ PP + P2 Pi2 — 5132)7' =0

1 1
assuming that p,, #0, otherwise it would be p, =kp,, and it follows from (2.85) that
Oy —0,, =0, ie.,, 6,=0. As the equations (2.103) are of the third order only, then we
conclude that,

Theorem 2.8.1: If the two branches of the flecnode curve of a ruled surface are distinct (over
C), non-rectilinear, plane curves, then the two branches of the Lie-curve have this same
property. Moreover, the four planes of these curves form a harmonic pencil of planes in
which the planes of the two branches of the flecnode curve are separated by the planes of the
two branches of the Lie-curve. The converse of this theorem also holds.

Now let us consider the planes osculating the four curves c,, c,, ¢;, ¢, at the points P,
P,, P;, P,. Actually, it can be proved that,

Theorem 2.8.2: The planes osculating the two branches of the flecnode curve and the planes
osculating the two branches of the LIE-curve at the four points in which these curves cut a line
element of their supporting ruled surface, will form a pencil if, and only if,

D = piA, — pHA, =0. (2.104)
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CARPENTER [12] gave an extension of the preceding theorems to include the involute curves
as follows

Theorem 2.8.3: The planes osculating the flecnode curve, the Lie-curve and the involute
curve at the six points in which these curves cut any ruling g of X, will belong to a pencil, if
and only if

D= p221A1 - plzzAz =0.

The axis m of this axial pencil generates a ruled surface ‘¥'. If the tangent to ¢, at P, cuts
m in one of its flecnode points, the tangent to ¢, at P, will cut m in its other flecnode point,
the tangents to ¢, c,, at Py, P, will cut m in its Lig-points, and ¥ will be the space dual of
>. Conversely, if W is the space dual of X, then the remaining conditions follow.

Moreover, it can be proved that (CARPENTER [10]):

Theorem 2.8.4: In order that the line of intersection of the planes osculating the flecnode
curve of a given ruled surface at the two points in which it is cut by a generator of the surface
may envelope a plane curve, it is necessary and sufficient that one branch of the flecnode
curve be a plane curve.

2.9 Ruled surfaces with coincident plane branches of the flecnode
curve

If we choose the curve with which both branches of the flecnode curve coincide for one

directrix curve, c,, and any asymptotic curve of X for the other directrix curve, so in this

case the system (A) will take the form
y'+ p122'+Q22y+% P2 =0,

2"+ 0yY+0,2=0.

(FA)

The following theorem can be easily proved,

Theorem 2.9.1: If the two branches of the flecnode curve of a ruled surface X coincide in a
plane curve, then there exists a one-parameter family of mutually projective ruled surfaces
each having the two branches of its flecnode curve coinciding with that of %, and to this
family belong X and its flecnode surface. In order that the two plane branches of the flecnode
curve of a ruled surface may coincide it is necessary and sufficient that the secondary
developable of one of these curves be a cone (cf.[13]).

If ¢, and c, coincide in a plane curve, the osculating planes coincide with the plane of
this curve and the secondary developable becomes a cone the vertex of which is the common
pole of the plane of this curve taken with respect to the osculating quadrics of X. We make
use of this pole and polar relation in a construction of this ruled surface:

Let ¢ be any given plane curve. On c let points R, ..., P;,... be taken corresponding to values
of the independent variable differing by A&. Through P, and any point P not in the plane of
c, pass the line PPR. This line, together with the tangent t, to ¢ at B, determines a plane
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PRt,. In this plane draw any line g, through P.. In the same way through P, and P, draw
lines g, and g, lying respectively in the planes PPRt, and PRt,. Through P, draw the line
f, which cuts g, and g,. It will intersect the plane PR, in a point which with P, will
determine a line g,. Through P, draw the line f, which cuts g, and g,. It will cut the plane
PRt in a point which with B, will determine a line g.. So proceed, obtaining alternately
new lines f and g. The two sets of lines g and f are such that each line of either set
intersects four consecutive lines of the other set. Now let A& approach zero. As the points
P, P, P,, approach coincidence, the quadric determined by three lines ¢, i, Ui1»
approaches a limit quadric Q,. Moreover, with respect to this quadric P and the plane of ¢
have the pole and polar relation since P is the point common to the planes tangent to Q, at
P., P, P,;.. At the same time the two sets of lines g; and f; will approach two ruled
surfaces X~ and @ each of which is one sheet of the flecnode surface of the other, and ¢ will
be one branch of the flecnode curve for each surface. The quadrics Q; will osculate X along
the generators g; and the plane of ¢ will have with respect to all these osculating quadrics the
common pole P. Since the locus of the poles of the plane of ¢ with respect to the Q; is the
edge of regression of the secondary developable of c, this developable is a cone and hence
Y, and therefore @, have the two branches of their common flecnode curve coincident and
plane.

2.10 Ruled surfaces with rectilinear branches of the flecnode curve

As we explained before that, the necessary and sufficient conditions for a ruled surface with
two distinct straight line directrices are that Rank A=1, and &, #0. In this case the ruled
surface belongs to a linear congruence (see the introduction) and the system (A) will take the
form

y'+0,y =0,
Z,'+q222 = 0,

(R)

where q,; and ¢,, are non-vanishing constants, and q,; —q,, #0, since we have assumed
J=0and 6, #0.

The integral curves of (R) are the straight line directrices of X. Let the edge x; = x, =0 of the
fundamental tetrahedron of reference coincides with c,, while the edge x, = X, =0 coincides
with c,. We may then put

nXx

yi=¢€", y2=erzx, y3=0, y4:0,

(2.105)
z, =0, z, =0, Z, =, 7, =e",
where
I, r.
{l}ziﬁ, {3}:i —0O22- (2.106)
If we put

X, = ayy + By,

where « and £ are arbitrary functions of x, we shall obtain (xl,...,x4) as the coordinates of
an arbitrary point of the surface.
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We find

nXx

=qe = e, X3 = e, X, = e,

The relation between x,,..., X, , obtained by eliminating «, £, x from these equations, will be
the equation of the ruled surface X. It is

w2 2wy 2z 2
or more briefly

X XE =Xy %t =0 (2.107)
where A4 and u are constants.

If the directrices of the congruence coincide, the equation representing the ruled surface
> can be proved to be of the form

2q (X1X4 - X2X3) = X3X4 |Og % (2.108)

4

where g is a constant.

Let X be a ruled surface with straight line directrix, and let us take this line as one of the
reference curves c, . Let ¢, be an arbitrary curve. We may write

:11 = 1 = Ol = 0!
Y1 Y. =X Y3 Y4 (2.109)
z="1(x), z,=1(), z="fX, z,=1
The system (A), for which these are the fundamental solutions, is found to be
yﬂ — 0’
noen fl'f SRAWE f3" 'y RN AT (2.110)
+(Xfl f2 X .I:r f3 jy fl ( fs! fl y_O!
whence by (2.6)
Uy =0, Up =0, Up=—3{f;x},
(2.111)

Uy = 2{ 5, X} ( fz'_Xf1’)+2(X’+2)( - ff': "j 3 I;(Xf — ) +2(xf- £7),

where {fg, x} indicates the Schwarzian derivative of f; with respect to x. The flecnodes are
given by

n=y, ¢ =—UyY —UypZ (2.112)
The second flecnode point ¢ is given by

G1=—Uy — Uy f;, Gy =—Uyf;,

(2.113)
¢y =—UyuX—Uyf,, G4 =—Uy.
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Thus, we obtain the following result,

Theorem 2.10.1: The equations of the most general curve which can serve as the second
branch of the flecnode curve of a ruled surface with a straight-line directrix can be obtained
without any integration.

Let p,; =0. Then system (F) becomes

y'+ p122’+qlly+% Pz =0,

2"+0Q,z=0

(2.114)

so that c, is a straight line. Moreover, by (2.18), 6, =0 and &, =0. If we think of the non-
vanishing invariants 6, and é,, as given functions of x, it is possible to determine q,;, and
q,, from (2.18). But p,, remains as an arbitrary function, that is, the invariants do not suffice
to characterize the ruled surface. However, if we suppose c, to be a plane curve, then from
the first of equations (2.85), p,, may be determined except for two constants of integration.

We have seen that a ruled surface can not have two non-degenerate conics for the two
branches of its flecnode curve. But these two branches may consist of a straight line and a
conic as we shall see.

Under the conditions p;; = p,; = P, = U, = U, =0, the value of the invariant of weight three
of ¢, is given by (2.34). For 6, =0 we get on integrating
P2 = C(qzz _Q11)
or, if we suppose the independent variable to be so chosen that
Uy —Up =4(0p — 0y ) =1,

then p,, =+c. The first of equations (2.85) then gives d,, =0 so that g, =—% and (2.114)
becomes

y'+4cz' -1y =0, z"=0. (2.115)
Equations (2.115) are indeed a special case of equations (2.102).

We proceed to obtain the Cartesian equations of a ruled surface which has a straight line
and a conic for the two branches of its flecnode curve. For convenience let c=1. Then a
fundamental system of solutions of (2.115) is

1y 1y
y1=¢€°, Yy, =¢ 2 +l! Ys = e’ —l, Y, =€ 2 ) (2116)
z, =1, Z, =X, Z, =X, z,=1.

An arbitrary point on the line g,, is given by

1, 1,
X, =Ae2 + u, X, =A(e 2 +1)+ ux,
1 H 2 ( ) H (2.117)

1

1, —=X
Xs = A(e? =1) — ux, X, =1e? +u.
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We have
1y
Xy =X + X, + X — X, = 2462, Xy=%X =X, — X3+ X, =24,
1,
Xy ==X +X+ X+ X, =248 2, X, =X +X, —X3— X, =2(A1+ uX), (2.118)
Xi _ A Xo_ A2 Xa_ A XXy _ A7 Xy _ o
—=Zte , —= === , —:——|—X’ — = —=e ,
X3 H Xy Xy X3 ,L12 X,
whence
X, XX, X,
4 4 1
X, " X, +IogX2, (2.119)
which becomes
2
&=(¢-nlogé) (2.120)

where X,/X,=¢&, X5/X,=n and X,/X,=¢ are interpreted as the Cartesian coordinates of
a point in the three space. The introduction of X; in place of X, amounts merely to a
projective transformation and this does not change the character of the curves involved. It is
easy to show that for the above surface the flecnode curve is made up of the parabola &% = &
in which it is cut by the £ —plane, and the line at infinity common to the set of planes
perpendicular to the £ —axis. The rulings of the surface are the straight lines

&=k, ¢ =nlogk £k. (2.121)

2.11 The primary and secondary flecnode cubics and LIE-cubics

The quadric determined by any ruling g of a general ruled surface X, the line g of
intersection of the planes osculating the two branches of the flecnode curve of X at their
points of intersecting with g, and the line which corresponds to this line by means of the
linear complex which osculates ¥ along g, intersects the quadric osculating £ along g, in
g and a non-degenerate space cubic, which passes through the LiE-points of g.

CARPENTER [13] called this cubic the primary flecnode cubic CF. If we use the system (F)
and choose the fundamental tetrahedron of reference P,P,P,P, explained before, where for
the system (F), equations (2.11) take the form

pi :Zyi’-’_ plzzi, O-i :22:+ p21yi, (izl,...,4) (2122)
then the parametric equations of this cubic may be written in the form

&= Zt( p122Q21t2 - p221Q12 )a &= 2( pszzlt2 - p221Q12 ):

(CF)
&= P p21t( Pt — le)! S = Pr le( Piot” — p21)'
Similarly we can find a primary Lie-cubic CL, if we replace in the previous section the
word ,,flecnode* wherever it occurs, with the word “LIE”. The parametric equations of this
cubic are found to be
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5_1 = ZP'[( p122%1t2 - p221Q12)+ p12q21Dt( plzt2 - p21) = P& + D&,
é?z = ZP( pszzlt2 - p221Q12 ) + p12q21D( p12t2 - p21) =P¢&, + D&, (Cu)

&= P p21Pt( pat” - p21) =P&, &= p21P( Puot? — pzl) =PZ,.

where,

P = P20z — P21l D= ﬁAl _ﬁAz- (2.123)

12 P21

If we think of the parameters in (CF), (CL), as being identical, there is thereby established
between the points of these two curves a 1-1 correspondence.

Let us now consider the plane osculating (CF) at any one of its points, then the point
which corresponds to this plane by means of the osculating linear complex of ¥ along g is
found to be

h=2PaBPobat” + Pute), 72 =2 plzt( P0at” + 3Pzt ),

CF

s = Pio P (3 Puot? + p21)1 M, = Ph p21t( Pt +3p21) (CF)
These four equations constitute the parametric equations of a new space cubic whose points
are in (1,1) correspondence with the points of (CF). CARPENTER called it the secondary
flecnode cubic CF". The lines joining corresponding pairs of points of (CF) and (CF’)
determine a ruled surface Q upon which these two cubics are directrix curves. For this
surface QQ, we have the following theorem, (cf. [13])

Theorem 2.11.1: The (1,1) point correspondence established between the primary and
secondary flecnode cubics associated with each element g of a ruled surface ¥ by means of
the linear complex osculating X along g, determines a second ruled surface Q on which
these two cubics are asymptotic curves. The surface Q2 belongs to a linear congruence with
distinct directrices which are in fact the two branches of the flecnode curve of Q, and which
cut every ruling of Q in points harmonically separated by the points in which this ruling is
cut by the primary and secondary flecnode cubics.

Similarly we can find the secondary LIE-cubic, whose parametric equations are
7, = 2P (3p50ut” + Pl )+ P2 PAD (3pust’ + Py ) = Prpy + D,
7, = 2 i Pt( p50at® + 350, )+ P P Dt ( pist® +3p,: ) = Py, + Drye, (CL")
7= P2 PAP (3Put’ + o) = Pra, 77 = Pl PaPt( puct’ +3pa1 ) = Pra.
A comparison of equations (CF), (CL), (CF"), (CL") shows that the primary and secondary
LIE-cubics are projectively related to the primary and secondary flecnode cubics. It follows

that the ruled surface Q determined by the primary and secondary LIE-cubics is projectively
related to the ruled surface Q, and the properties established for Q are also properties of Q.
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Thus we have

Theorem 2.11.2: The primary and secondary LIE-cubics associated with each ruling g of a
ruled surface X, as well as the ruled surface Q which they determine, are projectively
related to the primary and secondary flecnode cubics and the ruled surface Q2 determined by
them.

The correspondence established between the points of (CF) and (CL), (CF) and (CF’), (CL)
and (CL") also holds for the pair of cubics (CF") and (CL"), and hence these two cubics are
directrix curves of a ruled surface Y. For this surface it can be proved the following theorem,

Theorem 2.11.3: The ruled surface ¥ determined by the secondary flecnode cubic and the
secondary Lie-cubic associated with each ruling g of a ruled surface X, belongs to a linear
congruence whose directrices coincide in g and at the same time constitute the complete
flecnode curve of V.

Moreover, there are two and only two rulings of ¥ which lie upon the osculating quadric of
the ruled surface £ along g and these correspond to the values 0 and o of the parameter t.
They are indeed the flecnode tangents of X at P, and P,.

2.12 The flecnode- LIE tetrahedron

If the osculating planes of the two branches of the flecnode curve and those of the two
branches of the Lie-curve do not form a pencil, then they form a tetrahedron, which N. B.
MACLEAN [45] called the flecnode-LiE-tetrahedron of the integrating ruled surface . As
the independent variable x varies, the edges of this tetrahedron will generate six new ruled
surfaces, while the vertices will describe space curves, each lying on three of the new ruled
surfaces. MACLEAN studied these six new ruled surfaces, which are covariantly associated
with the original ruled surface X, and has found the differential equations of form (A)
defining them. He paid a special attention to the consideration of the surfaces X, which
generated by the line of intersection of the osculating planes to the flecnode curves (denoted
by g¢), and X, which generated by the line of intersection of the osculating planes of the
Lie-curves (denoted by g, ). He studied their relations to one another and to the original ruled
surface X.

For the surface X, the differential equations of form (A) can be found as follows:
Let us put

r=Ay+y', s=uz+12', where g=Ya /,z:h (2.124)

P2y P12

to denote two points P,, P, on the tangents of the flecnode branches c,, ¢, of X at the points
P,, P,, where these tangents meets the generator g, respectively. These two points describe
two curves c,,c, on X, which we are going to take as directrix curves of X.. The required
differential equations are finally found to be: (cf. [45])

r” + Cllr, + CHS’ + dllr + dlzs == O,

" 4 ’ d d (AEF)
S"+Cylr'+Cys' +dyr+d,,s=0
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where
G = ddX IOg 5, Ci2 = P2y €1 = Pary C =%|Og§i’
1
dy =0y — 21""/1(?_)('09 03, dp = P2 + AP — Pro dd log &, (2.125)

O = P+ 4P — pn%lOgé‘u Ay =0 — 24 +,udd log o,

and ¢,, 6, from (2.87).

Similarly we can find the differential equations of form (A) for the surface X, by putting

FT=Ay+Yy, S=17+7, (2.126)

where 7 = 2 _ Qo (cf. (2.26)).

Pr2 21

By differentiating and eliminating y,Z,Vy’,Z’, we find the required differential equations of
T, as

" +m;, " +m,S +n,T+n,5 =0, (As)
5" 4+ M,y T + My, S + Ny T +N,,S =0 '
where
My = Py _%Iog 0., My, = 812: q
My, = Py, My, = P _&Iog 02,
nllqul_/?‘Hh( j n12—Q12+Q1{p12)
% (2.127)
_F ar p22 p21
Ny =0p—-4"+0Q, , Ny =0xn+0,
Q2 g,
ql:/?_qll""zﬁll_zz’ QZZZ’—(T22+/T@2—/7_,2.

MACLEAN studied both surfaces and deduced:

(1) The ruled surface X will be a developable if and only if either A, =0 or A, =0, i.e., if,
and only if, either ¢, or c, is a plane curve.

(2) The ruled surface X, will be a developable if and only if either g, or g, is zero.

(3) The tangents to the flecnode curve at P,, P, of g, and the tangents to the LiE-curves at
P, P, of g, intersect not only g, and g, respectively, but also both pairs intersect both
gr and g,.

(4) If 6,6 +1667 =0, the ruled surface T has the following characteristic property: The
planes, which osculate the Lie-curves at the two points of its intersection with any
generator g, intersect in a line which is tangent to the osculating quadric along g.
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Let us consider an arbitrary point P of the generator g of X, which is given by
ay+ Bz, where the ratio «: § is arbitrary. The plane of P and g. determines a tangent t to
> at P. Thus, we obtain a one-parameter family of curves on ¥ such that the tangents of
them along g intersect g.. The plane determined by P and g; is given by the equation

|X ay+pz Guy+Pay G+ ppZ|=0. (2.128)
d
dx
point on the tangent t to this curve at P, will lie on the plane (2.128), provided

As the independent variable changes, P describes a curve on ¥ and (ay+ﬂz) which is a

d

‘d_x(ay"'ﬂz) ay+pz OuY+Pay GhoZ+ Ppz|=0. (2.129)

On expanding, simplifying, and dividing out by D :|y’ 'y z|¢0, this condition reduces
to

o B _1(Pn_Po

2L -2 2.130

a p Z(le plzj ( )
The integration of this equation gives

a_ |Pa 2.131

B Pr2 ( )

where ¢ is an arbitrary constant.

It may be noted that for c=+1, the LIE-points, P, P, of g are obtained. So we get the
following result,

Theorem 2.12.1: The one-parameter family of curves on X, characterized by the property
that the tangents to them along the generator g intersect g., are those determined by the
condition of forming a constant cross-ratio with the Lie-curves of X. This one-parameter
family has the property that the tangents to the curves taken in points of g, intersect not only
ge butalso g,.

Similarly, a point P" of g and g determine a tangent t' to X at P’ Thus, in a
reciprocal manner, we obtain another one-parameter family of curves on X such that the
tangents to them along g intersect the generator g of X. The differential equation
representing this family is found to be of RiccaTi form, and from the characteristic property
of any four solutions of a RICCATI equation, we deduce that,

Theorem 2.12.2: Any four points of the generator g., which are such that the tangents to
the curves they describe (at the points where these curves meet g.) intersect the generator
g, have the property that their anharmonic ratio is constant.

It may be noticed that the tangents along g to the one-parameter family of curves on X
constitute the rulings of the transversal set of lines of the quadric whose concordant set of
lines is formed by the lines g, g- and g,. This quadric is called by MACLEAN [45] the
flecnode-L1E Quadric of the given integrating ruled surface X. To find the equation
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representing this quadric, let us choose the fundamental tetrahedron of reference determined
by P, P, P, P,, where p and o are determined from (2.21). Using this system, the required
equation of the Flecnode-LIe Quadric is found to be

XX, — XX, —{ puX’ - Z(E—EJ XX, — pmxi} =0. (2.132)

P  Pa

This quadric is characterized by the following property:

The null-points of the planes, which osculate the Lie-curves at the two points of their
intersection with any generator, as determined by the osculating linear complex, lie on the
flecnode-LIE quadric of X.

CARPENTER [16] generalized MACLEAN’s system of one-parameter curves on X, which
we have just mentioned. Let us use the system (F) and choose the previous tetrahedron of
reference. The curves generated by the points n=ay+ fz, ¢ =ay— [z, where «, [ are
arbitrary functions of the independent variable X, cut each generator g of X in points
harmonically separated by the flecnode points of that generator. If the tangents to the four
curves ¢, c,, C,, C, at points which they cut a generator g of X are to lie on a quadric, then
the matrix of the coordinates of the general points on these tangents must be of rank two.
Using this condition, the equation representing this quadric is found to be

XXy = X X5 = ProX3 + ParXe _2(05'/05 _ﬂl/ﬁ) XsX, = 0. (2.133)

If now a=cd,(x), f=c,06,(x), where 6, 6, are arbitrary functions and c;, ¢, constants,
then

a'la-p'|B=06/6-6,/6, (2.134)

and it follows that,

Theorem 2.12.3: There exists on X, for each choice of the ratio 6,/6, a one-parameter
family of curves forming an involution such that the double elements are the two branches of
the flecnode curve, and such that the tangents to the curves of each family at points of
intersection with a generator of X constitute one regulus of a quadric which is itself uniquely
determined by the choice of 4,/6,.

If 6, =p¥ and 6, =p¥?, quadric (2.133) becomes the flecnode-LIE quadric defined by
MACLEAN. The curves ¢, ¢, are now generated by the points

n=Cpy+C, Pz, £ =c pl2y—c,piz. (2.135)

When ¢, =1, ¢, =1 ¢, and c, are the LIE-curves of X. On the other hand, when c, =1,
Cc, =i, the points determined by 7, ¢ are the involute points of g, and c,, c, are the
involute curves of X.

Moreover, it can be proved that,

Theorem 2.12.4: There exists on X a one-parameter involutory family of curves whose
double curves are the two branches of the flecnode curve and which are such that any four
curves of the family cut all generators of X in constant cross ratio. The tangents to these



2 The Method of WILCZYNSKI 42

curves along any generator constitute one regulus of a quadric whose equation may be
written in the form

XXy = X, Xg = PioX3 + Py Xg =0. (2.136)

and on this quadric lie the asymptotic tangents of X at the Lie-points of g.
CARPENTER [16] studied a particular type of ruled surface which is characterized as follows,

Theorem 2.12.5: There exists a one-parameter family of ruled surfaces defined by a system
of differential equations

e praie O (A)
2"+e'y' +5ey+0y,z=0,

where
01y =C, #C, =0y, 20y, +20,, +1=0 (2.137)

for each of which the derivative surface as well as each sheet of the flecnode surface is
projectively equivalent to the given surface, and on which there lies a one-parameter
involution family of curves whose double elements are the two branches of the flecnode curve,
all curves of the family being projectively equivalent anharmonic curves.

2.13 The complex-permute quadric — The flecnode-reciprocal quadric

In another work of CARPENTER [15] about the point-line correspondences associated with a
general ruled surface, he found some other properties of the Lie-curve. To explain this
properties, let us denote the pair of flecnode tangentsto g by f, and f,, and let ®, and @,
be the corresponding two sheets of the flecnode surface. Further, let Q;, Q,, and Q,, be the
quadrics which osculate ¥ along g, ®, along f, and ®, along f, respectively. The
equations representing these quadrics referred to the fundamental tetrahedron P, P, P, P, are
found to be

X Xs — X, X5 =0 Q=)
Pr2 (X1X4 - X2X3) —2qx; =0 (Qa,)
p21(X1X4 _szs)_zq)é =0 (Qo,)

where g = gy; — 0.

It may be verified that Q; and Q,, have for their complete intersection the lines g and
f, each counted twice, that Q; and Q,, have similarly g and f, for their complete
intersection, and that Q, and Q,, have for their complete intersection g counted twice
together with two lines, one through each of the Lie-points of g.

Now let us consider any point P in space and let 7, and =z, are the polar planes of P
with respect to Q,, and Q,, respectively. Now, the plane 7; has a pole with respect to the
quadric Q,,, say a point B, and similarly the plane 7z, has a pole with respect to Q,, say a
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point P,,. There is thus made to correspond to each point of space a line P, v P, =1,. On the
other hand the two planes 7, and r, intersectin a line |, = 7, N z,, so that there is thus made
to correspond to P asecond line I,. These lines are in general distinct. If we denote these two
point-line correspondences by z; and rz, respectively. It is found that both lines I, and I,
intersect g, and the line I, goes also through P. Moreover, both |, and |, belong to a special
linear congruence, which is the common congruence of two linear complexes. The first of
these is the linear complex C which osculates ¥ along g, and the second is composed of all
the lines of space which intersect g. The relations of the correspondences z; and 7, to this
linear congruence are established in the following theorem, (cf. [15])

Theorem 2.13.1: Let x be any plane on g, M its point of tangency with Q, and M’ the
point which corresponds to it in the null-system of C. There exists a unique plane =’ also on
g for which M'is its point of tangency with Q, and M the point which corresponds to it in
the null-system of C. To all the points of 7 there correspond by 7, the lines of 7 through
M’, and by 7, the lines of =’ through M. Reciprocally, to all the points of 7’ there
correspond by z; the lines of z’ through M, and by z, the lines of z through M.

Let us choose a general point on a line of the concordant set of lines of Q. To this point
corresponds by 7z, a line whose locus is found to be a quadric ruled surface, and whose
equation is

Pr2XiXg — P21 Xo X4 =0. (2.138)

This quadric has in common with Q, the line g, the two rulings of Q. (different from g)
through the Lie-points of g, and that ruling of Q; to which the quadric in question
corresponds. Similarly, to the same point corresponds by z, a line whose locus is another
quadric and whose equation is found to be

PLaXoXs — ParXo Xy —40X;X, =0. (2.139)

From these two equations, we notice that these two quadrics must be tangent to each other
along g, and we thus have,

Theorem 2.13.2: To the lines of the concordant set of the osculating quadric Q, there
correspond by 7, (z,) the quadrics of the family determined by the pair of planes tangent to
Q, at the Lie-points of g and that quadric whose tangent lines along g correspond by
7, (r,) to the points of the planes on g.

For a point on the line g, of intersection of the two planes osculating the two branches of
the flecnode curve, corresponds by 7, and z,, as before, two lines. The locus of the first of
these is found to be a quadric, whose equation

Pr2 p21( PraXi X3 — P2 Xo Xy ) - 2( P10 X3 — pzzl%zxf) =0. (2.140)

It is called the complex-permute quadric, and is determined by g, the line g, and the
polar reciprocal of this line g with respect to the osculating linear complex /C. It is easy to
show that of the two reguli of this quadric, the one whose lines cut g belongs to K, while the
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other has the property that the polar reciprocal with respect to /C, of any of its lines, is
another of its lines.

For the second line, its locus is found to be another quadric with the equation
PioXiXs — PorXoXs — 2012X5 —40X3X, + 20, X; = 0. (2.141)

It is called the flecnode-reciprocal quadric. It is the locus of a general point on the line
joining two general points on the two polar reciprocals of g with respect to Q, and Q,
respectively. Thus we can say that,

Theorem 2.13.3: To the line of intersection g, of the planes osculating the two branches of
the flecnode curve at their points of intersection with g there corresponds by 7, the complex-
permute quadric and by z, the flecnode-reciprocal quadric.

In every instance thus far to the points of a straight line have corresponded the lines of a
quadric, irrespective of which of the two correspondences 7, and 7, was employed.
Moreover, in every case these quadrics have had g as one of their lines. Thus we can say

Theorem 2.13.4: To each straight line of space the parameter on which is independent of the
parameter on X, there corresponds by either z, or z,, so long as the X -parameter x is held
constant x=Xx,, a quadric, and all such quadrics intersect in that ruling of £ which is
determined by the value x = X,.

Let us now think of a space curve c, as being put into correspondence with the ruled
surface X by choosing arbitrarily the variable x for the parameter along the curve. The points
of the curve will thus correspond to the lines of X. To each point P, of c, there corresponds
by 7z, a line which passes through P, and cuts that ruling of ¥ which corresponds to P,
parametrically, in a point P_, and similarly corresponds to P, by z, a line which cuts that
ruling of X which corresponds to P, parametrically, in a point P,,. As P, moves along c,,
P, traces a curve ¢, on X, which we will call it the first image of ¢, on X, and in the same
time P, traces another curve ¢, on X, the second image of ¢, on X. For these two curves
¢, and ¢, , we have the following two theorems,

Theorem 2.13.5: All those space curves ¢, to which correspond by z; developables whose
cuspidal edges are the first images of ¢, on X, lie upon the Lie-developables of X (i.e. the
developables whose cuspidal edges are the two branches of the Lie-curve of X) and these
developables are self-corresponding under z;. Any curve on either developable satisfies this
condition, its first image on X being one or other branch of the Lie-curve of X.

Theorem 2.13.6: All those space curves c, to which correspond by 7, developables whose
cuspidal edges are the second images of ¢, on X, lie upon two ruled surfaces tangent to X
along the two branches of the Lie-curve. Any curve upon either of these ruled surfaces
satisfies this condition. Its second image on X is one (or other) branch of the Lie-curve and
the ruled surface which corresponds to it by z, is the developable of that branch.

Moreover, the two branches of the LIE-curve are the only two curves on X that can serve as
coincident first and second images of a curve c,.
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2.14 Ruled surfaces whose flecnode curves belong to linear complexes

J. W. HEDLEY [23] deduced the differential equations of the two branches of the flecnode
curve ¢, and ¢, from the system (F) and put them in the following simplified forms:

[ A' "
y(4) y(3) + [_ P12 Po1 + Oy — 30, —3-—5- p12 —+ g B J y
p12 p12 p12

AI
+ ) p12 P21 — 2 p12 P21 + 20 +( Pr2 P21 — Chl) } y’

1

(2.142)
{ PGz — 3 PiE =2 PlaPia = 3pE%1+qn_3%ﬂn

12

+| 1+ 4q11 A +( P12 P21 — Oy + plqulj y=0
P A

and a similar equation (2.143) for z. Thus we can compute the invariants of weight three for
both (2.142) and (2.143), and let us denote them by &; and 6, where

‘93y = _g P12 P21 _% P2 P21 +%q1’1 +%q;2 + 3—plzq22

12

3 p12 p1’2 1 4
A+ A
Ty T apy

bmmﬂgmls% %&j—-

L9 PR A 3P AT I5AT | 9 AAT 14T
16 pp A2 8pp A 32A% 16 A2 8A,

(2.144)

and similar expression for 6; .

Hence if 6, =0, then the flecnode curve c, is a complex curve”, and if 6; =0, the same
is true for c,, but the linear complexes to c,, ¢, may be distinct. Moreover, with a suitable
transformation, we can make the invariant ¢, be reduced to unity. This causes no loss of
generality but amounts to a convenient selection of the parametric representation of the
surface. This transformation causes (2.18) and (2.19) to become:

0, =1, Gp = iZ( P2 P2 — Pro pél)v G0 = P12 Par,

(2.145)
011 :16( P21 P2 — 20 — 2q22)-
% i I
P =+/6€ K &’ ; P21 = /6o 4.(910(1
P2 = g (K60 + 260); D= (365 +26) (2.146)

G = a(l6elo -0, F 8); O = 5(16910 -0t 8)-

) je.its tangent belong to a linear complex
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Depending on these calculations, HEDLEY studied in details the system (F), and the different
forms which it takes under different conditions. He deduced some theorems and propositions,
which we will summarize as follows (proof see [23], [24]):

1)

)

@)

(4)

(5)

(6)

(7)

(8)

If (F) has constant coefficients, all different from zero, and if q,, =0, £, then the
differential equations of the flecnode curves become

y@ +Ry" +Qy=0,
729 +Pz2"+Q,z=0,

where P, P,, Q, and Q, are constants; Q, and Q, are different from zero.

If Py, Pars Gay G, OCcurring in (F), are different from zero, and if g, =q,; +%, and if
the differential equations derived from (F) become

y@ +Ry" +Qy=0,
729 +Pz2"+Q,z=0,

then (F) has constant coefficients.

If 9,=1, 6,=0, 6,=c, (aconstant, not zero); 6,, =c, (a constant ); then Q,;, Uy, P2

and p, are all constant; p,, #0, p,; #0 and d,, =0y, £; and conversely.

If 6,#0, 6,=0, and ifin (F) p, #0, p,; #0, then (F) becomes

y'+pz'+q,y+5pz2=0,

" AN (Fl)
2"+ py' +5pYy+0,z=0

where p=0 and q,, # 0,;; and conversely. We notice that, since &, =0 is the condition
that a ruled surface belongs to a linear complex, then one can tell that a ruled surface
belongs to a linear complex by either calculating the invariants or observing the
coefficients of the system (F).

Ifin (F), po, Pas Ou, 0 are constants all different from zero and if g, =0, =7, then
the ruled surface belongs to a linear complex, the flecnode curves belong to linear
complexes; they are anharmonic curves and lie on quadric surfaces.

If 6, =0,6,=0,6,=16,=0,0,,=c,A =a, A,=a, where a,a, and c, are
constants, a, =0, a, #0, and if p;,, P, G, G, are all different from zero, then the
flecnode curves belong to linear complexes and lie on quadric surfaces and the ruled
surface belongs to a linear complex.

If 6, =0,6,=06,=1A=a,A,=a and p,=c, where a and c are constants,
different from zero, then either p,, is a constant, different from zero, or

%2! P dp, =3C—0y P

If p, isnota constant, A, =a,, 0, =a,, Oy =0y, % (Where a and a, are constants,

different from zero) in the homogenous linear differential equations (2.114) and if c,

belongs to a linear complex, then
1

a )2
Pe :(ﬁj S|n{2a§’2(x+a3)},

and conversely.
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(9) If p,; #0, p, #a constant, 6, =1, A, =a,, where a, is a constant, different from zero
and c, is a conic, then if ¢, belongs to a linear complex, it follows that

J‘ dpy, — = X+ay,

2 3\2
(% QF P+ plz)2
and conversely.

(10) If the flecnode curves belong to linear complexes and if the ruled surface belongs to a
linear complex and if p, #0, p,, #0, 6,=1, A, =a and A, =a,, where a, and a, are
constants, different from zero, then the four planes osculating the flecnode and LiE-curves
always form a non-degenerate tetrahedron.

Moreover, according to HEDLEY if 6, #0, 8, #0, A, #0, A, #0 and &Al —%Az =0,
12 21

then 6, = 0. Conversely, if 6, #0, 8, #0, A, #0, A, #0 and 6, =0, then

ﬁAl —EAZ # 0. So, from that and from (2.104), we see that,

P12 2

Theorem 2.14.1: If the planes osculating the flecnode curve and the Lie-curve of a ruled
surface at the four points, in which they intersect any ruling, form a harmonic pencil, then the
ruled surface does not belong to a linear complex, and if the ruled surface belongs to a linear
complex then these four planes do not form a harmonic pencil.

2.15 The flecnode sequel

In his dissertation J. W. LASLEY [42] called one sheet of the flecnode surface the first
flecnode transform of X and denoted it by ®®. The second sheet is the minus first flecnode
transform of X, denoted it by ®", for the reason that the first flecnode transform of ®™ is
T itself. The first transform of ®% is the second transform of £ and is denoted by ®.
Continuing in this way one obtains a sequel of surfaces called the flecnode sequel. LASLEY
studied the questions naturally arising as to the cases in which this sequel either terminates or
returns again into itself and he stated the following results:

(1) A necessary and sufficient condition that the flecnode sequel terminates with its first
transform is &, =0, i.e., the given ruled surface has a straight-line directrix.

(2) The necessary and sufficient condition that the flecnode sequel terminates with its second
transform is that
Os, = 365, — 20,00 — 20, 0,5 + 20, Oy — 0305 +050,, =0 (2.147)

where &, as an invariant is deduced by the relations explained by WiLczyNski ([78]
p.119). Moreover, the equations of both branches of the flecnode curve on ¥ may be
determined without any integration if the flecnode sequel terminates with its second
transform.

(3) A necessary and sufficient condition for the generators of the second and minus second
transforms to intersect is that

618 = 992 - 042610 = O. (2.148)
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(4) There exists a single infinity of classes of mutually projective ruled surfaces the
generators of whose second and minus second flecnode transforms intersect, which have
the additional property that the flecnode curve consists of two distinct branches, one of
which is a conic.

(5) There are no ruled surfaces whose second and minus second flecnode generators
intersect, which have the property that their flecnode curve consists of two distinct plane
branches, one of which is a conic.

(6) In case the generators of the second and minus second flecnode transforms intersect, the
minus first flecnode surface belongs to a special linear complex if, and only if, the first
flecnode surface belongs to a special linear complex. In this case the second and minus
second flecnode surfaces are straight lines having a point in common.

LASLEY studied also the case of periodicity of the flecnode sequel and he concluded that

Theorem 2.15.1: The flecnode sequel is periodic, of period two (i.e. the first flecnode
transform of ®® coincides with X), when, and only when, the flecnode curve meets every
generator in two coincident points, or is indeterminate. Moreover, the flecnode sequel can not
be periodic, of period three, or of period four.

2.16 The metric properties of the flecnode curves

S. W. REAVES [54] studied in his dissertation the metric properties of the flecnodes using the
method of WiLczyNskI. He studied ruled surfaces in Euclidean space whose branches of the
flecnode curve are the line of striction and the line at infinity on the surface. Actually, G.
TziTzZEICA [67] has pulled attention to ruled surfaces with (non-degenerate) director cone”
which have the two properties that the line of striction and the line at infinity on the surface
are the two branches of the flecnode curve, and which have the additional property that the
director cone is a cone of revolution. These three properties, he says, characterize the ordinary
ruled helicoid, generated by a straight line subject to a helicoidal movement around an axis to
which it is not perpendicular.

Let the Cartesian equations of the ruled surface X~ be written in the form
X=X +tl, y=y,+tm, Z=12,+tn (2.149)

where X, Y,, Z, denote the coordinates of a point O on the line of striction of X, expressed in
terms of the arc length s measured along the line of striction from one of its points; I,m,n
are functions of s and denote the direction cosines of the generator g through O; and t is
the distance from O to an arbitrary point on g. We shall assume that the positive directions
on the coordinate axes form a right-handed system.

Let g be a tangent to the surface ¥ drawn through O and perpendicular to g. The line
0 generates a surface X, known as the conjugate surface to . The two surfaces %, ¥ have
the same curve for line of striction and at each point of this curve they have the same surface
normal n.

*) The director-cone of a ruled surface is the cone formed by drawing through a point lines parallel to the generators.
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To express the coefficients p,, q; Of the system (A), let us choose a movable system of
axes which for each value of the independent variable s consists of the trirctangular system
O —ggn, where O is the point on the line of striction given by that value of s, and g, @, n
are respectively the corresponding generator of =, the generator of X, and the surface normal
through O. If we introduce as homogenous coordinates x, =X, X, =Y, X3 =12, X, =1, andin
(2.149) replace t by a function of s, say t(s), we may regard

X=X +tl, X, =y, +tm, X3 =z+tn, X, =1 (2.150)

as the parametric equations, in homogenous form, of an arbitrary curve on the surface X . Let
us choose two special curves on X as directrix curves ¢, and ¢, by giving t first the value
zero and then the value infinity. The equations of these curves are

Cy: yl=X0! y2=y0! y3=ZO! y4=11
which is the line of striction, and
c,: z,=I, Z,=m, Z;=n, z, =0,

which is the infinitely distant line of X. Substituting these values in (A), we have eight
equations from which to find p;., gi. On solving these we find the following results

Dp11:_|Xg I |'|, Dp12:|x(§ Xo ||’
Dp,=—{I I 1", Dpy =—|% | I,
Por = | P2: |'°’ ) (2.151)
Da, =—% % 1, Daz. =[x 1" 1,
Oy =0 =0 D=|X6 I |'|.
Finally, we find the required expressions as
_ C _C i __C
Pu=—"1> plZ_?(k_k)! pzl——E,
o = =t 2 =2
pzzzk?_%, Q12:CC T & ) qzzzﬁ(%"‘cr]v (2.152)
=2
Q11—QZ1:01 D:_?:
where
2
— m n 2 —
C= , L =1-0 %), c=cos=YIx;, c*+c?=1 2.153
D N > (2.153)

and k, k are the parameters of distribution along g, g, and @ is the angle between the
positive directions on the generator g and the tangent t to the line of striction.
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Using these formulae, REAVES gave a proof of TzITZEICA’S statement and gave some other
characterizations of the flecnode curves and the surfaces X, ¥, which we will try to
summerize as follows:

(1) A necessary and sufficient condition for one branch of the flecnode curve on a ruled
surface X to be at infinity is that kk®tan®@ shall have the same value for every
generator g of X.

(2) A necessary and sufficient condition that the flecnode curve on X consist of the line of
striction and the infinitely distant curve of the surface is that kk” tan*& and 2k +k shall
both be constants.

(3) The ruled surfaces which have for flecnode curve the line of striction and the infinitely
distant curve of the surface and whose director cone is of revolution, are characterized by
the properties that k, k and & are constants.

If we denote by @ the corresponding sheet of the flecnode surface for the one branch of the
flecnode curve at infinity, and by P and P, respectively, the central (striction) points on the
generators g and g, of the surfaces ¥ and ®_, then the two surfaces £ and ®_, each
being the flecnode surface of the other with the curve of contact of corresponding generators
at infinity on each, bear towards each other an entirely reciprocal relation. Thus, it can be
proved that,

Theorem 2.16.1: When X and ®_ have the common branch of their flecnode curves at
infinity, the point mid-way between the central points P and P, of corresponding generators
g and g, is also the centre C of the quadric Q; which osculates X along g.

On account of the reciprocal relation existing between ~ and ®_ we may infer that C is
also the centre of the quadric Q,,_ which osculates @, along g,. For the locus of the centre
C of the osculating quadric, we have the following different cases:

(1) C lies on the edge of regression on the asymptotic developable if and only if one branch
of the flecnode curve is at infinity.

(2) C isafixed point if and only if both branches of the flecnode curve are at infinity.
Moreover we have,

Theorem 2.16.2: If the centre of the osculating quadric of a ruled surface is constrained to
move on a straight line, then it must be a fixed point. Finally, when both flecnodes are at
infinity, the lines of striction of the two surfaces ¥ and @, are symmetric to each other with
respect to a fixed point which coincides with the centre of the common osculating quadric of
> and @,.
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To understand the analytic basis of this method, we have to notice that CECH applied the
method of FuBINI, which we summarized in the appendix, to study the projective differential
geometry of ruled surfaces in the Euclidean space. In CECH’s theory of ruled surfaces [21],
[22], the coefficients of the system (A) of WiLczyNsKI are decomposed into elements, from
which the invariants of a ruled surface Z is to be obvious.

3.1 The fundamental equations

Assuming a ruled surface = whose directrices are the two curves ¢, and c,. Designating by
y(z) the four homogenous coordinates of a moving point on ¢, (c,), where these quantities
are functions of a parameter v, then X can be described by the equation

X(u,v) =x=y+uz. (3.1)

The curves v = const. are the generators of X; all other curves on X are obtained by putting
u=¢(v). The surface X is a developable if the point

%_ ' ' '
dv—y+(pZ +@Q

is situated on the generator (y,z), i.e. the points y, z, y’, z' are then linear dependant. The
necessary and sufficient condition for a developable surface is therefore « =0, where we
have put

a=(y,2,y,7) (3.2)
The plane tangent to X at a point X is

(XlXU!X\/)ZUO"'Ué,Ol (33)
where
0 =(y:2,Y), So=(y,2,7). (3.33)

Actually, the geometric position of this plan does not depend on u if « =0 and just in that
case. Hence we have, the tangent plane of a developable surface is fixed along each generator.
We are going to exclude the developable surfaces of our study, i.e. always « # 0.

The planes 7, ¢, contain the line (y,z), hence we have evidently a relation of the form
(170,<0) = A(X, y). Precisely, we have

(170, C0) = a(x,y) (3.4)
that is to say 4 = «a. So that the tangent plane of X at a point x is

One can choose A such that at every point x, the asymptotic directions would be given by

(xdx)£(£d&). (3.6)
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A system of the asymptotics is formed by the generators v = const., so we have

(%) =£(¢é) (3.7)
that is to say
(y,2)=%4%(10,%0)- (3.8)

1
Therefore, from (3.4), we conclude that 4 = i|a| 2, To fix the idea, let us choose the sign in
such a way that

§=n+ug (3.9)
with
1 : 1
n=—==(y.z.y), =—=(y,z,7) (3.9a)
o f

Equation (3.4) can be then written as
(n.¢)=w(y.2), o=+1 (3.10)
the sign of @ is defined by
@ =sgn(yzy'z"). (3.11)
Depending on the previous assumptions, CECH applied FuBINI’s method for surfaces in

ordinary space to develop his theory of ruled surfaces. According to CECH’s theory, the
system (A) of WiLCZYNsKI takes the form:

y" =(0'-2b)y'+2az' +(-b' + b0 +ac—b?*—B— j)y+(a'—ad' + A)z,

(Ac)
2"=-2cy'+(0'+2b)z'+ (—c'+¢cO' —C)y + (b’ —b#' + ac—b* + B— j)z.
where the coefficients a, b, ¢ and @ are defined as:
a= y yy b y y! " 0! — [0} yzyly” +L0',
S Y, b= G ()50 = 2 () .

c=2—2(yzy'z”), 6 =log|ay,|.

o

with (yzy'z) = wad,, @ =sgn(yzy'z).
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The quantities A, B, C and j are deduced by CEcH and described in the form

A:ﬁ[_(yzyrym)+3(yyrzryﬂ)+39r(yzyryr/)},
12

B:Lz[_(yzyrzm)_(yZZIym)_'_S(yylziZ")
43.12
+3(zy'z'y")+360'(yzy'z")+360' (yzz'y" )],
(3.13)

C:L _ 1 m 3 [ 301 " ’
23-122[ (yzz'2")+3(zy'22")+36' (yz2'7") |

j:Lz[(yzzrym)_(yzyrzm)_(yylzrzr/)+(Zyrzryn)
4ag,

+ 2( yzyﬂzu) + 0!( yzzfyn) _ 6,( yzyfzn) _ 360( yzyﬂzﬂ)( yrzlynzﬂ)] + %(0” _ 0!2 )
where ay, is from FuBINI’s theory of surfaces (cf. [21] p. 52).

3.2 The projective linear element of a ruled surface
CEecH defined the projective linear element of a general non-ruled surface by F;: F,, where
F, =-Sdxd&,  F :%S(dxdzf—dfdzx) (3.14)

and the symbol S means summation on the coordinates of the point or the plane under
consideration, i.e.,

SX2 =X+ Yy + 2% +t%, SEX =Pt + %+t SEX=EX+ny+Cz+t, ... et

assuming that the homogenous coordinates of a point are (x,y,z,t), and of a plane are

(&.n.¢.7).

The linear projective element is intrinsic (independent of the choice of the curvilinear
coordinates u, v) and does not change by the change of the homogenous coordinates x, &.
The form F; (similarly F,) is almost intrinsic (only its sign can be changed if one changes
u, v). If one multiplies x, & by a factor o, then the form F; (similarly F,) is multiplied by
o?. Moreover, the linear projective element vanishes on the DARBOUX® lines, such that

F; =0 is the equation of these lines in an arbitrary curvilinear coordinates.

For a ruled surface, the projective linear element takes the form

2
5=(A+ZBu+Cu2) dv (3.15)
F,

2du +(a+2bu+cu2)dv

*) The curves of DARBOUX on a surface ¥ in ordinary space are the three one-parameter families of curves such that at each point A of ¥
the three tangents of these curves are in the directions in which may coincide with the three triple-point tangents of the curve of intersection
of ¥ with a quadric having a second-order contact with ¥ at A. (cf. LANE [40] p.76)
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where the equation F, =0 defines the asymptotic lines on the surface. Thus, a point y+uz
describes an asymptotic curve c,,,, on the surface X if, and only if, u, as a parameter, is the
solution of the RiccATI differential equation:

U+ f(u)=0, (3.16)
where
f (u) = a+ 2bu+cu’. 3.17)

We notice that there are generally two points on each generator at which F; =0. These are the
flecnode points of the generator considered. The point y+uz describes then the flecnode
curve cy.,, on the surface if, and only if, u is the root of the quadratic “flecnode form”
F(u), where

F(u) = A+2Bu+Cu?. (3.18)

The geometric significance of the flecnode points can simply be explained as follows:

For a ruled surface X the osculating quadric Qs coincides with Lie-quadric Hy,which is
consequently fixed along a generator g of the surface. Now, for an arbitrary point x on a
general surface ¥, the Lie-quadric Hy has a contact of second order with ¥ in x, and the
curve of intersection of ¥ and Hy has therefore a triple point; the tangents of the
intersection at x will be the DARBOUX-tangents F; =0. So, it results that the order of contact
of ¥ with Hy is higher than two if, and only if, the DARBOUX tangents at X are
undetermined. Hence: the flecnode points on a ruled surface X are the points where X has a
contact of the third order (at least) with the osculating quadric Qs. The flecnode points can
also be defined as the inflexion points on the asymptotic lines. Moreover, they can also be
defined as the points on a generator g at which the asymptotic tangents are the directrices of
the osculating linear congruence of X~ along g (cf. [22] p.130).

CecH considered the following theorem as the fundamental theorem of ruled surfaces,

Theorem 3.2.1: If the projective linear element is given, then it will be enough to know j, in
order to determine the ruled surface completely (proof cf. [21] p.187).

Let us designate by x the homogenous coordinates of a moving point on an arbitrary
non-ruled surface ¥, and by & the homogenous coordinates of the tangent plane to .
Assuming that ¥ is non developable, we can choose the factors of the coordinates such that
the two asymptotic tangents of the surface being given by

(xdx)+(£de) (3.19)

for an arbitrary infinitesimal displacement d. Let ¥’ be another non developable surface, and
y(n7) the coordinates of its points (tangents planes), and

(ydy)£(ndn) (3.20)
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its asymptotic tangents. Supposing that the two surfaces touch each other along a non
asymptotic curve c, then without losing the generality, we can suppose that y = x along c.
As the two surfaces touch each other along c, then we will have the relation 7 =& at each
point of c. It is easy to obtain a geometric significance of the factor o. In fact, at each point
x of c, the asymptotic tangents of W are given by (3.19), where the differentiations are made
in the direction of c. Similarly, for the asymptotic tangents of ¥’ we have the expression
(3.20), which is reduced to

(xdx)£o? (£dé) (3.21)
in virtue of the relations y =X, 7 =o¢ which are valid along the curve c. Thus,

Theorem 3.2.2: At each point of c, the couple of asymptotic tangents of ¥, as well as those
of W', belong to an involution J whose double elements are the tangents (xdx) at ¢ and the
conjugate tangent (fdf). The two double elements and the two couples of asymptotic
tangents form four couples of the involution J. The anharmonic ratio of these four couples is
equal to .

Now let ¢ be a DARBOUX-curve relative to ¥; then along ¢ we have the relation
S(dxdzf—dfdzx) =0. (3.22)
The differential equation of DARBOUX-curves of the surface ¥’ is
S (dydzry—dndzy) =0. (3.23)
Then along ¢ we have

s[olxd2 (af)—d(ag)dzx] = oS(dxd*¢ —dgdzx)+ daS(dedf—fdzx) 02
:aS(dxd2§—d§d2X)+3danxd§.

From (3.22) this becomes
3doSdxdé. (3.25)

But Sdxd& = 0, since the curve ¢ can not be an asymptotic, thus:

Theorem 3.2.3: If the curve of contact ¢ (non rectilinear) of two surfaces ¥, ¥’ is a
DArRBOUX-curve on W, in order that to be ¢ also a DARBOUX-curve on W', it is necessary
and sufficient that the anharmonic ratio of the asymptotic tangents of the two surfaces to be
constant along c. That happens in particular when the contact of ¥, and ¥’ is of second
order along c.

If the surface W is a ruled surface X, then at an arbitrary point of X the three tangents of
DARBOUX coincide with the generator through this point; an exception are the flecnode points
where these tangents are indeterminate. Thus, on a ruled surface, a non asymptotic curve is a
curve of DARBOUX if, and only if, it is a flecnode curve.
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As an application on a special case, let us consider one of the two surfaces, assume V', be a
ruled surface %', so we have the following theorem:

Theorem 3.2.4: If a curve c traced on a surface W is a DARBOUX-curve on YV, then itis a
flecnode curve of the ruled surface generated by the asymptotic tangents of ¥ along ¢, and
reciprocally.

Moreover, let ¢ be a given curve generated by a point x(s), and given for each value of s the
tangent plane &(s) of c, but different from its osculating plane. There exist o' ruled surfaces
having the given curve ¢ as a flecnode curve, and touch at each point x(s) of c the given
plane &(s). These surfaces can be determined by quadrature (cf. Theorem 2.6.1). In fact, it
can be said that the required surface is generated by the line

(xdx)xo? (£dé), (3.26)
on choosing o such that
S| dxd? (o) -d*xd(o¢) |=0. (3.27)

From (3.24), then the required surface will be given by
(xdx)+t(&d¢) (3.28)
with
. s(dxdzg—dgdzx)
t=ce Sdxdg (3.29)

and c is an arbitrary constant.

It is interesting to remark that the ruled surfaces under consideration can be obtained
without quadrature, if ¢ is a plane curve. In this case we can suppose that x :(xl, X2, x3,0).
Let (51,52,53) be the coordinates of the tangent of c. The factors can be chosen such that the
following relation is valid

i(dxidzé —~dgd?% ) =0, (3.30)
i=1

Now, the plane & contains the line (&,&,,&3) of the plane x, =0, so that & =(&,&, &, 9).
From (3.29) and (3.30), the ruled surfaces which having the given plane curve ¢ as a flecnode
curve are generated by the line

(xdx)+C(&dg),

(3.31)
X=(X1,X2,X3,0), 95:(651,52,653,(0)

where C is a constant and ¢ is an arbitrary function. For example, if ¢ is a conic section,
one can suppose that
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x=(1,s,52,0),
hence

gz(sz,—zs,l,(p)

and one can easily find that the ruled surfaces having the given conic section as a flecnode
curve are generated by the line (x, y) where

y=[2(¢'+a), s(¢'+a), 2sp, —2s] (3.32)

with a is a constant and ¢ is an arbitrary function. (cf. 8 2.7)

Moreover, let us consider an arbitrary non-ruled surface ¥ and let us put
F, = -Sdxd¢, = =%S(dxd2§—d§d2x)
such that the projective linear element of ¥ is F;: F,. From (3.24) we have
S| dxd? (o) - d°xd(0¢) | = 20F; ~3doF,. (3.33)

A curve ¢ of ¥ isthen a flecnode curve on the ruled surface generated by the line

(xdx)+ o (£d¢) (3.34)
if, and only if,
F
%" :%F—Z. (3.35)

Hence we have the following theorem,

Theorem 3.2.5: Let ¢ be a non asymptotic curve on a surface ¥; one can distribute the
tangents of W along c in a family F of single infinity of ruled surfaces in the manner that c
be a flecnode curve on each surface of the family. At each point of ¢, let us consider the
ordinary involution of the tangents of ¥, whose double elements are the tangent of cand its
conjugate. Let ¢ be the anharmonic ratio of four couples according to that involution: the
two double elements, the couple of asymptotic tangents of ¥, and those which contain the
generator of a ruled surface ¥ of the family F. The increment of log¢e along c is given by
the integral

81k
3 E (3.36)
and that whatever the way one chooses the surface X in the family F (cf. [22] p.139).

3.3 The pangeodesic

The pangeodesics on a surface (cf.[41]p.203)are those curves whose osculating planes, at each
point A of the surface, are able to serve as the osculating planes of curves each of which has
at the point A a stationary (four-point) osculating plane and also a stationary (four-plane) ray-
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point. According to CECH [22], the pangeodesics on a surface are those curves which annulled
the variation of the integral of the projective linear element F;: F,. They are characterized by
the following geometric property: If A is a point of a pangeodesic curve on a surface ¥, and
if o is its osculating plane at A, and let A, A’, A", A" are four infinitely close points (but not
on the pangeodesic) on the intersection of « and the surface W, then the tangent planes of
Y at A, A, A", A" pass through the same point. The envelope of the osculating planes of the
pangeodesics on W at A is a cone, which is called the cone of SERGRE. This cone has its
vertex at A and has the tangent plane of the surface at A for quintuple plane; the lines of
contact being the two asymptotic tangents and the three tangents of DARBOUX at A.

To find the conditions for the flecnode curve to be a pangeodesic on a ruled surface, we have

Theorem 3.3.1: A flecnode curve on a ruled surface X is pangeodesic if, and only if, this
flecnode is a rectilinear directrix of X, or iff it is a double flecnode curve. In particular, If the
ruled surface have a non rectilinear plane flecnode curve c, then c is a double flecnode
curve on X if, and only if, the tangent planes of £ along ¢ pass through a fixed point.

3.4 The intrinsic fundamental forms

3.4.1 The quadratic intrinsic form f(¢)

The quantities a,b,c, A, B,C, j which previously defined, are evidently invariant for a
unimodular substitution. It is necessary to find the expressions which being more independent
of the particular choice of the parameter and invariant for a multiplicative substitution.
Assuming a point

X=Yy+Uz

where y and z are independent of the parameter v. The more general transformation which
does not change this hypothesis is

2,2 + leU —_ _
u=——>"—"=—, v=V, X= + 440 ) X 3.37
At gl P (A + 0) (3.37)
where A, w4, A, 115,V p are functions of v and (21/12—/12;41)2 =1. We are going to call
every expression, which is not varied by this transformation, as intrinsic. For an intrinsic
expression under the behaviour of a multiplicative substitution, this transformation may be
reduced to

u=u, v=v, X=pX. (3.38)

The transformations (3.37) have two cases, the first case for which A1, — 4,44 =1, whereas
for the second case Aju, — 4,14 =—1. An expression which is not changed by the first case,
and changes on contrary the sign if 4., — 4,44 =1 is called improperly intrinsic.

From (3.37)

du=2£2= %2l 4ir 1 ( Yoy, dv =V T
(ﬂl‘i‘ﬂlﬁ)

hence
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(A+2Bu+Cu?)dv?
du + (a + 2bu +cu?)dv
2 [A(ﬂl 4 pu0) +2B (A + a0 ) (A + 10) +C (A + ,uzU)sz\Tz
2( Aty — Aotn) du+(..)dv

1
2

therefore

A+2BU+Cu? =

—L[A(ﬂﬁ U)2+ZB(24+ 0)(Ap + 10 +C (A + U)z} (3.39)
= Tty — oty H H Ha Ha :
From FuBINI’s theory of surfaces
a =V',02 (Zaﬂz —ﬂfzﬂl)alz (3.40)
hence
éT%(,3\+2_U+ _UZ)
2 . . , o (341)
- ,04(/?4;12 —ﬂgul)a_f‘g[A(/il + 440 )"+ 2B (A + 1l ) (A + p10) + C (A + po0) }
therefore
1 (%, 08, ~ (ﬂi +,U1U)2 1
= (A+2Bu+Cu’)=—; —(A+2Bu+Cv?) (3.42)
&2 Y (ﬂ,l,uz —/12,”1) ap
Since
A + U 1 -
X=y+uz=y+ — 7= X
P T T (g )
1 o
=——= (y+Uz
P (A +,U117)(y )
then from (3.37)
V=p(hYy+h2),  T=p(my+i2) (3.43)

Putting g = (yz), then g = p®g, the substitution (3.37) of the first kind does not change then
the factor of the coordinates of the generator.

Let us now put u:t,é—2 in (3.42), in order to introduce homogenous coordinates on the
1

generator, and simplifying , we get:

aiz(Atl2 +2BUt, +Ct} ) = p* (A —zzyl)glz(ﬂt? +2B1f, +Ct?) (3.44)
12 12

where we put the condition
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Y +5Z = p(iy +1,2)
and therefore
t =4t + b, t, = Lt + b (3.45)

In particular, setting p =1 and A1, — A4 = +1, we get the quadratic form

t
%(Atf+2Bt1t2+Ct§): f(ljz f(t) (3.46)
ap t

which is improperly intrinsic, that is to say, by changing the parameter v, and using (3.45)
in which (/ll,uz —ﬂqyl)z =1, it does not changes or changes the sign according to

Aty = 2oy =1 OF Aypiy — Appy = —1.
3.4.2 The bilinear intrinsic form f(z,7)
The curved asymptotic lines are described by the differential equation

g—\‘j+a+2bu+cu2=o (3.47)

which is of RicCATI form so its integral takes the form

u= M, o =arbitrary constant.
A+ o
Setting
y = Zet il
A+ U

then the point y+uz describes an asymptotic line if U is constant. Let us try to find the
corresponding transformation of the homogenous coordinates t;, t,.

Putting u =t, :t;, then (3.47) becomes
tht, —tit, +at? + 2btyt, + ct = 0,

which, by introducing a new parameter o, can be written in the form
ti =(b+o)t +cty, t, =—at +(-b+o)t,.

Assuming p =1, then it must be according to our convention A;u, — A4 =+1=const.,
o =0, then
t],_ = btl + Ctz, té = _a.tl - bt2 (348)

Thus, if the ruled surface X referred to its asymptotic lines, then a=b=c=0. If £ is not
referred to its asymptotic lines, then the parameter may be transformed by placing

U:ZQ+;12LT
/11+ﬂ1l.T
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and more specified
t =4t + b, t, = L+ b (3.49)

without to change v and the factor of x, where A;,4, and g4, 1, are two solutions of the
linear system (3.48) in such a way that

Aty = Aoy =1.
From (3.43), it will be then
Yy =AY+, Z=[hY+ . (3.50)

Let us consider v, 1, t, as independent variables; the differentiations of t;, t, with respect to
v are given by (3.48). Let

by +t,z=ty+5Z
and by differentiation with respect to v, then

Ly +t,2=4y +57 (3.51)
where we have set

y=Yy'+by-az, z2=17"+cy-bz. (3.52)
Introducing y and z, then equations (Ac) take the following form

y'=-by+az+y, Z'=-cy+bz+1

y'=—(B+j)y+Az+(6'-b)y+az, (3.53)

2'=-Cy+(B—j)z—cy+(&'+hb)z

As we consider v, t, T, as independent variables, then by differentiating the identity (3.51),
and from (3.53) we obtain

t[—(B+]j)y+Az+0'y |+t Cy+(B—j)z+0'1]
:EV”+ET’=E[—(I§+T)V+ ﬂf+6”7’}+t_2[—(_27+(I§—T)7+0’7']
and therefore from (3.51) we have
tl[—(B+ j)y+ Az]+t2 [—Cy+(B— j)z]
:t_l[—(l§+ T)7+ Kf]+E[—67+(l§—T)f]

Indicating by 7;, 7, and 77, 7, as alternative values for t;,t, and , T, respectively; then the
bilinear form

S(ty +t:f) ([ (B~ j)n—ACJ+r[Cn—(B+ )¢ ]|

does not change by the substitution
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t = At + 4t Ty = AT+ 14Ty,
= = _ _ Mty = 2oy =1.
t, = b + b, Ty = ATy + o7,
Thus this bilinear form becomes
f (t, T) = %[Atlfl +B (t]_TZ +t2T1) + Ct2T2 + j(t1T2 _tZTl):I (354)

a

which is improperly intrinsic. To explain the geometric significance of the projectivity
defined over every generator by the bilinear relation f(t,z)=0, let us consider a ruled
surface ¥ generated by p =(yz), and another ruled surface X' generated by g :(y'z’). Then,

p'=(y2)~(y)
p"=(y2")~(2y")+2(y7).
Substituting from (Ac), then
p"=-2c(yy')+(¢'+ 2b)(yz’)—(6”—2b)(zy’)—2a(zz’)+2(ac—b2 — j)(yz)+ 2(y7).
assuming that X' is referred to its asymptotic lines, then we will find the following relation
20=p"-6'p'+2jp (3.55)

which is also valid, if X' is not referred to its asymptotic lines. Now let us consider the line g
as an image of the factor of p, then we can easily proof the following theorem, which
explains the required significance of the projectivity f(t,z)=0:

Theorem 3.4.2.1: Let us consider the ruled surface X' generated by g, then for a fixed value
of the parameter v, if we construct the tangent plane of X in the point (t1y+tzz); and if in
the point of intersection of this plane with g, we construct the plane tangent to X, then the
intersection of this last plane with p is the point (7;y+7,z) corresponding to (t,y +t,z) in
the projectivity f(t,z)=0.

The line q is called the principal generator of the osculating quadric, which generates a ruled
surface called by WiLczyNski the principal ruled surface of the flecnode congruence (cf. §
2.4).

Finally, it can be proved that the quantity iz is intrinsic and if we apply the

transformation (3.38) we get A2
_ - 1 " ,p'
=]+p|l = | +60'— 3.56
J=1] p( pj - (3.56)

assuming that the surface is referred to its asymptotic lines, i.e. a=b=c=0.
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3.5 The flecnode congruence — The normalization of coordinates

As we explained before, the totality of the concordant set of lines of the osculating quadrics
form the flecnode congruence of the ruled surface. Now let us choose the factor p from
(3.37) in such a way that @ describes a developable surface of the flecnode congruence ; the
necessary and sufficient condition for that is the projectivity f(t,7)=0 degenerates, that is
to say it satisfies the condition

KC—(I§+T)(I§—T):KC—I§2+T2 =0.

From (3.56) and (3.39) this condition takes the form

(lj —9'(1] +j+VB2-AC =0. (3.57)
p p

The double points of the projectivity f(t,7)=0 are the flecnode points.

ua
aP
expression which is also an invariant, it is necessary to examine the effect of the
multiplicative substitution X = px. Applying this transformation and using (3.42) and (3.46)

one finds that

To find from the intrinsic quadratic form f(t) and from the intrinsic quantity an

3 1 T 1 : 1 ' rp’
ft)=—f(t), —=— J+p(—j +6' = |. (3.58)
P4 122 a122 P P

The variables t;, t, of the quadratic form f(t) are not completely determined; they can be
replaced by t, t, where
t =4t + b, t = b+ b, Ay — Ay = +1,

if A, — A =-1, then it is necessary to change the sign of A,B,C. The discriminate
B2— AC of f (t) is therefore intrinsic; the effect of the multiplicative substitution X = px is

BZ—AczpB(EZ—KC) (3.59)
The sign
P :sgn(82 - Ac) (3.60)

of B*—AC is therefore intrinsic and invariant. For &=1, the flecnode curves are real and
distinct; for £ =-1, the two flecnode curves are imaginary and for £ =0 the two flecnodes
are coincident. We are going to suppose that 2 =1; the parameter will be normalized by
supposing the intrinsic and invariant

g=(82 —Ac). (3.61)

In that case the corresponding coordinates of p are called the normal coordinates. If p is
not normalised, then the normal coordinates are (cf. [21] p.207)

i4/‘82 —AC‘p.
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The sign of the normal coordinate is not determined; the choice of it is equivalent to the
choice of the positive direction of the generator. We can choose the independent variable v in
a substantially determined way, assuming ( in normal coordinates) a;, =1, that is

%Sdp-dp = (yzdydz) = wdv?, w=+1. (3.62)

The parameter v determined from (3.62) except for the sign and one additive constant will be
called the projective arc length. For non normal coordinates

wdv® = ‘BZ — AC‘ (yzdydz).

3.6 The fundamental system of invariants
3.6.1 Ruled surfaces with distinct flecnode curves

In the following we are going to assume that the coordinates are normalised and the projective
arc length is the independent variable, besides that the ruled surface X is referred to its
asymptotic lines. The variables t,,t,, are not yet completely determined; for fixing the
positive direction of the generator, it is valid to set

t, = At + b,
t, = Lt + b,
where 4, A, and 44, u, are constants. If instead we invert the positive direction of the
generator, we must put
t = At + b,
t, = Lt + b,

and change the sign of A, B and C. The quantity j in (3.13), corresponding to our
assumptions, is intrinsic and invariant. The quadratic form

with A, — L =1 (3.63)

With Az, — Appy = —1 (3.63a)

f (t) = At + 2Btt, + Ct2 (3.64)

with the discriminate B® — AC = ¢ is improperly intrinsic (it changes the sign, if the positive
direction of the generator is inverted), and invariant; and so also are the forms
f'(t) = A't? + 2B'tit, + C't7,

(3.65)
f"(t) = A"t7 +2B"t;t, + C"t7,

where the dashes indicate differentiation with respect to the projective arc length v, but we
have to notice that f'(t) changes the sign also if the positive direction of the projective arc
length is inverted. Let a=b=c=0, then X is uniquely determined, up to a collineation, if
f(t) and j are given as functions of v.

Differentiating (3.61) we get
AC'+CA' -2BB' =0,

the quadratic forms f(t) and f'(t) are therefore conjugate; the two points which are defined
by f'(t)=0 on each generator are harmonic conjugate with the flecnode pair; they are the
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harmonic points (Involute points) of the generator; they describe the harmonic curves on
the surface.

The resultant of the forms f(t) and f'(t)
4(B*-AC)(B” - A'C')—(AC'+CA'-2BB')’
which is reduced to 4¢h, where
h=B"?-AC (3.66)

is intrinsic and invariant. We notice that h=0 if, and only if, the ruled surface £ has a
rectilinear directrix.

The quantity
A B C
k=|A" B C’ (3.67)
Aﬂ B” Cﬂ

is improperly intrinsic and invariant, but changes the sign also if the positive direction of v is
inverted. k =0 if, and only if, the ruled surface belongs to a linear complex; in particular if
h =0, then also k =0. This can be verified as follows

A B C||C -2B A
2k?=|A" B' C'||C'" -2B' A|=
A" BI! C!! C” _2 BN A”

-2(B*-AC) AC'+CA'-2BB’ AC"+CA"-2BB"

=|AC'+CA'-2BB’ -2(B”*-AC) A'C"+C'A"-2B'B"
AC”+CA"—ZBB” A,C"+C’A”—ZB,B” _2(Bn2 _Aﬂcrr)
-2¢ 0 2h

=0 -2h —h' =0, if h=0. O

2h _hf _2(BII_ A!!CI!)
We demonstrate the first fundamental theorem,

Theorem 3.6.1.1: Let h=0, i.e. ¥ has two distinct flecnode curves, and does not have a
rectilinear directrix, then the surface X is determined, except for a collineation, if &=+1,
h=0, k and j are given as functions of the projective arc length v. In order that ¥ be
existed, it must be h >0 if £ =—1. It can be also proved that, if h=0, one of the roots t, :t,
of f(t)=0 is constant, and one of the flecnode lines is a rectilinear directrix.

Let us define the sign o of the quantity

_A
D=4 (3.68)

which is also intrinsic and invariant, then we have the second fundamental theorem,



3 The Method of CECH 66

Theorem 3.6.1.2: A ruled surface ¥ with one rectilinear directrix and with the other
flecnode curve non rectilinear is determined, except for a collineation, if =41, D and j
are given as functions of the projective arc length.

We have to notice that the ruled surface X has two distinct rectilinear directrices, real or
imaginary, if all the coefficients of f (t) are constants. We have thus the following theorem,

Theorem 3.6.1.3: A ruled surface ¥ with two distinct rectilinear directrices, and which
belongs to a non special linear congruence is determined, up to a collineation, if £ =+1 and
J is a given function of the projective arc length.

Now, let us find the locus of the poles corresponding to a generator, which corresponds to a
fixed value of the parameter v, with respect to the osculating conics of the asymptotic lines.
The pole of a generator with respect to the osculating conic of the asymptotic line generated
by a point x = y+uz is found to be

A’ +2B'u+C'u®

4 1A ’
(y'+uz')+ A+2Bu+Cu?®

(y+uz).

Putting u =t :t,, then the pole of the generator p with respect to the osculating conic of the
asymptotic t,y+t,z is

4F () (Ly +t.2')+ /() (hy +,2). (3.69)

Hence, for a fixed value of v, the required locus of the poles is a space cubic c. The
generators of the concordant system of lines of the osculating quadric Qs are bisecants of c;
in particular, a generator g of X intersects ¢ in the flecnode points. The principal generator
q of Qg intersects ¢ in a pair of harmonic points with respect to the flecnodes. The
generators of the transversal system of lines of Qy, which pass through the points of
intersection of g and ¢, meet g in the its harmonic points.

The generator g and the cubic ¢ are the base of a bundle of quadrics, to which belong two
cones whose vertices are respectively in the flecnode points; and remarkable is the quadric of
the bundle which is harmonic conjugate to Q, with respect to the two cones of the bundle,
that is therefore the locus of the straight lines that connecting the poles of the generator g
with respect to the osculating conics of the asymptotic lines that passing through various
points x of g to the points harmonic conjugate to x with respect to the flecnode points; such
a quadric will be indicated by W,.

Assuming a general point of space
X=AYy+uz+ Ay + w7, (3.70)

and regarding A, u, A, a4 as coordinates of x in a system of reference depending on v,
then it can be verified that the equation representing W, takes the form

A] ALA +B (A + Au)+Coys |- (A4 +2B'244, +C'AZ ) =0. (3.71)
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Correlatively, the plane polar to g with respect to the osculating cone of the asymptotic
ty+t,z is

AF () (' +6,4")+ £'(O) (o +1,47). (3.72)

The bundle of planes with axis g and in the same time the planes which obtained in (3.72) by
various values of t;, t, are the base of a set of quadrics. We are going to indicate by W, the
quadric of this set which is harmonic conjugate of Q. with respect to two conics of the set.

The quadrics W, and W, are reciprocal polar with respect to Q,, as well as with respect
to the osculating linear complex of . If £ belongs to a linear congruence, then W, and W,
coincide together. In general W, and W, touch each other along g, and have in common two
generators of the transversal system through the harmonic points.

Theorem 3.6.1.4: The two generators of W, passing through a flecnode point of g (one of
which is g itself) are harmonic conjugate with respect to the flecnode tangent and the
tangent of the flecnode curve ( cf. Theorem 2.5.5).

Analogue to q, we are going to define the principal generator of W,, which is the
generator ¢, of the concordant system (to which also belongs g) of W, that intersects ¢ in
two points harmonic conjugate to those generators of the transversal system of W, which
passing through the flecnodes of g.

It can be simply verified that:

o, =(AC'—B?)(yz)+4(AC-BB')(yz')-4(AC'-BB')(zy')

(3.73)
+4(BC'-CB')(yy')+4(AB' — AB)(2z')+16( AC - B?)(y'2).
Correlatively, we define the principal generator g, of W,, whose coordinates are:
o, =(A'C'-B"”)(yz)+4(AC'-BB')(yz')-4(AC-BB')(zy) a7
3.74

—~4(BC'~CB')(yy')-4(AB'— A'B)(zz')+16( AC - B*)(y'z'),
thus
0, +0, +2hp+32£q = 0.

So one concludes that the two pairs of lines g¢,q; g;,q, belong to a linear set and are
harmonically separated.
If h=0, than q, g, and g, have a common point on the directrix of .

3.6.2 Ruled surfaces with coincident flecnode curves

In this case B® — AC =0; the discriminate of f (t) is null, and
1:l 2 2
2

where the sign o depends on the selected positive direction on the generator of £. We are
going to exclude the case in which the unique flecnode curve o,y +«,z is rectilinear, since in
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that case, the ruled surface belongs to a special linear congruence. Assuming that X is
referred to its asymptotic lines and supposing that «; :a, is not constant, so that the
determinant

oy — a0 =(aa)

will be = 0. For the case (aa')=0 for a particular generator; it is a singular case, which will
be excluded.

Putting
s=sgn(aa’), 6==1, (3.76)

then ¢ is intrinsic (does not depend on the positive direction on the generator) and invariant,
but depends on the positive direction of the parameter v. To choose the arbitrary factor of
f (t) in a determined way, it is sufficient to suppose that

(aa')=46. (3.77)

The coordinates of a generator g corresponding to (3.76) and to o =1, are called the
normal coordinates.

If the coordinates of g are normal, then the projective arc length of X, as an independent
variable, is determined by

1Sdp-dp =(yzdydz) =wdv?, @=+1, §==1. (3.78)

Supposing that g has normal coordinates; X referred to its asymptotic lines, and that v
is the projective arc length, so that

f(t)=(at)’, (aa')=1,
then by differentiating we have (aa")=0, so that
o =y, a) =la, (3.79)

where | is evidently intrinsic and invariant. Thus the third fundamental theorem is,

Theorem 3.6.2.1: A ruled surface X not belonging to a linear congruence, and whose
flecnode curves are coincident, is determined, up to a collineation, if the invariants | and j
are given as functions of the projective arc length.

Now let us consider the case in which «; : «, =const., and X still referred to its asymptotics.
One can determine the factor of f(t) and therefore that one of g up to a constant factor by
placing the condition that ¢, and «, are constants; in fact, one can choose dv according to
(3.78). Let ¢ be an arbitrary constant, one can also substitute dv and j by cdv, c?j.
Supposing j =0, and let

e=sgn j, W:I\/Hdv

then we have the fourth fundamental theorem,
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Theorem 3.6.2.2: A ruled surface X, which belongs to a special linear congruence and for

. . . L dlog|j| . . .
which j =0, is determined, up to a collineation, if e=+1 and %M is a given function in

w, where w and e from the previous relations.

If instead j =0, then there exist no intrinsic differentials and invariants and no finite intrinsic
and invariant expressions: the variable v can not be fixed except for a substitution of the type
av+b with a,b are arbitrary constants. The ruled surface %, if j=0, admits therefore
o’ collineations in itself, and is thus the CAYLEY’s ruled cubic surface. Applying that by
substituting in system (Ac) by

A=1 B=C=0, =0, j=0, a=b=c=0
then (Ac) become
y' =1, 2"=0
and by integrating
Z :(0,0,l,v)v, y=(1,v,%v2,%v3)
x=y+uz=(Lv, v’ +u, v +uv)
that is, indicating the four coordinates of x by 1, X, Y, z, then

X=v, y:%v2+u, ZZ%V3+UV

hence

z=xy—-1x%

To interprete the normal coordinates geometrically, let us consider the locus of the poles
of p with respect to the osculating conics of the asymptotic lines for a fixed value of the
parameter v. It is described by (3.69), but the factor (at) can here be omitted; then remains

2( oty — ooty ) (LY +1,2") +(ent, — oty ) (Ly +1,2). (3.80)

Therefore:

The locus of the poles of a generator with respect to the osculating conics of the asymptotics
is a conic. Indicating by W, the plane of this conic, then this plane is described by

al'77+a§é’—2(a177'+a2§'). (3.81)

Correlatively, the planes polar to the generator p with respect to the osculating conics of the
asymptotics are given by

2( oty — ooty ) (47" +1,¢") + (et —asty ) (b +1,8). (3.82)
Those are the planes tangent to Q, and passing through a point W, described by

ay+ayz—2(eay +a,2) (3.83)



3 The Method of CECH 70

where this point is the pole of W, with respect to Q,. If (aa’) =0, the conic degenerates in a
directrix and in a line q:(y’z’) corresponding to the chosen factor of p for which the
coefficients of f(t) are constants. If instead (aa')%O, then the conic is proper. Let us
suppose that (aa')=1, and let us call the corresponding line q, as before, the principal
generator of Q.. The point of the conic (3.80) lying on the principal generator of Qs will be
situated in the plane osculating the unique flecnode curve. In fact, this point is given by
oy +a,.

On the other hand, equations (Ac), for the considered assumptions, are then reduced to
y'= (0!10(2 - j)y+0‘222’ "= _alzy_(alaz + J)Z
ay' +a,2" =—j(any+a,z)

and therefore

"

(ny+az) =—j(ay+az)+2(ay + a2 )+ oy + )z

taking into account (3.80), then
2(aqy' +a52") = (eny + azz)" +(j-1)(any+a,2).

The principal generator of Q; meets therefore the intersection of the plane W, with the
osculating plane of the flecnode curve. Correlatively, the principal generator of Q; meets the
line connecting the point W, with the cuspidal point of the developable circumscribing X
along the unique flecnode curve.

Finally, to find a general expression for h and k for non asymptotic coordinates, i.e. for an
arbitrary parameter v, we are going to use the substitution (3.49) and considering v, t, t, as
independent variables. We derive the identity:

F(t)=1(1)
and it is found directly

fr()="1(t), " (T)="(t)
where

f(t) = At2 +2Btt, +Ct2, f(t) = At? +2Btt, + Ct?,

A= A'+2(Ab-Ba), B=B'+Ac—Ca, C=C'+2(Bc-Cb)
A= A +2(Ab-Ea)

=A"+4(A'b-B'a)+2| A(b'+2b*—ac)-B(a'+2ab)+Ca’ |,

(Wb~ a) 2] A(t 207 ~ac) (s + 2ab) s Ca' -

B=B'+Ac-Ca

=B"+2(A'c—C'a)+A(c'+2bc)—4Bac—-C(a'-2ab),
€ =¢'+2(Bc—Ch)

=C"+4(B'c-Ch)+2[ Ac’ +B(c'~2bc)-C(b'-2b* +ac) |.
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Then it is enough to substitute f(t) and f(t) for f'(t) and f"(t) respectively, to find the
general expressions of h and k for an arbitrary independent variable v. Using the same
principle, one can generalize all the previous formulae assuming the independent variable v
in an arbitrary way.

3.7 The osculating linear complex

In the following we are going to assume that X is referred to its asymptotic lines; equations
(3.84) permit easily to extend the formulae for the case of arbitrary coordinates. The
fundamental form (Ac) will be reduced to

y'=0'y'—(B+j)y+Az,

3.85
2"=0'7'+(B-j)z-Cy. (3.85)

Putting p=(yz) and q :(y’z’), one finds therefore the following relations, in which the
neglected terms are linear combinations of p, p’,

p"=2q+6'p'-2]p,

q'=C(yy)+ B[(y’z)—(yz’)]+ A(zz')+20'q- jp/,
q"=C'(yy)+B'[(yz)-(yz) ]+ A(zZ)+...,
q”"=C"(yy')+B"[(yz)-(yz') ]+ A"(2z')+...

Let r be a one directrix of the osculating linear congruence determined by four successive
generators, then it must be

(3.86)

Srp=Srp'=Srq=Srq' =0.
The first three conditions give that

r=(ty+tz,ty +t,2')=t? (yy)-tt, [ (yz)-(yz') |+t (z2')
so that, since (yzy'z') = way,, then

Srq’ = —waj, (At + 2B, + Ct} ) = —wa f (1).

Thus, one finds that the directrices of the osculating linear congruence are the flecnode
tangents as it is already explained before. We see also that if A=B=C =0, then X is a
quadric. Moreover, if A=B=C =0 for a particular value of the parameter v, then it is said
that the osculating quadric Q, hyperosculates X along the generator corresponding to v.

The condition in order that q" be a linear combination of p, p’, q, q’, or for which X
belongs to a linear congruence is found directly to be

A_B _C'

A"B-C (3.87)
i.e. the roots of f =0 are constants (which is already known at least for the case
B? — AC 20). The condition in order that q” be a linear combination of the previous ones, or
that ¥ belongs to a linear complex is k =0, as we have already enunciated.
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The lines of the osculating linear complex K are linear combination of p, p’, q, q’and
q". To it belong all the generators of the concordant system of Q,, which are linear
combination of p, p’, g. To fix the position of /C, it is sufficient therefore to find the two
generators of the transversal system of Q; that belonging to it. Let

r=(ty+tz by +t2")=t7 (yy')-tt, [ (v2)-(y2') ]+t (')

be one of those two lines. In order that r be a linear combination of p, p’,q,q" and q", itis
necessary that r be a linear combination of q and q", so that we find the condition

tt C C’
| [Ay+Bt, Bt +Ct,
tlt2 - B - B = = V. (3.88)
) | |At+B't, Bt +Ch,
t, A A

The first member of this equation is the Jaccobian of the forms f(t) and f'(t); its
discriminant value is

4(AB'— A'B)(BC'-B'C)—(AC'- AC)’ =4(AC-B’)(A'C'~B™)—(AC'+CA'-2BB')’
In order that to be identically null, it must identically either
B°-AC=0

or else

2
AC'— B :(%‘/‘AC— BZ\) |

There are two classes of ruled surfaces for which all the osculating linear complexes K are
special: the first class are those surfaces whose flecnode curves are coincident; where as the
second class are those surfaces whose directrices are rectilinear. For the second class,
assuming normal coordinates, then h =0 is the required condition as we explained before.

In the general case, (3.88) defines two points on each generator, the Lie-points of the
generator, through them pass two generators of the transversal system of Q, which belong to
the osculating linear complex K.

The osculating linear complex along an asymptotic line of a ruled surface contains the
osculating linear congruence of that surface. If all the asymptotic lines of a ruled surface
belong to a linear complex, i.e. complex curves, then the surface belongs to a linear
congruence. The opposite can also be simply verified.

3.8 Further studies on a hyperbolic ruled surface with non
rectilinear directrices

Given a ruled surface ¥ with two distinct flecnode curves in normal coordinates, referred to
its asymptotic lines and v is the projective arc length. Supposing that h=0 (if &=-1,
h>0), we are going to distinguish between two cases:
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3.8.1 The firstcase: ¢=1
The form f (t) will decompose in two linear real factors
f(t) =2(at)(pt) (3.89)
where in the following we assume
(at)=agt, —aty, (Bt)=..., ...
For the significance of ¢, we have (aﬂ)z =1 and evidently it is valid to assume that
(aff)=1. (3.90)

The linear forms (at) and (At) are not completely determined by (3.89) and (3.90); let p be
an arbitrary function in v, then we can set the substitutions (at), (ﬂt) respectively for

p(at), p™(pt), and therefore (aa'), (BB') respectively for p?(aa'), p(SB'). Let
S=san(aa’)(BB'). (3.91)

We notice that 6 can not be vanished, as in that case it will be h=0. We are going to
exclude the particular values of v for which h=0 and therefore 6 =0. We can thus fix the
forms (at) and (ﬂt) except for a simultaneous change in sign, by setting the condition

(aa')=6(Bp")=n=0. (3.92)
Differentiating (3.91), one finds
(aB')=(pa’)=m (3.93)

where n and m, but not the sign &, are evidently invariants by the substitution (3.63).

It is obvious that, if 6 =+1, n, m are given as functions of the projective arc length v,
then the quadratic form f(t) exist and well be determined up to such substitution. Actually,
from (3.90) we notice that («'t) and (') are linear combinations of (at) and (t), and
from (3.92) and (3.93) we deduce particularly

(a't)=-m(at)+n(pt)
(p't)=-on(at)+m(pt).

It is sufficient then to take (al,ﬂl) and (az,ﬂz) as two solutions of the differential system

(3.94)

a'=—-ma+ng,

(3.95)
p'=-na+mp

associated from (3.90); it is possible that (/) = const. would be a consequence of equations
(3.95). From (3.95) we deduce at once that

f(t)=2n|-5(at) +(Bt)' |, h=46n", k=165mn’. (3.96)
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Given h and k, then &, m and n® are therefore determined, but not the sign of n. In fact
such a change of sign inverts the positive direction on the generator, that is for a substitution
of the form (3.63a).

If it is required to determine only the ruled surface ¥ and not its asymptotics, then it is
not necessary to integrate the system (3.95). In fact setting

t=(at), £=(A)
then it is valid for t; the equations

t; = (a't) =bt +7,

_ (3.97)
t, =(p't)=-at —bf,.
Comparing with (3.94), we have
a=dn b=-m, T=n (3.98)

Hence, we have the following result:

If the ruled surface X have two distinct non rectilinear flecnode curves, then we can
normalise (except for a change of sign) the factors of the coordinates of the flecnode points in
such a way that:

a=on, b=-m, C=n,

o=+1
A=O, B:]., C=O|

where m and n being associated with the invariants h and k from h=46n%, k=165mn,
and the projective arc length of X is the independent variable

Equations (3.53) take the form

"=my+d6nz+ Y, V'=my+onz—(1+j)y,
yomon ey, ymeont- )y 3.99
Z'=-ny-mz+7, 2'=-ny-mz+(1-j)z
If & =1, the harmonic curves are real and generated by the points y +z, if instead 6 =-1, the
Lie-curves are real and generated by the points y+z. The fundamental equations (Ac) take
the form

y'=2my’ + 25nz’+(m'+ on’—m? —1— j)y+ on'z,
(3.100)
2" =-2ny' - 2mz’ —n'y +(-m'+ 5n* —m’ +1- j)z.

We can deduce a simpler demonstration of CARPENTER’S theorem (cf. Theorem 2.8.1):

If the two flecnode curves of a ruled surface are plane curves, then the Lie-curves and the
harmonic curves are also plane curves, and all their planes belong to the same bundle.

For, let y, and z (i=1,2,3,4) indicate the four coordinates of y and z. Choosing
conveniently the system of reference, we can assume that y, =0, z, =0. Then (3.99) gives
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2nz; +n'z; =0,
2ny,+n'y, =0

so that z;:y,=A=const. The curve described by the point x=y+cz (c:const.) IS
therefore in the fixed plane

X3 —Acx, =0.

3.8.2 Thesecondcase: ¢=-1, h>0

Let the quadratic form f (t) be defined, and the positive direction on the generator be chosen
in such a way that f(t) is positive. We can therefore set

f(t)=(at) +(Bt). (3.101)
For the significance of & we have (oz,[a’)2 =1 and it can be also assumed that

(af)=1.
Differentiating we deduce

(af')=(pa’)=m. (3.102)

The linear forms (at) and (t) are still not completely determined; let o be an arbitrary
function of the projective arc length v, they can be respectively substituted by

cos p(at)+sin p(pt),
—sin p(at)+cos p(At)

and therefore the expressions (a«') and (8') respectively by
cos’ p(aa')+2mcos psin p+sin® p(BB')+ o',
sin p(aa')—2mcos psin p+cos’ p(BB')+ o',

such that (aza')—(B6') leads to be substituted by
[(aa’)-(BB') Jcos2p+2msin2p.

It follows that we can fix (at) and (t), except for a simultaneous change in sign, by setting
the condition m>0 (it couldn’t be that m=0 because that leads to h=0 which is a
contradiction) and

(aa')=(BB")=n. (3.103)
As in the previous case, we deduce from (3.102), (3.98) and (3.103) the forms

(a't)=—m(at)+n(pBt),

(B't)=-n(at)+m(pt) (3.104)
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from which we deduce

f'(t)=-2m| (@)’ - (A1)’ | (3.105)

h=4m?, k=32m’n, (3.106)

it results that, for m >0, then m, n are uniquely determined from h>0, k.

To construct from h >0 and k, or similarly, from m >0 and n, the quadratic form f(t), it
is sufficient to choose for (¢, 4,) and (,, ,) two solutions of the differential system

a'=—-ma+ng,
B =-na+mp

associated with (3.101). If we are not interested in the asymptotics of %, it is not necessary to
integrate the previous equations. In fact the substitution

(at)=T, (A0)=F,

is valid for (3.97) and comparing with (3.104) gives

|
o

=n, b=-m, T=n.
From (3.100) and (3.105) we have then

A=1 B=0, C=1

AL +Bf, BL+CE _

_ _ _ _|=4mtt,.

At +Bt, Bt+CH,
Therefore:

If a real ruled surface ¥ without rectilinear directrices has two imaginary flecnode curves,
we can normalise (except for a simultaneous change in sign) the factors of the coordinates y
and z of the LIE-points in such a way that:

a=n, bh=-m<0, c=n

A=1 B=0, C

1.

Where m and n are associated with the invariants h and k from (3.106) and the projective
arc length is taken as the independent variable. The harmonic curves are described by the
points y+z, the flecnode curves by the imaginary points y +iz. Equations (3.53) in this case
take the form

y'=my+nz+y, V' =—jy+z+my+nz,

_ (3.107)
Z'=—-ny—-mz+2, 2'=—-y—jz—-ny—mzi.
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3.9 The flecnode surfaces

Let us consider a ruled surface ¥ with two distinct real flecnode curves and non rectilinear
directrices. Taking the projective arc length of X as independent variable and fixing
conveniently the factors of the coordinates of y and z of the flecnode points of the generator,
we can write equations (3.99) as:

"=my+dnz+y, y'=my+onz—(1+j)y,
y' =my y (1+1]) 3.108)
Z'=-ny-mz+72, 2'=-ny-mz+(1-j)z

For every value of the parameter v, there exists the geometric significance of the tetrahedron
of reference formed by the points y, z, y, Z and we notice that (yz) is the generator of X,
(yy)and (zz) are the flecnode tangents, and (yz) is finally the principal generator of Q,. Let
the flecnode surfaces of X are the ruled surfaces @, and @, generated respectively by the
lines (yy) and (zz). Being

(yzy'?') = o, (3.109)
we can determine the generator of @, from the points

Yi=Y, 4 =ﬁy (3.110)
it will be

(Vizuyiz) = —o. (3.111)

By simple calculations one can find from (3.108) the differential equations of form (Ac)
representing @,

,mn’

!
yl":%yl’+2nz{+(m . +m’—on’+1+ j)yl+n’zl,

"n_ i r_i ’ _ 1+J l_ m !_m_n’ 2_ 2_n_" n'z_ H
/= 2ny1 nzl{ (—n) 2n]y1+(m 0 +m*-9Jn n+n2 1+jj21.

Indicating the quantities related to @, by the index 1, then comparing with (Ac) we have

al:n! :—%%’ Clzi’

A=0, B, =-1 C, = —%’+2%, (3.112)
" 12

=200 30 N 252,

We notice that, A =0 means that the point y generates also a flecnode curve on ®,. Such a
property is already shown by WiLczyNsKI, who noticed more generally that there exists oo*
ruled surfaces which touch @, along the flecnode curve generated by y, and have also this
curve of contact as a flecnode curve (cf. § 2.6).

From (3.112) we find that B’ —AC, =1 and considering (3.111), then we deduce that a
flecnode surface of £ corresponds to X with a similarity of the projective arc length.
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Analogue, setting
Y. =1¢, Z; :%, (yzzzy;zé):_a): (3.113)

the quantities related to the other flecnode surface @, are

a, =n, bzz—%%, c2=%,

A =0, B,=1 o =%’+ 27, (3.114)
o _An” 3n% oomn e s

Jz—2n 4n2+m 0 m®+on°.

The comparison of the first line from (3.112) and (3.114) shows that, if the point vy, +uz, of
®, corresponds to the point y, +uz, of ®,, then the asymptotic curves of ®, and ®, are
correspondent. That explains the already known property of the flecnode congruence that it is
a W-congruence.

For brevity, we are going to say y(z) is the first flecnode point of the generator (yy) of @,
[(zz‘) of @, ]. From the second line in (3.112) we find that the second flecnode curve of @,
is generated by the point

1 -
( 5 +m)y+ Y, (3.115a)

similarly, the second flecnode curve of @, is generated by the point

_1n ;
( in m)z+z. (3.115hb)

Whence, the following theorem of WILCZYNSKI,

Theorem 3.9.1: The line connecting the two second flecnode points of ®, and ®,,
corresponding to the same value of the parameter v, belongs to Qs if, and only if, m=0, i.e.
iff = belongs to a linear complex.

Let from (3.108)

y'+(n=2m)y’ +(-m'+m’ = 5n’ +1+ j)y:25n[z+(%%’—m)z]

then the point of intersection of the plane (yy'y”) with the line (z2) is

;o (Ln'
z+(2n m)z, (3.115c)

—n

similarly, the point of intersection of the plane (zz'z") with the line (yy) is

L. (1n
y+(§F+ m)y. (3.1150)

Comparing the expressions (3.115) we deduce the following theorem,
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Theorem 3.9.2: The generator of the concordant system of Q, passing through the
intersection point of the osculating plane of the first flecnode curve of @, with the generator
of ®, and the generator of Q, passing through the second flecnode point of @, are
harmonic conjugate with respect to the generator of £ and the principal generator of Q.
Of course all these generators correspond to the same value of the parameter v.

WiLczyNsKI considered this theorem as a geometrical definition of the principal generator of

Q. (cf. 8 2.4).This theorem gives a geometric construction of the second flecnode point of
®, (and of course also of ®@,).

By means of (3.85) we deduce from (3.112) and (3.114):

§ s _n'_ s __n" . n? ,m_
A=2n, B=T-2m G =—{r+ o202

.. . 4 12
A=-2n'+dmn, B =21--2-0—4m'+ 4],

¢ =-0" 300" -21 +2m 2J s2_4m
n n® n n

y o s __n'_ < _n"_n?_ ,m_,1i
Ao=-2n, B =-T-om ¢ =N -Toyoliod

A, =2n"+4mn, B, :—2%+2n——4m’—4j,

n2
c':'2=l—3”'”"+2 +2I0 S S LUV BLLL S
n? n n n

h=2D N _ M0 a2 a4,
n

m " [N 2.1 "
R 4+ 4m" — 24mm’ +16m* +16mj 8™ 1 4,
(3.116)

12 '
_n_2+4_mnn +4m* +4m' +4j,
n

" " 'A! 241 "
K, :2%+12 mr? +12 mnn +24 mnn +4m"+24mm'+16m3+16mj+8%+4j’.

Now, as an application on the formulae (3.116), we have the following question: is it possible
that the two flecnode surfaces @, and ®, of a ruled surface X to be correspond to each other
such that the two flecnode tangents of the same generator correspond to each other in a fixed
homology? The conditions for this problem are

h1:h2’ k1:k2: j1:j2-

Now from (3.112), (3.114) and (3.116) we have

n-h==3(mn),  j-j,=—2n(")
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sothat m-n and 1 are constants. Two cases are thus possible: the first oneisthat: m and n
are constants; while the second caseisthat: m=0.

In the first case k;,—k,=-8j’, so that also j=const. Conversely, if m, n and j are
constants, then all the conditions of the problem are satisfied. In this case the differential
equations (3.108) will not be changed if we put v +const. in place of v, i.e. ¥ admits a
continuous group of oo' homologiesin itsalf.

In the second case k, +k, =0, such that k; =k, =0 and al the surfaces ¥, ®, and @,
belong to linear complexes. Conversely, if £ and @, belong to the linear complexes X and
K, respectively, then the null polarity accompanying K, does not change ®,, where as the
null polarity accompanying X leadsto ®,, such that the product of the two null polaritiesis
ahomology (bi-axial) which transforms @, in @,.

If m=0, then
f— P g— n—”’_ n—’j_ 1’
k,—k,=-4 - 16 - 8j'.

Therefore n can be taken arbitrary provided that it must be different from zero, and j can be
determined from the linear differential equation

whose integration gives
P 1 12 "
J_R(n —2nn" + const.). (3.117)

This class of ruled surfaces which we obtained are interesting because each ruled surface of
this class can be derived simply from a line has constant curvature of a space of three
dimension of constant curvature.

We consider first the linear complexes IC, K, I, to which belong the ruled surfaces %, @,,
®, respectively, those complexes belong to a bundle, because as we have noticed, K, and G,
are polar with respect to . The base linear congruence A of the bundle can be general or
special. For brevity, we will limit our study on the case A is general. The curves c, ¢, ¢, are
respectively the images of the ruled surfaces X, ®@,, ®, in a 1-1 correspondence on M2,
contained in three spaces S, S{¥, S{* of four dimensions’. S, S, S{” intersect in a
space S® of three dimensions which intersects M? in a quadric Q,,which is the image of
the non-specia congruence A. The spaces S, S, S{* intersect M? respectively in three
quadrics of three dimensions Q3, Q2, QJ; the images of the complexes K, K, K. Let P,
P, P, being respectively points of the curves c,c;,c, corresponding to an arbitrary chosen
value of the parameter v. The line P,v P, is polar, with respect to MZ, to the osculating
space of three dimensions S of the curve ¢ in P, where P, and P, are the images of the
directrices of the linear congruence osculating ¥ aong the generator corresponding to the
chosen value of the parameter v. Now, S® be evidently found in the hyperplane S so that
the line P,v P, pass through a fixed point O. Let Q® be the projection of Q2 and Q3 from

*) For the system of notations, see chapter 7.
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the point O on the hyperplane S®. A simple considerations or simple calculations show that
the two quadrics Q* and Q° of the space S are touched in all the points of the quadric Q.
Let T be the projection of ¢, from the point O in the space S that is therefore a curve
laying on Q* and let P be the point of T corresponding to the value of v chosen before. The
line B, v P, is the polar of S® with respect to M?, the point P is the pole of S® with
respect to Q°, and therefore the hyperplanes S® corresponding to various values of v touch
the quadric Q*, the polar of Q* with respect to Q*, which touches also Q in all the points
of Q2. Introducing now in the space S a metric Euclidean regarding S as a hyperplane at
the infinity, and Q? as the absolute quadric: the quadrics Q* and Q* appear in such a metric
as concentric hyperspheres. The curve ¢ be on the hypersphere Q° and its osculating
hyperplanes (and therefore also its osculating planes) touch the concentric hypersphere Q.
Such osculating planes intersect Q°® in the osculating circles of ¢ which have therefore
constant radius and the curve c is a line with a constant curvature traced on the space with
constant curvature (hypersphere) Q°.

Analogue we can treat the case if A is special, which leads to deduce X from a line with
constant curvature of the ordinary Euclidean space.

3.10 WILCZYNSKI’s principal surface of the flecnode congruence”

Let us consider a ruled surface X, whose differential equations are given by (3.100), and for
which the equations (3.53) are valid. The lines (yy), (zz) are the flecnode tangents, and (yz)
Is the generator of the principal surface %, of the flecnode congruence of X. It follows that

o j’ o J s ! r_ j’ _m?2_ 21+j_ _ iy
y_(2m+—l+jjy 25n—_jz+(m m1+j ms—on = 1 ij
. 1 ),
+5(n n1+j 2nm1_jjz,
] ., , (3.118)
S J VI J 51 ! 1 J y
" = 2n—1+jy (2m+—1_jjz (n +2nm—1+j+n—l_jjy
o J’ ) 210 . ),
(m +m—1_j+m +on _1+j l+sz.
and
(yay?')=(i* 1) o,
where
w=(yzy'7")==+1. (3.119)

Thus, it follows that, %, is a developable, if
i°=1

(by WiLczYNsKI, this condition takes the form &;, —646; =0, cf. §2.4). We are going to
exclude this case, and let us put

y=yii*-1, 2=24j’-1 (3.120)

) of. §2.4
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then, it will be
(hizyiz)) = o. (3.121)

Substituting (3.120) in (3.118), then one finds

" j’ ! 25nj ’
ylz(zm_jg_ljyl_l_jzl
;oMo s lhj . o 1§ i 2mjf
+(m T+ ] m®—on -] 1- > o1

3 i%i” i
+4(j2_1)2+2(j2_1)(j+1)Jyl

H 25
+5[n' n’  2nm n-J }le

1+ 1+ (i*-1)-1) (3.122)
z”=—2—nj.y’—(2m— I jz’— e N 2mn NPT y
SR RS i2-1)" 1§ 1+ (Pa)@e+g) )
o mjr 2 21;1- _-_l j/2+jjﬂ+2mjjr
+(m -] m”—aon 1+j+1 1-5 i1
3_§%i” 1 ji”
+= —= — |Z,.
(i) 2(f—1)<1—1>]1
Comparing this system with (Ac), one finds that
__onj N _nj
=g PTepa ™ Thy
, nj’ nj’+nj-2mn nj’j’ njj’
OA=n"——= - - —+ —,
1+ - (i*-1@-j) @iy
25 gm Y (3123)
)PP L el )|
= (-
, nj’ nj’+nj—2mn nj’j’ njj’
C=n+ - — - + .
1-] 1+] (F-1)(1+j) (1+j)

The focal surfaces of the flecnode congruence, i.e. the flecnode surfaces of %, intersect the
principal surface X, in the flecnode curves, if A=C =0, or

o
GA-C=—7 Z_Z(Zmn—n’j+3 L Jlj=o, (3.124a)
and
SA , C 2 [ o Nij
-+ - = n+3 =0. 3.124b
1+j 1-] 1_j2( 1—J'2j ( )

It follows that
m=0, n=K-(j*-1)

3
? (K= integration const.),
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Thus we have,

Theorem 3.10.1: If the principal curves (cf. 2.4) , i.e. the intersection between the principal
surface and the flecnode surfaces, are the flecnode curves on the principal surface X, of the
flecnode congruence of %, then the surface X belongs to a linear complex (cf. KLAPKA [33]).

The principal surface X, is a quadric if, and only if, B=0, i.e. from (3.123), iff
2 H 2
_4on"j—j N 3]JJ

2 - =0. (3.124c)
J2_1 (j2_1)2
Let us put
= i p.dp
J'=g4,=P and T

then (3.124c) takes the form

d i . "
d—?.p—3ﬁ- p* =2(j*-1)+45K?j( j° —1)3,

therefore, it follows

p* :(jZ —1)3{In—} J_ri+1fjj2 +45K?j? + Kl},

where K; is the constant of integration. Thus, one can say,

Theorem 3.10.2: There exists «® projective different ruled surfaces £, for which the
principal surfaces %, of the flecnode congruence are quadrics. Each surface of this system
belongs to a linear complex (m =0) and moreover, it is valid that

3
2
’

n=K-(j’-1)
v=] di , (3.125)

T .
(j2—1)2\/|n}j+13‘j2 +ASK2 2 + K,

where K and K, are the constants of integration.

3.11 Some remarks on the ruled surface X~

The ruled surface X is generated by the line g, of intersection of the osculating planes of
the flecnode curves of the surface . As we explained before, - is a developable if, and
only if, at least one of the flecnode curves of X is a plane curve. KLAPKA [34] gave a proof
this theorem using the formulae of CECH.

Y ef. §2.12
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Let c,,..,, be a given curve on X, then this curve will be a plane curve if the ratio c, :c,
satisfies that

4 3 2.2 3 4
?(€1,Cy ) = 89C; +&,C/C, +8,CrC; + A3C,Cy +8,C)

(3.126)
= c1y+c22,(c1y+czz)',(cly+czz)",(c1y+czz)m):0
where
a, =2nn"-3n" +4n(2n-2m'n+mn’)+4n* (m'+5n2 -m*-1- j),
a, =2nn"-3n"2 — 4mnn’ + 4n? (m'+5n2 —m?-1- j),
sa, =(%+%)(a4 ~a,)-20(a, +a4)—%(@j , (3.127)

—-3mn’'-3 2 a,—a )
a, = 1—SMn_—3NM (a4—a0)+[5+2%j(a0+a4)+%(%j,

ag = (%_m)(a4 —ao)—Z%(a0 +a4)—%(%)'.

Thus, c, is a plane curve if, and only if, a, =0, and similarly, c, is a plane curve if, and only
if, a, =0.

The generator g, joins the points

(3.128)

where, from (3.100), y is the point of intersection of the tangent (y, y') of the flecnode curve
¢, with the osculating plane 5:(2, z’,z”), and similarly, Z is the point of intersection of the
tangent (z,z') of c, with the plane 7 =(y,y’y"). Thus, the necessary and sufficient
condition in order that - be a developable is

0=(Y,2,y.7)=0
@=(n'y+2ny’, n'z+2nz', n"y+3n'y'+2ny”", n"+3n'z’+2nz") = 0.
From (3.100), one finds then

w=2a,a,(y,2,y,7)=0 (3.129)

where (y,z,y',z')#0, since X is not a developable.

To find the differential equations representing the surface X, one can differentiate (3.128),
then eliminate y” and z" using (3.100).
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Finally, one finds
" a':l i =
y :(—+2mj y' +20nzZ
a,

+i2 a, +3n"> +12mnn’ +8n°m’ + 6nn" —8n 2@ _ gy & y'
4n a, h

' a, |-
+5[5n —Zna—Jz, 4,130
7'= —2n7'+(i—2mj7+(2n@—5n’j7
% 3
+%(a° +3n" ~12mnn’ —8m'n? + 6nn” + 8mn” 22— 6 aoj
n a, 2
To simplify the calculations, let us put

y=—Y p A (3.131)
X |aoa4| d |a0a4|

where the denominator is real and positive. Thus, one finds easily from (3.129) that
(VLZL; 7{171() = i(y, Z, y’, Z’) = il’

and equations (3.130) take then the form

v = [Zm +%(%—%ﬂ Yi+26n7;

4

J{ﬁ(azl +3n"% +12mnn’ +8n°m’ + 6nn” —8n’m 2t enn’ a“j

a4 a,

1”2
1(a0a) (a; 3 (&) ;(aoa4) _
7 23, (a4+2mj+16 2Zal 4 an, Y1
vl sm—an® 1,3 | 3.132
a, 2 aa, |" (3.132)

R T i_i _ = | _En i_l (a0a4)’ B
Z = 2ny1+[2(aO a4j 2m}21+|: on +2nao 2n a8, Vi

{4—?\2(% +3n* —12mnn’ —8m’'n® + 6nn" + 8mn? %—Gnn’@j

(i—zm}i(%a")rz (@) }
16

aca; 4

N
e
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Comparing these equations with (Ac) of CECH, one finds for X :

(3.133)

! ! ! ! 2
Toiy3N (& 3 ) 5(& &
J_H4n(a0 a4j 16(a0 a4j
L) 1 &) 1.(& a
4 aa, 16\a, aq, 2 \a a,

The ruled surface X is a quadric, if
A=B=C=0 (3.134)
hence, one finds from (3.133) that

5z_6:zn(&_&j,
& &
from which (n =0 is excluded),

., =AU (3.135)

where A4 and g are constants = 0. Taking this relation into account, then equations (3.134)

!

C=4n'-no_o
dy
A=an'-n2 -,
a,
give
a, = an*, a, = IunA_ (3.136)

From B =0, it results that
(A—pu)n®—8nm’+8mn’ =0. (3.137)

Thus, the conditions in order that - be a quadric are expressed by the equations (3.136) and
(3.137). Let us put I = o, then (3.137) takes the form

8a' = (24— u)n. (3.138)
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We are going to exclude the case A— =0, as it involves n=0, then it remains

_8a"
A-u’
From the relation

a,—a, =(A—-u)n*,

n m=8aa’ (3.139)

=g

that is to say
8(n—m'n+mn’)=(A—pu)n’
thus, one finds from (3.139)
160" =(A-pu)a'
One can exclude «' =0 because of the assumption n = 0, then the last relation gives

160> =1 —u
hence

where the constant of integration can be neglected. Substituting in (3.139), then one finds the
two invariants

2

Ji-u'

Finally, the relation of the third invariant j takes the form

n=

—1
m=1v.

j_80-A-u
2(i—-u) '

where 6 =+1. We notice that the invariants n and j do not depend on v, i.e. they are
constants.

Assuming all the invariants are given, then the canonical flecnodal system of equations
representing this class of the surface X takes the form

" ’ 45 ' V2 H j
=vy' +——o=7"+| -+ ,
V=Y ( )
(3.140)
" 4 ' ' V2 l )
2" =— —vz'+| -+ Z
Jxl—,uy ( 4 A-p

where 21#0, u#0, A#u, 6=x1. One notices that each surface ¥ of this class is
determined by two constants A, ¢ and asign 6 = #1.
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Moreover, equations (3.133) give

_25 p=-1, ¢=_2 (3.141)

Ji—y1 2 i—y'

Finally, expressing j from (3.133), then (3.132) take the form

=

" _ ., 45 = /1 T s _ 4 g T ﬂ, =5
yl_Vyl"'\/le'i'l_’uyl! Zl_ \/myl Vzl+ _luzl' (3142)
From (3.133), (3.135), one finds that
a=a, b=bh T=c,
these relations give the following geometric property of this class of the ruled surfaces X,
Theorem 3.11.1: Let ¥ be a ruled surface, and let - be the corresponding ruled surface
generated by the line of intersection of the osculating planes of the flecnode curves of . Let
Yr be a quadric, and let also x be an arbitrary point describing an asymptotic line on X.
Then, the tangent plane of X at the point x of a generator g of X intersects the

corresponding generator g of X in a point X which describes a line of the complementary
regulus of X..

According to WILCzYNsKI, the necessary and sufficient condition in order that the
generator g of X  touches the osculating quadric Q; of ¥ along g, i.e. the quadric
generated by the asymptotic tangents of ¥ along the points of g, is that

0207 +1665, = 0. (3.143)

WiLczyNsKI considered this property as a characteristic of a class of ruled surfaces. To study
this class using the calculations of CecH, let us consider the line

r=(Ly+tz 4y+t7),

which touches X in t,y+t,z and intersects g in the point t,y +t,Z. The asymptotic tangent
of £ in ty+t,z passes also through (t1y+tzz) , Where one can substitute t; and t;, from
(3.48), and the quantities a, b, ¢ are given by (3.98). Thus, the considered point is

(ty +t22)' =(-mt,+nt,) y+(-ont, +mt, ) y +t,y' +1,7". (3.144)

In order that r be an asymptotic tangent of X, it is necessary and sufficient that the matrix
t, t, 0 0
n't, n't, 2nt, 2nt, |,
—mt1 + nt2 _5ntl + mt2 tl t2
must be of Rank 2. Since the case n =0 is excluded, then the required condition is reduced to
ontf —2mtt, +ntZ =0,
or, from (3.98),
at? + 2bt;t, + ct? = 0. (3.145)
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Thus, if the point t,y+t,z is a fundamental point (cf. § 4.8) with respect to the principal
family of curves on X, then the line r is an asymptotic tangent of £ and reciprocally.
Moreover, the points of intersection of the osculating quadric Qs with g, are to be found on
the asymptotic tangents at the fundamental points of the principal family on the corresponding
generator g. It follows that the considered points of intersection separate harmonically the
two points in which g intersects the tangent planes of X at the harmonic points. Just if X
belongs to a linear complex (m =0), the points of intersection of g with Qs coincide with
the two points in which g intersects the tangent planes of X at the LIE-points.

The case of WiLCczYNsKI takes place, if the equation (3.145) has double root, i.e. if
m? = on’. (3.146)

Thus, one can say that if for all generators g of a ruled surface X the osculating quadric Qs
touches the corresponding generator g- of X., then the harmonic curve of X is an
asymptotic curve. The point of contact of g- and Q. is to be found on the tangent of the
harmonic curve at its point of intersection with g. Actually, the existence of a harmonic
curve which is in the same time asymptotic, is a characteristic for a class of ruled surfaces, the
G-surfaces considered by MAYER (cf. 8 4.9). So, one has the following result:

Theorem 3.11.2: The surfaces of WiLczyNnskl for which the osculating quadric Q, touches
the corresponding generator g- of X., and the special class of the G-surfaces of MAYER (cf.
84.9), characterised by the existence of a harmonic curve which is in the same time
asymptotic, are the same. One of these two properties, which is granted, involves the other.

3.12 The conjugate and the bi-conjugate pair of curves on a ruled
surface

A. TERRACINI [64] used the method of WiLczyNskI to study the conjugacy condition for a
pair of curves on a ruled surface. He described the surface by the differential equations

"=Ly'+1,2’+Ly+1,z,
y” ly ’ 2 l3y 4 (3147)
2" =my +m,z' +myy+m,z.

From that, the conjugacy condition for the directrix curves c,, ¢, of the ruled surface X is
found to be

Lm, (1, +m,)—L,m —;m; +2(1,m, +1,m;) = 0. (3.148)
For the bi-conjugacy condition, TERRACINI found a special case. Assuming the conditions

L=m =1 l,+m, =0, (3.149)
are satisfied, then the following two bi-conjugacy conditions for the curves c,, c, are valid,
(1) the conjugacy condition (3.148), which from (3.149), takes the form

l,+m, =0 (3.150)
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(2) the condition

3N, (I +1; 1, +m, )~ I, =0. (3.151)

According to the calculations of CECH, we have,

Theorem 3.12.1: The directrix curves c,, ¢, of a ruled surface X described by the
equations (Ac) are conjugate if, and only if, the condition

aC+cA=0 (3.152)

is satisfied (cf. KLAPKA [35]).

This relation is obvious, when one substitutes the coefficients I;,, m; (i=1,2,3,4) in (3.148)
by the corresponding expressions, which one finds by comparing the coefficients of the
systems (3.147) and (Ac), assuming that 8'=0. Thus, for the bi-conjugacy condition, one
has,

Theorem 3.12.2: There exists two necessary and sufficient conditions for the bi-conjugacy
condition of the non-asymptotic directrix curves c,, ¢, of a ruled surface described by the
system (Ac):

(1) the conjugacy condition (3.152)
(2) the condition

3p'N—-pN'+12NB =0 (3.153)
where
_A__C
P=7 o (3.154)
and
N =a'c—ac’+4abc. (3.155)

The previous conjugacy and bi-conjugacy conditions can be generalized for any arbitrary
pair of curves c,,,,, C,,,,, onaruled surface X by the following theorem,

Theorem 3.12.3: The curves c,,,,, C,,,,, On a ruled surface X, which is described by the
system (Ac), are conjugate, when the condition

a'C'+c’A"=0 (3.156)

is satisfied. The non-asymptotic curves c,.,,, C,.,, on the same surface are bi-conjugate,
when

(1) the conjugacy condition (3.156) is valid, and
(2) the condition
3p"N" = p'N“ +12N*B* =0 (3.157)
is satisfied, where, taking into account the relations (3.16), (3.17) and (3.18),
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+ f
a*__U1+ (Ul)

Uy, — U,
Zb*:_ul’+u;+2[a+b(u1+u2)+cu1u2]1
U, —U,
. Ut f(uy)
TR
Ao F) (3.158)
U, — U,
B" — A+B(u; +U, ) +Cuyu,
T U, + U, ’
C*Z_F(uz)

U —U,’
N*=a“c"—a‘c’ +4a’b’c’,
and

A C . Fu)  F(u)
P T c*jp_u1’+f(u1)_ up + (u,)’

We notice that, if

f(u)=1f(u,)=0, (3.159)
then
g U |
U, —U,
o' = c(ul—uz)—%, (3.160)
oY |
U, —U,

where as the expressions for A*, B*, C* remain unchanged. The conjugacy condition takes
then the form

uyF (u,)+usF (uy)=0. (3.161)
From Mayer [49] (cf.8 4.7), one finds that the harmonic transformation of the pair of
directrix curves c,, ¢, of the ruled surface X is the pair c,,,,, C,.,,,, Where u;, u, are the

roots of the equations

a+cu’=0 (3.162)

and ac = 0. Thus, it follows

U, +U, =0, UyU, :%. (3.163)
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Now, if c,, c, are a conjugate pair of curves, then it follows that

aC +cA=0,

and it follows from (3.16), (3.17), (3.18) and (3.162) the theorem,

Theorem 3.12.4: A pair of distinct non-asymptotic curves on a ruled surface ¥ consists of
conjugate curves if, and only if, its harmonic transformation pair separates the flecnode pair
of curves on ¥ harmonically.

If the flecnode curves coincide together, then it is necessary and sufficient that one of the
transformed pair coincides with those. This theorem is obvious, when one notices that the
harmonisant of the flecnode form (3.18), and of the form on the left hand side of (3.162) is the
left hand side of (3.152).

Let c,,c, are a conjugate pair of curves, and let its harmonic transformation is the
conjugate pair c,.,,, C,.,,, then besides the condition (3.152), also the equations (3.163),
(3.156) are valid, where (3.156), from the previous equations and (3.158), takes the form

BN =0, (3.164)

where N is defined in (3.155). But N =0, assuming the ruled surface is referred to its
asymptotic lines, leads to k =0 which means from (3.67) that the ruled surface X belongs to
a linear complex. Thus, we have

Theorem 3.12.5: Let two distinct conjugate non-asymptotic pairs of curves are given on a
ruled surface X, where one of this pair is the harmonic transformation of the other, then it
follows that:

(1) either the ruled surface X belongs to a linear complex, or

(2) both the considered pairs of curves form with the flecnode pair a three pairs of curves on
the surface, which mutually separate each other harmonically. (It is known that in this
case just two pairs of the three are real).

Moreover, if the two distinct branches of the flecnode curve on a ruled surface are bi-
conjugate, then the surface belongs to a linear complex.

Since, when ¢, and c, are the flecnode curves, then it must be A=C=0,B=#0, p=0,
therefore the bi-conjugacy condition (3.153) is satisfied if N =0, i.e. k =0.



4 Flecnode curves and LIE-curves in affine space

Using the affine geometric formulae of a space curve c in the affine space, studied
O. MAYER [48] a ruled surface £ which has ¢ as an asymptotic line and deduced the
equation of its flecnodes. MAYER used the deduced formulae to study some special cases like
the case if ¢ is a TzITZEICA’s curve, the case if X has distinct planar flecnodes, and the case
if the two flecnodes lie in parallel planes. MAYER defined also the harmonic transformation
and applied it [49] on a R-family of curves on X, which is a set of curves that intersects the
generators of £ in projective rows points. Particularly, the R-family which contains the
flecnodes, the Lie-curves and the involute curves; he called it the principal family of .

4.1 The fundamental equations — The flecnode curves

Let
X =x(s), Y=y(s), Z=12(5) (4.1)

be the equations of a space curve ¢ with respect to its affine arc length as a parameter; one
can choose the parameter s in such a way that

(X’, X”, Xw) — 1
One will then have the fundamental identities
X" +kx"+7x'=0, efc. (4.2)

where k and z are the affine curvature and the affine torsion® respectively. Let us call the
tetrahedron relative to a point M (s) of ¢ which defined by the vectors whose components
are (X,y,7'), (X".y".z"), (x",y",z") and with origin at M as the affine principal
tetrahedron. If we designate by u, v, w the coordinates of a point P=(X,Y,Z) in the
Cartesian system defined by the precedent unit vectors, then one will have the formulae

",

X =x+xu+x"v+x"w, etc.

in which
u=(X-x,x"x"), v=(X-xx"x), w=(X-xx,x").

Hence, the necessary and sufficient conditions in order that the point P =(u,v,w) be fixed are
u =rw-1, v'=kw-u, W =—v. (4.3)

Now let ¥ be a ruled surface admitting the curve ¢ as an asymptotic line. One can represent
it by equations of the form

X =x+r(ox'+x"), etc.

where (s) is a projective parameter which fixes the positions of each generator of X in the
corresponding osculating plane of the curve c.

*) ¢f. BLASCHKE [5]p.72



4 Flecnode curves and LIE-curves in affine space 94

The osculating quadric Q, along the generator g through the point M (s) of ¢, contains
the generator g, through the point M, (s +ds), that infinitely small of order three closure. The
equations of g, are

X =X+ (X +X")+][ X'+ (X + X" +X")]ds

+%{x"+r[(a)”—r)x'+(2a)’—k)x”+a)x”' }ds2 +..., etc.

or, in the principal tetrahedron of M,
U=ro+(l+ro')ds+ir(o"—7)ds’ +...,
v=r+rods+i[1+r(20'-k)]ds®+..., (4.4)

w=rds+irods® +...

As Q. contains the generator g and the tangent of ¢ in M, its equation can be finally
written in the form (cf. [48] p.29)

[ u-v+(Q-k)w]+Hw* —2w=0, (4.5)
where

Q=—0'+w*+k,
H=Q -0Q-h=-0"+300 -0 Ko+, (4.6)
h=k'—-r,

one can verify easily that H is the average affine curvature of the ruled surface. From this
equation, it can be proved that the osculating quadric Q; is bound in an invariant affinity to
the affine principal tetrahedron of the curve c, if the following conditions are satisfied

@® = const.,, ko —7 = const. (4.7)

i.e. the affine curvature and the affine torsion must verify a linear relation with constant
coefficients. Reciprocally, if such a relation

ak+ pr+y=0

is satisfied, the curve c is an asymptotic on a ruled surface for which the generator and the
osculating quadric are bound in an invariant affinity to the principal tetrahedron of c.

From the equation of the osculating quadric, one can find the equation of the flecnode
lines using the following remark: The characteristic of the osculating quadric of a ruled
surface is composed of the generator of contact counted twice and the corresponding flecnode
tangents. In our case, the characteristic of Q. is represented by equation (4.5) and its
derivative with respect to s:

2(u-av) +2(Q-K)(u-ov)w-[ H' -2k (Q-k)]w* =0. (4.8)
By eliminating (u—av ) of these two equations, one obtains

($HW+Qv —2)HW—H"V* —2Qv +2=0. (4.9)
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This represents obviously two planes which do not contain the generator g, but which must
pass through the flecnode tangents; in the intersecting with g, that is to say, by setting in the
last equation

U=reo, v=r, w=0
one obtains the required equation of the flecnode lines:
HT? +2Qr-2=0. (4.10)
Among the ruled surfaces which admit a given asymptotic c, it is appropriate to consider
particularly those which satisfy the conditions Q=0 or H'=0.
(A) The condition Q =0, or from (4.6)
o' =w* +K

characterizes the ruled surfaces on which the asymptotic ¢ is in the same time the
average (mean) curve of the flecnodes (i.e. the locus of the mediums of the segments
intercepted by the flecnodes on the generators). As the previous equation is of the
RICCATI-type, it follows that:

Theorem 4.1.1: A given curve ¢ is an asymptotic and a mean (average) curve of the
flecnodes for o' ruled surfaces; the generators of four of these surfaces form, in each
osculating plane of ¢, a constant anharmonic ratio along the curve c. We are going to
call such a family of surfaces as R-families.

(B) The condition
H=Q-wQ-h=-a (const),
or
" 300 +®° +ko-1-a=0 (4.11)

defines the ruled surfaces for which one flecnode is situated at infinity.

Theorem 4.1.2: There exists thus oo®

flecnode situated in a given plane.

ruled surfaces having a given asymptotic and a

For w = const., equation (4.11) becomes
kw—7=a" (const.);

which is the same (4.7). Thus we conclude that:

Theorem 4.1.3; If a curve ¢ satisfies a relation of the form

ak+ pr+y=0, (a, B, y are constants) (4.12)
it will be an asymptotic curve on a ruled surface X, which has the following properties:

(1) the generators of £ are bound in an affine invariant way to the principal tetrahedrons of c.
(2) and the same is true for its osculating quadrics.
(3) it has a flecnode curve which is infinitely distant.

Conversely, two of these properties lead to the third and the relation (4.12).
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In particular, the curves having constant affine torsion are characterized by the property (B) of
the surface generated by its affine principal normals (cf. MAEDA [47]). The case =0 was
found by CecH, and thus the surface under consideration will have a plane directrix; that
results from H =0. Moreover one can prove the following (cf. [48]),

Theorem 4.1.4: If a flecnode of the ruled surface ¥ be found in a plane =, the
characteristic point of the tangent plane of £ along the considered flecnode is the pole of the
plane 7 relative to the osculating quadric of X.

4.2 TZITZEICA’S curves

If the conditions (A) and (B) are simultaneously satisfied by a surface X, the two flecnodes of
> will be at infinity and inversely. Besides, in order that the two conditions be compatible, it
IS necessary and sufficient that the curve c verify the relation

h=k'-z=a (const.) (4.13)
thus the solutions of (A) verify also (B). Let us denote the curves which satisfy this condition
by T,, then for such curves we have the following two propositions:

— The asymptotics of a ruled surface has coincident and infinitely distant flecnode curves
are of the type T, -curves corresponding to the same value of the constant a.

— If, for a given curve, one can find a ruled surface, which admits it as an asymptotic and
for which the flecnodes coincide in a given plane, then one can find o' of such surfaces,
and those surfaces form a R-family.

Actually, these T,-curves (a=0) are found by G. TziTzEICA [68] who defined them by
means of the relation

7d? = const.

where - and d designate respectively the Euclidean torsion and the distance of the

osculating plane from a fixed point. As for the curves T,, which he defined by the metric
relation (cf. [69]),

7c0s? 0 = const.

where 6 is the angle of the binormal with a fixed direction. Those T,-curves are
characterized by that they belong to a linear complex whose axis coincide with a fixed
direction. G. LoRIA called both kinds of those curves as T-curves. For the T-curves we have
the following characteristic geometric property, which is clearly affine and applicable in all
the cases:

The T,-curves are those for which the affine rectifying planes pass through a fixed point,
which is infinitely distant for the T, -curves.

Let us consider the asymptotic plane of the surface X,

(X =X, oX'+ X", &'X'+ wx"+ x") =0.
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This plane passes through a fixed point O taken as the origin of coordinates, if @ is a
solution of the RiccATI-equation:

(a)' ~ o’ )(xx’x”) —o(xx'x")—(xx"x")=0 (4.14)
Thus,

Theorem 4.2.1: A curve ¢ is an asymptotic for oo ruled surfaces admit an asymptotic cone
with a given centre O, and these surfaces form a R-family.

Moreover, (cf. [48] p.37)

Theorem 4.2.2: If a T-curve contains the point O, the ruled surfaces which admit an
asymptotic cone with centre O and the given T-curve as an asymptotic, have the two
flecnodes in infinity.

And conversely,

A ruled surface has infinitely distant flecnodes admits an asymptotic cone, and all its
asymptotic lines contain the centre of that cone.

Consider a ruled surface £ having the asymptotic ¢, and having one plane branch
flecnode (that we suppose at infinity) and the other is conical (this term, introduced by
PETERSON”, signifies that the circumscribed developable along the considered curve is a
cone). ~ will have a flecnode at infinity if

H =2a (const.), (4.15)

and the other flecnode will be defined by the equation

I’=5.

The tangent plane along the last curve,
(X=X, &X' +X", (& —Q)X'+oX"+x") =0,
passes through the point O, the origin of the coordinates, if one has
k (xx'X") = o (xx'x") = (xx"x") = 0 (4.16)

We notice that this equation is verified for all the values of w, if the curve c is a T-curve
passing through the origin O.

DK M. PETERSON, ,, Sur les relations et les affinites entre les surfaces courbes”, Toulouse Ann. (2) 7, 5-43, 1905.
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Hence, it follows,

Theorem 4.2.3: A T-curve contains the point O is an asymptotic for «® ruled surfaces

having one flecnode at infinity, and the other is conical of centre O; the first condition
suffices to determine these surfaces.

4.3 Ruled surfaces with distinct planar flecnode branches

Let Z=o and Z =0 be the planes which contain the flecnode curves. One has, along the
second flecnode curve

z+r(wz'+12")=0, Qr-1=0,
from which by eliminating r, it follows

Q=0 - —k=0+7" (4.17)
Z

For this condition, it is also necessary to add that one, which expresses that, the first flecnode
isat oo;

H=Q-wQ-h=2c (const.). (4.18)

The ruled surfaces, which admit the asymptotic ¢ and for which the flecnodes be found in the
planes Z = and Z =0, correspond to the solutions of the system (4.17), (4.18). Let us find
out under which conditions this system is compatible. From (4.17), one finds

n
a)':w2+—a’2;2 +k

i)

from which

(a)z + k) 2 +wz"+7"
z

O'=-

and by substituting in (4.18), one finds
z"+kz'+(h+2c)z=0. (4.19)

If this condition is satisfied by the curve c, all the integrals of (4.17) verify also (4.18).
Therefore:

Theorem 4.3.1: The asymptotics of a ruled surface having the flecnodes in the planes Z =«
and Z =0 satisfy the condition (4.19). And inversely, if a curve fulfils this condition, it is an
asymptotic for oo ruled surfaces for which the flecnode branches be found in the previous
planes, and these surfaces form a R-family.

The condition (4.19) can be geometrically interpreted as follows:

In order that a curve ¢ to be an asymptotic curve on a ruled surface which has two flecnode
curves lying in two given planes z; and r,, it is necessary and sufficient that the rectifying
points of ¢ relative to the fundamental planes z;, 7, be conjugate to two fixed planes ¢, and
&,, which themselves are conjugate to 7; and r,.
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Let us suppose that the flecnode e, of the ruled surface X~ be found in the plane «;; g be a
generator of £, c be the asymptotic through a point M of g, g, the rectifying line of ¢
relative to the fundamental plane 7;, N, the corresponding rectifying point, ¢, the tangent
plane of X in the flecnode point F,, and n, its characteristic line in the displacement of F,
on the flecnode e,. As the plane ¢, contains the line q,, the point N, is the intersection of the
lines g, and n,. It is known that, when M moves on g, the rectifying line g, remains
tangent to a conic ¢, which touches respectively the generator g and the flecnode tangent f,
in the points K and P, where those intersect the plane z;. One obtains then the rectifying
point N, corresponding to the point M of g by intersecting the line n, with the tangent
different from g that one can draw from M to the conic c,.

Inversely, each point N, of n, corresponds to a couple of points (M, M”) of g, which
describes an involution | that contains the couple of the flecnode points (F,, FZ). Moreover,
the involution J contains the couple of the Lie-points (L;,L,), that is to say, the couple of
points for which the polar planes relative to the osculating linear complex K of X are
tangents to X. To proof that, we have first the following remark: The tangent of a one branch
of the flecnode curve, and the characteristic line of the tangent plane along the other branch
are reciprocally polar with respect to &. For, one observes that, the polar planes relative to 1C
of two consecutive flecnode points F, F/, are precisely the tangents planes at the other
corresponding flecnode points F,, F,. One concludes of that remark, that the pole of the
plane 7, relative to the complex K is the point P, common to 7z, and n,. On the other hand,
it is known that the complex K belongs to a bundle of the osculating linear complexes of the
asymptotics, whose base congruence is the osculating linear congruence of the ruled surface
>, whose directrices are the flecnode tangents. That is, according to the definition of the
points (Ll, Lz), the osculating linear complex of the asymptotics issued in these points. It
follows that the corresponding rectifying lines are L,P, and L,R, and that their rectifying
points coincide with P,, that which shows our assertion: the involution J is defined by the
couples of points (F,F,) and (L,L,). Its double points H,, H, are simultaneously
conjugate to the previous couples; they are the harmonic points (involute points). Moreover, if
we suppose that the second branch of the flecnode curve e, be also found in a plane 7z,, then
we have the following theorem,

Theorem 4.3.2: If the flecnode curves of a ruled surface X be found in two given planes 7z,
7,, then the rectifying points of the asymptotics of X relative to the fundamental planes =,
and 7z, are conjugate to two fixed planes &, &, which contain the harmonic curves of X.

4.4 A ruled surface with one rectilinear flecnode branch

Let us represent the ruled surface £ by the parameteric equations of the form

_ Xa(v) +uxy(v) ~ Ya(v) +uy,(v) _.1-u
X = 1+u oY= 1+u ’ z ~71ru (4.20)

where we take v = const. as the generators, and u = const. as the sections of £ made by the
bundle of parallel planes Z = const. Among those, let us consider the two curves

X =x(v), Y =yi(v), L=y (4.21)
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and
X = Xy (V)’ Y = Yo (V)’ L= 4 (4213.)

which correspond respectively to u=0 and u =oo.

The differential equation of the asymptotic lines can be easily found to be

213—3+ Dy? +2Av+D, =0 (4.22)

where
D, :(X{X:{’)i D, =(X§X§),
20 = (X% )+ (xpx)), A =(XX3).

Since the asymptotic lines have stationary tangents at the points of intersection with the
flecnode curves, one can find from (4.22) the equation of the flecnode curves in the form

41Dy dia ) 2diD ) (4.23)
dv 42 dv 12 dv 42

Now, let us take the curves u=0 and u=o as the flecnode curves in the representation
(4.20) of the ruled surface. One will have then

B_const,  22—const (4.24)
/15 2{7

Inversely, if the plane curves (4.21) and (4.21a) satisfy the conditions (4.24), they will be
the flecnodes of the ruled surface formed by the lines which join the couple of corresponding
points at the same values of the parameter v on the two curves.

The conditions (4.24) are satisfied if the two curves are straight lines which correspond to
each other in any arbitrary way, as one has then D, = D, =0, which is obvious.

Let us consider the case where a single flecnode, for example the flecnode e,, is a
straight line (D, #0, D, =0). Let

Y=Y,=0, Z=-y

be its equations, and let the affine arc length of the flecnode e, be chosen as the parameter v,
which amounts taking D, =1; the conditions (4.24) are then reduced to

A ==Xy, =1 (const.),

of which

X, = —Ij%Jrconst. (4.25)
1
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We notice that the flecnode e, can be an arbitrary curve in the plane Z =y, and that the
correspondence between the flecnode points depends on two arbitrary constants. Thus we can
say:

Theorem 4.4.1: A given straight line and a given plane curve are the flecnodes of «? ruled
surfaces, which can be obtained by two quadratures. (A second quadrature be necessary for
knowing the affine arc length.)

In general, for two given curves, one can find «® ruled surfaces having one of these curves as
a flecnode branch.

Let us suppose that none of the flecnodes (4.21), (4.21a) is rectilinear (D, #0, D, #0).
One can then determine the parameter v in such a way to make one of the quantities D,, D,,
A be constant; the conditions (4.24) will be thus equivalent to any two of the following three

A=(xx5)=1 (4.26)
D, =(xx/)=m,, D, =(X;X;)=m, (4.27)

where one of the constants |, m;, m, is given and the other two remain arbitrary. Let the
flecnode e, be given, and let us fix the parameter v on that curve by the condition D, =m,.
One can replace the equation D, =m, by that one which resulted of the elimination of the
derivatives y;, y; between the equations (4.27) and the derivative of (4.26):

AXIXY — My X2+ AXX, +m,xy” = 0. (4.28)

This is a RicCcATI-equation which provides us by x;; from which, the equation (4.26) gives us
y, and it still remains to carry out two quadrature to find the functions x,, y,, which contain
consequently five arbitrary constants. Thus,

Theorem 4.4.2: There exists «° ruled surfaces which have a given plane flecnode curve and
of which the other flecnode be found in an arbitrary given plane; the determination of these
surfaces requires the integration of a RiICCATI-equation and three quadratures.

4.5 A ruled surface whose flecnodes are situated in two parallel
planes

For the affine arc length of the flecnode curves, one has from (4.26), (4.27)

v

1 1
o, = I(X{X{')3 dv=m? (v —vo),

Vo

[

(4.29)

v 1 2
o, = I(X§X§)3 dv=mj (v —vo),

Vo

from which we notice that the corresponding affine arc lengths of the two flecnodes are
proportional.
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Thus, for interpreting equation (4.26), let us introduce the notation of the tangential image”
of a plane curve

X =x(v), Y =y(v),

dx dy
do’ do
tangential images of the flecnodes with respect to the same origin O, one sees that the area S
of the triangle formed by the point O and the two correspondent tangential images is constant;
in fact

szl( dx_dy, _ dx, dylj: - const. (4.30)
2 dGl dO'Z dGz dGl Z(mlmz)%

it is the extremity of the vector ( ) applied at a fixed point O. Now, if one takes the

Thus,

Theorem 4.5.1: In order that two curves situated in parallel planes be the flecnodes of a
ruled surface, it is necessary and sufficient that the correspondence determined between these
curves by the generators of the ruled surface satisfies the following conditions:

(1) The correspondent affine arc lengths be proportional.

(2) The area of the triangle formed by a fixed point O and two correspondent tangential
images relative to the origin O be constant.

One can give the previous conditions in a remarkable Euclidean form. Let us designate by
s,S, and p;, p, the Euclidean arc lengths and the Euclidean radii of curvature of the
flecnodes e, e, respectively, and let & be the angle of two correspondent tangents. One has

dsf = (x> +y;? ) dv?, ds; = (g +y3* ) dv?,
1 (xx) 1 (%x)
yzi (lez_’_yl/z)% P2 (X£z+y£z)§

S :%\/xl’2 + yl’z\/xg2 +y¥siné,

and taking into account the equations (4.26), (4.27), we notice that the conditions of the
previous theorem may be written as

3

1) (ﬁj =M and
ds, m, 0,

2) -1 _nsin‘e (n=const.).
PP2

* BLASCHKE [5] p. 29
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4.6 The harmonic transformation

Consider, on a ruled surface %, two curves c,, ¢, which intersect an arbitrary generator g in
two points M,, M, respectively. Let a,, a, be the two asymptotics through these points, and
let us consider, on the consecutive generator g’, a pair of points N,, N, which is conjugate to
the pairs of intersection of g' with the pairs of curves (c,, c,) and (a,a,). The pair
(Nl, Nz) is well defined if the curves c,, ¢, are not asymptotics. When g’ tends towards g,
the points N;, N, will have the limits M,, M, distinct from M;, M,. By applying the same
process on all the generators of X, one will obtain a pair of curves T, T, which is called the
harmonic transformation of the pair (c,,c,).

Let
f =u”U(v)+2uV(v)+W(v)=0 (4.31)
be the equation of the pair of curves (c,,c,); it is equivalent to two equations of the form
u=u(v), U=u,(v)
which represent separately the curves c,, c,; one has

%Jl, U U, W

U +U, =—
1 2 U

It can be proved that the equation representing the harmonic transformation curves T;, T, of
the pair of curves f =0 takes the form (cf. [48] p.52)

f-|(f,¢)—2¢.5(f)—u-a(f-%j:o, (4.32)

where

and &, I, J indicate the discriminant, the harmonic, and the Jacobian of the quadratic forms
between brackets respectively. We notice that, if one takes the curves v =const. and
u=const. as the generators and the asymptotics of the ruled surface respectively, then
equation (4.32) takes the form

of

The harmonic transformation is symmetric; if it is twice applied on a pair of curves, this pair
Is obtained again. Moreover, we are going to show that,

Theorem 4.6.1: The harmonic transformation of the flecnode curves are the LIE-curves.
Let g, g’ be two consecutive generators; (F, F,), (F/, F,) be their flecnode points; H,,

H, be the points where the asymptotics a,, a, issued of F;, F, intersect g’; finally N,, N,
be the points in the same time conjugate to the pairs (K, F;) and (H,,H,). Itis sufficient to
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prove that N,, N, tend towards the Lie-points of g’ when g tends towards g’. Among the
linear complexes which contain the osculating linear congruence along g’, there exists a
complex K* for which the pairs of asymptotic tangents at the points (F,F,) and (Hy,H,)
are polar. It is obvious that this complex tends towards the osculating linear complex K’
along g'. The complex K" defines an involution 1™ in which correspond the point of contact
and the pole relative to " of a variable tangent plane passing through g’; and according to
what precedes, this involution contains the pairs (R, F,) and (H,,H,); its double points will
be therefore N, and N,. On the other hand, the involution 1’ defined in the same way by the
osculating complex K’ has as double points the Lie-points of g’; and since X' is the limit of
K*, 1" is the limit of 1, which achieve our demonstration.

We notice that, by supposing A = const., the equation of the LiIe-curves is

99 0 5(p)-205(22)_223[ 22 C0 | _
2 £5(9) M(a\/j 2/1J[6v’av2 =0, (4.34)

As an application on the harmonic transformation, we have the following theorem,

Theorem 4.6.2: If X is a ruled surface with plane flecnodes and ¢, &, designate the planes
which contain its harmonic curves, then the sections made in £ by a pair of planes (a,a’)
conjugate to (gl,gz) correspond by a proportionality of the affine arc lengths, and their
harmonic transformations are the sections produced by the pair of planes conjugate to both
pairs (a,a') and (&,¢,); the osculating quadrics of = are conjugate to the planes &, &,;
finally the correspondent characteristic points of the tangent planes of = along the flecnodes
are also conjugate to the planes &, ¢,.

4.7 The R-family of curves on a ruled surface

Let us consider a ruled surface X described by the equations (3.1) from § 3.1 in homogenous
projective coordinates. Assuming normal coordinates, i.e. B> -~ AC =+1, and assuming also
Y is referred to its asymptotic lines, i.e. a=b=c=0 (cf. 8§ 3.4.2), then the LIE-curves under
this conditions form the Jacobian pair of the couples of curves F =0 and F'=0, where the
last one represents the harmonic pair on the ruled surface, with F from 8§ 3.2 equ. (3.18).

We will attach to each generator g(v) of the ruled surface a system of coordinates
defined by

ix = yY]_ + ZY2 + y’YS + Z’Y4, (4.35)
where

Y, = (Xzy'?'), Y, =—(Xyy'z'),
Y, =(Xyzz'), Y, =—(Xyzy').



4 Flecnode curves and LIE-curves in affine space 105

Differentiating these formulae with supposing the coordinates X are constants and by
replacing the second derivatives of y,z by means of (Ac) from 8 3.1, we will obtain then

Y, = —(ac—b2 —j —bl)Y3 +CY,,
Y, =-aY, —(ac—b2 —j+b)Y.,

Y3’ = _Y]_ + 2bY3 + 2CY4,
Y4’ = _Yz - 23Y3 - 2bY4,

(4.36)

where we put
a=a+A, b, =b"+B, c,=c'+C.

A system oo’ of curves on a ruled surface is called a R-family if these curves make a

projective correspondence between the divisions that they cut on two arbitrary generators.
The R-family can be described by a RiccATi differential equation of the form

u'+a+2pu+yu’=0. (4.37)
A tangent to a curve of the family is
X = y+uz+r[y'+uz’—(a+2ﬂu+yu2)u]

from which
Y,=1, Y,=u-r(a+2Bu+yu?®), Ys=r, Y,=ur.

The tangents of the curves of the family at the points of a generator form a non
degenerate quadric, whose equation can be found by eliminating r and u of the last relations,

aY32 + 2ﬂY3Y4 + 7Y42 +Y2Y3 _Y1Y4 = 0. (4.38)
This equation is reduced to
Y1Y4 _Y2Y3 = 0, (4.383.)

if the surface is referred to the considered R-family. This quadric contains two asymptotic
tangents; they are the tangents of the curves passing through the points

f(u)=0
where f(u) is defined by equ.(3.17) § 3.2. The curves described by these points will be

called the fundamental curves of the family. In general, they do not belong to it, but when
they do, then they are asymptotics; and reciprocally.

The characteristic of the quadric of tangents is defined by the equation (4.38a) together
with that one deduced by differentiation and taking into account (4.36),

Y +2BY,Y, +CY2 —2aY,Y; — 2b(Y,Y, +Y,Y;) - 2¢Y,Y, =0. (4.39)

We notice that this characteristic is composed of the generator g and of a space cubic, which
intersects g in the fundamental points and which can therefore be reducible or undetermined.
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The characteristic cubic decomposes:

(1) inan asymptotic tangent and a conic which intersects this tangent as well as the generator
g, when

(ac1—2bb1+ca1)2—4(ac—b2)(alcl—bf)=0. (4.40)
In this case the R-family is called quadratic.

(2) intwo asymptotic tangents and a line g, which form with g a space quadrilateral, when

a_b_o
Lop= (4.41)

In this case the R-family is called axial.
(3) Finally, the characteristic cubic is undetermined, that is in the singular case when
a, b, c,A B, C arenulls.
It can be proved that, the condition for a curve u=const. of the family to be a plane
curve is that
2(ft/— ") -4 (f, f)+4(ac—b’—j)f*—f7=0 (4.42)
where

f.(u) = a, + 2bu +cu?,

and J(f, ) isthe JacoBIAN of the quadratic forms f(u), f,(u).

Moreover, the condition in order that a curve u = const. be a conic is
2(ff;—f,£)-4f3(f, f,)+4(ac—b*— ) f*— 17 =0 (4.43)

where
fz(u):az +2b2U+C2U2
a,=a—A, b, =b"-B, c,=c"-C.

Let us suppose that the line u=0 be a flecnode curve (A=0), then from (4.42) and (4.43),
the conditions in order that this flecnode be plane, or conic, or coincide with the other
flecnode, are respectively

2aa"—3a’” +4a(ab’—ba')+4aB + 4(ac —b? - j)a2 =0,
(4.44)

I
©

2aa"-3a” +4a(ab'~ba')-4aB+4(ac—b’ - j)a’=0, B
Two of these conditions lead to the third. Hence,

Theorem 4.7.1: The conditions in order that a flecnode of a ruled surface be plane and
double, or conic and double or finally simultaneously plane and conic, are equivalent.
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4.8 The principal family of curves on a ruled surface

If a R-family contains two pairs of distinct curves which are harmonically transformed one in
the other, then it possesses an involution of curves (i.e. all the couples of curves of the family
u = const. cut on each generator an involution) invariant by the harmonic transformation. We
are going to call it R,-family. This family is characterized by the existence of a linear
homogenous relation with constant coefficients between the quantities a, b, ¢ of the form

pa+qgb+rc=0 (4.49)

calculated in a system of coordinates referred to the generator and to the R,-family, where
a, b, ¢ from § 3.1 equ. (3.12). There exists in this family two curves conjugate to the
fundamental curves and reciprocally. These curves have the equation

r—qu+ pu® =0,

they are the double curves of the invariant involution mentioned before; moreover, they are
transformed harmonically in the fundamental curves of the R,-family. Finally, a R,-family is
well determined by the double curves of its invariant involution. It can be proved that the
locus of the axes of the couples of curves which form the invariant involution is a quadric
which contains the generator g. This quadric coincides with the quadric of the tangents when

a+¢ =0 (4.46)
or
A+C=0

which shows that, on each generator, the fundamental points correspond to each other in the
invariant involution.

Now, let us suppose that a R,-family contains, in addition to the considered involution,
two other couples of curves which correspond to each other in the harmonic transformation.
One will have then two distinct relations of the form (4.45), and the quantities a, b, ¢ will be
proportional to the constants, that is to say the family will contain two asymptotics (which
will be obviously its fundamental curves). In this case, any couple of the considered family is
harmonically transformed in a couple of the same family. We say then that one has an
invariant family by the harmonic transformation, and designate it by R, -family. Thus,

Theorem 4.8.1: The necessary and sufficient condition in order that an R-family be invariant
by a harmonic transformation is that it contains two asymptotics.

One can form with the curves of an R,,-family oo invariant involutions by a harmonic
transformations, which have in common the couple of asymptotics of the family.

Let us suppose that a couple of the invariant involution is composed of plane curves. If
these curves are u=0, and u=oo, then we find that the considered family is axial, but if a
single curve of an axial family is plane (but not fundamental), then all the curves of the family
are similarly plane. Hence,
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Theorem 4.8.2: If the flecnode curves correspond to each other in the invariant involution of
a R,-family, and that a couple of this involution is composed of plane curves, then the
considered family is obtained by cutting the surface by a bundle of planes.

As we explained before, the harmonic transformation of the flecnode curves are the LIE-
curves. In the normal asymptotic coordinates, this can be immediately verified, since the
harmonic transformation of the flecnode couple F(u) =0 has then the equation

J(F,F)=0

which represents precisely the Lie-curves (cf. § 4.7). In general the equation of the LiE-curves
in any system of coordinates referred to a R-family is

Ou)=5(F)fu)-I(f,F)Fu)+1J(F,F")=0. (4.47)
One can also deduce the equation of the harmonic curves,

J(F, ®)=0,
or
[F'(u)+2J(f,F)]s(F)-F(u)I(F,F")=0. (4.48)

If the flecnodes are distinct and non asymptotic, these curves and the LIE-curves determine a
R,-family, that we are going to call it the principal family of the surface. Moreover, we will
call the invariant involution generated by these two couples of curves as the principal
involution; it has the harmonic curves as its double curves. The quadric of axes and the
quadric of the tangents, relative to the same generator, coincide for the principal family, or
else this family is axial. Finally, we have the following theorem (cf. [49] p.19):

Theorem 4.8.3: In order that the sections of a ruled surface by a bundle of planes forma R;-
family, it is necessary and sufficient that the osculating quadrics of the surface be conjugate
to two fixed planes x,, =, of the bundle. On each generator, the flecnode points are
conjugate to the fixed planes =, =,. Finally, if two corresponding curves of the principal
involution are plane curves, the principal family is cut out by a bundle of planes.

(A particular case of this last proposition was found by CARPENTER, cf. § 2.7).

4.9 The G-surfaces

We are going to call a ruled surface whose principal family is invariant for a harmonic
transformation as a G-surface. Its principal family contains then two asymptotics (which can
also coincide); but, as the principal family of a ruled surface is in all cases a R, -family, then a
G -surface is sufficiently characterized by the condition that a single asymptotic belongs to its
principal family.

The two considered asymptotics form a couple of the principal involution, of which it
follows that they are conjugate with the harmonic curves (that is to say the double curves of
the involution). Conversely, if a ruled surface possesses two asymptotics which verify the
previous condition, then it is a G -surface. Thus one can say,
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Theorem 4.9.1: In order that a ruled surface be of the class G, it is necessary and sufficient
that it possesses two conjugate asymptotics with the harmonic curves. Moreover, if a ruled
surface possesses two distinct asymptotics which divide in a constant anharmonic ratio a
couple of the principal involution (for example the flecnodes or the Lie-curves), then the ruled
surface is of class G.

To characterize a G -surface analytically, let us assume that the surface is referred to its
principal family. According to CECH, one can normalize the coordinates in such a way that

c=¢a, A=C=0, B=l (e=%1) or b<0, a=c, A=C=1 (449

according to the flecnodes are real or imaginary (cf. § 3.8); the projective invariants h and k
will have respectively the following expressions:

h=4¢a®, k=-16ga’b, or h=4b* k=16ab’.
It will be necessary to express that the family u = const. contains the two asymptotics
b=a2, or k? = uh?®,

where A and u are constants; that is the required condition for the G -surfaces. We notice
from equations (3.112) and (3.114) in § 3.9 that the invariants j,, j, of the flecnode surfaces
of a G -surface are equal and reciprocally.

Among all the G -surfaces, remarkable are those for which the principal asymptotics
coincide. They correspond to

a+tb=0, or k? =4h3,

and are characterized by the property that the harmonic curve is asymptotic.

An another remarkable particular case is that the surfaces which belong to a linear
complex. It is known that, for such surfaces the Lie-curves are asymptotics, and they are
characterized by k =0, (cf. 8 3.6.1). Moreover, a surface of a linear complex is transformed
in itself by the null polarity associated with the complex; it follows that one of its flecnodes is
transformed, by the same polarity, in the circumscribed developable along the other flecnode.
Hence, the osculating plane of a flecnode contains the characteristic point of the tangent plane
of the surface along the other flecnode. And reciprocally, if a ruled surface have this property,
then it belongs to a linear complex. In fact, the osculating plane of the flecnode u =0 and the
characteristic point of the tangent plane along the flecnode u =« are

2aY,—a'Y, =0,
(4c2,c'—4bc,0, 2c),
and their condition of incidence is

ac’'—a'c—4abc =0,
or simply

k=0.
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Now, let us consider a ruled surface having a plane flecnode, whereas the other flecnode is a
conic (cf. CARPENTER 8§ 2.7). It is clear that, such a surface is a particular case of the G-
surfaces; we are going to designate it by G,. Let u=0 and u=co be the flecnodes, then the
conditions that the first will be a conic and that the second will be plane are respectively:

2(aaj —a'a,)+4a(ab, —ba,)+4(ac—b’ - j)a’ -a} =0,

(4.50)
2(cc{—c'c,)+4c(bc, —cby) +4(ac—b* — j)c* —cf =0,
or, by taking into account the relations (4.49),
2aa"—3a"” +4a(ab’-ba’)+ 4(ga2 —b*—j —1) a’ =0,
2aa"-3a” —4a(ab'~ba')+4(sa’ -b* - j-1)a’ = 0.
These conditions are equivalent to the following:
ab’'—ba’' =0, (4.51)
2aa"-3a"” +4a° (ga2 —b*— ] —l) =0. (4.52)

The first one characterizes the G -surfaces. Moreover, as the two conditions (4.50) , (4.51)
involve the third, then one has the following theorem,

Theorem 4.9.2: If a ruled surface possesses two of the following properties:

(1) belongsto aclass G,
(2) have a plane branch of the flecnode curve,
(3) have a conic branch of the flecnode curve,

then it possesses also the third and it is a G,-surface.

4.10 The Centro-affine group

The definition of a G,-surface is invariant with respect to the group I" of the collineations
which leaves fixed the plane of a flecnode and the center O of the circumscribed cone along
the other. We will suppose from now on that, the previous plane is at o, and that the point O
remains at a finite distance (this excludes the G,-surfaces belonging to a linear complex); I'
will be then the group of affinity that preserves the center O. One can call it centro-affine
group. To study the G,-surfaces in the geometry of this group, it is enough to consider only
the sub-group T'; of the group T

Some preliminaries of the centro-affine geometry will be necessary. Let, in a Cartesian
system with origin O,

X, =X (), (i=1,23) (4.53)

be the equations of a curve which does not lay in a plane passing through the origin O, such
that

(xx'X") #0. (4.54)
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We will define the centro-affine arc length of the curve (4.53) by the invariant integral
S= j(x x'x")% dv

and we are going to take the parameter v as the arc length thus defined, that is which
supposes

(xx'x")=1 or (xx'x")=0.
One will be able then to put

X" =KX +Tx (4.55)
where

T =(xx"x"), K =—(xx"x")

are the invariants of the group I'; of orders 3 and 4 respectively. When the parameter v is
arbitrary, the expressions of T and K are (cf. [49] p.24)

(XX Xm) . Ny 5 5 (XX’XW)Z
: K=%(xxx")3 300

—4(xX"X")=(xx'x") (4.56)

T is the invariant already considered by TzITzEICA [69], whose Euclidean expression is

1
T=—-.
7d?

We will attach to a point M (x) of the curve (4.53) a principal trihedral of origin M, defined
by the unit vectors x’,x",x". Designating by Y the coordinates of a point P(x) relative to the
principal trihedral, then

X =X+ XY, +X"Y, + X"Y;.

Taking into account the relations (4.55), one can write the equations of the curve in the
vicinity of the point M (x) as

X =X+ XV + 3 XV + (KX TV + & Tx+ (T + K )X+ Kx" v +...

or
_ 1 3 n,,4
Yy =v+EKv?+(T+K )W+,
_ 1,21 4
YZ_EV +§KV +...,
—1Ty3 L 1Tn4
Y3—€TV +ﬁTV +...

The first two of the previous equations represent the projection ¢’ of the given curve ¢ on its
osculating plane in M, made parallel to the direction OM. If one brings together the
developments analogue to the affine geometry of plane curves, one sees that the invariant K
and the centro-affine principal normal of ¢ coincide with the curvature and the affine normal
of ¢’ respectively.
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Now, let us consider a ruled surface X, tangent along the curve ¢ to the cone which
projects this curve from O. Let the curve ¢ be represented by (4.53), then the surface = will
be represented by equations of the form

X =x+u(@ox+X) (4.57)

where  is a function of v. Let us calculate the quantities a, b, c; A, B, C for the surface X.
One can identify the equations (4.57) with the equations (3.1) from § 3.1 by putting

Vi=X, Ys=1 Zi=wX+X, 2,=0 (i=12,3). (4.58)
One will have then
e2¢9 — ‘( Zylzr)

from which

=[]

!

o
0'=5".

Let us introduce in the equations (Ac) in § 3.1, the values of v, vy, z,2z, and their
derivatives drown from (4.58), we obtain finally that

a=1%, b:L(a)z—a)’), CziH,

__3_0)’ — 1 "_ 12 _ 2
A=-32, B 4@2(6(0@ 30 —60° ' +4aT ), (4.59)

where

H=0-30w0"+T — oK.
One has then the following equations for the asymptotics and the flecnodes respectively

20U’ + Hu2+(2a)2—a)')u+a):O, (4.60)
and

(20H'-30'H )’ - (600" —30"” - 60’0 + 40T )u+ 300’ =0 (4.61)

Let G, be a class of the G,-surfaces, for which the plane of a flecnode is at infinity, and the
centre of the circumscribed cone along the other is the point O. If the flecnodes are u=0
(that is to say the curve c) and u =, then from (4.61), one must have

o = const., T —wK = const.
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Thus,

Theorem 4.10.1: The conic flecnode of a G, -surface satisfy a linear relation with constant
coefficients between its centro-affine invariants T and K,

K=T +n (m=0). (4.62)

Inversely, if a similar relation is verified by a curve (4.53) referred to its centro-affne arc
length, this is a flecnode line for a G, -surface, represented by the equations

X =x+u(mx+x). (4.63)
The asymptotic lines of the G, -surface represented by (4.60) are given by the equation
20" +(m* —n)u? +2mu+1=0

which one can easily integrate. Therefore, one knows the asymptotics of a G -surface, as
soon as one knows the conic flecnode and its centro-affine arc length (which is obtained by a
quadrature).

The two asymptotics represented by the equation

(m*=n)u®+2mu+1=0 or u=—-1 (4.64)

m+Jn’

divide obviously the flecnodes in a constant anharmonic ratio. These are therefore the two
principal asymptotics of the surface, which is referred to its principal family. It can be proved
that these two principal asymptotics (supposed real) of a G, -surface are T-curves. Moreover,
if the principal asymptotics of a G -surface are real and distinct, then they correspond to each
other by a proportionality of their affine arc lengths, and centro-affine arc lengths. One can
prove that these last two propositions are also of a projective nature, i.e., the correspondent
projective arc lengths of the two principal asymptotics of a G, -surface are proportional.

Finally, as an answer on the question, under which conditions the flecnode surfaces of a
G, -surface be also G, -surfaces, we have the following theorem,

Theorem 4.10.2: If a flecnode surface of a G -surface is also a G, -surface, then it will be
the same for the other flecnode surface and for all the successive flecnode surfaces; and all
these surfaces belong to a group of unimodular affinities.

4.11 Space curves of constant affine curvature

Let us consider a point x of a space curve, and let us denote by t, p and w respectively the
tangent vector, affine principal normal and affine binormal of WINTERNITZ (cf. SCHIROKOW
[58] p.76). If we denote the affine curvature and the affine torsion of the curve by k and 7
respectively, then we have the following equations (cf. [58] p.77)

(t, p,w) =1, (4.65)

X'=t, t'=p, p'=kt+w, w=rt+3kp (4.66)
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where accents denote differentiation with respect to the affine arc length of the curve.

If we put
pxw=t", wxt=p", txp=w’
we have
(t*, p*,W*):l
p*XW*:t’ W*xt*:p’ t*xp*:W

with the multiplication table

t* p* W*
t{1 0 O
p|0 1 O
wl0 0 1

and thus
t' =—kp* —7w’,
p” =—t" —3kw",
w'=—p".

Now, if we put

xxt=t, Xxp=p, XX W =W,
then we get

t=p, p=kt+w+w’, W=rt+3kp-p"
Now, putting

g=at+at, 7 =ap+ap, @ =aw+aw
where a and a denote constant vectors, thus we get

g =,

7' =Ke+w+aw’,

o' =1e+3Kr—ap”,

@" = A& + Uyt + Vo + a(t* + 6kw*),

@" = e+ wr+vi,o+ a(—lOkp* + 9k'W*)

where
Ao =7'+3K?, A, =1"+9Kk" + 4k,
Uy =7+ 3K, 1 =3K"+ 27" +12k?,
v, = 3K, v, =6K'+7.
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(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)

(4.76)
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Let us call the ruled surface described by the affine binormal of WINTERNITZ of a space
curve the affine binormal surface of WINTERNITZ of the curve.

The affine binoraml surface of WINTERNITZ of a space curve is a developable surface, if ,
and only if, the affine curvature of the curve is equal to zero. And in the case where the affine
curvature is equal to zero, the affine binormal surface of WINTERNITZ is a tangent surface of
the curve x—w/z (cf. [58] p.86). In particular, if k =0, z=const.0, the considered ruled
surface is a cone, and if k =7 =0, itis a parabolic cylinder. We are going hereafter to exclude
the case in which the affine curvature is equal to zero.

Putting
a=(x+Aw)xa, (A:ascalar) (4.77)
in (4.74), we get
e=-Jap’, 7 =Jat", ®=0. (4.78)

Substituting (4.78) in the last three equations of (4.75), and then equating the members on
the right to zero, one obtains

al"=0, am’=0, an” =0 (4.79)
where
I = 3kAt" —(1+22) p’,
m" = (1+ A )t" — A Ap" +6kw’, (4.80)
N’ = A" —(10k + 44) p* +9k'w".
Equations (4.79) are the necessary and sufficient conditions that the straight line with a, a as

PLUCKER’s line coordinates should meet four consecutive affine binormals of WINTERNITZ,
where a is given by (4.77).

Eliminating a from (4.79), we get

(I*,m*,n*):O,
i.e.
3kA 1+74 0
1+ 1A A 2 |=0,

wl  10k+ 44 9K’

which may be rewritten in the form

ayA* +a A +a, =0, (4.81)
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where we have put
o, = 6k’z" —6KK"z + 9K ">t — 9Kz’ + 3k '7° + 27k °k’ — 4kz7’,
o, = 6k'T —6kk” —4kz' +9k'? + 36Kk, (4.82)
a, =3K'.
By virtue of the first two equations of (4.79), we may take
a=I1"xm’,
so that we have
a=yt+y,p+7W, (4.83)
where
7 =—6k(zA+1),
7, =-18k’4, (4.84)
7 =(3K'7=3ke'+7° —9k*) A% + (3K’ +2r) A +1.

Thus the flecnodes on the affine binormal surface of WINTERNITZ of the curve x are
X+ Aw, where A being given by (4.81). And the directions a of the flecnode tangents of the
considered surface are given by (4.83).

By virtue of (4.81) and (4.82), we see that the given curve is a flecnode curve on the
affine binormal surface of WINTERNITZ, if, and only if, its affine curvature is constant and not
equal to zero. Thus, we have the following theorem of MAEDA [39], [40]:

Theorem 4.11.1: In order that a space curve should be a flecnode curve on its affine
binormal surface of WINTERNITZ, it is necessary and sufficient that the affine curvature of the
curve be constant and not equal to zero.
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5.1 The fundamental equations

Let us choose two points on a generator g of a ruled surface £ and denote them by

q(v), dz2(v) (5.1)
For a torsal generator of this ruled surface, we have
(9,92, 91,92) =0. (5.2)

We are going to exclude this case of our study, so that by an appropriate normalization of the
vectors ¢;(v), we can achieve that

(90,9201, 92) = &, k= const. #0 (5.3)
and that the relation
di (v) +Ug, (v), (5.4)

for every fixed value of the parameter u will always describe an asymptotic line on the ruled
surface.

As g,(v) and g,(v) describe asymptotic lines on X, then we have

(th,92,91,97) =0, (h,92,92,95) =0 (5.5)
that gives
(q11CI21C|’21q1’) + (qlvq21qiiq,2’) = 0 (56)

By differentiating (5.3), we have
(%, 95,41, 95) + (0, 9,91, 92) = 0. (5.7)
From (5.6) and (5.7), we find that

(%,92,92,91) =0, (o, 92,91,95) =0. (5.8)

As the vectors g, q,, g1, q> are linearly independent, so one can put g; as a linear combination
of these vectors.

Let
0 = Quth + @il + Prady + Prad. (5.9)

If we set that in (5.5) and (5.8), then we get ¢; =@, =0, which means that g is a linear
combination of just g, and q,. The same can be found obviously for q5.

Moreover, putting q; = s;, q, =5,, and if we assume that u = const. are asymptotic lines and
(5.3) is valid, then the fundamental equations describing the ruled surface referred to its
asymptotic lines as directrix curves will take the form
G = 51, 51 = Quth + @y,
q> = Sy, 55 = Qs + P,

with @1, @, @, @, as functions of the parameter v.

(5.10)
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Setting the quantities j, f,, f;, f, as

1

J =5 (@ +05),

1 (5.11)
fo :E((oll_(ozz)v fi=p, =0
so equations (5.10) will take finally the form
G = S, s;=(]+ fo)a + fig,, (5.12)
qz = 5o, s, = f0, +(J - fo)a..

Fig. 5.1

We are going to choose the points q,, q,, 5;, s, as vertices of the moving tetrahedron (cf. Fig.
5.1), so that from (5.3) we have

(th, G2y 51, 5,) =Kk #0. (5.13)

The lateral planes of this tetrahedron may be described as

lezﬁ(chaqz’ﬁl)' Q, :I%(Cﬁ,qz,ﬁz)a (5.14)
612?(%,51’52): G, :F(q2!51’52 )
so that one gets the following multiplications table
Q Q 6 6,
|0 0 0 1
[0 0 -1 0 (5.15)
/0 -1 0 O
s,/ 1 0 0 0.

Using (5.12) one can find the derivatives of the vectors representing the lateral planes as
follows

Q1 =6, Gr=(]-fo) -9, =0, —0,9,, (5.16)
Q) =6,, G, =—1,+(j+ 1))Q, =—0n Q) + 91 Q,.

For an arbitrarily point p we have
P = Pty + P1dy + P51+ PsS, (5.17)

where (p,, Pi, P,, P3) are the local coordinates of p.



The equation of an arbitrarily plane
Ql = aOQ]. + a]_Qz + 8.261 + 8.362
in the local coordinates takes the form

AP~ P —a P, +3,P; =0

To find the effect of parameter transformation, let us set

v="Ff(")
with
dv’ _ _1y
dV _¢(V)’ A(V)_z ¢
Hence,
dog; _ 2 dg _ _
dV* _¢ dV* _¢ 5I
so that
dg, d - .
(q11q21_q11 qi):¢ Z(ql!qZ!qlqu)-
dv® dv
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(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

Generally, the condition (5.13) remains not fixed by the parameter transformation. In
order that this condition remains fixed, we have to couple the parameter transformation with a
renormalization of the vectors g;(v) by putting g; = pg;. We are going to call this coupled

transformation the * —transformation.
Applying this transformation, we get

* d T - i '
5 = dq* =¢ l(pqi +p91)
V
and hence
. . dg; dq; - ;o
(@ 65—, =82) = p*62(q,,q,,45,00)-
dv® dv

1
Setting p = ¢?, we get

1 21
qi =%, s, = ¢ 2(s; + Agy).
From (5.24), we have

dgi* -3 ' '
F:¢ 2[5i +Aqi + As; _A(5i+Aqi)]
v

=g 2[5+ (A - A)q;]

(5.24)

(5.25)

(5.26)

(5.27)
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and hence,

% =67 [ (e + A = A)d; + o0 |

i * o (5.28)

e =07 futii (g + A= ) |
Using (5.11), one can find the transformation formula for j in the form

=7 (A=A (5.29)
while the f; are seminvariants of weight 2 with

fr=¢7f. (5.30)
5.2 The osculating quadric — the flecnode congruence
For the asymptotic lines parameter, i.e. u =const., it is valid that

r=q+ug, = '=qi+ug; (5.31)
and from (5.10)

" = (@ + U@y ) oy + (@12 + Uy, ) Qs (5.32)
The condition for an inflexion point is

t"=0(modg,1') (5.33)
but ¢"is a linear combination of ¢ and ¢’ if, and only if,

@1, Uy =U(@; +U@,,). (5.34)
It follows that a point g, +ugq, is a flecnode point on the generator if, and only if,

O (U,v) =@, + (@ — @ U+ @uu” = fu? +2fu—f, =0 (5.35)
which means that the flecnode points coincide if, and only if, the discriminant

A= f7+ i1, (5.36)

vanishes, where it can be proved that A is a seminvariant of weight 4.

The parameter for which A =41, is called by WiLczyNsKI the projective arc length of the
ruled surface. Clearly, it is defined only for the ruled surfaces whose flecnode points never
coincide, and it may be represented by

s=[4/A] dv. (5.37)

According to these calculations, we can conclude that if f,, f, and f, vanished, then it
follows from (5.12) that, for every fixed value of the parameter u, the relation
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"

(Ch"'uclz) = j(CI1+UCI2) (5.38)

is valid, which means that the curves u = const. on the surface are straight lines, from which
the surface is a quadric.

Moreover,

Theorem 5.2.1: If the functions f,(v), f,(v), f,(v) and j(v) are given, then the ruled surface
is uniquely determined, up to a projective transformation, as the solutions of system (5.12)
are with these initial values uniquely determined.

The equation of the osculating quadric along a generator v =v, in the local coordinate
system takes the form

PoPs — P.p, = 0. (5.39)
Parametrically, it may be represented as

Z(u, W) = s, +US, + Wg; + UW,. (5.40)
The polar plane of a point

Aoy + &, + 8,5, + A35,, (5.41)
with respect to the osculating quadric, is represented by the equation

L +aQ, +a,5, +a,5,, (5.42)
since this polar plane has from (5.39) the equation

AP — PP, +3,p; =0 (5.43)
and from (5.19), this represents the plane (5.42).

As we explained before (cf. § 2.4), the osculating quadric contains two sets of lines, the
concordant set of lines, which consists of the lines

(s, +Waqy, 5, + W, ) (5.44)
and its transversal set of lines
(g, +Uq, , 5, +Us, ). (5.45)

The whole of the transversal lines of all osculating quadrics constitute a congruence which
has the surface as its only focal surface, whereas the whole of the concordant lines build the
flecnode congruence. The flecnode congruence is the locus of all the lines (51 ,5,) With
different values of the parameter v.

As an arbitrarily developable of the flecnode congruence contains a line of every
osculating quadric, so we can choose the coordinate system such that the developable is to be
formed by the lines(s,, s,).
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Now let
p=s5 +Us, (5.46)

is the associated focal point, with u depends naturally on v, i.e., by different values of the
parameter v, p describes the associated focal curve. Hence

p=0 (mods,,s,) = s,+us,=0(mods,,s,) (5.47)
and from (5.10)

(@11 + @)y + (@12 + 930U ) g, = 0(Mod sy, 5,). (5.48)
Thus, we get the following conditions

@y + @xu =0, @1, + U =0. (5.49)

Multiplying the first condition with u and subtracting the result from the second one, so we
find the following quadratic equation in u

LY _((/’22 _(/’11)U +puu’ = fu? +2fu—f, =0, (5.50)

The appropriate values of the parameter u determine however from (5.50) the flecnode points
on the associated generator of the ruled surface. So we can conclude that if s, +us, is a focal
point of the congruence, then the point g, +uq, of the same transversal line is a flecnode
point of the ruled surface. Generally, the flecnode tangents build the two flecnode surfaces of
our ruled surface. These flecnode surfaces are the focal surfaces of the flecnode congruence,
as all the focal points of the congruence are located on these surfaces.

The tangent plane of the flecnode surface at the point (5.46) can be described by the
points

(81,82, 01 +UQ,) (5.51)
or from (5.16), through
S, +UG,. (5.52)

We have to notice that this tangent plane coincides together with the tangent plane of the
osculating quadric in the same point, which is also obvious geometrically.

Now we are going to choose the coordinate system so that the point (5.46) describes an
asymptotic line on the focal surface. This is the case if, and only if,

(6, +U6,) (s, +Us,) =0. (5.53)
Because of (5.12), (5.15) and (5.16), it follows that

u'-j=0. (5.54)
Hence, if the coordinate system is to be chosen such that

=0 (5.55)
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then the lines (51, 52) will touch every flecnode surface along an asymptotic line. That means
the asymptotic lines on both flecnode surfaces correspond to each other. So we can conclude
that the flecnode congruence is a W-congruence, as we already explained before. We are
going to call the coordinate system, for which j =0 is valid, a CARTAN’s coordinate system,
and its associated parameter a CARTAN’S parameter.

5.3 The ruled surfaces in line coordinates — The osculating

congruence

From the differential equations (5.10), it follows that the differential formulae of the six edges
of the tetrahedron (cf. Fig.5.1) are

’

G qz) :(qla 52)—(CI2, 51)
G 51)’ =0 '(CI1a cI2)
)! :_¢21'(qlqu)

(5.56)

!

0a: 52 (51’52)+¢22'(q1:q2)

!

)
C|2,51)

!

(

(
(42,52
( _
( =—(51,52)~ ¢ (2,2

(5152) =@ (dh52) =02 (92 52) = P (1 51) = 022+ (d20 1)

These formulae may be simplified if we use, instead of (g, s,) and (d,, s,), the two linear
complexes

9:(%’52)_(‘12’51)

(5.57)
Q:(ql152)+(q2,51)
so that, we have
5, )=1(v+10
(Cl1 52) 2 (— —) (5.58)
(92.8) =—3(v-1).
The differential formulae (5.56) will hence take the form
(4.9,) =1
(CI1)51)! = 1t1'(cl1)cl2)
(CI2152)' :_fz‘(chaqz) (5.59)

0" =2(81,8,)+2j(h,02)
' =-2 fO'(ql’qZ)

(51,52)’ =jo+fow+ f1'(¢|2|52)_ f '(Cllaﬁl)-
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For these six vectors we have the following multiplication table

(qlqu) (CI1151) (Clz,52) v o (51152)
(1,92 ) 0 0 0 0 0 K
(0. 5,) 0 0 —K 0 0 0
(92, 5,) 0 —K 0 0 0 0 (5.60)
v 0 0 0 -2k 0 0
iy 0 0 0 0 -2« 0
(51,5,) K 0 0 0 0 0

The derivatives of a generator

E:(ql, qz) (5.61)
may now be found as follows

p'=0
"=2(51,5,)+2j(9,9,)=2(sy,5,)(modp)
p"=—1, (a8 )+ foro+ f,(d,,5,)(Modp, p') (5.62)
p' =

(=g

N~

=—f, (a5 )+ fow+ £ (q,,5,) (Modp, p’, p”)
—fz"(q1,51)+ foo+ fl"(qz,52)(m0d]_3,£',£",£'").

N N

In TT° the points p,p’, p" constitute a plane, which also from (5.61) and (5.62), may be
described by the points

(Chaqz)' Y, (51'52)- (5.63)

This plane intersects M7 (cf. chapter 7) in a conic section, whose points represent the
concordant set of lines of the osculating quadric, as an arbitrarily line (5.44) of this set may be
described in the form

(81,8,)+Wo+W (q5,9,). (5.64)
The transversal set of lines may also , from (5.45), be described by

(01, 81)+ U +Uu*(d,, 5,). (5.65)

The four points p, p’, p”, p” determine in TT°a 3-dimenstion space, which correspond in IT°
to a linear congruence, the osculating congruence of the ruled surface. The directrix lines of
this congruence are represented in T1° by the points which are polar with p, p’, p”, p” with

respect to MZ. They are hence the lines (5.65) which suffice the condition

[(q1,51)+u13+u2(qz,gz)}-g"'zo. (5.66)
According to (5.60) and (5.62), it follows the condition
d(u) = fu®+2fu—f,=0. (5.67)

But the values of u, which suffice this condition, correspond from (5.35) to the flecnode
points.
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Hence we have

Theorem 5.3.1: The flecnode tangents associated to our generator are the directrix lines of
the osculating congruence.

Now, let u be a root of the flecnode relation (5.67) which correspond to a directrix line,
then it must be

(o +Uq2)' =0(modd, +Uds,, s, +Us, )

’ (5.68)
(s,+Us,) =0(modgq, +uq,, s, +Us,)
and u’ suffices the relation
fu? +2fou— f/+2u'(fu+ f,)=0. (5.69)
From (5.68) we find that
u'g, =0(moddq, +Uds, s +Us,), (5.70)

(fo+ufy)q,+( f,—ufy)g, +u's, =0(mod g, +ug,, s, +Us,).

Because of (5.67), these conditions are then exactly satisfied if, and only if,
u' =0. (5.71)

Hence one can say that,

Theorem 5.3.2: A directrix line of the osculating congruence is stationary if, and only if, it
touches the associated flecnode curve.

The condition (5.71) is identically satisfied in v if, and only if, the associated flecnode curve
is an asymptotic line. In this case the considered directrix line will be fixed on the whole ruled
surface, and the flecnode curve must coincide with it. All the generators of the ruled surface
cut this fixed line which means that they belong all to a special linear complex. So we
conclude that, if the flecnode curve is an asymptotic line on the surface, then it must be a
straight line. This happens if, and only if, the ruled surface belongs to a special linear
complex, and in that case, this straight line will be the directrix of the complex.

We notice that the roots of (5.67) are

ulyzzf%(—foi,/foz+ flfz):fiz(-foiﬂ). (5.72)

So it will be one root (f, +uf,) if, and only if, A=0, i.e., if and only if both roots coincide
together. If this is not the case now, then (5.71) is valid , because of (5.69), if and only if

fu?+2fu—f'=0. (5.73)
Hence, if both the flecnode points are different, then (5.71) is valid for every common root of
the relations

CD(U,V) = f2U2 +2f0U - fl = O,

'2 ' ’ (5.74)
@, (u,v)=fu’+2fu—f'=0.
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The osculating congruence is stationary if, and only if, E‘“ belongs to the linear space in
IT° which is spanned of p, p’, p”, p”, hence from (5.59) and (5.62), if fj, f), f, are
respectively proportional to f,, f;, f,, i.e.if

fi'=pf. (5.75)
So we conclude that,

Theorem 5.3.3: The osculating congruence is stationary if, and only if, both formulae (5.74)
are proportional.

5.4 A projective classification of ruled surfaces —
The characteristic curve

If we exclude the isolated positions, at which a flecnode curve touches an asymptotic line on
the ruled surface, from considerations, then according to the previous results one can give the
following projective classification of the ruled surfaces:

() Quadrics: The flecnode curve is indeterminate.

(1) Both branches of the flecnode curve are rectilinear: That is the case if, and only if, the
ruled surface belongs to a linear congruence.

(I1)Only one branch of the flecnode curve is rectilinear, but not the other: In this case
belongs the ruled surface to a special linear complex, but not to a linear congruence, and
the rectilinear branch will be the directrix of that complex.

(IV)Non of both branches of the flecnode curve is a straight line.

In both cases (11) and (1V) the branches of the flecnode curve will be:
(A) real and distinct.
(B) coincide in a real curve (a straight line).

(C) conjugate complex.

As it is known that the curved asymptotic
lines of a ruled surface map its generators characteristic curve
projectively and successively, so one can interpret X = fo(v), % = f,(v),

X, = T, (v)

them as elements of a binary domain. According
to O. HEssE [25], this domain can be represented
by the tangents of a conic section k in an
auxiliary plane 7. If now on a ruled surface a
curve-pair is given, then this pair will intersect
every generator in two points, and to the
asymptotic lines through these points belong two
tangent of the conic k, which can be uniquely
well-defined by their intersection point P. Now,
if we repeat that for every generator of the ruled
surface, then the point P will describe in the
plane 7 a curve, which is called by BoL [7] the
hyperbolic image of a curve-pair on the ruled Fig. 5.2
surface (cf. Fig. 5.2).
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Specially, if we choose the flecnode pair of the ruled surface, then its hyperbolic image,
which is well-defined by the ruled surface alone, is invariant up to a mapping of the
hyperbolic geometry with respect to the absolute conic k, and it is called by BoL [7] the
characteristic curve of the ruled surface.

Analytically, the previous classification is characterized by the behaviour of the quadratic
relation

d(u,v) = fu>+2fu-— f. (5.76)
Let us consider in an auxiliary plane the curve whose projective coordinates X,, X and x, are
X = fo(v), % = fi(v), X, = f,(v). (5.77)

We are going to call this curve the characteristic curve of the ruled surface. In the same plane
let us consider a conic section k which is described parametrically as

X, = U, X =U°-, X, =—1 (5.78)

so its equation takes the form xZ + XX, = 0.

The tangent of the conic k in the point (5.78) pass through the point (1,2u,0), so its line
coordinates are

X, = 2U, X, =-1, X, =Uu’. (5.79)
Hence the equation of the conic k in line coordinates takes the form
XOZ +4X1X2 = 0. (5.80)

Now, for the parameter values of those tangents of the conic k, which pass through the point
(5.77), we have

fzuz + 2 fou - fl = 0. (5.81)

Clearly these values represent the flecnode points of the generator which correspond to the
parameter v. We notice that both values of the parameter u coincide together, if the point
(5.77) lie on the conic k. Hence one can conclude the following:

(1) A ruled surface of class (Il) is characterized by that its characteristic curve is a fixed
point.

(2) A ruled surface of class (I11) is characterized by that its characteristic curve is tangent to
the absolute conic k.

(3) For a surface of class (IV-A) lie the characteristic curve in the exterior domain of k,
whereas by the class (IV-C) lie the characteristic curve in the interior domain of k.

(4) For asurface of class (IVV-B), the characteristic curve is a part of the arc of k.
5.5 The osculating linear complex
If the osculating congruence is not stationary, then the five points

E; E/’ E"; Em’ Eiv (582)
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span a hyperplane in I1°. This hyperplane represents the osculating linear complex C of the
ruled surface T along a generator g. The pole u of this hyperplane with respect to M? may
also be considered as an image of the osculating linear complex. As u is polar with p, p’,

and p”, with respectto M7, then we can represent it in the form
u=neto+n(qz, 5,) — N (0, 51)- (5.83)
From (5.63), this vector (5.83) is then polar to p” and p" if, and only if

2n0f0+n2f1+n1f2 :O,

(5.84)
2n0 fo’ + n2 f1’+ nl fz’ = 0.

From (5.74), the triples (f,, f;, f,) and (fg, f}, f,) are linearly independent, if the osculating
congruence is not stationary. Hence the ratios between ny, n, and n, are through (5.84)
definitely specified. If we consider n,, n, and n, as the coordinates

Xy =2n,, X, =n,, X,=n (5.85)

of a straight line in the auxiliary plane, then from (5.84) we find that this straight line passes
through the points f =(f,, f;, f,) and f'=(f;, f/, f,) which determine the tangent of the
characteristic curve (5.77). Hence, we conclude that the osculating linear complex is
represented by the tangent of the characteristic curve. It degenerates if, and only if, u-u=0,
i.e. from (5.83) and (5.60), iff nn, +n{ =0, therefore from (5.85), it must be

X1X2 +4X02 :0, (5.86)

hence, according to (5.80), the straight line representing the osculating linear complex touches
the absolute conic k. So, we can say that the osculating linear complex of a ruled surface
along one of its generators degenerates if, and only if, the tangent of the characteristic curve
touches also the absolute conic k.

If the ruled surface has two non-rectilinear coincident flecnode curves, then its
characteristic curve will coincide with the absolute conic k. So one concludes that all the
osculating linear complexes of a ruled surface, whose flecnode curves are coincident and
non-rectilinear, are special. Conversely, if all the osculating linear complexes of a ruled
surface, which does not belong to a linear complex, are special, then the flecnode curves of
this surface coincide together.

Moreover, The osculating linear complex is stationary if, and only if, the characteristic curve
have a point of inflexion. For, from (5.62), u - p* =0 if, and only if

Ny f+ N, £+ £, =0 (5.87)

but this condition is compatible with (5.84) if, and only if

f, f, f
(f, £, 8=t £/ f|=0 (5.88)
fO” flﬂ f2!

hence iff the characteristic curve (5.77) has an inflexion point.
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Moreover we have,

Theorem 5.5.1: The ruled surface belongs to a linear complex if, and only if, its
characteristic curve is a straight line. This complex is special if, and only if, the characteristic
curve is a straight line which touches the absolute conic k.

Let us find which straight lines
M = (ch +Ud,, 8 +Us,) = (g, 8,) + U0 +U*(d, 5,) (5.89)

of the transversal set of lines belong to the osculating linear complex. It must be that
u-m =0, which leads to the condition

n,u® +2n,u—n, = 0. (5.90)

But this condition implies that the straight line, whose line coordinates are (X,, X, X,),
passes through that points of the absolute conic (5.78), which correspond to the parameter u .
Hence, we conclude that,

Theorem 5.5.2: Generally there exists two lines of the transversal system of lines of the
osculating quadric, which belong to the osculating linear complex of the ruled surface. These
lines are described by the intersection points of the tangent of the characteristic curve with
the absolute conic k. The intersection points of these lines with the generator are the LIE-
points of the generator.

A ruled surface which belongs to a non-special linear complex u is characterized by the
property that the LiE-points on it describe two special asymptotic lines on the surface, as we
already explained before. These asymptotic lines are in the same time complex curves, whose
tangents belong to the linear complex u. Moreover, if the image point u(v) of the osculating
linear complex of a ruled surface belongs to a linear subspace of I1°, then the ruled surface
belongs to a linear complex and u(v) is a fixed point (cf. §7.1).

The tangent of the asymptotic line through a point g, +ug, is described by
(g +Udy, 8 +US,) = (dh, ) +U+U*(d,, 5,). (5.91)

The conic section, which describes in TI° the transversal set of lines of the osculating quadric,
lie hence in the plane, which spanned by the points

(th, 51), o, (92, 52)- (5.92)

The planes E(v) are the osculating planes of the space curve in TI° described by u(v) and
which represent the osculating complexes. If the osculating linear complex is fixed, then all
the planes pass through the image point of this fixed complex. But from (5.59) we notice that

(q,81)" = fip, w'=-2fp, (92,8,) =—T,p. (5.93)

Hence, every linear combination of the points (5.92) with constant coefficients describes in
IT° a space curve, whose tangent passes through the image point p of the generator.
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5.6 The Plane hyperbolic geometry

To explain the relation between the theory of ruled surfaces and the plane hyperbolic
geometry, let us consider a non-degenerate conic section k in the projective plane, and its
equation is represented in the form

<23' F> = 22: Jac XX, = 0. (5.94)

i,k=0

Considering k as the absolute conic, then the coordinates of any point, which does not lie on
k, can be normalized such that

(r, r)=g =%1. (5.95)
The point ¢ describes a curve r(v) in the plane, and by differentiating (5.95), it follows that
(r, ')=0 (5.96)

i.e. ¢’ is polar of ¢ with respect to the absolute conic. The arc length of the curve can be
described by

ds, = ch’,zc’) dv (5.97)

hence
s, =j (x',2)|cv. (5.98)

Assuming that the curve r(v) and the absolute conic k have no common tangent, then it is
always valid that <zc’, g:'> # 0. So, we can find a vector t proportion with ¢"such that

(t, t)=g =+1. (5.99)
Thus, we have
U =at, a 0. (5.100)

From (5.95), (5.96), (5.99) and (5.100) it follows that ¢ and t are two vertices of a polar
triangle of the absolute conic k. The third vertex can be described by n, where n is
normalized such that

<n, n> =g, =+l (5.101)

So we can build the following multiplication table

(5.102)
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We have to notice that in this hyperbolic case two vertices of the polar triangle are always in
the exterior region of the absolute conic (see Fig. 5.3), hence for ¢; it is always valid that two
of them are positive, i.e.

& & & =-1. (5.103)
The differential formulae of the three vectors ¢, t and n can now be found in the form

' = at, t'=—g,ar+e&yym, n' =-yt, y #0. (5.104)
Applying the *—transformation, then the vectors ¢, t and n remain invariant, and

a =¢a, y=¢y. (5.105)
The invariant

5= j adv (5.106)

which is uniquely determined up to an additive constant and the sign, is called the hyperbolic
arc length of the curve, and the absolute invariant

p=§ (5.107)
is the hyperbolic curvature of the curve. If one takes the hyperbolic arc length as a
parameter, then it will be

a=1 y=p. (5.108)
When r(v) describes a curve, then n(v) describes its polar curve with respect the absolute

conic k. The line (r,n) is conjugate to the tangent (r,t) with respect to k, it is thus the
hyperbolic normal of the curve (and of its polar curve). The point

m=n+ pr (5.109)

is called the hyperbolic centre of curvature of the curve at the considered point. From
(5.104), then

m=p't (5.110)

which shows that the curve m(v) is touched by the normal (r,n) of the curve; it is its
hyperbolic evolute. If p’'=0, then the point m is fixed along the curve, the normals (r,n)
pass thus through a fixed point. Such curves are called the circles of the hyperbolic geometry.
They are characterized by that its curvature p is constant. A point of the curve, at which p is
constant, is called a hyperbolic vertex.

Now let the points of the curve g(v) be given as the intersection of two tangents of the
absolute conic k as we explained in 8 5.4. Let the two points of contact on k be described by
the two vectors p,(v) and p,(v) (cf. Fig. 5.3) . Assuming that these points are real and
distinct, then the intersection point r(v) must lie in the exterior region of the absolute conic,
ie.

(rry=¢=1 (5.111)
hence from (5.103) it follows that

& =—&,. (5.112)
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Fig. 5.3

As p,(v) and p,(v) are different points on k, then they can not be polar to each other, i.e.
(p1,p,) =0, so we can normalize these vectors such that

(pip2) =2 (5.113)

and for the renormalization, it is possible that

P =01y, P, =0,p, (5.114)
with
(7102 =1. (5.115)

Hence, the multiplication table of the three vectors ¢, p, and p, takes the form

(5.116)

As ¢ lies on the tangents of the arc p,(v) and p,(v) of the absolute conic, so we can set

P =ap, +dy, Py = a,p, +d,r (5.117)
and as ¢’ is polar to g, then we can put

r'=-2b,p, + 2byp,. (5.118)
By differentiating and using (5.116), we get the following relations

a+a,=0, b+d, =0 -b,+d,=0. (5.119)
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Putting 2b, = a, = —a,, hence the differential formulae of the three vectors ¢, p, and p, take
the form

t'=—2b,p, +20byp,,
p1 = 2bop, — bz, (5.120)
p, = —20p, +byr.

If we choose a >0, then g and « are specified by the relation
a’e =(r', ') =—4bb,. (5.121)
Moreover we find that

t= Zail(_bzpl +byp,),

(5.122)

n=2a " (b,p, +bip,).
From (5.104), as

n=—yt, = <t, n'> =—&y (5.123)
moreover, from (5.122),

n'=2a"[ 2b, (byp, —bip, )+ bip, +hip, | (5.124)
hence we deduce that

y=2by + }Z(Iog %j . (5.125)

The renormalization (5.114) can be established such that p; is proportional to r, from which
is then b, =0, and hence the formulae (5.120) take the form

r' =-2b,p, +20,p,,
p=-byr, (5.126)
p'2 =0,r.

By the renormalization, then

p, = kpy, p, =k™p,  where k =const.#0 (5.127)
and
b, = Kby, b, =k b, (5.128)
Putting
_1b _1by

then (5.121) and (5.125) take the form

o, = dbb,, y=%(|og%j' “A-A, (5.130)
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hence, the arc length and the curvature of the curve will be then described by

s =22 \[[bi, dv, p=#bib|(A2—Ai). (5.131)

Thus, if one knows b, (v) and b, (v) by the normalization for which b, =0, then the curve
will be uniquely determined up to a hyperbolic transformation. Moreover, from (5.126) we
notice that the curve r(v) has a common tangent with the absolute conic if b, =0 or b, =0.

If we take the hyperbolic arc length as a parameter, then from (5.130),

4b, (s)b,(s) = +1, p(s)=r(s)=A-A (5.132)
and by differentiating,

A+A =0 (5.133)
thus, it is valid that

p=2A =—2A, (5.134)

and by a suitable choice of the integration constant, one finds
b =1 o PNy _ 41 SLEE (5.135)
For the condition of a hyperbolic vertex point, i.e. p =const., it will be then, from (5.131)
AN-AN=A-A. (5.136)

If we choose the vectors ¢, p, and p, as base vectors of a projective coordinate system,
then for an arbitrarily point p it is valid that

P = PoX + PoPy + Pipo. (5.137)
It follows from (5.116) that the equation of the absolute conic takes the form

(p,p)=p5+pp,=0 (5.138)
and parametrically it takes the form

Po=U, P = U, p,=-1. (5.139)

Hence, every point on the absolute conic can be, for every value of the parameter v,
described by

q(u,v) = ur —p, +u’p,. (5.140)
From (5.120) it follows that

q = 2q(b,u —by) + (x — 2up,) (U’ —b,u® — 2b,u + b)) (5.141)
i.e. g’ is proportional to q if, and only if,

u’ =b,u® + 2byu —b, = B(u). (5.142)

Thus, we conclude that (5.140) describes a fixed point on the absolute conic if, and only if
(5.142) is valid.
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5.7 DV-set of curves on a ruled surface

By DV-set of curves on a ruled surface one understands a one-parameter system of curves,
which map the generators of the ruled surface protectively and successively (It is called by
MAYER the R-family of curves, cf. § 4.7). Through every point of the surface passes exactly
one curve of the set, and every curve of the set meets each generator just one time. If we
describe the ruled surface by (5.4), these curves can be described in the form

u=f(v). (5.143)

A DV-set of curves is characterized by the following properties:
(1) A DV-setis uniquely determined if three of its curves are given.

(2) The curves (5.143) of a DV-set are described by the solutions of a RiccATI differential
equation of the form

u'=a(v)u®+b(v)u+c(v) (5.144)

and conversely equation (5.144) determines a DV-set by every choice of the functions
a(v), b(v) and c(v), assuming that they are all continuously differentiable.

(3) If aDV-setis given, then the directrix curves and its normalization are specified such that
the curves of the DV-set are described by u = const.

(4) A DV-set is characterized by that the tangents of the ' set of curves along each
generator belong to a quadric surface, which is called the tangent quadric of the DV-set
along the generator.

If we make a normalization such that u = const. describes the curves of a DV-set, then
the parameter u will be not just a projective parameter on every generator, but can be also
considered as a projective parameter of the curves of the set, exactly as we have made before
by the asymptotic lines in § 5.9.

If p(u) is the parametric representation of a conic section k in an auxiliary plane,
assuming that u is a projective parameter, so we can map every curve of the set on a point of
k, which corresponds to the same value of the parameter u.

If beside the DV-set, a curve-pair is given on a ruled surface, then this pair meets every
generator in two points. We can define this pair by an image curve in an auxilarily plane, as
we explained in 8 5.4. Let o (v) and «,(v) are the parameter’s values of the two intersection
points on the generator, so we have to find the two points

p(v) = p(ea(v)), p2(v) = p(az(v)) (5.145)

on the conic section, then draw the tangents through them, and the intersection point of the
tangents is a point of the image curve. We are speaking then about the hyperbolic image of a
curve-pair on a ruled surface with respect to a DV-set of curves.

Now let us build the accompanying coordinate system, i.e. the vertices of the triangle of
reference , then the vertex n(v) will describe also a curve in the auxiliary plane. We are going
to consider this curve as an image of a curve-pair with respect to our DV-set. This pair is
called the median pair of the first one with respect to the DV-set. Their points of intersection
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with a generator are the median points on it. The associated parameter values u, and u, on
the absolute conic correspond to the points of contact of the absolute’s conic tangents through
n(v) (cf. Fig. 5.3), i.e. the points of intersection of the side (r,t) of the triangle with the
absolute conic, as this side is the polar of n(v) with respect to the absolute conic.

As r and n are conjugate with respect to the absolute conic k, then the points of contact
of the conic’s tangents from ¢ and n are harmonically separated. Thus, we conclude that the
median points on a generator separate the intersection points of a given curve-pair with that
generator harmonically.

Similarly, to the curve t(v) corresponds a curve-pair on the ruled surface. This pair is
called the harmonic pair with another given pair with respect to a DV-set. This pair separates
both the given pair and its median harmonically. Their points of intersection with each
generator correspond to the points of intersection of the side (x,n) with the absolute conic. It
is known that only one side of a polar triangle of a non-degenerate conic meets this conic in
non-real points.

The hyperbolic image of the flecnode pair on a ruled surface with respect to the
asymptotic lines as a DV-set is the characteristic curve of the surface, as we explained before.
Its median curves are the Lie-curves with respect to the asymptotic lines.

The flecnode curves, the Lie-curves and the harmonic curves belong to a one parameter set of

curves, which maps the generators of the ruled surface protectively and successively, which is
the principal family of curves on the ruled surface ( cf. § 4.8).

If on a ruled surface two DV-sets of curves are given, then there are generally on each
generator two positions at which the curves of both sets touch each other. These positions are
the contact positions of both sets. As the asymptotic lines build a DV-set on the ruled surface,
then there are generally on each generator two positions at which the curves of a given DV-set
on the surface are touched by the asymptotic lines. They are called the osculating positions
and they are characterized by that the osculating plane of a curve of the set at such positions
coincides with the tangent plane of the surface. These positions may be real and distinct, real
and coincident, or imaginary.

If an arbitrary DV-set on a ruled surface is given, then we can choose the representation
3(uv) =, (v) + gz (v) (5.146)

such that u = const. describes the curves of this set. By a normalization of g, and g, we can
achieve that

(qus 92, 1, 95) =K, K =const. = 0. (5.147)

Putting q; = s,, g5, = s, and choosing q,, q,, S, 5, as vertices of the moving tetrahedron, then
the differential formulae of these vectors take the form (see Fig. 5.4)

’ !
G = 81, §1 = 0ty + 0y + 28151 + 281,55,

, ' (5.148)
d> = 5, Sy = Oyl + Aoty + 255161 +2526,.
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Because of (5.147), it is valid that
B+ B =0.

Fig. 5.4

Applying the *—transformation, one finds that

ik :¢%qk! Sy :¢_%(5k + Aqgy)
where ¢(v) and A(v) as explained before in (5.21).

Moreover we find also that
o = ¢_2 (o —2AL, + A — AZ),
Ay = ¢72 (g —2ABy + A~ AZ)’
ﬂ:( = ¢7lﬂik'
For abbreviation, let us put
a(U,v) = auu® + (0 — o )U — iy,
pu,v) = ,leuz + (B = Bo)U— P,
and

2a(v) = ay; + ayy.

051*2 = ¢5—2 (a12 - 2Aﬁ1z))
ay = ¢72 (0t —2Ap,)

137

(5.149)

(5.150)

(5.151)

(5.152)

(5.153)

(5.154)

If the quadratic equations of ¢ and £, and the invariant a are given, then the ruled surface
and its DV-set are uniquely determined up to a projective mapping.
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Applying the *—transformation, then

B =¢"p, a’ =¢7(a—-2Ap) (5.155)

a’ =g (a+ A - A%, (5.156)
For a curve

u=F(v) (5.157)

on the ruled surface, we have from (5.146) and (5.148) that
3 =5, +Us, +U'qy,

3" = (aqy +Uay )y + (0n, +Uay, +U")a, + 2( By +UBy) s + (S +Ufy +U') s, (5.158)
= 2[,312 +U(By — Pu1) — Uzﬂzl + U’] s, (mod q;,q,,3).

Hence the asymptotic lines on the surface are described by

u' = fg(u,v) (5.159)
and therefore the equation

Bu,v)=0 (5.160)

describes the osculating positions of the DV-set. They are then indeterminate if, and only if,
S vanishes identically, i.e. £, = f3,; =0, and from (5.149), then iff

By =0. (5.161)

The given DV-set composed then of the asymptotic lines on the ruled surface if, and only if,
(5.161) is valid for every value of the parameter v. We have to notice that if £, =0, the
formulae (5.148) take then the same form as (5.10), and it will be a=j, and a will be
identical with the form @ in (5.35).

From (5.149) and (5.151), it is valid along an asymptotic line on the surface that
B'= B, +2B(Bu +Ups). (5.162)

For the asymptotic lines, (5.158) can be therefore represented in the form

3 =5, +Us, + [y,

(5.163)
3" =(f, —a)q, (mod 3,3).
The flecnode points on a generator are therefore described by the equation
a—-p, =0. (5.164)
Our ruled surface is then a quadric surface if, and only if,
a(u,v)=p,(u,v) (5.165)

is valid identically in u and v.
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If one applies the parameter transformation (5.20), the line

(5I(A,v) : 5Z(A,v))

will describe the congruence which is formed by the concordant lines of all tangent quadrics ;
one calls it the concordant congruence of the DV-set. It can be easily proved that, if the two
equations

B(u,v) =0, a(u,v)=0

have a common root for every value of the parameter v, then one of the two focal surfaces of
the concordant congruence is a ruled surface, which is generated by the asymptotic tangents
of the curves of the DV-set. Both focal surfaces of that congruence are ruled surfaces if, and
only if, f(u,v)=0 and «(u,v)=0 are proportional. In this case, the DV-set is called a
stratified set. If a curve of a stratified DV-set is an asymptotic line, then it is a straight line,
and accordingly it is a flecnode curve on the ruled surface. Moreover, If a curve-pair is given
on a ruled surface, whose median curves are defined, and divide the flecnode curves
harmonically, then there exists a well-defined stratified DV-set, whose osculating curves are
that given curve-pair.

Let a two DV-sets on the ruled surface are given, and let the cross ratio formed by the
curves of these two DV-sets with the asymptotic lines be designated by D, hence, if this cross
ratio is constant over the whole surface, then the two DV-sets are called isogonal. If D =-1,
then they are conjugate.

Theorem 5.7.1: A ruled surface is well-defined up to a projective transformation by giving
the hyperbolic image of the flecnode curves referred to the set of the asymptotic lines, and by
giving the value D,(t)of the cross ratio, which the stratified isogonal set makes with the
principal set (cf. § 4.8). With D,(t) =1, then the stratified principal sets are themselves
identified. For these given quantities, there exists always a ruled surface, assuming that the
flecnode curves are distinct (cf. BARNER [3]).

Analogue to (5.14) we describe the side planes of the moving tetrahedron by the plane
vectors

91::%(511’%’51), Q, ::%(ql’qbﬁZ)’ (5.166)
S, = ¢ (91, 51, 5,), S, =+ (92,51, 5,)
Hence the following multiplication table is valid
B 92 S5 5

2,10 0 0 1

92,10 0 -1 0 (5.167)
6|0 -1 0 O

S,/ 1 0 0 O.

Each asymptotic line on the surface corresponds to a fixed point on the absolute conic if, and
only if, equation (5.159) is identical with (5.142), i.e., if, and only if, we put
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b, = fo, by = S — Pos b, = £,.. (5.168)
Moreover, setting
28, =y — Ay, a, =y, a=a, (5.169)
then the differential formulae (5.148) will take the form

= 51, 51 = (a+ag)q, + &g, + 205, +2by5,,

) ) (5.170)
d> = 5, S, = A,y +(a—ay)q, + 20,5, — 20y 5,.

5.8 A curve-pair on a ruled surface

Let a curve-pair is given on a ruled surface, and let us choose it as the pair of directrex curves
of the surface, then the differential formulae (5.148) are valid to represent the surface. But this
representation is not uniquely specified, as still the renormalization

A

q, = ik, 10 = Pl (5.171)
is possible. In order that the condition (5.149) remains fixed, it must be

op, =K =const. (5.172)
since

5, = P15, + Pith, 5, = P58, + Pyds. (5.173)
By differentiating, then

51 = pr(Quth + bz + 25150+ 25,,8,) + 2pis, + pit

o . . (5.174)
= Qg + A, + 21151 + 25,5,

and substituting from (5.171) and (5.173) in (5.174) and comparing the coefficients, we find
that

,éll =fu +&, ﬁlZ = & (5.175)
i P2

Thus, one can establish the normalization in such a way that ,@11 =0, and because of (5.149),
then also f,,.

Assuming that this renormalization is already applied, then
By = Py, =0. (5.176)
From (5.168), then
b, = 0. (5.177)
Hence, the differential formulae take the form

G = 51, s; = (a+ay)q +ag, +2bs,,

) , (5.178)
q2 =57, Sy = Ayt + (2 —a,)q, + 2b, ;.
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From (5.159), the asymptotic lines on the ruled surface are then described by
u’ =hu®—b. (5.179)

On the osculating tangent through the point g, + uq, lies therefore the point

5, +Us, + (b, —b,u?)g, = 5, —byg, +u(s, —b,q,) (Mod g, +uq,). (5.180)
Putting

m, =5, —bg,, m, =5, —b,q, (5.181)
then the line

(o, +ug,, m; +um,) (5.182)

is the osculating tangent through ¢, +uq, and the line (m,,m,) lies on the osculating quadric
of the ruled surface.

From (5.178), if follows that

m; =(a+ +(a — +bs,,
t ( aO)'ql ( y bl)qZ b5, (5.183)
m; :(az _bz)ql +(a—2a9)q, +b,s;.
Moreover, it can be proved that
fo=a, fi=a-b, f,=a,-b;, j=a+hb, (5.184)

where f,, f,, f, and j are defined in (5.11).

Hence the differential formulae of the moving tetrahedron of the curve-pair, whose
vertices are the vectors q;, q,, m; and m, take the form

g = my +byqy, my =(j+ fo)q, + fiq, +bym,,

) ) i (5.185)
q, = m, +Db,q,, m; = fq,+(j - fo)g, +b,m,.

It is clear that b, =0 means that the curve g,(v) touches an asymptotic line on the surface,
also b, =0 means that g,(v) touches an asymptotic line.

Applying the *—transformation, we find from (5.26), (5.29), (5.150) and (5.156) that

G = 4, m=¢7(m+Aq), =g bl =¢7h, (5.186)
"= (j+A =A%), a =g¢%(a+A-A)
By the renormalization (5.171) with p; = const. and if we put p,p;* =k, then
u=ka (5.187)
and
fo=1f, f,=kf, f,=k*f,, b =kb, b, =k b, (5.188)

while j remains unchanged. From (5.147) and (5.185) it follows that
(a1, 92, my, m,) =k =const. (5.189)
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Analogue to (5.166) we introduce the plane vectors

Q= -1 v g2, My ), m, =+ My, My ),
1 kl(ql G2y My) 1 kl(ql 1My) (5.190)
Q, == (4,92, m5), M, =4 (q,,my, my)
so the following multiplication table, which correspond to (5.167), is valid
G 9. ™My m,
2,10 0 0 1
Q2,10 0 -1 0 (5.191)
m, |0 -1 0 O
m,| 1 0 0 O.
Using (5.181) we find that £, and £, are the same vectors in (5.166), and that
ml = 61 - b]_Qz, S):RZ = 62 - bZQl' (5.192)

For the plane vectors we find from (5.190) and (5.185) the following differential formulae

Q, =bQ, +M,, Ny =(j— o) — f1.Q, +bIN,,

. ) . (5.193)
Q) =, +MM,, M, =—1,9,+(j— f,)Q, +b,M,.

We notice that by the transition from point coordinates to plane coordinates it is valid the
following substitution rule

Ak my by J fy a . (5.194)
Qi My by I —-fe a 21,

For the median curves of our pair, it is valid from (5.179) that
b, —b,u? =0. (5.195)

So the median curves, if they are real, will be described by

qt \/ng (5.196)

and if they are conjugate complex, will be described by

gt i\/ng- (5.197)

As the harmonic curves separate both our pair and the median pair harmonically, then they
suffice the equation

b, +b,u’>=0 (5.198)

i.e. the harmonic curves are also described by the equations (5.196) or (5.197).

Using (3.195), then for the median curves it is valid that

u'=(A —A)u. (5.199)
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The median curves touch then the asymptotic lines if, and only if,
A=A, (5.200)

as from (5.179), for the asymptotic lines through the median points it is valid that u’=0. The
median curves of our pair are then asymptotic lines if, and only if, (5.200) is valid for all
values of the parameter v.

Equation (5.199) describes the principal set on the surface (cf. § 4.8) , which explained
before, as this equation suffices both the curve-pair and the median pair. Setting

d, = /2|y, d, =/2]p,]| (5.201)

hence the principal set can be described by the relation

d,d," =u =const. (5.202)

The osculating positions of the set are characterized by that (5.179) and (5.199) give the
same value of u’, i.e. for the osculating positions it is valid that

—by, + (A - A))u+b,u* =0. (5.203)

The osculating curves of the principal set are identical with the median pair of the
harmonic curves of our pair. For, the curves of the principal set, which pass through the points
of the generator sufficing (5.203), separate the harmonic curves harmonically and touch the
asymptotic lines in these points.

Finally, applying the *—transformation, then for A and A, itis valid that

A =¢" (A=A (5.204)

1¢'
2

where A=

5.9 Ruled surfaces through surface strips

It is known that a surface strip can be defined as a space curve, with a given plane at each of
its points, and this plane contains the curve tangent at that point, i.e. this plane is tangent of
the curve. The strip-curve is described by z(t) with t as an arbitrarily parameter, and the strip
plane at t is described by X(t). We are going to assume always that the strip plane does not
coincide with the osculating plane of the strip-curve at any position t.

To find the vertices of the tetrahedron accompanying our strip, we are going to use the
basic formulae of a surface strip explained by BoL ([6], 8§ 59, § 60, § 66).

BoL chooses the points
I, t=r, p=r"-ar (5.209)

as vertices of the tetrahedron, and the planes
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X, T=X 2 =X"-ax (5.206)

as its side planes (cf. Fig. 5.5). For the fourth vertex, he chooses the striction point (central
point) of the developable of the strip

3=x(X, X, X")=x(X, T, D) 5.207)
and the fourth plane is the osculating plane of the strip-curve

3= ¢ ") =1k t v) (5.208)
where

mtoa=xr XT93=xr  =-1 (5.209)

and y, y are constants different from zero.

For these vectors the following multiplication table is valid

r t o np 3
X/{0 0 1 O
/0 -1 0 O (5.210)
211 0 0 0 Y
3/0 0 0 -1 ___ 3 =osculating
plane
We have to notice that the edge (z,t) of the
tetrahedron is tangent of the strip curve, while the tangent
edge (r,3) or (X,%),
which is the intersection of two successive strip t
planes, is called the conjugate tangent to the conjugate
tangent (x, t) of the strip. tangent
3 = central point
Fig. 5.5
The differential formulae for these vectors take the form
¥ =t, X'=%,
t'=p+ay, T =9+aX, (5.211)
y'=gz+at+hr, 9 =§3+aT-hx, '
3=0r 3 =g
For these vectors, the following transformation formulae are valid
r =4, X" =¢X%,
t'=t+2Ar, T =T +2AX, (5.212)
b =@ (n+2At + 2A%), 2" = ¢+ 2AT + 2A%X), '
3* =3 3* = 3

and
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0'=¢7g, G =¢°G, h =¢°h a =¢%@+2A'-2A%). (5.213)
We notice that g, § and h are semi-invariants, i.e. its vanishing has a geometric significance,
(1) §=0 means, from (5.211), that the striction point 3 is fixed, and if § vanishes

identically, then all the strip planes pass through a fixed point.

(2) g =0 means that the osculating plane 3 is fixed, and if g vanishes identically, then the
strip curve is a plane curve.

(3) h=0 this is a sextacktic position or coincidence position of the strip, and if h vanishes
identically, then the strip is called a coincidence strip.

(4) If g and § vanish together, then the strip curve is a plane curve, and the developable of
the strip is a cone.

(5) If g and h vanish together, then the strip curve is a conic section.

(6) Finally, if g=§=h=0, then the strip touches a quadratic cone along a conic section.

If we now draw in the strip plane a straight line through each point of the strip curve, then
we get a ruled surface, which contains the strip curve and be touched by the strip planes.
Assuming that this line coincides neither with (x,t) nor with (x,3), then it may be described

by
g=(t)+a(x3) (5.214)
where « # 01is an arbitrarily function of the parameter t.
A curve on our surface, which meets every generator in just one point, may be described by
qt) =t+az+o(t)r. (5.215)

Applying a parameter transformation with choosing a parameter such that A=3$o(t), then
from (5.211) we find that

qg=t"+a3 (5.216)

hence assuming that the parameter t is established in such a way that (5.216) is valid, then
our curve may be described by the relation

q=t+a;3. (5.217)
Differentiating this relation, we get

qg=a'3+y+(@a+fa)r (5.218)

q'=(a"+0)3+(2a+ga)t +[(a+ga) +a'g+h]x (5.219)
- [an+ g-a(2a+ ga)]5+[(a+ Ja) +a'g+ h]; (modq). .

Our curve is then an asymptotic line on the ruled surface if g" lie in the tangent plane
(@ q), ie.if

a"+g-—a(ka+gda)=0
or if
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"

2a= %+ ga ' —ga. (5.220)

To find the flecnode point, it must be q"=0(mod q,q'), i.e. if

(@+§a)+h+a'g=0,
or from (5.220) if

(%"+ gat+ ga) +2h+24'G =0. (5.221)
Applying the parameter transformation on the conditions (5.220) and (5.221), one finds that,
as «a is an absolute invariant, i.e. ¢ = «, then

a — ¢—1 ’

a.. =9 (a"-2A"), (5.222)

(aat—%J:J?’{(%ﬂ),—ZA'%—ZA( ) 4A( ZAO‘)}.

From (5.213) and (5.220) we get the condition

2a+ 4N —4A =L _op2 g4 _Ga
(94 o
or
4A'=4A2—2A%'+%"+ ga— o —2a (5.223)

this condition means that the point
g =t +a3 =t+a3+2Ar (5.224)

describes an asymptotic line on our ruled surface.

For the parameter t*, the condition (5.221) is valid if

"\ _op @ _op (@) _apd aped
(a) 2Aa ZA(a) 4Aa+8A a (5.225)

+(ga™ +§a) -4A(ga™ + §a) +2h+2a'G =0.

Substituting from (5.223) in (5.225), we get a quadratic equation in A, whose roots are the
required flecnode points.

The strip curve is the flecnode curve on our ruled surface, if this quadratic equation
turned to be linear one, i.e. if the coefficient 60‘ of A? vanishes.
Hence we conclude that the strip curve is a flecnode curve on our ruled surface if, and only if
o is constant. In this case the strip is called a flecnode strip. Moreover, it is valid that
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Theorem 5.9.1: Every strip is a flecnode strip on o' ruled surfaces. The lines of every two
surfaces of these ruled surfaces build with the tangent of the strip-curve and the conjugate
strip tangent along the strip a constant cross ratio.

For a = const., equation (5.223) takes the form

A=A +i(gat-Ga-2a), (5.226)
whereas equation (5.225) takes the form

gat+§a-4A(ga " +§a)+2h=0. (5.227)
Thus, we conclude that the second flecnode point coincides with the strip point if

ga '+ §a =0. (5.228)

Both flecnode curves on our ruled surface coincide together if the condition (5.228)
identically satisfied. This is possible, with « =const., if the ratio between g and § is

constant.

There is then a ruled surface through our strip, on which the strip curve is the only flecnode
curve, if

©|(Qa

= const. = 0. (5.229)

Such strip, for which (5.229) is valid, is called a bi-flecnode strip. Moreover, a surface strip,
for which (5.228) is identically satisfied, is called a pangeodetic strip; thus, one concludes
that,

Theorem 5.9.2: A flecnode strip of a ruled surface is pangeodetic if, and only if, the strip-
curve is a double counted flecnode curve (cf. Theorem 3.3.1).

Assuming, as a special case, that the curve g,(v) of a given pair on a ruled surface is a
flecnode curve. As the flecnode points are described by the relation

fu?+2f,u—f, =0, (5.230)

therefore it is characterized by the condition f, =0. Making the normalization such that
b, =0, then from (5.185) and (5.193), the differential formulae take the form

gy = my + by, my = (j+ fo)a, +bm,,

_ (5.231)
dp =m, +bya, my = foy + (i = fo)az +bm,.

and
Q' =bQ, +MM,, My = (11— fo)Q + 0N, (5.232)
Q) =b,9, +9M,, MY =~ 1,9, +(j + F5)Q, +b,M,.

Moreover we assume that g,(v) does not touch any asymptotic lines on the surface, i.e. we
assume that

b, # 0. (5.233)
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The flecnode tangents (q,,m;) through the points of g,(v) build the flecnode surface
associated with g,(v). This surface have a common surface strip with our ruled surface along
the flecnode curve g,(v); i.e. a flecnode strip.

Let us choose the parameter v such that b, is constant, and setting

ﬁ1 = qll IT‘ll = blq21

_ _ f 5.234

qzzéml, m2:m2+qul_ ( )
hence the differential formulae of these vectors take the form

q =m; +b,, m; = (bb, - f))q +bm,,

N B L [ S A (6:2%9)

b ™ by by

These formulae have the same form as (5.231) with

b=b, B=d, J=bb, T=—f, L=f+0 (5.236)

by by

i.e., q,(v) is also a flecnode curve on the flecnode surface.
As f, =0, then from (5.36) the invariant A takes the form

A= 1. (5.237)
The osculating plane of g,(v) contains, from (5.231), the points

0, q =my +byg,, q; = 2bm, (modq,) (5.238)
this plane will be then, from (5.190), described by

M, —b Q,. (5.239)

From the substitution rule (5.194), then the striction point of the common flecnode strip of
both ruled surfaces is described by

m, —byg,. (5.240)

Each striction point of a flecnode strip is then polar with the corresponding osculating plane
with respect to the osculating quadric of a ruled surface X generated by (q,,q,); alike
naturally with respect to the osculating quadric of (¢, q,).

Using the formulae (5.211), (5.212), that leads for our flecnode strip to set
dr =a,
dzt = ml + ﬁl’

dZU = bl(mz + ﬁz),
dza = ml _ﬁl'

(5.241)
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These vectors related to the tetrahedron accompanying the ruled surface (g,,q,) are described
by
dor = qy,
d,t =m; +biq,,
d,n=2bm, + foqy,
d,3=m; — by,

(5.242)

where d, is explained in (5.201). It is proper by our parameter choice to introduce a constant
factor, so that both sides in (5.241) maintain the same weight.

According to the approach (5.241), it follows from (5.231) that the differential formulae of
the vectors (5.242) take the form

r'=t,
t' =y+ay,
o (5.243)
p'=g3+at+hg,
3=0r
with
a=j+bb, (5.244)
h=f,+2bf,. (5.246)

As the formulae (5.243) have the same form as (5.211), so it represent a strip, where the strip
curve r(v) =q,(v) is our flecnode curve, the strip plane X contains the points g, t, 3, hence
the points g,, m,, m,, and it coincides with the common tangent plane of both ruled surfaces.

The quantities g, § and h are then the invariants of the flecnode strip. We have to notice
that these formulae are valid for a parameter for which b, is constant.

From (5.186),
b’ =¢'b, (5.247)
by differentiating , then
9~ 4 (b 20, (5.248)
Vv

%

Now, if v* is the parameter for which b, is constant, then the left side vanishes, and hence for
this parameter it is valid that

A=A (5.249)

where A is explained by (5.129).

Hence the vector g,(v) is proportional to (m, + A q,), then setting

T(v) = é(ml + Ady) (5.250)
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so q,(v) will have the weight 1 as g,(v), and by a parameter transformation for which b, is
constant, then (5.250) turned to the form explained in (5.234).

The relations
@=q b=b, f=-f (5.251)

which, from (5.234) and (5.236) are valid by choosing a special parameter, remain also valid
by choosing an arbitrarily parameter v.

From m, +bg, =¢ =q, =m, +byg,, it follows that
my =—Adg +0bq,. (5.252)

Taking into account that the rest of the formulae (5.236) as well as (5.244), (5.245), (5.246)
are valid by a parameter transformation, and that for the strip invariants the transformation
formulae (5.213) are valid, so we find further that

J=bb, - A+ A, j=bb, - A+ A’ (5.253)
a=j+], g=7-j+f, G=j-7+f (5.254)
h=fg+2bf,—4Af,. (5.255)

Because of (5.212), the formulae (5.242) take the form

dir =g,

di(t+2Ar) =m; + Ag +big,,
di(n+2At+2A%) = 2b, (m, + Ag,) + foq,,
diz =my + Ag, —big,.

(5.256)

or it may be rewritten in the form

dir =gy,

dit =m; — Ag, +bg,,
dip=—-2Am,; +2bm, + foq;,
diz =my + Adg —big,.

(5.257)

Finally, from the last formula in (5.234), we find that

_ _ f
m, +Aq =m, +Aq, +E0q1
hence
m, =m, +Aq, _é[AﬂTﬁ + (Alz - fo)ql] (5.258)

The lines (m,, m,) belong to the flecnode congruence of the surface X, since these lines lie
on the respective osculating quadric of the ruled surface. The curve m, (v) of the focal
surface (q,,m,) is a focal curve of the congruence if, and only if, it is touched by the line
(my, m,), i.e. from (5.231), iff

j+f, =0, (5.259)
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Specially, q,(v) is a focal curve of the flecnode congruence of X, when (5.245) is valid for a
parameter, for which b, is constant, since, for a parameter of this kind, m, describes the curve
q,(v). Similarly, the curve q,(v) is also a focal curve of the flecnode congruence of the ruled

surface (g,q,), when J+ f, =0 for a parameter, for which b, is constant, thus from (5.236),
when

f, —bb, = 0. (5.260)

As the left-hand side is a semi-invariant, the condition (5.260) is valid for every choice of the
parameter.

Similarly, the lines (m,, m, ) build a torse, when
j—f, =0. (5.261)

For, in this case, the torse condition (ml,mz,m{,m’z) =0 , from (5.231), is satisfied.
Analogue to that, the lines of the flecnode congruence of (¢,q,) through the points q,(v)
build a torse of the second set of this congruence, when j — f, =0 for a parameter, for which
b, is constant, thus from (5.236), when

f, + b, = 0. (5.262)

This condition is also invariant for a parameter transformation and is therefore valid by an
arbitrary choice of v.

Because of (5.236), one can write (5.246) in the form
h=(f,+T,)b. (5.263)

This relation is semi-invariant and is valid therefore for every choice of the parameter. The
case f, =0 means that (5.230) has a root u = o, thus that g,(v) is the second flecnode point
of (q,,9,). Similarly, f,=0 means that q,(v) is the second flecnode point on (g, ). If
h =0, then that is a sextaktic position of the strip. Hence,

Theorem 5.9.3: The second flecnode points of both ruled surfaces for a certain value v, of
the parameter v correspond to each other if, and only if, the flecnode strip has a sextactic
position. The second flecnode curves of both ruled surfaces correspond to each other if, and
only if, the flecnode strip is a coincidence strip.

5.10 Ruled surfaces with two distinct flecnode curves

Assuming a ruled surface X with a distinct pair of flecnode curves is given, and choosing this
pair as the directrices of the surface, then in this case we have to put f, =0 in (5.231) and
(5.232), as the roots of (5.230) must be 0 and . Hence the differential formulae (5.231) and
(5.232) will take the form

g =my +byq,, my = () + fo)q, +bym,,

) ] ] (5.264)
q; = m, +b,qy, my =(j— fy)q, +b,m,
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and
Q, =bQ, +M,, My =(j— o) +bIN,, (5.265)
Q, =b,Q, +9M,, NG, =(J+ f)Q, +b,M,. .
By a parameter transformation, then from (5.186) and (5.204)
® % ® —% ® -2
qt = ¢_f|k’ mt = ¢_2 (mk +’ACIk)21 fo* = ¢—1 fo, (5.266)
be =¢7D, =¢7(J+A-A"), A=¢(A-A
with
_1b _
A = : k=12, b #0. (5.267)
2 b,
Let us define A, by
_1f
A = 4T, (5.268)
which is always possible, as f, # 0. From (5.266) we have
dfo* -3 '
" =¢~(f, —4Af,). (5.269)
\'

If b, =0, then the flecnode curve g,(v) touches an asymptotic line on the surface, moreover if
b, vanishes identically, then the flecnode curve degenerates into a straight line. Similarly
b, =0 means that g,(v) touches an asymptotic line. As f, =0, then the flecnode curves are
distinct.

The transversal lines (g, m;) and (gq,,m,) through the flecnode points are the focal lines of
the osculating congruence of our ruled surface. They are intersected by the lines

(th,92), (0, m5), (9, my), (my,m,). (5.270)

! " m

As the osculating congruence is spanned by the vectors p=(q,,q,), »’, p", ", whereas the

osculating complex is spanned by p, p’, p”, p”, and E‘V, then the later must also contain the
derivatives of the vectors (5.270), then

(g1, m,) =by (g2, m,) +(my,m,)+(j— fo)(ar, 92) +b, (g, my)
hence it contains also the vector

b, (g, my) +b; (95, m,). (5.271)
The osculating linear complex is described then by
£ =b, (g, my) =0 (g2, my), (5.272)

since this vector is polar with the vectors (5.270) and (5.271) with respect to M in TT°.
Differentiating (5.272), we get
A" =b; (q,, my) = b (q,,m,) (5.273)

hence, when b, = 0 and from (5.267), the osculating linear complex is fixed if

A=A, (5.274)
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From (5.267), this condition is valid identically in v if, and only if

b const. (5.275)
b,

The complex ruled surfaces, which belong to a non-degenerate linear complex, are then
described by (5.274) or (5.275). Moreover the complex ruled surfaces, which belong to a
degenerate linear complex, are characterized by that b, =0 or b, =0. For, the linear complex
(5.272) degenerated if, and only if that b, =0 or b, =0.

The line (g, +ug,, m, +um,) of the osculating quadric through the point g, +ug, belongs
to the osculating linear complex if, and only if

bu?—b, =0. (5.276)

This equation describes the Lie-points on the generator. They generate the LiE-curves on the
surface, which coincide with the median pair of the flecnode curves.

Moreover, the harmonic curves on the surface are described by
b,u®+b, =0. (5.277)

For, from (5.195), we find that (5.276) describes the median curves of the directrix curves,
i.e., the flecnode curves. The principal set on the surface is described by

d,d;'u =Kk, k = const. (5.278)

where d, and d, are defined in (5.201).

The connecting line between the points

P = Pody + P2 + Pomy + P3m,
q =09 +Guq, +Q,m; +Qsm,

belongs to the osculating linear complex if, and only if, the vector (p, q) is a linear
combination of the vectors (5.270) and (5.271). This leads to the condition

bl( PoQ; — pzqo) - bz ( P.Qs — qul) =0. (5-279)

If the osculating linear complex is not special, then equation (5.279) describes the associated
null system.
From (5.191), the plane which correspond to the point p in this null system is described by

b, P, + b, PeLQ, +b, PN, + by P, NN, (5.280)

Particularly, to the points q,, q,, m; and m, correspond respectively the null planes £,,
9, M, and N;; the line (g, m,) or p, = p; =0 have the image (Q,,M,), hence (g,,m,).
Both flecnode surfaces are then permuted by the null system of the osculating linear complex.
If the ruled surface belongs to a non-degenerate linear complex, then the associated null
system permutes the flecnode curves, and hence both flecnode surfaces.
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To study the relation between the flecnode surfaces of X, let the quantities which
represent the flecnode curve q,(v) will be given the index 1, and those for g,(v) the index 2.
We are going to denote the invariants of the flecnode surface through g,(v) by overbarred
symbols, whereas the invariants of the other flecnode surface by the symbol A.

The following relations are then valid, by an arbitrarily parameter and from (5.257), for
both strips:

dir; =y, dor, =15,
d,t, =m, +ay, d,t, =m, +a,, (5.281)
diy = 2b, + fiq, d,n, = 2b, — fyq,,
zp=m—a dy3,=m,—aqa,
where
a; = b, — Agy, a, =b,q — Ay, (5.282)
b, =bm, - Am,, b, =b,m; — Am,.
Moreover we find that
a1=j+JTa a2:j+j!
91:_j+T+ fo, O, =—j+]j-"f, (5.283)
G=Jj—J+f, G2=j—j—fo
J=bb,-A+A, j=bb, - A+ A (5.284)
Describing A, by (5.268), then from (5.255) and as f, = f, =0, we have
h1:4fo(pb_A1): hz :4fo(A2 _Ao) (5-285)
Then from (5.285) it follows that
h+h,=41,(A,—A). (5.286)

But, from (5.274), (A, — A) vanishes exactly if the osculating linear complex of the ruled
surface is fixed. Thus, it is valid that,

Theorem 5.10.1: If both flecnode strips of a ruled surface, in the points of the same
generator, have a sextactic position, then the osculating linear complex of the surface along
this generator is fixed. If the osculating linear complex along a generator is fixed and one of
the flecnode strips have a sextactic position, then this is valid also for the other one. If both
flecnode strips of a ruled surface are sextactic, then this surface belongs to a linear complex.

Using a coordinate system in which b, is constant, then the second flecnode point of the
surface (q,, m,) is described by

q+U 9 =ml+%ql (5.287)
provided that T satisfying the transformed equation of (5.230), in which we set f, =0, then

f,a+2f,=0. (5.288)
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From (5.236) and as f, =0 then

2f, _2bf, by
Lo _Blo_ O 5.289
T f 2A (5.289)

The second flecnode point will be then described by

0=-

m, +2A0, (5.290)

in a coordinate system in which b, is constant. In an arbitrarily coordinate system, it will be
described by

my+(2A - A)g, (5.291)

for, the vector (5.291) is, because of (5.266), a semi-invariant and coincides with (5.290) if b,
is constant, i.e. if A =0. Moreover we have,

Theorem 5.10.2: If the coordinate system be chosen such that f, b,"* is constant, then the
point m, will describe the second flecnode point of the surface (q,, m,).

For, from (5.267) and (5.268), this coordinate system is characterized by

2A,— A =0. (5.292)
Analogue to (5.291), the second flecnode point of the surface (g,, m,) is described by
m, +(2A - A)q,. (5.293)

Both flecnode points lie then on the same transversal line of the osculating quadric if, and
only if A =A,, i.e. iff the osculating linear complex of the ruled surface is fixed.

We have to notice that there are no ruled surface, whose flecnode curves are distinct and
in the same time both are conic sections. For, it would be g, =g, =h, =h, =0. From (5.285)
it follows that A = A,, then also from (5.284) j =], and from (5.283) f, =0 which is a
contradiction (cf. Theorem 2.7.1).

The line S_::(ml,mz) of the moving tetrahedron generates a ruled surface called the
accompanying surface. By differentiating £, we get

£ =+ fo)(a,m,) = () - fo)(g, my)

£" =214, (g0, my) + 2 by (g2, my) + (§' + o) (g, my)
(= ) my) + 2(j2 — £2) (@) (mod £) (.294)

£"=(2foby + 410, ) (q my)+(§"+ fo+ 4 fob, — 26, j— 217 ) (., my)
+ (2T + 41y ) (a0 my )+ (= "+ f+Afobib, — 2 j+ 2 ) (q,, m,)
+3(j2_ foz)!(qlnclz) (mOd £, 12_3’)

The point m, describes a flecnode curve on the accompanying ruled surface if, and only
if, through it passes a straight line whose image in IT° is polar with £, £, £" and £". This
leads to the following condition
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(i2-f2) =cfy b (5.295)
where C is constant.

If one takes as a basis a fixed coordinate system, then (5.295) leads to a first order
differential equation. The required coordinate system depends then besides C also on another
parameter. If m, describes also a flecnode curve on the accompanying surface, then from
(5.295), b, and b, will have a constant ratio, i.e. the ruled surface belongs then to a linear
complex. The accompanying surface is called by WiLczyNskI the derivative ruled surface (cf.
§2.4).

From (5.264) it follows by repeated differentiation that
qi =g, +my,
g = (Jj+ fo +bo,)q, +2b,Ag, +2bm,,

q'=(J'+ g+ 4ADD, + 2Abb,)q, + b (4A7 +2A +3] — f, +bb, ),
+(j+ f,+3bb,)m, +6Abm,,

q =[J"+ £+ (j+ fo)° +bib, (6A +10A° +2A; + 4A;
+12AA +6j+2f, +bb,)]q
+[J+3j+2A+4A QA +3A +3]-2f,)+4bb, 2A + A) |ba,
+(2j+2f,)+16bb, A +8bb,A)m, + (8A +16A7 +4j+4bb,)b,m,.

(5.296)

Hence the local coordinates of a point on the flecnode curve are

j+ f02"'b1bzv2+ j'+ fo'+4b122"b&+2b1b2A2V3+m

2N +4A2+3j—f,+bb,
31 v

O =V + I fo34:3blb2v3+ '+ fo +8b1§)22A‘+4b1b2A2v4+...

Cho =1+

Chy =byv + Aby? +by

+...
(5.297)

' 2 H
qlg :b1V2+Ab1V3+bl 2A&+4A&6+J+blb2 V4+“.

Analogue, for a point on the second flecnode curve we have
2A +4A7 +3j+ f,+bb, ;
3 Vit

- f02+blb2v2+ = fo’+2b122lA1+4b1b2sz3+m

Oy =b,v + Azbzv2 +b,

O =1+
(5.298)

' 2 H
o =bv? + Ay +, 2P TR LT EB0s o

O =V + - f°3t3b1b2v3+ ) - f°+4blf;A+8blb2A2v4+...

+...
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Now for an arbitrarily point on the generator corresponds to the parameter v, it is valid that
Pi = Qu +U0y;.

Hence, the osculating quadric will be described by

3
PoPs = PP, = 5| 3fob +4fou+(f—2bb, (A~ A))uv -3fuv+... . (5.299)

5.11 Ruled surfaces with coincident flecnode curves

Assuming that g,(v) is the double counted flecnode curve on the surface, then in this case
f, =0 and the differential formulae (5.231) and (5.232) will take the form

g = m,; +Dbigy, m; = jg, +bm,,

' , . (5.300)
q, = m, +b,q,, mj = foq + jg, +b,m,
and
Qé =bQ, +M,, Sﬁé = +blm:t2| (5.301)
Q; =0, +IM,, M, =—F,0,+ jQ, +b,IM,.

The second directrix curve g,(v) can be arbitrarily chosen. We are going also to assume that
the flecnode curve ¢,(v) does not touch any asymptotic line on the surface, i.e. b, #0. The
flecnode surface of our surface will have also a coincident flecnode curves.

If the parameter v is chosen such that b, is constant, then from (5.234) we have

ql = ql! m. —
_ m; =b. (5.302)
q2 = Eml! m2 = mz
and from (5.236)
b, =b, b = J=bob,, f,=f,. (5.303)
The accompanying vectors of the common flecnode strip will be, from (5.241), described by
dr=q, =, dp=2 :
=g =4 ~ ) b1n_12 (5.304)
dit =y (9, + ), diz=b (% —q,)
and for the invariants of the strip, we have from (5.244), (5.245) and (5.246) that
a=j+j, 9=j-i, G=i-]. (5.305)
h=2bf,. (5.306)

From (5.305) § = g, then it follows that

Theorem 5.11.1: If the double counted flecnode curve of a ruled surface is a plane curve,
then it is a schade contour with respect to a central illumination and conversely.
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Finally, using (5.300) and analogue to (5.297) and (5.298), if we choose the parameter
and the coordinate system such that h, b, and f, are constants, then an arbitrarily point on
the flecnode curve can be described by

j+bb, ,  j'+h+2bb,A Vit
5 V™ + 3

qlleV+Q31+blb2v3+Q4J +h+4b1b2AzV4+
3! 24
j+3bb. i 2j'+h+8ble2 4
G =V +-—; 2 o7 22yt 4
- =y 2
Q13:b1V2+b1 J+§1bzv4+b15l +h+6:(L)0b1b2A2v5+

Cho =1+

(5.307)

and

2
q20=b2v+2A2b§+f2 » 2ADb, +4A2b3'+blb +3jb, S

1

; 4bb, + j'+=h

1=1+b1b22+1v2+ i 30 2 0. (5.308)
2

q22=b2v2+6b2A2+f2 5 8 Al +4b, Ai;Zblb +4jb o,

~3pb,+j V2 16ble2+21+h /A
q23—V+ 3| 24 +.

g,

and the osculating quadric

PoPs— PP, = [(3hblv Fo)ru(Ehve ) ru? (2,4 | (5.309)

5.12 The fundamental mapping —The circular ruled surfaces
The osculating plane of the flecnode curve g, (v) contains the points ¢; and g; from (5.296);
thus it intersects the line (m,, m, ) in the point
= Am; —bm,. (5.310)
Similarly, the point
b, = —b,m, + Am, (5.311)

represents the point of intersection of the same line with the osculating plane of the second
flecnode curve g, (v). Itis obvious that, the two asymptotic tangents through the points

a, = Ag, — by,
a, =—,q; + Ay,

of the generator (ql,qz), pass also through the points b, and h,. This construction can be
used to explain a mapping of the ruled surface in itself, in which each generator will be
mapped projectively on itself (cf. Fig. 5.6).

(5.312)



5 The Method of BoL 159

al ql\(\/) q2 (V) Cl2
Fig. 5.6

Applying the *—transformation, thus remains the two osculating planes unchanged, but
the line (m,, m,) will be changed to (m;,m; ). Similarly, the points b,, b,, a, and a, will be
also changed. We can thus establish v* in such a way that a; coincides with an arbitrary
point P, different from q,, on our generator. The uniquely determined position of a, can
thus be considered as an image of P by our mapping. Such a mapping is called the
fundamental mapping of a ruled surface. Therefore, to find the image of an arbitrary point
P, different from g,, on our generator, one draws the tangent of the asymptotic line through
P and intersects it with the osculating plane of g, (v) Through this point of intersection, one
draws the concordant line of the osculating regulus and intersects that with the osculating
plane of the other flecnode curve. If this point of intersection lies on the asymptotic tangent
through a point P of our generator, then P represents the image of P by the fundamental

mapping.

*

From (3.266), one finds that the effect of using the parameter v" is that

@i =¢ 2 [(A-A)a-ba, ]

. (5.313)

a=¢° [—bqu +(A2 - A)qzj-

Both points have then on the generator the coordinates
___b __A-A

U, = A_A’ u, = b, (5.314)
thus between them exists the relation

bu, —bu = A - A (5.319)
or

byuyu, +( A, — A )u, —b, =0. (5.316)

The relations (5.315) or (5.316) describe therefore the fundamental mapping analytically. It
represents an involution if, and only if,

A=A (5.317)
thus, from (5.267), iff
b const. (5.318)

b,
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Which means that the ruled surface belongs to a non-degenerate linear complex. In the same
time, and from (5.131), this condition means also that o =0, i.e. the characteristic curve is a
straight line.

To find the condition for which two asymptotic lines on the ruled surface correspond to
each other by the fundamental mapping, let us first consider these asymptotics, which from
(5.179) are represented by

u; =b,u’ —by, uj = bus —b,. (5.319)
From (5.315), it follows by differentiation that

2AU, — 2AbLt + Ay — A+ b, (bpuf — by )+ by (byuf — Iy ) =0,
and thus, taking into account (5.315), one finds

A-N=N-A. (5.320)

Comparing with (5.136), then (5.320) means that p=const., i.e. p'=0. Thus, the
characteristic line is a circle, and the surface is a circular ruled surface. Therefore, one can
say,

Theorem 5.12.1: If the fundamental mapping maps an asymptotic line of the ruled surface to
another asymptotic of the same surface, then this is valid for each asymptotic line and the
surface is a circular ruled surface.

The double points of the fundamental mapping satisfy the equation
bu®+(A, - A)u-b =0 (5.321)

which one finds by setting u, =u, =u in (5.316). Let D be the double ratio, which these
double points make with the flecnode points u =0, u =0, then one finds that

24D +% —+4p?, (5.322)
This relation gives a geometrical meaning of the curvature p. Thus,

Theorem 5.12.2: The double ratio of the double points of the fundamental mapping with the
flecnode points have a constant value on each generator if, and only if, the surface is a
circular ruled surface.

The double points generate a pair of curves on the ruled surface called the double curves of
the fundamental mapping, for which we have,

Theorem 5.12.3: The double curves of the fundamental mapping are asymptotic lines on the
surface if, and only if, the surface is a circular ruled surface.
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From the definition of the median curves and the harmonic curves, one concludes that

Theorem 5.12.4: The double curves of the fundamental mapping are the median curves of
the harmonic curves, i.e. they are the locus of the points at which the curves of the principal
set touch asymptotic lines (cf. 8 3.15). Moreover, the double curves of the fundamental
mapping are identical with the Lie-curves if, and only if, the ruled surface belongs to a linear
complex.

The fundamental mapping can also be extended to the flecnode surfaces, in which the
points a, and m, correspond to each other. Thus it develops a mapping of the flecnode
surface on the origin ruled surface, in which the corresponding generators are mapped on each
other. From (5.266), (5.313) one finds that the points

I:m1 + Aql :I
0 =g [(AM) - A)a(v) -b(v)a. (v) ],

(5.323)

for a fixed value of the parameter v correspond to each other by this mapping for the same
value of the projective parameter A on both generators. Moreover, from (5.257) we notice
that, the connecting line between the two points a; and m;, which correspond to each other
by the fundamental mapping, passes through the central point 3 of the flecnode strip along the
flecnode curve g,(v). The projective mapping defined by (5.323) for a fixed v can thus be
considered as a central projection of both generators one on the other with this central point 3
as a centre of projection (cf. Fig. 5.7).

Fig. 5.7

For b, =const., we notice that a, =q,, and from (5.302) one finds that the line connecting the
two points g, and q, passes through the central point (5.240) of the flecnode strip. If one
chooses the directrix curve g, (v) on the given ruled surface, then from that the curve g, (v)
is uniquely determined ; one finds each point g, by connecting g, with the corresponding
central point, and then intersects this line with the generator of the flecnode surface. q, (v)
can be chosen as an arbitrary curve, which has no common points with the flecnode curve
q (v) and which does not touch any generator of the surface. Similarly, one can achieve that
,, under appropriate restrictions, describes an arbitrary curve on the flecnode surface.
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5.13 The flecnode sequel of surfaces

Using the previous calculations of BoL, one can deduce easily the following properties of a
flecnode sequel of a ruled surface, which we are going to summerize without proof (cf. §
2.15):

(1) A real periodic flecnode sequel consists always of an even number of members.

(2) A flecnode sequel terminates if the surface belongs to a special linear complex, and only
in this case.

(3) If a ruled surface of the sequel belongs to a non degenerate linear complex, then the null
system of this complex transforms the sequel into itself, where the flecnode surfaces of
the complex surface at the same level correspond to themselves.

(4) If two consecutive surfaces of the flecnode sequel belong to a non degenerate linear
complex, then all surfaces of the sequel will have the same property. The surfaces with
even number will be projectively equivalent, and alike those with odd number.

(5) All complexes &G of the ruled surfaces of a flecnode sequel, which consists of complex
surfaces, will be described in TT° by the points of the same straight line g. Consequently,
these complexes will have a common linear congruence C, which described by g. Every
line of C remains fixed by the null systems associated with all complexes K. It remains
also fixed by the projectivities, which transform the surfaces and the flecnode strips of the
sequel into one another.

(6) All surfaces of a flecnode sequel of a ruled surface are complex surfaces if, and only if,
there exists a coordinate system, in which all the quanitities f,b*, f,b," and j are
constants.

(7) There exists periodic sequels consist of complex ruled surfaces, whose period is an
arbitrary even number >6.

(8) A periodic flecnode sequel consists always of at least six surfaces.
(9) Each flecnode sequel of period six consists of complex ruled surfaces.

(10) There exists no flecnode sequel of odd period, which consists of complex ruled surfaces.



6  The flecnodal and LiE-curves on a ruled surface of
fourth degree

6.1 Ruled surfaces of fourth degree and STURM-type 111

A rational ruled surface of fourth degree will be cut from each plane in space in a 4™ order
rational curve. This curve have in general three different double points. From that, then the
order of the double curve d and the class of the double developable A are the same and equal
to three. If this structure is irreducible, then this surface is called, according to STURM, a ruled
surface of fourth degree third art X,,; such a surface belongs to a non singular linear
complex.

Each plane of the torse A contains always two generators and a conic section of X,,; any
two of such conics will be cut from the generators of the surface in a projective row of points.
Conversely, if ¢, and c, are two conics, whose planes o and o respectively do not coincide,
and between the points of ¢, and c, there exists a projectivity £, then this projectivity
generates a rational ruled surface of fourth degree (one says c, ~c, in £). The connecting
lines of all the corresponding points in p and o fulfil an axial congruence (3,1) of the torse
of 3" class A, which also touches p and o. All the other planes of this torse cut p and o
in lines, which envelope two osculating conic sections ¢, and ¢, of A. Let the ruled surface
belongs to a linear complex , then one can consider it as the intersection of this linear
complex with the axial congruence, or dually with the congruence of the bisectors of a space
cubic c;. We have to notice that in this case the LiE-curves of X, are asymptotic lines of 6"
order (cf. KRAMES [37] p.255, VVoss [70]).

It is known that two axes of a 3" class torse are to be cut by the planes of this torse in a
projective row of points. Therefore, it follows that, the conic sections, which lie on a ruled
surface of 4" degree 3" art, cut on all the generators of this surface a projective row of
points. As ¥, contains o' conic sections, then it can be generated by «® methods through
two projective conic sections, or through all the lines of an axial congruence of a 3" class
torse, which intersects a conic section, whose plane belongs to this torse. Let y be the null
system associated with the linear complex , then one can replace each point of X, by its
null plane or each tangent plane through its null point with respect to y, so X,, goes into
itself. The double torse A corresponds thereby the irreducible double curve of third order d.
So one can say, the surface X,, is self dual. Because of that, X,, can also be generated from
all the bisectors of a 3™ order space curve, or from the lines of intersection between the
corresponding tangent planes of two 2™ class cones, between them (in general) a projectivity
relation (cf. [37] p.246). Hence, one can say, each non singular linear complex have with the
bisector congruence (1,3) of a space cubic, or with the axial congruence (3,1) of a 3 class
torse a ruled surface of 4™ order STURM type Il in common. Each of such a congruence
contains conversely «o° of such surfaces.

Each osculating plane of the space cubic c, is a bi-tangent plane of the surface, and it
contains always a conic section and two generators of the surface. Let us take this plane as p.
Now, the two generators in o intersect in the pole of p with respect to /C; it is in the same
time the only double point of the surface in p, and doesn’t lie on c,. Thus one has the
following theorem,
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Theorem 6.1.1: In the plane of a conic c,, the double point of the surface which doesn’t lie
on c,, is the pole of this plane with respect to &. When one makes from it the tangents of c,,
then the points of contact are the Lie-points which lie on c,.

KLAPKA [32] depended on the following theorem to construct the flecnode points on %,

Theorem 6.1.2: Let p be an arbitrary generator of a ruled surface X,,, which lie in the
axial congruence C of a space cubic c,, and let p'be an infinitesimally close generator of
p, then through these two lines a regulus R, which lie in C and touches the surface, is
determined. Through each line of the regulus passes a pair of osculating plane of ¢, which
intersects p in a pair of points of an involution J, to which belongs the flecnode pair of p.

To give a proof of this theorem, let us consider the flecnode quadratic form f (t) from §
3.4.1 equ. (3.46), where when f (t) =0, then the point t,y+t,z is a flecnode point on (yz).
We are going to assume that the determinate

=(yzy'z')#0

IS not constant. This assumption is against the assumption of CECH, since CECH’s assumption
is not valid for algebraic surfaces (cf. 8 3.1). The tangent of the curve ¢, ,, i.e. the line
t=(ty+t,z, (t,y+t,2)"), isan asymptotic tangent of the surface in the point t,y +t,z, when

t-(yz)" =0,
i.e. when
2(yzy'2')(tt —tty) = (yy'y'2) &2 +{(yzy'z") - (yoy"z' ) tt, +(22'yz")t3

or simply when

20 (t,t —tit) ) = p(t). (6.1)
Then, it will be
20t =(yz)p(t)+ Za){(yyr)tf +[(zy')+(yz')}tlt2 +(zz')t22} (6.2)

The asymptotic tangent t is a flecnode tangent, when
t-(yz2)" =0, (6.3)
I.e. when t; :t, is a root of the flecnode form
f(t)=20{[(yyy'2)+1(yyy"2) |t
+[(2y'y'?')+(yzyz")+1(zyyz") +1(yz'y"z) |t (6.4)
+[(zz'yz" )+5 (zz'yz") ]tz}—a) o(t)
or simply,

f(t) =20y (t) - o p(t). (6.5)
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Now, let us explain the meaning of the two equations ¢(t) =0 and w(t) =0.

For t, :t, = const., the curves c,,.,,, form a system of parametric lines. If t, :t, is a root of the
equation ¢(t) =0, then the tangent of the parametric line in t,y+t,z coincides with the
asymptotic tangent of the surface. On each generator there exists, when the discriminate of
¢ # 0, two points which have this property. KLAPKA called them the parametric points. If
the points y and z are functions of a parameter t, then the parametric points are not changed
if one substitutes the parameter t by a new one, or if one multiplies y and z by the same
function p(t) #0. By such transformations, the flecnode form f(t) will be multiplied by a
non vanishing factor. Similarly for the determinant @, which vanishes only for the parameter
value corresponding to a torsal generator, whereas ' changes but remains always as a linear
combination of @ and @'. Thus, from (6.5) the form w (t)

w(t) =%§;'(p(t) (6.6)

remains by such transformations as a linear combination of the expressions f(t) and ¢(t),
thus the null points of the form w(t) build on the generator (yz) an involution of the second
degree, to which belongs the pairs of the flecnode points and the parametric points.

O

When ¢, and c, are two projective plane curves in the planes p and o respectively,
where the projectivity relation is determined by the parameter t, then the parameter curves
Cyyst,e (Lot =const.) are plane curves and these planes build a torse of third class. The
intersection of these planes with the torse build an axial congruence C of a space cubic c;, in
which lie the surface with the curves ¢, and c,. It can be proved that the null points of the
form y (t) are the points through which pass two parametric curves in the osculating planes
of ¢;, which intersect in a line r of the regulus of contact R, i.e., since the parametric curves
are plane curves, then the null points of the form w(t) are the intersection points of the
generator (yz) with both the osculating planes of the cubic c,;, which pass through the line r.

From the previous theorem, the construction of the flecnode points can be simply made as
follows:

As we explained before the projective row of points on ¢, and c, build a collineation
between the two planes p and o. Let | be the intersecting line of the two planes, where there
are no points on this line that self-corresponding in this collineation. Let the projectivity S
between ¢, and c, be given by three pairs of points, then also the intersection points of the
tangents of ¢, and c, will correspond to each other in a point correspondence, and the
collineation will be then totally complete. The corresponding pair of lines in this collineation,
which intersect each other on I, will envelope two conic sections ¢, and c,, which
correspond to each other also (pointwise and tangentwise) in the same collineation. Now to
find the self-corresponding points U and V of the involution J, let us construct the tangent
t, of c,. This tangent intersects ¢, in the points of contact of the tangents m and n of c;, see
Fig. 6.1. When m~m and n~f in £, then the planes (nf) and (mm) intersect the
generator (yz) respectively in the required points U and V, which separate the flecnode
points harmonically.
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Fig. 6.1

The construction of the LIE-points on a non-torsal generator (yz) of the surface X, is given
from the following theorem,

Theorem 6.1.3: The tangent planes of the surface in the parametric points T, and T, on the
generator (yz) intersect the surface in two conic sections ¢, and c, respectively. c,
intersects (yz) not only in T, but also in a double point Q, of the surface, similarly c,
intersects (yz) in T, and also in Q,. The LIe-points L, and L, are the self-corresponding
points of the involution determined by the pairs T,, Q, and T,, Q,.

Actually, this theorem is equivalent to the following theorem: the Lie-points L;, L,, the pair
T,, T,, and the pair Q,, Q, belong to the same involution. If this is valid, then the following
cross ratio relation is fulfilled (cf. Fig. 6.2)

( L, LZTlQl) = ( LL,T,Q, ) . (6-7)

Fig. 6.2
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Let us consider an arbitrary plane through a generator p, and let F and P be two
different points in the plane and don’t lie on p, then the point L, and its corresponding point
L,, for which (6.7) is valid, lie on a conic section m, Fig. 6.3, passing through the points
F,P,R,S, L, where R and S are the points of intersection of the lines Fv T, and FvQ,
with the lines Pv T, and P v Q, respectively.

The position of the points F, P, R, S don’t depend on L;, when L, changes, the conic section
m builds a set of conics with the basis F, P, R, S and the pair L;, L, builds DESARGUES’S
involution”. The degenerated conic sections FvR, PvS and FvS, PvR cuton p the
pairs T,, Q, and Q,, T, respectively, such that the Lie-points belong to the involution that
determined by these pairs. They are the common points of the involution, which is determined
by the pairs T,T,, QQ, and T,Q,, T,Q,, i.e. the Lie-points are the self-corresponding points
of the involution, which means that the previous two theorems are equivalent as we assumed.

O
Fig. 6.3
Let the equations of the projective conic sections c,, ¢, be in the form
Y, =0, 3 =t(t+a),
=t(t+a ) Z, = O,
Y- (2 ) ? ) (6.8)
y, = bt?, z,=(t+7)",
2
Vo =(t+c). 2=

where c#0, y#0, a=a #0, and the projectivity is determined by the parameter t. Let p
be the generator (yz) which corresponds to the parameter value t =0. The point t,y+t,z isa
LiE-point on p, when the tangent

q= (t1y+t221 tly’+t22'),
i.e. the line

q :(yy')tf+{(yz')+(y'z)}t1t2+(zz')t22, (6.9)

*) DESARGUES’s thearem says, the pairs of points in which a fixed line is met by the conics of a pencil are pairs of an involution
([60], p. 161).
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is a linear combination of the lines (yz), (yz)', (yz)", (yz)" and (yz)", i.e. when t,:t,
annulled the form

W, W3 Wy W Wy Wy

P P

P P _o, (6.10)
o) . ..

where for simplicity, we put

YiZe — YkZi = Pi =(y2)ik

o =t (YY), +tt {(yz’)ik +(zy’)ik} +t; (22'), .
Thus, since

(
(z2'), =(z2),, =(2'),, =(22'),, =(22'),, =0, (22'),=-ar’,
(¥2), ('), =0, (¥2)s +(2y)s =00 (¥2), +(y'),, =0,
(yz'), +(zy'), =—Ca, (y2'),,+(zy'),, =—r"a (y2'),, +(>y'),, =2rc(y—c),
Pz = Pis = Pua = Pas = P2e =0, Pay =7,
PL=Pia=Pu =0 pi=-aC’,
Py =ay’, pi =—2yc(y+c), (6.1)
Pz = P2, =0, P = —aa, P = —c(2a+c),
PH=r(2a+y),  pu=—(c"+y"+4cy),
pp =—(a+a), pi; = —ab, pri =—(a+2c),
P =2a+2y, P2 = ap, ps =—2(r+c),
pi)=pi’=-1  pi’=-b,
P’ =1, P’ = B, pi =bB-1,
then one finds the form
(a-a)c?y*{a’be’ (a —y)’t —2a’bc’a’ By*tt, + o’ By (a—c)’ti . (6.12)
The point t,y+t,z is a parametric point when
tt, =0 (6.13)

and is a double point when

cz(a—;/)ztl—azﬂyztzzo, and azbcztl—yz(a—c)ztzzo,
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i.e. when

a’be’ (o - )t —¢’y*[(a-c)*(a—y)* +a’fa’b |tt, + o’ By'(a-c)’t; =0.  (6.14)

One notices that the quadratic forms (6.12), (6.13), (6.14) are not linear independent, which
gives the required proof.
O

6.2 An application on a general normal surface of a quadric along a
plane section

The normal surface ¥ of a second degree surface @ along a plane cut c is identical with the
normal surface of the second degree cone T'; circumscribing @ along ¢ (cf. [55], p.290). We
can thus concentrate on the study of the normal surface of the second degree cone. A line
through the vertex S of I, normal to its tangent plane fulfils a normal cone I', of I';,. The
generators of these both cones are in a 1-1 correspondence to each other. If one moves the
generators of I", along the corresponding generators of I";, till they intersect c, then one gets
the generators of . Thus, I', can be considered as the director cone of X. The projectivity
determined by the generators of both cones between the points of ¢ and the improper curve
c, of T', generates the required normal surface, which is in general a ruled surface of 4"
degree and STURM-type IlI.

Fig. 6.4

The normal surface has a double curve of third order; its conic sections lie in planes,
which envelope a developable surface of third class. Now, let the plane cut of the quadric
cone is an ellipse c¢ in the horizontal plane I1,. Let x be the major axis of the ellipse, y be
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the minor axis, and let the cone vertex S be given by its horizontal projection S’ and its
vertical projection S” (in Fig. 6.4 one sees just S"). For the general case, S’ must lie neither
on x" noron y'. A plane through a general generator of the surface is normal to the ellipse ¢
and the contour of the surface in the horizontal projection is its evolute. If one makes two
tangents of ¢ from S’, then the normals of the ellipse ¢ at the points of contact Q and R are
the two lines g and r respectively, which are two generators of the surface in the horizontal
plane. The planes through the conic sections of the normal surface, to which belongs also the
plane at infinity, intersect each of them in the tangents of a parabola (cf. [55], p. 295). Thus,
let the envelope of the lines g, r, X, y be a parabola | in the horizontal plane.

Let us first construct the parametric points on a generator p through an arbitrary point Q
on ¢, and whose horizontal projection is p’. From Q one can construct two tangents t, and
t, of I. Now, if X=qnx, Z=qny, Y,=qnt, Y,=qnt,, and X=p'nx, Z=p'NnYy,
then the horizontal projection of the required points T;, T, fulfil the following equations

Qy, QT zY, _ 7T/
=== (also —+===),
XY, XT/ ( XY} XTl’)
QY, _QT; zY, _ZT,
== also ===),
XY, XT, ( XY, XT, )

since, it is known that three arbitrary plane conic sections of the normal surface cut on each
generator two segments, whose ratio is constant (cf. [55], p.298). Thus the construction of the
parametric points follows as in Fig. 6.4

-  The construction of the double points Q, and Q, of the surface on the generator p:

t, and t, intersect ¢ besides in Q also in the points Q, and Q, respectively. Let the
normals of ¢ in these points be p; and p, respectively. Then, the points of intersection
of these lines with p’ are the horizontal projections Q and Q, respectively of the
required double points.

- The construction of the LIE-points:
The self-corresponding points of the involution defined by the pairs T, Q/ and T,, Q;
are the horizontal projections of the Lie-points L/ and L,. (In Fig. 6.3 this involution is
elliptic, thus the points L/ and L, are schematic, similarly the flecnode points F' and
F,)

- The construction of the flecnode points F' and F;':

The flecnode points can be constructed when one intersects the parabola | with the
tangent t of ¢ in the point Q. If these points of intersection are real, then the tangents of
| in these points are the traces of the planes p and o of the conic sections respectively.
In the vertical plane IT,, let the parabola k be the envelope of the lines x, z, u, v, where
the last two lines are the generator of the surface in the vertical plane. Thus, one can
easily construct the traces of the planes p and o in the vertical plane as tangents of the
parabola k. The generator p intersects both planes in the points U and V which divide
the flecnode points harmonically. The horizontal projections F' and F, of the flecnode
points are thus the self-corresponding points of the involution determined by the pairs
L/,L, and U’ V' (Obviously, it is enough to find one point U’ or V', since
UVTT,)=-1).
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If the intersection between t and | is not real, then one can make the construction using
the middle of the above mentioned involution: Let us construct the tangent t, of the parabola
I, which is parallel to t. From the point of intersection t, N x, let us construct another tangent
n, of the parabola k. As t, and n, are the horizontal and vertical traces of the planes
respectively; these traces intersect p in the middle of the involution.

From the previous construction, one notices that the position of the Lie-points and the
parametric points in the horizontal plane do not depend on the coordinates of the vertex S. It
follows that all the surfaces of the normals, which one gets by the variation of S along a
vertical line, have a common horizontal projection of the LIE-curves.

6.3 STURM-type IX and IV

These two types of ruled surfaces of fourth degree are dual to each other. The surfaces type
IX resp. IV can be considered as the locus of the common lines of a special linear complex
with directrix d and the axial congruence resp. the bisector congruence of a space cubic.
Surfaces of type IX has also d as a triple directrix. A surface X,x can also be constructed
through a torse of 3" class and a pencil of planes projective to it, when both have no common
plane together. Moreover, %, can be constructed by a cubic involution on a torse of 3" class
or also by two conic sections and a straight line which intersects both of them. Each plane of
the bitangent developable of X contains two generators and a conic section which passes
through the point of intersection on d (cf. [37], p.256). If p is the plane of a conic section
c,, then the other planes intersect p in lines which envelope another conic section I.
Theorem 6.1.2 is valid for these surfaces, and it is sufficient to construct the flecnodes on an
arbitrary generator p of the surface:

Let Y be a point of this generator on c,, then one can construct the tangent t, of c, in
this point. This tangent intersects | in two points M, N at which the tangents of | represent
the traces of two planes, which intersect p in two points U, V. Then, the harmonic conjugate
of the intersection point of p and d with respect to U and V is the required flecnode point
on p.

Dually, for a surface of type 1V, one can construct a pair of tangent planes A, x whose
points of contact separate the flecnode on d and the required flecnode harmonically.

We have to notice that since X, or X,, belongs just to a special linear complex, then its
directrix line is its only Lie-curve (cf. § 1.6).

6.4 STURM-type V

This type of surfaces is self-dual. The double curve consists of a conic k and a straight line
¢, which is a double directrix, and it must meet k. From each point of ¢, pass two generators
which meet the residual conic c, of a section by any bi-tangent plane, so that an involution is
generated on c,. The bi-tangent plane through a pair of generators from each point of c,
envelopes a second degree cone of vertex V, where c, is a conic on this cone. The surface
>, can also be constructed by a (2,1)-correspondence between a conic section and a straight
line in a general position, or by a (2,1)-correspondence between the tangent planes of a cone
of 2™ class and a general pencil of planes. Moreover, X, can be considered as the locus of a
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straight line, which always touches a cone of 2™ class and intersects a fixed tangent of this
cone as well as a conic section whose plane touches the cone.

One can then set

Y, =0, z =t(t+1),
=0, =
Y2 : Z, =t+l, (6.15)
Yz =t"—p, 3 =t,
y4:t- Z4:0.

Let the edges of the tetrahedron of reference x =x, =0 resp. X, =X, =0 be two arbitrary
generators p resp. q of the surface; these lie in the plane of the conic section ¢, and intersect
in a point $(0,0,1,0) on c,. The values of the parameter t, which correspond to these
positions, are t =0 resp. t =o0. Moreover, it is valid that

w=(yzy7)=—(t"+p)(t* + 2t +1),

p=[2{(1 +1)(1- p)~Ip}t, 21, ], (6.16)

One can find w from ¢ by differentiation taking t, and t, as constants. The points z(0)
resp. z(oo) are obviously the parametric points on p resp. q; let us denote them by P resp.
Q. The line Pv Q passes through V and is therefore a generator of the quadratic cone. The
parametric equations of the flecnode curve — i.e. its branch which is different from c, -take the
form

xlz{t“(l—p—Iz)—4pIt3—6I2pt2—4I2pt+lp(p—Ip—I)}t(t+1),
t4(|—p—|2)-4p|t3—6|2pt2—4|2pt+|p(p—|p—|)}(t+|),
{t"+1t - 2Ipt - Ip} (t* - p) (6.17)
+{t4(|—p—|2)—4p|t3—6|2pt2—4|2pt+|p(p—|p-|)}t,

X, = {t" +1t° - 2Ipt - Ip}t.
Let us denote the required flecnodes on p resp. q by F resp. G, and let R be the pole of

PvQ w.r.t c,, then one can describe the first three coordinates of the mentioned points as
follows

X X, Xs
Q 1 0 o0
S 0 0 1
v P 0 (6.18)
R 1 1 1
G 1-p-1? 0 1
Q 1-1 o 1
U p 0 I



6 The flecnode — and LIE-curves pair on a ruled surface of fourth degree 173

where Q, is a singular point lying in the intersection of g and k. One can construct point
U as follows: the tangent of c, in P —i.e. the asymptotic tangent of the surface — intersects q
in a point 1; the line S v R intersects Pv Q in a point 2. If one projects the vertex V. from
the point of intersection of 1v2 with p on g, then one finds U. The condition of U is
obvious of the following theorem,

Theorem 6.4.1: The points U and G form a pair in an involution, which is determined by
the self-corresponding point Q and the pair S, Q.

Let x, and x; resp. y, and Yy, be the coordinates of the points H resp. K which
together with Q separate the pair U, G resp. S, Q, harmonically, then it is valid that

X1 =% p _ 1
XI-x(1-p-17)
resp.
Y1
S S——
yi—y (1-1)
i.e.
% _1-1 Yi_l-1
%~ 2 resp. .o 2 (6.19)
so that H =K.

O

From the known points Q, S, Q, and U on g, one can construct the flecnode just with a
ruler. An analogue construction is valid for the flecnode on p and for each arbitrary
generator of the surface.

6.4.1 An application on the arched surface of an oblique passage

This surface has three directrices: two arbitrary congruent circles k;, and k, lie in two parallel
(vertical) planes; and a line n normal to the planes of the circles passing through the mid-
point of the line connecting the centers of the two circles”.

An arbitrary generator of this surface can be considered as the connecting line of two points
with the following Cartesian coordinates:

X =—a+1ICoS®, X=a+rcosy,
y=b, y=-b, (6.20)
z=rsinw z=rsiny
where, if
k = r+a
r-a’

*) For the geometrical characteristics of this surface, s. WIENER [77] , p.475.
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then the following relation between @ and y is valid

tan£ =k tan%. (6.21)

The parametric equations of the curves k, =c, resp. k, =c, can be represented as follows

y, =r—a—(a+r)t?, z =a+r+(a-r)k’t’,
Y, =b(1+t%), 2, =-b(1+k?), (6.22)
Yy, = 2rt, Z, = 2krt,
y, =1+t% 7, =1+ k%%
where t =tan%.
Hence, one can find the parametric equations of the flecnode curve | in the form
X =2ak(p-1 (1+6go+g02)
%, =b(p-1)| (1+k?)(1+ )’ +20(k-1)" |,
=b(p-1) (1+k7)(L+)" + 2 (k1) 629

X = 2Kr (1— k)(1+ 6¢)+(/)2)'[,
X, =(1-K?)(1+¢)’,

where ¢ =kt?. Thus it follows that:
The horizontal projection I" of the flecnode curve is a rational cubic.

The contour of the surface in the horizontal plane consists of the two edges t;, t, and a curved
line, which can be simply proved that it is a hyperbola (cf. WIENER [77], p.479) whose
asymptotes are y' and a. We are going now to show that the cubic I’ has a cuspidal point at
infinity in the direction of the asymptote a. A cuspidal tangent u”, which is the line at infinity
and an inflexion point at the origin O'.

To prove that, let us consider the equation of the surface, w.r.t the Cartesian coordinate
system in Fig. 6.5, in the form

FE[axy+b(x2+zz)T:bz[r2x2+(r2—a2)22} (6.24)

(cf. LORIA [44], p.239).

For eliminating z, one has

oF _
0z =0,

and excluding the torsal generators in the horizontal plane, then the equation of the hyperbola
takes the form

4a2bx2—4a(r2—a2)xy+b(r2—a2)2 =0, (6.25)

from which, the equation of the asymptote a is
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abx—(rz—az)y:O,

ab
r’—a?

thus its direction =

Fig. 6.5
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From (6.23) one finds that the point D”, whose parameter value ¢ =-1, of the cubic I' is a
double point, and that the equation x, =0 has a triple root. The Cartesian coordinates of D”
are then

X XX, =2(r+a):b(k-1:0=(r*-a%):ab:0, (6.26)
thus the point at infinity lies in the direction

X __ab
X, r’—a

2

which verifies the first part of our statement.

The point on I', which corresponds to the parameter value ¢ =1, is obviously the origin
O If 4,x,+4,X%, =0 is the equation of the tangent of I’ in this point, then it must be valid
that

{A(r +2)L-K)(L+6p+ ") = D[ (L+K*)(@+1) +20(k -1 ]| =0,

=
thus

Ay Ay =b| 2k —3(L+k?) |:8ak,
hence, the direction of the tangent i is

A b[zk —3(1+ kz)]

e 82k : (6.27)
The equation of the intersection of i and I’- with x, and x, from (6.23) — is therefore
X+ X%, =0,
that is
(1+K*)(p-1)", (6.28)
which verifies the second part.
O

Moreover, we are going to show that I’ touches the two torsal generators of the surface in
the horizontal plane, and we are going to find the points of contact.

First we show that one of both torsal generators corresponds to the parameter value ¢ =0,

and its direction is —%.
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Let us denote the point on I for which ¢ =0 by T, then from (6.23), its coordinates are

X, =—2ak,
X, =—b(1+k?),
= b(1+K?) (6.29)
X3 = O,
X, =1-k°.
For ¢ =0, one has also from (6.23),
dx, _
Ao 10ak,
dX 2 2
d—;z—b[(nk J+2(1-k)" |, (6.30)
dx )
d—(;=3(1—k )
then the point at infinity on the tangent t; of I in T, is described by
ax _
do 3X,
I.e. the point whose coordinates are
—4dak, 4bk, 0, 0 (6.31)
thus the direction of the tangent t; is —%.
O

From (6.29) one can easily construct T,": Since t; is already known, then it is enough to find
the x -coordinate of T, which is from (6.29)
_ X _ —2ak _r’-a’ .

X, 1-k> 2r (6.32)

Thus, it follows that, if the projections of the two circles k; and k, intersect in a point 1, then
one can measure from the origin O” in the negative direction of x -axis a distance 2r to get a
point 2. From point 1 one constructs a perpendicular to 1v 2 which intersects the x-axis in
the projection T,” of the required point (cf. Fig. 6.5).

For the second torsal generator t;, it is symmetric with t; w.r.t the origin O’ and its point of
contact T, is similarly symmetric with T,'

If the projections of the two circles k; and k, don’t intersect, one can nevertheless
construct point 2, then the required point T," can be determined as corresponding to 2 in the
involution on x defined by the set of circles determined by k" and k.

One can also find T, as the mid-point of the distance on t, which lies between the
asymptotes a and y’, since T, is the point of contact of t; with the contour hyperbola.
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One can now construct the cubic ', since the cuspidal point D* with its tangent u”, the
inflexion point O" and the tangent t; with its point of contact T, are known. This
construction depends on the following : The intersection between two pencils in a [1,2]-
correspondence is a curve of third order, which has the vertex of the 1-correspondence-pencil
as a simple point and has the vertex of the 2-correspondence-pencil as a double point
(cf. WEYR [76] p.124).

Thus let T,' be the vertex of the 1-correspondence-pencil, D* be the vertex of the 2-corresp.-
pencil, and let the direction conic ¢ (cf. WEYR [76] p. 35) be determined w.r.t the inflexion
point O', then according to WEYR ([76] p. 124): If the point, corresponding to which the
direction conic is determined, is an inflexion point, then the direction conic touches a line
which separates with the inflexion tangent the two lines connecting the inflexion with the two
vertexes of the two pencils harmonically, where the point of contact is the intersection point of
this line with the common line of the two pencils.

Hence, the direction conic ¢ touches the cuspidal tangent u” in the cuspidal point D”, and
another line v, which passes through O" and together with the inflexion tangent i separates
the pair of lines connecting O" with T and D” harmonically. Moreover, the point of contact
of v with ¢ lies on the line T/v D”. The conic ¢ touches also the lines t| and T,/vO".
Hence, the conic ¢ is determined by the last mentioned pair of tangents, the tangent u® with
its point of contact D”, and the condition that the tangent in its intersection point with
T,/v D” (which is different from D) passes through O'.

If one applies BRIANCHON’s theorem, then the tangent v of the direction conic, which is a
parabola whose axis parallel to a, can be constructed as follows: Let e be a line passing
through O’ parallel to t, and f be a line passing through T," parallel to a. Then one projects
the intersection point e~ f in the direction T, O’ on t], thus the line connecting this last
projected point with O’ is the required tangent v = y’, cf. Fig. 6.5.

In order to construct the inflexion tangent i, it is enough to find the line which with v
separates the pair T, O’ and a harmonically. Thus one can determine the direction parabola
c; the condition that we mentioned at the beginning can be substituted by the tangent v with
its point of contact V, so that other points of the cubic |’ can be constructed using the
construction of the direction conic.

The construction could be more simple if one has the two points of intersection of a line
s passing through O" perpendicular to a, with the cubic I'. In this case the curve |I" will be
determined by the projection of a 1-corresp. pencil with vertex point O', a 2-corresp. pencil
with vertex point D” and a direction conic w determined w.r.t T, (cf. WEYR [76], p. 148).

The direction conic w is a parabola whose axis is parallel to a, it touches T,'v O" and
also the inflexion tangent i in its intersection point with f. From the point s~ f let us make
two tangents of the parabola w and intersect these two tangents with T, O’ in two points.
By projecting these two points from D* on s, we get M and N, which are the required
intersection points of s with I". It will be O'M =O'N.
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Let us determine the direction parabola h w.r.t M. Its axis is parallel to a and touches s
and the inflexion tangent i in a point on a line b passing through M parallel to a. Since s is
a vertex tangent of h, one can easily construct the focal point F of this parabola. So, one can
easily construct other points on the cubic " as follows:

Let us make an arbitrary line m parallel to a. Let P=mmns, and let us construct n
perpendicular to Pv F through P, so n intersects b in a point Q, whose projection from
O’ on m is a point on the cubic I'.

The construction of a tangent t, of the flecnode curve I" in an arbitrary point Z in the
horizontal projection depends on the basis that this curve is a W-curve. It follows that the
division ratio of the point of contact of the tangent w.r.t its intersection points with a and i is
always the same. This ratio is obvious if one has the tangent t; with its point of contact T,.
Thus, one can construct t, as follows: Let the line T, Z' intersects a in a point A, and t;
intersects i in I. Then the line Av | intersects the line through Z' parallel to t/ in a point
V, and if the line through V parallel to a intersects i in a point W, then the line
Z'vW =t;.

6.5 STURM-type VI and XI

These two types are dual to each other. A surface of type VI can be considered as the locus of
the lines which determine a [2,1]-correspondence between a line ¢, and a conic section c, in
a plane p. The double curve of %, consists of the directrix c, and the conic c,. The surface
Y., has in general a torsal line of 2" order, which is in the same time a double directrix, and
two torsal lines of 1 order. The bitangent developable consists of the triple counted pencil of
planes whose axis is c,. The line c, intersects the conic in a point U (t =0), to which — if we
consider it as a point of ¢, - corresponds a pair of points on c,, one of them is already U and
the second is C, (t =), the cuspidal point of the surface. There exists another two cuspidal
points of the surface on c,, C, and C;, whose connecting line is m. We notice that c, is a
simple directix and therefore a generator of the surface (cf. Fig. 6.6).

Let V be the intersection of t, and m, where t, is the tangent of ¢, in U; Q be the
intersection point (different from U ) of the polar of V w.r.t ¢, with c,, and if one chooses
the tetrahedron of reference so that

U(1,0,0,0), C(010,0), V(0,010), Q(0,0,0,1)
then one can take the parametric equations of the directrix curves of the surface VI as follows

ylzli Zl:(l+t2)21

2=t =0 (6.33)
v, =0, 1z, =2t(t2+1), '
y,=0, z,=t°

Thus, the flecnode form (cf. § 3.4 equ.(3.46)) will be

f(t) =16t*{(t* ~1°t, -, }t,. (6.34)



6 The flecnode — and LIe-curves pair on a ruled surface of fourth degree 180

If t =0, then the point
x=(t"-1)°y+z,
I.e. the point whose coordinates are

X =[ (' -D*+4]t,

_(+2 _1)3
X, = (t°=1)°, (6.35)
X = 2(1+1%),

X, =1

is the flecnodal. The line connecting x with a point A, where

A(t, t*~1, 0, 0), (6.36)
intersects o in the point

B(4t, 0, 2(t" +1), t). (6.37)

The locus of the lines Av B is a surface x of fourth degree with two directrices ¢, and c,,
since the parameter t defines a [2,2]-correspondence between the points A on c, and the
points B on c,. The flecnode line c, is a part of the intersection between the two surfaces u
and X,,. Instead of the point B, ¢, =m; if z,...,z, are the coordinates of an arbitrary point,
then from (6.37)

z,—4z, =0,
is the equation of c,, and for the intersection points of ¢, and c,, one has
(t*-1)°=0. (6.38)

These points are the cuspidal points C, and C;, since the equation

w=(yzy'z?')=0,
for the parameter t corresponding to the torsal lines,
takes the form

t*(t*-1) =0.

For each generator p of X,,, there corresponds
for each value of the parameter t a point A on c, and
a point B on m. If one can construct A and B, then
one finds the flecnode point on p as the point of
intersection of AvB and p. If Z resp. Y are the
intersection points of p with c, resp. c,, then one
can construct B by projecting Z from U on m (cf.
Fig. 6.6).

To construct A, let us consider another generator
p, which passes through Z and has a double point
with p. If t is the parameter of p, then 1/t will be
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the parameter of p, which intersects c, in Y,. Let the
double ratio

(U,C; X,1)=D,, (6.39)
where X is an arbitrary point on ¢, and 1(1,1,0,0), then it will be
Da+ Dy, = Dy. (6.40)

The point Y is then the summation of the points A and Y, w.r.t U and C, as basis points.
The pair A, Y, belongs to an involution that determined by the pair U, Y and the self-
corresponding point C,. One can thus construct A and the flecnode point with just a ruler.

The point A can be constructed as follows:

Let the three lines I, 1, 1, pass through the
points Y, C,, U respectively, where the line |
is different from c,, and the three lines
I, 1, I, are not concurrent. Let | intersects |,
in V, |, intersects I, in R and Y, vV resp.
C,vW intersects I, resp. | in W resp. S,
then the line SvR intersects c, in the
required point A, cf. Fig. 6.7. U

Ay C,
Fig. 6.7

=< ¢

For the surface XI, one can use a dual
construction to find the tangent plane in a flecnode point of an arbitrary generator of the
surface, and the construction will be then reduced to the search of the point of contact of this
tangent plane.

The other types of ruled surfaces of fourth degree, according to the classification of STURM,
belong to linear congruences, therefore its flecnode curves coincide with the directrices of
these congruences.



7 The method of treating ruled surfaces as curves in the
KLEIN-model of line space

Using KLEIN’s and PLUCKER’s point model M; cIT° of the projective line space & of IT°
one can treat ruled surfaces, understood as one-parametric line sets, as curves in a
hyperquadric M, therewith following V. HLAVATY [26], R. SAUER [58], KANITANI [28,29,
30], F. ANzBOCK [1] and G. WEISS [72,73]. Let us recall the basic ideas and symbols in the
following introductory chapter. Finally we are going to give a treatment of the LIE-curves
problem of a ruled surface using the so called PLUCKER-coordinates only, what seems to be
new.

7.1 Explicit method of determining flecnode and LIE curves

Seemingly all other authors treat the problem of finding flecnode and LIE curves via special
parametrisations of a ruled surface X and geometrically distinguished moving frames and
they end up with differential equations for those curves. I want to follow an approach initiated
and partly performed by G. WEISS, which allows a direct calculation of those curves on the
basis of a PLUCKER-coordinate representation of X .

7.1.1 The KLEIN-model of line space and the differential geometry of curves

The well known basic idea of PLUCKER and KLEIN was to treat lines of IT’ as fundamental
elements and give a model, where these fundamental elements can be seen as points in a five-
dimensional projective space. The interchange between the two points of view can be
formulated as a mapping I' of a line p cIT’ to a point P — IT°. According to WEISS [72] p
is interpreted as the image and kernel of a singular null-polarity y. So I' can be extended to a
mapping of all (regular and singular) null-polarities  of IT° to the point set of IT°, which is
represented in coordinates based on adjoint projective coordinate systems in IT° and IT° as
follows:

Definition 7.1.1.1:

The bijective mapping T := {7/} — > of the set of regular and (not trivially) singular null-
polarities of IT° to the point-set of IT° is called the (extended) KLEIN-bijection. In the
arithmetic Model TI(R*) of IT°, y is represented by a set of proportional skew symmetric
matrices (q; )R and the KLEIN-image /" =P is the point

(Go1>G025 Go3» 03> Bs1> G2 )R =2 (G, G2, 05, G4, G5, G )R Of TI(R®).

This homogenous sextuple is called the PLUCKER-coordinates-sextuple of y, respectively of
p =kery in case of y being singular.

Thus the KLEIN-bijection I, restricted to the set of not trivially singular null-polarities maps
the line-set G onto the point-set of the so-called KLEIN-quadric M; —IT°, a hyperquadric
of index 2 with two 3-parametric sets of planes as “generators”. The equation of M; is
described by

(Xe» X ) 1= 20X, X4 + X Xs + X3 X ) = 0. (7.1)

a’ a
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The bijection I" transforms the group PGL(IT’) of all projective collineations of IT° into the
group PGL'(IT°, M) of those automorphic collineations of M; < II°, which do not
interchange the two sets of two-dimensional generators of M;. Hence, by means of I" one
can handle the differential geometric problems of a ruled surface X as problems of a curve
>I" in the quadric M; of IT°, thus following ANZBOCK [1], HLAVATY [26], SAUER [58],
WEISS [72] and POTTMANN and WALLNER [53].

Let u be the polarity of the KLEIN-quadric M; c IT°. The x -polar hyperplane Q . of a point
Q =(q,)R, then is described by

(Os X ) = O X + G Xs + X + ...+ GXq = 0. (7.2)

In the inner product brackets (7.2) we sometimes will use symbols for points instead of their
coordinates, i.e.

(XY) = (s Ya ), X =(0)R, Y = (Yo )R). (7.3)

The u -polar pair (Q, Qﬂ) represents a harmonic homology of IT° keeping M; fixed ; such a
homology is the I'-transform of a regular null-polarity y in IT°. The set of fixed lines of y is
a regular linear complex /C, usually called the null-system of y. The mapping I maps this
null-system K onto the quadric M; = Q.M M;. Regularity of y (or K) is expressed by

(0,0, ) #0.

Fig. 7.1
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Let the homogenous PLUCKER-coordinates (Xa (u))R, a=1,...,6, of the generators x(U) of
2I' and of the points X (u)=x(u)[' of XI" be C' -functions (r >5) of a parameter U ranging
within an open interval | c R. Then in each point X(u,) of XI" there exists a set of
osculating k -spaces S(k)(uo), spanned by X(U,) and the first k derivative points. These
osculating k-spaces are invariantly connected to XI" with respect to the renormings of the
projective coordinates ( X, (u))R as well as to the parameter transformations and to the
collineations y € PGL" (HS, Mf); they are geometric properties of X (U,) < XI'". Non-trivial
osculating k -spaces S*(U,) have dimensions 1 to 4 and can be summerized as follows: (cf.
Fig.7.1).

~ Thetangent $"(u,) =X (U,)v X (U,):
We assume that Rank(XO, XO) =2,1i.e.X(U,) is a regular generator of . As S touches

I« M; we distinguish the cases S is a tangent of M; and S is contained in M,

Definition 7.1.2:
A regular generator x(u,) of a smooth ruled surface is called torsal, if the tangent of the
curve x(u,)I" is contained in the KLEIN quadric M7, and non-torsal otherwise.

Fig: 7.2

sir-! represents a pencil of linear complexes C, which is spanned by the complexes
X,I™" and X,I'"'. For a regular non-torsal generator, ST is a parabolic pencil of
complexes, and the common lines of all complexes form a parabolic line congruence
9%(uy ), which consists of all tangents of ¥ along X(u,). This parabolic congruence has
the generator X(U,) as the only focal line. The regular null-polarities y, to that pencil of
complexes, restricted to the generator X(U,), act identically and these restrictions form a
projective mapping of the pencil of planes through x(u,) onto the point-set of X(U,), (cf.
Fig.7.2) which is called CHASLES’ contact projectivity (or CHASLES-correlation) S along

X(Uy) :
B=7|¢, €, >B,. (7.4)
The parabolic congruence t(U,) has a common quadratic cone N; — M, as I -image,

which spans the g -polar 3-space Q¥ = SS) of S, The points Y of Q% fulfil the
conditions

(Y. Xo) = (Y, Xy)=0. (7.5)

In case of a torsal generator X(U,) <€ the 3-space Q contains S and intersects M;
in two planes of different type, one representing the I'-image of the field of lines in the
torsal plane x(u,), the other representing the bundle of lines through the cuspidal point
of X(Uy).
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— The osculating plane S®(u,) = X (u,)v X (uy)v X (U,)
We assume that Rank (X,, X,, X,) = 3. For a regular non-torsal generator the intersection
@(u,)NM2 =V? is a conic section osculating the curve X(U)[ in X,, and VT
represents the concordant regulus of a ring shaped quadric A’(u,) in IT’, which has
second order contact with the surface X in all points of X(U,) and is called the LIE-
quadric of T along X(U,). The p-conjugate subspace Q® to S (u,) intersects M? in
another conic section V,” representing the transversal regulus of the LiE-quadric A*(u,)

mentioned above. These transversal generators are the asymptotic tangents along X(U,)
and fulfil the conditions

V! =:£)_%(u0)={g e6\<G,X0>=<G,X0>=<G,XO>:O}. (7.6)

~ The osculating 3-space S®(u,)=(X v X v X v X)(u,):

We assume that Rank(X,,X,, X,, X,)=4. Then 8(3)(u0)1"*1 represents a three
dimensional space of linear complexes. The “support” of this osculating space consists of
2, 1 or 0 lines within the osculating transversal regulus. These lines have the intersection
points of Q" :=S’with M; as I -images and are called the flecnode tangents of
generator X, of 2 According to the number 2, 1, 0 of its flecnode tangents we call a
generator X, a hyperbolic, parabolic or elliptic generator of the ruled surface
respectively. To be of “hyperbolic” or “elliptic” type is a local property of a surface X,
while a “parabolic” generator X, may be an isolated one.

In case of Rank(X,,X,,X,,X,)=Rank(X,,X,,X,)=3 we call a regular non-torsal
generator X(U,) a reguloid generator of X.

—  The osculating 4-space S (u,) =(X VXV..v ')'(")(uo) :

Assuming that dim S (u,) =4, then is Q(u,) = S“(u,), — >k, the accompanying
linear complex of ¥ at u,. It defines an accompanying null-polarity y,, the restriction
of which to the pencil of planes through X, is a projectivity /3, i.e.

f=7|¢, & >R, (1.7)

The T'-transform of y, is a harmonic homology of M; with center S™ (u,)x = Q(U,),
and S™(u,) consists of points Y fulfilling

S (Uy) = Q,(Uy) =R(@,Q), y-G+y-q=det(X,X,X,X,X,Y). (7.8)

In case of Rank(X,X,X,X,X)(u,)=Rank(X,X,X,X)(U,)=4, we call a regular
generator X(U,) a congruence-type generator of X.

7.1.2 The flecnodes and the Lie-curves of a ruled surface

Let the PLUCKER coordinate representation X :=(X,(U))R, uel cR, a=1,...,6, be given.
It facilitates calculations, if we split PLUCKER coordinate sextuples (Xa) 1nt0 two triplets
(x,X)eR*xR’, as well as we use pairs (P,,P), (8,a) e RxR’ instead of coordinate
quadruplets (p;), (&) of points and planes of TT° respectively.
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Then the null-point S of a plane o =R(a,,a)* with respect to a regular or singular null-
polarity y =(q,J)R can be written as

S :(3093)R:(a'qa_a0q+aXQ)Ra (79)

the null-plane a =R(a,,a) of a point S =(s,,S)R with respect to a regular or singular null-
polarity y =(g,q)R can be written as (cf. WEISS [72], POTTMANN-WALLNER [53] p.139/140)

a=R(a,,a)=R(s-q, —S,g+5x0). (7.10)

If the origin of the coordinate system is not incident with the common plane of two
intersecting lines g and h, then the intersection point S and their connecting plane o is
determined by

S= (SO')S)R = (g h: GXH)R,

o =R(s,5) =R(g-h, gxh), (7.11)

((9.:h.)=9-h+g-h=0).

X

Fig. 7.3

* In order to distinguish plane coordinates ( or line coordinates) from point coordinates, we write o =R(ay,a) with the symbol R at the
left hand side of the coordinate vector.
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As we already have declared in the introductory Chapter 1, the LIE-points L, (u) of a
generator X, are the fixed points of the so called KLEIN-involution A(u,):=88": P, = P
with £ and ,5’ from § 7.1.1. The fact that the projectivity ﬂ,ﬁ” is indeed involutoric can
easily be seen in IT°: The projectivities 8 and £ are restrictions of null-polarities » and 7,
which map to harmonic homologies y ="'y, 7:=T"'/I" of M; with u-conjugate centers
X and Q respectively. In analogy to the product of two (planar, Euclidean) reflexions at
orthogonal axes, the product of such homologies then must be an axial automophic
collineation of M? with axis (Q v X) and center (Qv X)u and thus involutoric, cf. Fig. 7.3.

(A) The LiE-points L;(u,) of x(u,)

In the following we assume X to be an arbitrarily given ruled surface not belonging to a
linear congruence and (7.10) to be solved such that the PLUCKER coordinate functions
(9, (U))R of the accompanying linear complexes Q(U) are given.

Fig. 7.4

We want to construct (real or imaginary) the pair of LiE-points L;(U,) of a non torsal
generator X(U,) € Z, i.e. the pair of fixed points of the KLEIN-involution x(U,) along X(U,),
by using the KLEIN model: The line X (u,)v Q(u,) intersects M? in a (real, coinciding or
imaginary) pair of points E,, E,, which suit into both homologies y =Ty, 7:=I'""/T and
thus E;yy=E, are fixed by the product yy of these homologies. The plane
P@(u,) = (XXQ)(u,) therefore intersects M} in pair of lines E;X(U,), i=1,2, which also
remains fixed by yy and represents the I'-images of two pencils of lines, which are fixed by
the KLEIN-involution x(U,). Note that the two pencils do not consist of tangents of X, as
E; X (u,) is not conjugate to X(U,)! It is the p-conjugate plane P® of P® that intersects
M in a pair of lines E; X (U,), which are on one hand the I'-images of two tangent pencils of
Y and on the other hand are crossed complementary to the former pair of pencils having the
same pair of planes and vertices L;(U,). Therewith follows that L (uo) can be calculated as
the intersection points of generator X(uo) €Y with eg two lines ¢(u,)=EI",
Ei(Uy) € (X vQ(Uy)) "My, cf. Fig. 7.4.
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The points {E,, E,}=QX n"M? have coordinates FE, = (&.)R=(q, +t;%x,)R, 1=12,
whereby the coefficients t; € C fulfil the quadratic equation

(Bia» &) =(0s +t%,, 0, +t%, ) =0. (7.12)

This results in

eo {99 e e, (7.13)

(X. %)
Applying (7.9) to E;(u) and X (u) we receive the coordinate representation of the LIE-points
of x(u) as

L (u) = (X +;XX, Xx T +t;(Xx X)) R (7.14)
with t; from (7.13), i=1,2.
The “dual” formula delivers the tangential planes 4 (u):=e€;(U)v x(u), j =2,1, as

A (U) = R(XT —t;XX, Xxxq —t;(Xx X)) (7.15)

with t; from (7.13), i=1,2.

Remark 1:

To construct the asymptotic tangent I;(u,) of £ in L, € X(u,), i=1,2, we could intersect the
nullpolar planes Ly =4;, (j=2,1), and Ly, (7 being the regular or singular nullpolarity to
X (u)).
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To facilitate further calculations, we think of IT° as a projectively extended affine 3-space
with the ideal plane @ =R(1,0) and X(u,), Lj(u,) such that they are not contained in .

Then U = (0,X(Uy))R, U, =(0,e,(u,)R, U, =(0,e,(u,))R are ideal points of X(U,), € (U,)
and we can span |; by L; and the ideal point V; =U; + AU; i=1,2; j=2,1.

Therewith, we may put

IT =C, =((&-X).(6; + AX), (Xx€)x(e; + AR, i=12, j=2,1, (7.16)

and find 4; such that <Ci , X> =0 yields.

A point C, e(X vE)cM? is the I'-image of a line I in Lj, if C, fulfills (ci,>'<'>=o,
what finally results in

Ci(u)= X+<X’X>X+ <XX>Q R, t from(7.13), uel, i=12 (7.17)

whereby, for the moment, the denominators in (7.17) are assumed not to vanish for all u e l.

Remark 2:
The lengthy calculations above suggest to label a point with PLUCKER-coordinates (—X,X)R
by X cIT’.

The mapping p:T1° - I1° with X > X is the harmonic axial collineation with fixed spaces
ol’ ={(0,X)R} and OI' ={(X,0)R}, (@ the field in the ideal plane and O the bundle of
orianted lines with the origin of the coordinate frame as vertex in the original space IT°). The
mapping p is therefore an analogue of the so called CLIFFORD-translation in the elliptic 3-
space (cf. E. A. WEISS [71] p.110).

Using the interpretation p":II° ->IT" with X =(X,X)R—> X* =R(-x,X) we find a
canonically defined null polarity in IT° described by the matrix T, and an inner product < , >
as

p Il > IT, X' =T X,

1 0 0
0 0 1 0
0 0 1
To=| 5 (7.18)
0 -1 0 0
0 0 -1
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According to the non symmetric settings of (7.16), the non symmetric conditions for 4 read

as follows

X, X><>?,>‘<‘>(>‘<7)

+t ({0, >(xx)+<Q X>(xx)+<X X>(qx))+ﬂ<El,X><X,X>:O,
QQ (<

X.X)

(@ X))~ (Q. X ) 6) = (X, X ) (@0 )+ 2 (Ex, X ) (X, X ) =0,

(c0X) =

(7.19)

<C2,X> >(>‘<x>-<>‘<,><>(5<7))

/\

With 4 from (7.19) and E; from (7.12), resp. E; from (7.18), the asymptotic tangents I, and
their I' - images C; have PLUCKER-coordinates, cf. (7.16),

LT =C, =((&:X)(E, + E)+ (e X)(E, —E,)~(E,,E, — £, )(0,0) - 24 (E,, X) X R,
LT =C, =((&:X)(E, —E)+(€X)(E, + E,)—(E\, E, + E,) (0,%) - 2%( 2,x>x)IR<

When replacing inner products of vectors of R’ by
X7 =4{(XY)+ (X)) xy=3((X.¥)~(X.Y)).

the expressions (7.20) describe the asymptotic LIE-tangents of a ruled surface £ in PLUCKER-
coordinates alone, independantely of normings and special parameters.

(B) The flecnodes F,(u,) of x(u,)

To find the flecnodes of ¥ we use a quite similar calculation as for the LiE-curves. The (real,
coinciding or imaginary) flecnode tangents f;(u,) of a generator Xx(U,) have I'-images
T.(uy) € S5V (U)) "M, whereby S.” = Q" may be spanned by two points R;(U,) € Q" (uy).
Lete.g. U, :=(1,0,0,0,0,0)R be ﬁxed unit point and X such that in a certain interval I yields

dim(span(X, X, X, X,U,)(u)) =4,

and let RY = R(T,n) be the spanned hyperplane and R=(r,H)R its ppole Then

to R as well as 1t is contalned in S, and thus T, = (R, +tR, ), I=1,2, is given by

oo
<<FF:"E‘>>, t =t t,=—t,. (7.21)
29 1\2

t?=—

If we, in the construction above, replace U, by Q(u,) € Q" , we notice that (T, ,1,,Q,Q,) isa
harmonic quadruplet, from which follows immediately by I'"' that the LIE points and
flecnodes (- if distinct -) form a harmonic quadruplet on a generator X(U,) € ¥ (cf. Fig.7.6).
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2)
SF

Fig. 7.6

7.1.3 LIE-curves as BERTRAND-CUrVeS

In the following we endow the projective 3-space IT° with an Euclidean structure by using
the plane @ =1R(1,0) as the ideal plane at infinity and the induced Euclidean inner product in
II(R®)

(L) ROXR 5 R ;5 (X, V), =((6X),(Y, ), =X-V. (7.22)

Thus the condition for C,(u,)I""" (7.17), both being Euclidean orthogonal to generator
X(U,) € Z, reads as follows,

(&,X)+A4,x*> =0, and (&,X)+4,x* =0. (7.23)

From now on we will admit a special norming of the PLUCKER-coordinates (X, (U))R of ¥ by
[x(u)|=1 ¥ uel. Then (7.23) gives

2@+ (4 +4) =0, 2t(xX)+ (4 —-4) =0,
and finally
A=A =~(@¥)=—(Q.X),. (7.24)

Thus we can state that

Result:
A surface ¥ in the Euclidean space with the property, that the asymptotic tangents in the LIE-
points of each generator X(U) € £ are orthogonal to x(u), fulfills the differential equations

(Q.Q) (%) + (X, X }{Q, X ) (ax) —t,(@K — }X)(GX) = 0,

. o (7.25)
(@)(K) — @RIER) + @OER) + () (X, X ) (%%) =0,

with t, from (7.13) and ||x(u)|| =1 YuelcR.
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Remark 1:

In general, at any LIE-point L;(U,), we have four distinguished tangents: the generator X(U,),
the asymptotic tangent I,(u,), the tangent I, (U,) to the LIE-curve at L;(U,) and the generator
Si(Uy) of the LiE-strip along the LIE-curve, all four lines forming a harmonic quadruple.

We may ask as well for the ruled surfaces X in the Euclidean 3-space, which have orthogonal
trajectories of the generators x(uU) as LIE-curves. Rewriting (7.14) as
Li(u)=(e;X, Xx )R, with e; from (7.12),
it follows
L(u)=(&X+eX,XxE +Xx&)R,
and the tangents I, (u) of the LIE-curves have the direction vectors

(U) = (&X)(XXE +Xx&)—((&X)+(&X)(XxE).

From the conditions rj(u)-x(u)=0, i=1,2, follows, after some lengthly calculations, the
differential equations

(Xa Y’ a) + (X’ ia q) - t.1 (Xa ia i) - tl (X7 7’ 7) = 05 (7263)

(9 +t30R) (%, X, )+ 06X, @) + £ (X, X, X) +1,(, X, X))
HQX )@+ (X, X) (X, (7.26b)
#4200 D +(QX) (X, %)=,

with t, from (7.13) and (X,Y,z) symboloizing the determinant of the three vectors.

The “dual” question concerning the generators S(U;) of the LiE-strips along the LIE-curves
would start with

AW =R(Ex,xxe;) and A4 =R(EX+EX, Xxe +Xx&),

and we would end up with similar complicated differential equations as conditions for s;(u),
both being orthogonal to X(u).

Up to now, in Remark 1, we did not use special normings and parameterisation.

In the following we consider a surface X, which is contained in a linear complex /C, i.e.
the accompanying linear complex is fixed, and if the euclidean orthogonality condition (7.24)
holds for all u eI, then the LiE-curves of ¥ form a pair of BERTRAND curves for which X is
the surface of common main normals. For such a pair of curves a linear natural equation in
curvature x(S) and torsion 7(S) holds, ( cf. e.g. KRUPPA [39]). So the idea of interpreting
BERTRAND curves as asymptotic LIE-curves on their common main normal surface X, under
the condition that ¥ is contained in a fixed linear complex might occur. A positive answer
could give a hint to find explicit examples of such curves without integration, if one could
manage to adapt € IT° by a fixed collineation of IT° such that (7.24) holds.
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A pair of BERTRAND-curves by, i =1,2, is characterised by common principal normals
and, as it is already known, they have the additional property that the distance d(s) of
corresponding points B,(s) eb,, B,(s)eb, is constant and d(s)=A. Also the angle ¢(S)
between the tangents of b, at B;(S) is constant and cot@(s)=B/A, if b, has the natural
functions x(S), 7(S) with Ax(s)+ Bz(s)=1.

Therewith we aim at calculating the distance d(u,) of the corresponding LIE-points L;(u,) of
X(Uy)ex:

N I S RN
d (UO)_H(eli)'(Xxe‘)_(ezi)'(xxez) , (7.27)
with e;,€ from (7.12).
This equation can be transformed to
400 - (X2 (X x N2 — (T xX)- (X x X))
0o~ ~H9D (X (Xx(@x%))* = (@x%)- (xx X))’ (728)

(XX)(GX)* = (AT)(XX)*

Now let us specialize the coordinate frame and use the canonical TAYLOR-development of one
of the LIE-curves {LI(S)} in arc length parameter S and with curvature x(S) and torsion

7(S):
1 0 0 0 0
(1 Y 10 1 0|s? |-x?]s° -3kK s
LI(S)_(Il(S)j_ ol o> k|27 & [67 —(K° + k7 — i) ate 029
0 0 0 KT 27K + 1K

Then the principal normals X(S) at L,(S) form a ruled surface ¥, which we assume to belong
to a fixed linear complex K, such that this LIE-curve is an asymptotic curve on X. Let KT
have the fixed coordinates Q =(q,q)R=(q,)R; then X has the following PLUCKER-
coordinates development

1 % —(Kz—l—fz—%)
y . 2
X(s)I" = 8 + 6 S+ 27%‘7 %+ (7.30)
0
8 0 27
1 2K

Replacing X,X,... in (7.28) with the corresponding developments of (7.30) and putting
g-q =:a=const., then follows

4a-05 +()
(@ —a) () + ()’

thereby (-) and (--) are expressions depending on s of at least 2™ order.

d*(s)=— (7.31)

So, at any s=s, the torsion 7 is stationary and therefore has to be constant, if we assume
d’(s) to be fixed. But then, as {L,(s)}=b, is a BERTRAND-curve, too, we find also the
curvature K to be constant, b, is a helix and X necessarily belongs to a linear hyperbolic
congruence, such that /C is not uniquely determined.
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Result:
Euclidean helices are the only BERTRAND curves, which are complex curves on surfaces
belonging to a fixed linear complex.

Remark 2:
To study projective geometric properties of the LiE-curves |; = {Li(u)} c X is more or less a
matter of discussing (7.14):

uel, can be calculated without specialised parameters and normings of the PLUCKER
coordinates of £ from

det(L,,L,,L,,L)(u)=0. (7.32)

7.1.3 Examples

We apply the theory presented above to the following surfaces X :

(A) Z,={x(u) e G| x(u)'=(-2,u,u? u®,u*,u*)R, ueR}
This surface has two torsal generators of 3 order at U=0 and U = oo, and its accompanying
complexes /C(U) are described by the curve
{Q(u)} = {(~=2, 10u,—20u*,—u’, —10u*,20u* )R} e IT°.
The Lig-curves |, of X, are the imaginary pair of curves

... ((—12u5,30u7,—21u8,—9u9)ii«/49,8-(3u5,—u7,—8u8,—u°))R. (7.33)

We notice that the torsal generators of X, are “LIE-singular” of 5™ order. For this new
concept we give the following

Definition 7.1.3.1:

Let x(u,) be a generator of a ruled surface ¥ not contained in a linear line congruence and
which is represented by the TAyLOR-development at parameter value u, till the order k +1.
Then, by (7.14), it is possible to calculate the TAvLOR-development of the LIE-curves
l ={L(u), i=12} at u,. We call x(u,) Lie-singular of k™ order, if (u—u,)" is a common
factor of the coordinate functions of L;(u) and (u—u,)*"" is not.

Remark:

is not a hyperplane in IT°.

For the algebraic surface £, the proper (imaginary) LIE-curves are of 4™ order.

The flecnodal tangents of £, form a pair of real surfaces ®,, ®, with the PLUCKER-
coordinates representation

@, (v, 42U, 2B +v)u?, Gv)u,
(7.34)
(-11+7v)u, —(14+8v)u*)R},
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with v; solutions of a quadratic equation resp. with the values

6v; +187v; +193=0, v,=-1.0687..., v, =-30.0979... (7.35)
Therewith the flecnodal curves ¢; of X, are described by

c ...{(3(2 +vp), = 3(1+5vu?, (B Ov U’ (%—6vi)u4)R}, (7.36)

with v; from (7.35).

Again the torsal generators of X, are singular of 5" order with respect to the construction of
their flecnodes such that the proper (real) flecnode curves are of fourth order.

(U+1)? a’u?
(B) Zx =1x(U)ed|x(u)l = U+DHU>+u+a) | —auu’ +u+a) | R,
WU+’ +au*+u+a) au(u+1)

uelR, a=const.,, aa=0,—1.

These rational 4" order surfaces Xz(a) are contained in a regular linear complex K =QI'"
with Q=(=1 1, 2a—1, —a*, a, 0)R and possess two torsal generators at the parameters

values U,,U, = —+(1£/1+4a).

Thus Z(«) has real resp. imaginary torsal generators of 2™ order for o > —4 resp. o <—r.
They are surfaces of STURM’s type III, cf. KRAMES [37] and ANZBOCK [1], and their
asymptotic LIE-curve is of order 6, according to Voss [70].

With

(X, X)==2a(u*+u-a)’, (Q, Q)=2a(a+1), (XX)=-2au+)U*+u-a),

the asymptotic LIE-curves (7.14) are described as

U+DHu+l-a) uu+1y>-ao’
L=l -@+u-a| YVt S Y (7.37)
a (u+1)
a’ (U +a) a(u’ -a)

The curves |i(a)={L;(u)} turn out to be of 4" order, in contradiction to KRAMES ([37], p.
255), and they are real — i.e. the KLEIN-involutions A(u)= B0 ' are hyperbolic — if a < —1.

For X, the parameter t; from (7.21) is found to be
t? =—a(u’ +u—a)’[u’ +22u0° +u*(131-2a) - 22u(a - 5) + a(a — 35)] (7.38)
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Let
Y= ut +22u° +u2(l31—2a)—22u(a -5)+a(a-35), (7.39)

then the solutions of the equation y =0 are found to be

U, :%(—11—\/101+4a—20m
u =§(—11+\/101+4a—20\/@
U, =%(—11—\/101+4a+20\/@
u, :%(—11+\/101+4a—20m

),
)’ (7.40)
),
),

which are the factors of y. Moreover, for o =—1, the function y takes the form
w=@U>+11u+6)". (7.41)

Now, since S = R+Qt; with t; from (7.38), then from (7.11) we have

u
F=xn(R+Qt)R=(X-f, Xxf)R

=(X-(r+qt), Xx(T+qt)R (7.42)

with t; from (7.38), and
X-q=—U+DHu-a+1l),
X-r=—a’[u’+150° —u*(a —55)+U’(85-10a) + U’ (a’ —32a + 60)
+u(7a® =29 +16)], (7.43)
(-au+1), —a’U+D), -2’ (U’ +a)),

Xxq
—a’ (U’ +13u* + 30U’ — U’ (a —34)—u(a’ +8a —16) — 6a1),
XxT=| o’ (U +u*(11-2a)+u’(10-20a)+Uu*a(2a —33) +ua(Ta —16)+6a’),
(U - (a-1D)+u*(10-7a)-50a —12u°a’ +ua’(a —16) + 6a°).

Remark 1:

From (7.40), for u; =0, j=1,2,...,6 = t;(u;) =0, thus for these 6 values u; the flecnode
projectivity along X(u;) is parabolic, that means F, =F, and f[' = f,l=ReMj, ie. S}’
is tangent to M.

7.2 The method of ANZBOCK

Following an idea of BARNER [4], ANZBOCK [1] constructs a canonical moving frame of
reference to X (U,) = XI', based on the osculating k-spaces S*'(u,) and the polarity z of
M; described in § 7.1.1. The ANZBOCK-frame to a non torsal generator X(U,)€X of
differentiation class C", r>5, is a simplex {PO,..., F’5} c IT° with

R=XU), R=XU), P=(S?U)nM\{R})"Ry,

P3 = 5(3)(U0)m(s(2)(uo)ﬂ), P4 = 5(4)(u0)ﬁ(5(3)(u0)y), PS = 5(4)(U0),U;
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whereby we have to assume that x(U,) is neither a reguloid nor a congruence-type generator
of . Note that {P3, P, I35} form a polar triangle with respect to the conic
Vi =M (SPu).

By special norming of the PLUCKER-coordinates one can achieve <I5, Ij> #0, Yuel cR.
This norming leads to the following FRENET-type equations of the simplex vertices B,

(see [1])
P,=P. R=a()R +R, 2au)=-Q(R.R)eC",

P, =a(u)PR, +&b(u)P,
(P, is normed by (P,,P,) =&, € {+1,-1}, b(u):=(P,,P,) >0, bu)eC"™)

F.)3 =b(u)R, +&,c(U)P,,

, . » (7.44)
(P, is normed by (P,,P,) =&, € {+1,-1}, c(u) = (P,,P,} >0, c(u)eC"™)
I:‘)4 =—&C(U)P, +d(u)Rs,
(P, is normed by det(R,,...,P,) =1, d(u):=(P,,P,)eC™)
Ijs =-5,6dU)P,, & e{+1,—-1}.
In (7.44) only three combinations of the signs ¢, &,, &5 make sense:
(e1.62.6) € {(1.—1,-1),(-1,—1, 1),(-1, L-1)}. (7.45)

The relative positions of the simplex points B, are described by the p-product values
(P,,R.) in the following table

(P.R)/ R R PR PR P P PR
P 0 0 -1 0 0 0 0
P 0 1 0 0 0 0 0
P, -1 0 0 0 0 0 0 (7.46)
P, 0 0 0 & 0 0 0
P, 0 0 0 0 & 0 —de,
P, 0 0 0 0 0 & 0.

Surfaces of “ANZBOCK type 4” are contained in a fixed, non-singular accompanying linear
complex C(u)=K(u,) with an arbitrary u, € |, and they are characterised by identically
vanishing function d(u). For those surfaces ¥ we already know that the LiE-curves |,, |, are
asymptotic, as stated by S. LIE in [43] (cf. Fig. 7.7a,b).

Based on two contour curves of ¥ (with respect to two central projections), NEUDORFER [51]
gave a ruler-and-compass construction of the LIE-points L;(u) € l; of a generator X(u) in IT°.
For surfaces of “ANZBOCK type 1” X, the accompanying linear complexes (U) are not
stationary, i.e. Rank(P,,P,)(U)=21nI.

The pencil of tangents €;(U,) to £ in the LiE-points L;(u) of X(u,) fulfil
<Ei7Ei>:<Ei:P0>:<Eiapl>:<Ei9P5>:0: (747)

with u,el, E =el, P,:=X(U,), P::=0Q(U,) (cf. (7.12)).
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From (7.46) follows

Ei=poR + PP + psPy, p; eR, Piipi=—&:&, (7.48)

and E; arereal only if (&,6,,&)e{(1,-1,-1),(-1, 1,-1)}.

The set of points E; (7.47) form the pair of lines {Gfl),Gél)} =M, N (P,R,P,) representing the
I'-images of two pencils of tangents {e}, {e,} in planes A (u,), 4 (U,) touching X in
L, (u,) resp. L,(uy).

Varying U, €I, the pairs (L;(u), 4(u)) run through the so called LiE-strips along the LIE-
curves |; — X, while the manifold of tangent pencils {ei (u)} is a pair of line congruences with
I, as one focal curve. The I'-images of these line congruences are 2-dimensional ruled
surfaces {Gfl)(u)} , {Gé”(u)} — M}, which intersect along ¢ =3I" = {PO (u)}.

To construct the asymptotic tangents €;(U,) in the LIE-points L;(u,) of x(u,) we consider
their I'-images: The points €;(U,)I" = E;(U,) on one hand belong to the plane (F,,P,,P,) from
(748), and on the other hand they are points of V,’(U)=S "M; with
SP(Uy) = (P, Py, P.). Thus it follows

Ei(u) =R =P, (7.49)

Varying U, € |, the asymptotic tangents E,(U)["' =g (u) describe ruled surfaces X;, and
these surfaces are torsal if, and only if, <Ei, E; ) =0. By the FRENET-equations (7.44) and the
table (7.46) follows therewith

(bP, +£,CP, F &£CP, £ dP;, bR, +&£,cP, F£,CP, £dP,) = +d’¢;, (7.50)

such that |; turn to be asymptotic curves, iff d(u) =0, according to the theorem of LIE.
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Remark 1:

Within each of the LIE-strip-congruences {e(u)} there are two special torsal surfaces {t;(u)}
and {f(u)}, i =1,2; the first consisting of the set of tangents t,(u)=L, v L of |, the second
consisting of the limit lines t(u):=4 N4 of the strip. A short calculation shows that, with
Ti=tl, T, =tr,

Ti(Uy) =d(Uy)R + P 2P, Ti(up) =~d(uy)R, + P £ P.. (7.51)

Now we have the possibility to compare ANZBOCK’s invariants with those of BOL of a general
ruled surface X. According to BOL, a strip along a curve on a ruled surface X is a LIE-strip, if
the strip tangent t and the strip limit line T and their derivatives have the following
< , >-pr0ducts:

a-h 2a 0] T| o —2g § “8§a
a-h 2« 0 1| T| o 0 2§ §
D2 0 -1 0| T| o 0 0 2§ 3§
0 0 0| T| 0 0 0 0 0
TooTF T T T T T T T (752
0 0 0 0| T| 0 0 1 0 2a
-29 0 0 0| T| 0 -1 0 2a -3a-h
g 29 0 o T| 1 0 2a a—h
—-8ga g 2g 0| T| 0 -2a d-h 4a’+g§

From this table follows that the ANZBOCK’s invariants a, b, ¢, d may be converted into BOL’s
invariants «, g, §, h by

2

5 .
0{:%"'%(6. e_+gzdj " €25 e::‘5‘2c_g

2 d’
ab_ éb_ e’ (2)
h_2d+2+2\/§+d ,
11 (o), (b}
9=a 2{(d)+(d”’
d=2a+2a—-¢g
Remark 2:

Using ANZBOCK’s moving frame, the flecnodal
tangents f; result from the intersection points
F of PP =SL3) with M; (cf. Fig.7.8).

Fig. 7.8
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Putting F; =P, t;P,, follows from (F,F)=0 with (7.46) that t, =+ %

3
So the flecnodes F(u,) of a generator x(u,) are real if & and & have the same sign.
Additionally, we have received the same result as given in (7.16), (7.17), when specializing
R,R, to P,=Q(u,) and P,.
The question arises when the ruled surfaces X, i =1,2 consisting of flecnodal tangents of X

are torsal. An analogue calculations as (7.50) shows that
(TW.TW)=0 < cu)=0, (7.54)

such that X is not of ANZBOCK-type 1 as we assumed in this chapter.

7.3 The method of KANITANI

7.3.1 KANITANI’s fundamental quantities

Also KANITANI (cf. [28], [29] ) uses the KLEIN model of the line space to treat ruled surfaces
Y cIT’ from a projective geometric point of view. He uses a moving frame of X[ =cc M,
based on the following normings of the PLUCKER-coordinates of X(U,)I" = X (U,), U, € I.

Assume that X is non torsal, then we can put

<X,X>::—2h2¢0in | and R:z%X,

(B.B):=8nk and P=Lp-Kx (7.55)
1>%1/ - 2 2h 1 h s .

P, ::%(P'z—kpl), and h,k, 1:1 > R.

KANITANI chooses two points P,, P, according to “main types” of surfaces X, namely
surfaces X, with distinct flecnode curves ( in algebraic sense) and surfaces X, with
coinciding flecnode curves.

(A) The surfaces X, of KANITANI-type I:

A ruled surface X, is never a regulus and thus X,I"=c, not contained in a fixed plane
S® =(XVP VP)U,), as we assumed X, to have well defined flecnode curves. Thus
AU)#0 and S®(u,), u, €1, is three dimensional and intersects Sf,z) in a point P, and we
assume P,eM; in case of %,. Then the w-polar line S’ =S’ intersects the conic
V? = S/(f) MM, in two different points P,, P, (in algebraic sense). The PLUCKER-coordinates
of these points can be normed such that <P4, P5> =1inl. A further norming of P, can make
<P3, P3> =2 constantly in | (cf. Fig. 7.9 und Fig. 7.10).

Hence, putting <P3, P4>:277, <P3, F’5>:2771, <P4, F’5>:v, we have
Py:=X(U,), P, =hR, R =2hP,+2kP,, P,=AP,+kR,

. . . (7.56)
P, =2nP, +2nP, -2AR,, P,=vP,+nP, P =—vP +nP, (n-1m #0).
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Thereby the values <Pj , Pk> can be expressed as shown in the following table

(P.R)|PR R P P P P

P, 0 0 1 0

P 0 2 0 0

P, I 0 0 0 : (7.57)
P, 0 0 0 2 0 0

P, 0 0 0 0 0 -1

P, 0O 0 0 0 -1 o.

Fig. 7.9 Fig. 7.10

In IT°, the lines p | = PjF‘l, ]=0,2,4,5 form a skew quadrilateral with vertices F, F, (the
flecnodes on p, = X(U,)) and A, A, € p, (cf. Fig.7.10).

The tangents @; of the flecnode curves in F can be expressed by q, =p,p,+ P, resp.
0, = 0, Po + Ps. Therefore the derivatives ¢, ¢, are lines meeting p = p,, Ps, P; + P; resp.
D= Py, Ps, P; — P;- (Thereby we determine A by special norming such that p;+ p, resp.
p, — p, coincide with the diagonals F,A, and F,A). From Q, = p,P, + p,hP + 7P, +vP, and
<Q1,P> =0forP=P, P, P,+P follows 7= ph and

Q =nR +hP,.
Similarly, the tangent q, in F,(u,) is expressed by
Q, =mPR —hP..

If n=n,=0, then P,, P, will be fixed points on V,* and X, belongs to a linear hyperbolic or
elliptic congruence with directrices p, =PI, ps=PI"". In this case the functions
h,k,A:1 -5 R are the only fundamental quantities of X,, as v =0.

Assuming that just 77 or 7, vanishes, the ruled surface X, belongs to a special linear complex.
We choose the index s €{4,5} and consider P, as I'-image of that fixed complex. Then for

Y, yields 7 =v=0 and the fundamental quantities are the remaining functions
h,k,A,n7:1 > R.
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If neither 7 nor 7, vanishes, then by a special norming of P, with a factor o (and therefore
of P, with factor L), we can make n=7. Now hk,A,v:l >R are non trivial and
represent the fundamental quantities of such a X,. The hyperplane spanned by the points
P,,P,P,,P,, P, +P, represents the osculating hyperplane S (u,) of ¢=2,I". The derivative
of that hyperplane contains the point

(P, +P) =v(P, —P.)+27P..

Hence, In order that the ruled surface ¥ with distinct flecnode curves be belong to a regular
linear complex, it is necessary and sufficient that v =0. If 7 #n7,, this condition takes the
form

_(n_m
2v = (77 " ) (7.58)

(B) The surfaces X, of KANITANI-type II:

In this case <P3, I33> =0 and Sff) c Sf,z) is the tangent of V,> = Sff) AM; at P,. There are two
subclasses:

a) <P3, P3> =0 in | and P, is fixed. That means X, belongs to a parabolic linear
congruence. In this case A(U) can be chosen such that the coordinates of P, are constant.
The functions h, k, 2:1 - R can be considered as the fundamental quantities of X,.

Now, let us take an arbitrary point P, € S5’ \ {P,} which shall be fixed for all uel, and
which can be normed such the <P4, P4> =2. The wu-polar hyperplane of P, intersects V,’
in P, and in a second point P, # P,, which is also fixed Vu, €| and it can be normed
such that <P3, F’5> =—1. Hence we get the FRENET-equations

P,=hR, B =2hP,+2kP,, P,=AP, +kP,

|53:{ }’ |f>4:{ }’ B - AP (7.59)

Note that P, is fixed as a point in IT°, but its PLUCKER-coordinates might depend on a non
constant factor o(u): | — R. The scheme of <PJ-, Pk>-values take the form

(P.R)|R R P R P P

P, 0 0 1 0

P, 0 -2 0 0

P, 1 0 0 0 . (7.60)
P, 0 0 0 0 0 -1

P, 0O 0 0 0 2

P, 0O 0 0 -1 0
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Fig. 7.11 Fig. 7.12

b) <P3, P3> #0inl. Then one can determine A such that <P3, F’3> =:2h* > 0. Hence we put
P, coincident with P, as P, = + P..

Next, we take P, on P, vP, as 2hP,=P,—2vP,, whereby v(u) comes from

<P4, PS> = 2v. Then the FRENET-equations take the form
P =hP, PR =2hP,+2kR,, P, =AP+kR, (7.61)
P,=hP, P,=2hP,+2vP, P =AP,+vP, '

Again we have labelled the fundamental quantities of X, with h,k,A,v:1 > R.

The not constant point P, represents the coinciding flecnodal tangents of X, touching
T, in F(Uy) € X(Uy) of X,. Thus the tangent q = QI of the flecnode curve f in F(u,)
can be expressed by

Q = pPO + P37
and the set {q(u)} is torsal if, and only if, <Q,Q> =0. With
Q= pP, + phR +hP,,

follows p(u)=1=0, so the ruled surface X; = {I%(U)F'l} is never torsal.
From (7.61) follows that P,,P,,...,P,,P® eIT’ are projectively independent, that is,
S®(u) is not a constant hyperplane. So we can state:

If a ruled surface X, has coincident, non-rectilinear flecnode curves, then it never
belongs to a fixed linear complex.

Remark:

In case of v =h, the flecnode curve tangents q(u) fulfil the following 3" order differential
equation

1dJ1d(1dQ)(_d dQ
za{ﬁa(ﬁaj}—a(%QHa”Q’ (762

what says that Q is always a linear combination of Q and Q.
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So we state the result (KANITANI [28]),

The flecnode curve f of a ruled surface X, with coinciding, non rectilinear flecnode curves
is a plane curve if, and only if, the KaNITANI-functions v(u) and h(u) are identical.

7.3.2 The KANITANI-invariants of X,
KANITANI’s fundamental quantities depend on normings of PLUCKER-coordinates and of a

special parameter. KANITANI himself therefore studied the behaviour of h,k,A,7,7, and v
under parameter transformations U = f(u) and renormings X (U) = p(U)- X (U), and he found

_ _ 2
P-s(R+&R) P =%{P2 +ZR+1(a] Po},

2_’_3:%%9 |54—O'P4, _SZ%PSv
(7.63)
h=%n K=_&_ k+i(g)_l(0‘)2
’ pf 2\h) 4 h |”
pf 7 f 7 v f "o

with

Furthermore, by combining these expressions (7.63), he found a system of invariant functions
connected with X, :

Kdu?, (Ah)*du®, nndu’, €°du?,
1 1 o 7.64)
_ 1 (AL _Jh(a _, (n m (
cnenidz(d) -l o3

For these invariant functions there yields a main theorem:

Up to projective transformations, a ruled surface is uniquely determined by the set of
invariant functions (7.64), depending on a known parameter.

KANITANI gave a geometric meaning of these invariant functions by interpreting them as
anharmonic ratios, in which appear mainly the following surface elements: The intersection
points of the osculating quadric along a generator p, with the neighbouring generator that
infinitely near to p,, the asymptotic tangents, the flecnode tangents and the flecnodes
themselves (cf. KANITANI [28]).
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7.3.3 The flecnode transformation

In another research of KANITANI [29], the flecnode transformation of a ruled surface is
studied. He gave the necessary and sufficient conditions for the transformation to be a
projective transformation. The author studied the different cases of the flecnode curve on a
ruled surface, and he stated the following results:

(1)

(2)

€)

(4)

()

(6)

(7)

(8)

Let a non reguloid generator X(U,)= p, < X, varies along X,, then the envelope of the
set of osculating quadrics V,>(U)[""" consists of ¥, itself and the two flecnode tangent
surfaces.

In order that the flecnode transformation of a ruled surface X,;, which have just one and
only one non-rectilinear flecnode curve, to be a projective transformation, it is necessary
and sufficient that the flecnode curve be a plane curve.

In order that the flecnode transformation of a ruled surface which belongs to a special
linear complex, without to belong to a linear congruence, to be a projective
transformation, it is necessary and sufficient that ¥ admits four systems of o' projective
transformations in itself. When this condition is verified, then the flecnode transformation
will be a correlation.

In order that a flecnode transformation of a ruled surface X, to be a correlation, it is
necessary and sufficient that K =7n,, 6,6, =0, where

I BN G0 PR B C)]
6, =v 77+2/1h’ 6?3—1/+771 Ih
In order that the transformation which let one of the flecnode surfaces of a ruled surface
Y, to be transformed in the other to be a correlation, it is necessary and sufficient that all

the generators of X, belong to a regular linear complex.

Let X, be a ruled surface which have two distinct non-rectilinear flecnode curves, and
whose generators don’t belong to a linear complex. In order that the transformation which
let one of the flecnode surfaces to be transformed in the other, to be a homology, it is
necessary and sufficient that ¥, admits c' homologies and «' correlations in itself.

Let p, be a generator of a ruled surface £,, f, and f, are the flecnode tangents at the
flecnode points F and F, on p, respectively, A the flecnode point different from F on
f,, A, is the flecnode point different from F, on f,, B, is the point of intersection of f,
with the osculating plane of the flecnode curve at F,, B, is the point of intersection of f,
with the osculating plane of the flecnode curve at F. If one of the lines A v A, and
B, v B, is a generator of the regulus osculating ¥, along p,, then it is the same for the
other. That occurred in the case where all the generators of X, belong to a regular linear
complex, and only in that case.

Let p, be a generator of a ruled surface £,, f, and f, are the flecnode tangents at the
flecnode points on p,, ®, and @, are the flecnode surfaces described respectively by f,
and by f,, Q, is the osculating quadric of @, along f,, Q,, is the osculating quadric
of @, along f,. Then, Q, and Q,, intersect along the generator p,, and along two
other distinct lines, each of them touches X, at a point of contact of an asymptotic
tangent of X,, which belongs to the osculating linear complex of X, along p,.
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7.3.4 Applications of KANITANI’s calculus of ruled surfaces

In IT° the flecnodes F,, F, of a surface £,, and on the flecnode tangent surfaces @,, ®, the
second flecnodes A € f,(u,), A, € f,(u,) form a quadrangle, because if a ruled surface X, is
of KANITANI type I, then the flecnode tangent surfaces ®; are of the same type (cf. § 7.3.2).
We use the points F, F,, A, A, as a fundamental moving frame in IT° and for the unit point,
the point of intersection of the two lines with I'-images

P+P,+1(PR,+P) and P,+P,+1(P,+P). (7.65)

A point X eIT’ with coordinates (X,...X;)R represents a line, if the PLUCKER-coordinates
are

d; = Xo> Q2 =Xg, Q3 =X +X, (7.66)
Qs =X =X, 45 = Xy, gg = Xs.

By normalizing the coordinates of p, and the parameter U, one makes
h=const.,  A=const., (7.67)

then p,, which is a generator of the osculating quadric of X, describes the principal ruled
surface, as p, moves on X, (cf. § 2.4 of chapter 2).

By means of (7.56), we get

P, =vP +nP,
P, =2AnP +(7+nv)P+2(n) R+( )P, (7.68)

P, =-24(27"+nv)B —2AnhR +6nriP+( )P +( )P,

and

P =-vPh +nPR,
P =24m P+ (i —mv) B +2(m ) P +( )P, (7.69)

P;:—22,(2771—771V)P0—21771h|31+6771771p4+( )P3+( )Pss

so that the flecnode tangents f, = FT"' of the flecnodal surfaces ®; are expressed by

. 2 .
___n [(n_ R/ _n
Fi= 4/1(h)2(77 V) P°+2/1h(77 Vjpl 2R

. 2 .
___ ™ m T (T T
n= _4/1(h)2(’71+vj g ey JR - Rep

(7.70)

respectively. In IT° the five points P,, P,, P,, F, and F, are independent, and accordingly
they determine a linear complex K, whose pole is P,. M. TSUBOKO [66] investigated the
relation between K, and the osculating linear complex X of X, the osculating regulus Q; of
¥, and etc., and also he succeeded to determine the envelope of X, as p, moves on Z;.
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If we denote by W the developable surface generated by the tangents along an asymptotic
curve on X,;, then we have the following results:

(1)

2)

3)

(4)

()

(6)

(7)

The linear complex K osculating X, along p, and the linear complex K, osculating ¥
along an asymptotic tangent (as a generator of W) at a point on p, of X, have in
common the linear congruence osculating X, along p,, whose directrices are the
flecnode tangents f, and f, of X,.

The linear complexes K, and X, have in common a linear congruence whose directrices
are the asymptotic tangents of X, issued from two points, harmonic conjugate with
respect to the flecnodes F, and F,.

The linear complex K, intersects the osculating linear complex X of X, in a linear
congruence whose directrices are the asymptotic tangents at the involute-points |, and 1,
on p, of X,, where |, and |, are described by

I, = i\/i,l,o,o, L=|-in 1,0 0]
" n

Let t, be a line through a point F on p,, Q; be the quadric osculating X, along p,, and
t, be the reciprocal polar of t, with respect to Q;. When t, and t, are conjugate with
respect to the linear complex K, the point F is a flecnode on p, of X, and t, intersects
the flecnode tangent at another flecnode on p, of X,. Accordingly t, passes through the
latter flecnode and intersects the flecnode tangent at F of %,.

Let F and F, be the flecnodes on p, of X, which describe the flecnode curves ¢, and
c, respectively, and f, (= p,)and f, (= ps) the flecnode tangents at F and F, of X,.
Then there exists o' developable surfaces in the congruence which is generated by the
pencil of lines intersecting f, (or f,) with the centre at F (or F,), as p, displaces on
¥,. The anharmonic ratio of the four lines, along which the tangent plane at any point on
C, (or ¢,) of X, intersects four fixed developable surfaces in the congruence, is constant.

In the congruence generated by the pencil of lines intersecting f, (or f,) with the centre
at i (or F,), as p, moves on X, the focal surface is the developable surface which is
enveloped by the tangent planes of X, at all points on C, (or C,), and whose generator is
the harmonic conjugate of the tangent at a flecnode F of ¢, (or c,) with respect to the
generator of X, and the flecnode tangent of X,, passing through the same flecnode F.
We have to notice that, this developable is explained before by WILCZYNSKI (cf. § 2.5) ,
who called it the secondary developable of the flecnode curve, where the primary
developable is the one formed by the tangents of ¢, (or c,).

Let g, and g, be the generators of the developable surfaces described by the planes
p, Vv f, and p, v f, respectively, when a generator p, displaces on X,, and let t; and t,
be the lines which intersect p,, and are reciprocally polar with respect to the quadric Qs
osculating X, along p, and conjugate with respect to the linear complex I, in the same
time. As t, and t, generate two flat pencils of lines, the line joining the point of
intersection of t; with g, to that of t, with g, describes a regulus belonging to /C,.
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The quadric containing this regulus touches Q. along p, and has in common with Qs
the asymptotic tangents at the LiE-points L, and L, on p,, where L and L, are
described by

L = \/i,l,o,o, L, = —\/i,l,o,o.
7 7

(8) As p, moves on X;, the linear complex K, envelops a general complex having for the
characteristic the linear congruence whose directrices are the two common generators of
the reguli osculating the flecnode surfaces ®, and @, along f, and f, respectively.
These directrices touch X, at the LIE-points on p,.

7.4 Final remarks

Chapter 7 showed a possibility to treat ruled surfaces in a somehow symmetric manner using
lines as fundamental elements and it showed furthermore that there is not only one optimal
norming, parameterisation and moving frame, which suits to any problem and question. While
KANITANI’s calculus is well suited to treat the problem of flecnodes and flecnodal curves of
ruled surfaces, it is less suited to investigate LIE-points, LIE-curves and LIE-strips. ANZBOCK’s
calculus is better suited to the latter problems, but has to distinguish more types of ruled
surfaces than KANITANI. It seems that my own, in collaboration with G. WEISS, approach in
§ 7.1 avoids some of the disadvantages of both, KANITANI and ANZBOCK-BOL.

There still many open problems, which I believe are worthy to be treated:

If h,k, A, n,n,v are KANITANI fundamental functions of a ruled surface ¥,, what are the
fundamental quantities of the flecnode tangent surfaces ®,, @, ? Are there “BERTRAND-like”
conditions for the invariants of ®,, ®,?

Analogues questions can be formulated for X and the LiE-strip surfaces of the asymptotic
tangents along the LIE-curves of Z.
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The method of FUBINI

FuBiNI (1879 — 1943) became interested in projective differential geometry about 1914. He
undertook to define a surface in ordinary space, except for a projective transformation, by
means of differential forms. By 1916 he had perfected an analytical method in projective
differential geometry, namely, the method of differential forms. His name is associated with
that of one of the distinguished followers of his method, EDOUARD CECH, through their
collaboration in publishing the well-known treatise [21]. FUBINI’S method is employed in their
treatise, and we are going to give a summary of this method.

The theory of differential forms and the absolute calculus of Riccli are very useful in this
theory. In particular, the process of covariant differentiation with respect to a fundamental
quadratic differential form is frequently employed. The formulas are very much simplified by
use of the summing convention of tensor analysis, summation being understood with respect
to any index that appears twice in the same term.

To define a surface in ordinary space by means of differential forms, FuBINI considered a
fundamental binary quadratic differential form G,

G =a;du'du’. (1)

The coefficients a; are functions of the two variables u', u® in a certain region, and the
descriminant A of the form is supposed not to vanish in this region. Let us also consider in
space IT° a surface S whose parametric vector equation in projective homogeneous

coordinates is

x=x(u',u?) (2)
Let us now define two differential forms F,, ®, by the equations

R, =(x, xl,xz,dzx)|A|7]/2, CI)3:(x,xl,xz,d‘”'x)|A|7]/2 (3)

wherein numerical subscripts of x denote covariant differentiation with respect to the form
G, parenthesis indicate determinants of the fourth order of which only a typical row is written
in each case, and vertical bars indicate absolute value. The forms F,, ®, are of the first and
second orders respectively, since F, is independent of the second differentials of u*, u®, and
@, is independent of the third differentials.

Both forms F,, @, can be shown by direct calculations to be absolutely invariant under
all proper transformations of parameters,

Ulzul(Ul,Uz), UZZUZ(Ul,UZ) (4)

To express this invariantive property, the forms F,, ®, are called intrinsic.
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One undesirable feature of the present situation is that the forms F,, @, are of different
orders. It is possible to replace @, by an intrinsic form of the first order. In fact, a little
calculation suffices to show that the form f; defined by

f3 = Zq)s _3dF2 (5)

is actually of the first order, being independent of the second differentials of u*, u®. We now
have two binary differential forms F,, f; one quadratic and the other cubic. These forms are
independent of the parametric representation of the surface S, but still depend on the form G
and on the proportionality factor 4 of the homogenous coordinates X.

We wish to find precisely how the forms F,, f;, and incidentally ®,, depend on the form G
and the factor 1. Replacing G by another form G’ and indicating the new expressions by
accents, we find

where

R=|A/AT. (7)

Moreover, multiplying each coordinate x by a factor A, i.e., making the transformation

bel

= X, (8)

and distinguishing the new expressions by dashes, we find

F,=1'F,, @,=A1'®,+3F1%2, f,=1%f,—6F,A%d . (9)

Since the form f; is not transformed in the same way as the form F, under these
transformations, we inquire whether it is possible to replace f, by another form having all the
desirable properties possessed by f, and having also the property of being cogredient to F,
under these transformations. The answer is in the affirmative. Let us denote the descriminant
of F, by D, and define a form F; by the equation

F; = 20, - 3dF, +(3/4) F,d log (D/A). (10)

Now it is easy to verify that under the transformations and with the notations of the preceding
paragraph we have

F'=RF, F=21"F (i=2.3). (11)

Thus we reach the conclusion:

The forms F,, F; are of the first order and of degrees indicated by the subscripts, are
intrinsic, and are cogredient and relatively invariant under change of fundamental form G
and the transformations (8) of proportionality factor.

We next choose the proportionality factor A in a special way. Precisely, we choose 1 so
that the descriminant of the form F, shall be a non-zero constant times the cube of the
descriminant of F,. That is possible to make this choice is evident when one considers that
the descriminant of F, is of the fourth degree in the coefficients of F; while the discriminant
of F, is quadratic in the coefficients of F,.
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Denoting these discriminants by A, D respectively we find

A= A"A, D =A°%D. (12)
Then in order to have A =const.-D?* it is sufficient to choose A so that

A =const.- 1°D°, (13)

We are supposing D = 0. It follows that A =0, and in particular that F; is not the cube of a
linear factor. We denote by ¢,, @, the two forms F,, F, given by the second of equations
(11) with A satisfying (13).

The fundamental form G has hitherto been arbitrary. We now choose G to be the form g,.
With this choice of G, direct calculation shows that the hessian of the form ¢, is proportional
to ¢,, so that ¢, is apolar to ¢,. The coordinates X as now normalized are FUBINI’S normal
coordinates. The forms ¢,, @, are not only intrinsic but are covariant to the surface.

The question now is whether these two forms are sufficient to determine the surface S up
to a projective transformation. The answer is in the negative. It is not difficult to show that the
coordinates x satisfy equations of the form

X = PX+aX, + X,

(14)
Xy = OX+ X, +0X,

wherein the coefficients are scalar functions of u,v, and subscripts indicate partial
differentiation. But that the surface is now determined only up to a projective applicability,
the coefficients p, qof (14) being not yet determined. If we adjoin to the forms ¢,, ¢, the
form y, defined by

v, = pdu? —qdv?, (15)

these three forms suffice to determine the surface S up to a projective transformation, since
now all the coefficients of (14) are determined.

FuBINI’s method, which we have just explained for surfaces in ordinary space, has also
been used by SANNIA in studying plane and space curves; by CECH in his theory of ruled
surfaces; and by FUBINI in studying congruences and complexes in ordinary space, surfaces in
space T1*, and hypersurfaces in space I1". This method is available for any configuration that
has a quadratic form covariantly connected with it.
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