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Abstract

Periodically driven quantum systems have emerged as one of the most versatile tools for quantum
simulation, enabling the engineering of effective Hamiltonians, topological phases, and inherently
nonequilibrium phenomena such as discrete time crystals. Yet fundamental challenges persist:
from a spectral ambiguity that precludes a unique Floquet ground state to an inability to manipulate
Floquet eigenstates beyond the adiabatic regime. This thesis demonstrates that counterdiabatic
driving—a technique from adiabatic quantum control—provides a unifying framework to address
these challenges.

We first show that the periodic lab-frame Hamiltonian generates counterdiabatic driving for
the Floquet eigenstates, revealing Floquet theory as an inverse counterdiabatic driving problem.
Exploiting this equivalence, we develop geometric Floquet theory: a reformulation based on
the parallel-transport gauge, which uniquely decomposes Floquet dynamics into a geometric
contribution, encoded in Berry phases, and a dynamical contribution, generated by the average-
energy operator. The average-energy operator provides an unambiguous sorting of the quasienergy
spectrum, identifies a unique Floquet ground state at all drive frequencies, and serves as a sensitive
diagnostic for heating and symmetry-breaking transitions. Inherently nonequilibrium phenomena—
the m-quasienergy splitting of discrete time crystals and the anomalous edge modes of Floquet
topological insulators—are traced to geometric phases. On the practical side, we exploit the
intrinsic robustness of prethermal discrete time crystals for a highly frequency-selective DTC-
based AC magnetic field sensing scheme and demonstrate it experimentally on a nuclear spin
quantum simulator.

We then generalize counterdiabatic driving to periodically driven systems. In particular, we
derive a non-perturbative variational principle for the Floquet adiabatic gauge potential; this yields
local, experimentally feasible control protocols for transitionless manipulation of Floquet states.
We demonstrate this formalism on Floquet state preparation in an ultracold atom quantum simulator
and many-body state transfer across a quantum phase transition, with significant improvements over

unassisted protocols in both cases.
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Chapter 1

Introduction

Periodicity is one of the most basic organizing principles in nature, manifesting across scales
and disciplines: from electromagnetic field oscillations, to cyclotron orbits of charged particles,
to predator-prey population cycles, to the orbits of celestial objects. The mathematical study of
periodically driven systems has a long history, originating in 19th-century celestial mechanics and
the analysis of small perturbations to periodic orbits in phase space [1, 2]. This program culminated
in the celebrated Floquet theorem [1]: for any system governed by a time-periodic Hamiltonian,
H(t) = H(t + T) with period T and frequency w = 27/T, there exists a rotating reference frame in
which the dynamics is generated by an effective time-independent Hamiltonian Hg—the Floguet
Hamiltonian. This generalizes the notion of a static observer positioned within a co-rotating frame
experiencing non-inertial static forces, like an observer on the Earth experiencing the Coriolis force.
For quantum systems (h=1), the transformation to this frame is described by a periodic unitary
P(t) = P(t+T) (micromotion operator), and the Floquet theorem can be mathematically expressed

as [3, 4]
Hr = PT()H(t)P(1) — iPT(1)0,P (1) . (1.1)

The first term on the right-hand side describes the system as seen from the rotating frame; the
second captures fictitious-force potentials—the quantum analogue of centrifugal and Coriolis forces
experienced by an observer in a rotating frame. Transforming back to the lab-frame, the full
evolution factorizes into a periodic micromotion and a time-independent contribution (7~ denotes

time ordering):

U(t) = Te"'/orH(S)ds = P(t) exp(—iHFpt) .

Consequently, the stroboscopic dynamics at integer multiples of the period, U (nT) = exp(—inT Hp),

are governed entirely by the Floquet Hamiltonian Hr, despite the explicit time-dependence of H (¢).
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The Floquet theorem thus substantially simplifies the study of periodically driven systems, replacing
complex time-ordering with a static effective problem.

Floquet theory has proven instrumental across disparate branches of physics: parametric
instabilities described by the Mathieu equation [5—7], the theory of light-atom interactions [3, 4, 8],
the understanding of energy bands in solids [9], and, more recently, the thermalization dynamics
of isolated quantum systems [10-20].

Moreover, periodic driving has become central to quantum simulation. In essence, the fictitious
forces generated by the rotating frame (1.1) can be tailored to simulate a wide range of effective
interactions, vastly expanding the reach of quantum simulation with limited experimental control.
This Floguet-engineering—engineering the lab-frame drive H(¢) to implement a desired Floquet
Hamiltonian Hp—has emerged as an indispensable toolbox for tailoring properties of quantum
matter [21-26]. In ultracold atomic gases, periodic modulation of optical lattices has been used
to generate artificial gauge fields [27-31], realize the Hofstadter model [30-32] and the Haldane
model [33], engineer spin-orbit coupling [34], implement dynamical localization [35-37], and
induce Floquet topological band structures [38—41]. More recently, these techniques have been
extended to interacting many-body settings, enabling the observation of a fractional quantum Hall
state in a periodically driven system [42], interaction-driven topological pumping in Floquet-Bloch
bands [43, 44], and the suppression of dissipation in a Floquet-Hubbard system [45].

Beyond ultracold atoms, Floquet engineering has found applications in solid-state systems [25],
superconducting quantum circuits [46], trapped ion platforms [47]. In nuclear magnetic resonance,
Floquet-engineering—under the name of average-Hamiltonian formalism [48—52]—has been applied
extensively for decades to engineer desired spin interactions, suppress unwanted couplings, and
extend coherence times [53, 54] . Floquet-engineering equally applies to classical systems. For
instance, in the Kapitza pendulum, a rapidly vibrating pivot can stabilize the inverted equilibrium [55—
57]; this idea has been extended to the levitation of liquids [58].

Strikingly, periodic driving can also give rise to entirely new phenomena without any equilibrium
counterpart. For instance, discrete time crystals (DTCs) [59-65] constitute a novel form of matter
which spontaneously breaks (discrete) time-translation symmetry, analogous to how spatial crystals
break continuous translation symmetry; crucially, such time-translational symmetry breaking is
strictly forbidden in equilibrium [66, 67]. Similarly, anomalous Floquet topological insulators
host topologically protected edge modes despite trivial bulk topology [68—71]. These phenomena
demonstrate that periodic driving creates qualitatively new organizing principles for quantum

matter [72].



A fundamental challenge for Floquet-engineered systems is the stability against heating. In
generic many-body systems, the periodic drive explicitly breaks energy conservation—the system
can continuously absorb energy from the drive. Consequently, periodically driven systems generally
heat to a featureless infinite-temperature state [10-12]. However, Floquet prethermalization
addresses this challenge: for sufficiently large driving frequency, heating can be suppressed to
exponentially long times in the driving frequency [14—17, 73]. In the resulting prethermal plateau,
the system remains well described by a quasi-conserved local effective Hamiltonian. Crucially, the
lifetime of the prethermal plateau is parametrically controllable and easily exceeds experimental
coherence times; therefore, Floquet-engineering remains a viable tool even for many-body systems.

Despite these advances, there remain fundamental challenges in periodically driven quantum
systems. Conceptual and practical issues limit both our theoretical understanding and our ability
to reliably use driven systems for quantum simulation.

For instance, an ambiguity in defining the Floquet Hamiltonian strongly limits its physical
interpretation. Specifically, the Floquet Hamiltonian Hp is defined only through its stroboscopic
evolution operator exp(—iT Hp); consequently, the quasienergies er are determined only modulo
the driving frequency, €g — €p + nw (n € Z). This ambiguity, often referred to as quasienergy
folding, has far-reaching consequences. Without a unique energy ordering, extending equilibrium
concepts to Floquet systems becomes ill-defined: which state is the ground state? How should
Floquet-Bloch bands be filled at a given chemical potential? What are the thermal occupations
of Floquet states at fixed temperature? These questions are essential for simulating equilibrium-
like physics in a driven setting and for characterizing the nonequilibrium phases of periodically
driven matter, yet they remain unanswered in the standard formulation of Floquet theory. Previous
approaches to resolve this ambiguity are either limited to perturbative regimes [21, 74] or lack a
systematic justification [75-77]. The necessity for an unambiguous Floquet ground state definition
is emphasized by recent works [78, 79] which indicate the existence of ground-state-like states far
beyond the validity of high-frequency approaches.

Moreover, in many-body systems, finding the Floquet Hamiltonian is a computationally hard
problem: it requires solving exponentially many coupled differential equations to obtain the
full time-evolution operator over one period. Analytical methods, primarily the high-frequency
expansions [73, 74, 80-82], are perturbative and known to diverge [10-12, 83], severely restricting
the analytical handle on periodically driven systems.

Finally, even if a desired Floquet Hamiltonian Hf can be engineered and its prethermal lifetime
is sufficiently long, exploring its physics requires the ability to prepare and probe its eigenstates.

Current state-of-the-art, adiabatic parameter variation [84—86], faces three compounding difficulties:
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first, the adiabatic limit for the effective Floquet Hamiltonian does not strictly exist [85, 86];
second, the necessity for slow parameter changes conflicts with the limited coherence times of
present-day quantum simulators [87, 88]; third, introducing fast control terms explicitly breaks
the time-periodicity of H(¢)—the very property on which Floquet’s theorem [1] and the entire
Floquet-engineering framework is built.

The objective of this thesis is to establish adiabatic control as a unifying framework to
address these challenges. The resulting theory lays the foundations for a complete Floquet-
engineering toolbox. While we focus on quantum systems throughout, we note that many
of the underlying concepts extend to classical periodically driven systems [89]. While the
adiabatic theorem [90, 91] guarantees transitionless driving only in the limit of infinitely slow
variations (adiabatic limit), counterdiabatic driving [89, 92-97] can achieve transitionless adiabatic
control without requiring the adiabatic limit. Counterdiabatic (CD) driving achieves this by adding
auxiliary terms, constructed from the adiabatic gauge potential (AGP), to exactly cancel unwanted
transitions. As we review in Ch. 2, the AGP encodes the response of instantaneous eigenstates to
parameter changes and is closely connected to geometric properties of the system [89].

Conventionally, adiabatic control and periodic driving are regarded as opposite extremes of
nonequilibrium dynamics: the former concerns slow parameter variations, the latter strongly and
rapidly oscillating drives. In Ch. 3, we demonstrate that Floquet theory is a form of counterdiabatic
driving: the lab-frame Hamiltonian generates transitionless driving for the Floquet states [98]. This
identification of the Floquet problem as an inverse CD problem opens the door to efficient non-
perturbative computation of Floquet Hamiltonians via the variational AGP machinery developed for
CD driving, and unifies previous efforts of using quantum control for Floquet engineering [99-102].

Conceptually, this enables us to link the quasienergy ambiguity to an incomplete gauge-fixing
of the adiabatic gauge potential, from U(1) +— Z, with the remaining gauge group corresponding
exactly to the ambiguity in defining the quasienergy up to shifts eg + wZ. Using the unique
parallel-transport gauge for the adiabatic gauge potential, we introduce an alternative formulation
of Floquet theory. This geometric Floquet theory [98] naturally decomposes the evolution of
periodically driven systems into a dynamical contribution, governed by a unique average-energy
operator, and a geometric contribution, described by a Wilson line that accumulates Berry phases;
the average-energy operator provides an unambiguous sorting of the Floquet states lifting the
quasienergy ambiguity.

Throughout Ch. 3, we review how central phenomena in periodically driven systems are
expressed in geometric Floquet theory. In particular, the average-energy operator offers a sensitive

diagnostic for the onset of Floquet heating: with the onset of heating, the average-energy operator



changes from a quasi-local to a non-local operator; its many-body bandwidth then displays ‘spectral
implosion’. In contrast, its geometric counterpart reveals the geometric origin of inherently
nonequilibrium phenomena such as discrete time crystals (DTC) and anomalous Floquet topological
insulators.

In addition to these foundational insights into nonequilibrium order, we also address a longstanding
practical question: can this exotic order be harnessed for practical applications? We answer this
question in the affirmative (see Sec. 3.3.3), proposing a DTC-based AC-sensing scheme and
demonstrating it experimentally using nuclear spins in diamond [103]. This sensing scheme
achieves competitive sensitivity for a large frequency range, applies to a variety of quantum-
sensing platforms, and leverages—rather than suppresses—many-body interactions to achieve
robust quantum sensing. Moreover, using the recent experimental realization of Rondeau order [104],
we discuss how relaxing strict periodicity opens the possibility of new forms of nonequilibrium
order with neither static nor Floquet counterparts.

Further, we generalize the formalism of counterdiabatic driving beyond equilibrium, developing
a theory of Floquet counterdiabatic driving (FCD) [105] which enables transitionless control
protocols for Floquet eigenstates (see Ch. 4). At the core of this theory is a non-perturbative
variational principle for the Floquet adiabatic gauge potential that enables the construction of local,
experimentally feasible control protocols. We demonstrate the practical utility of this approach on
paradigmatic control problems, including selective passage through resonances in atomic systems
and experimentally feasible speedup with limited control in Floquet band models. The method
also extends beyond Floquet systems, enabling state preparation in static many-body systems via
nonequilibrium adiabatic paths.

Together, these results firmly establish counterdiabatic driving as a unifying framework for the

theory and control of periodically driven quantum systems.
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Chapter 2

Adiabatic control and counterdiabatic
driving

This chapter reviews adiabatic control and counterdiabatic driving, and illustrates them through
paradigmatic examples. These methods form the foundation for subsequent chapters, where they
provide a new perspective on periodic driving and enable a theory of state manipulation for driven
systems.

Adiabatic control aims to achieve transitionless driving between the instantaneous eigenstates
|Wn[A]) of a control Hamiltonian H.y1(A) upon varying the control parameter A from A(0)=24;
t0 A(Tramp)=Ar in a time Trymp. For the case of infinitely slow parameter variations (1—0 with
Tramp—0), the adiabatic theorem [90, 91] guarantees that the evolution follows the instantaneous

eigenstates, |¢,[1]):
(1) = ‘Texp(—i/o Hcm(/l(S))dS) ¢ [2(0)])
— Mm@y, [An)]), 2.1

with the dynamical phase

bull) = - /0 E(A(s))ds (2.20)

A(t)
() = A . <wn [A]

which only depends on the trajectory traced in Hilbert space by |y,[4]) but not on the schedule
A(1).

Away from the infinitely slow driving regime, diabatic transitions between eigenstates are

and geometric phase

d
i<Wl > da (2.2b)

induced during the ramp. The goal of shortcuts to adiabaticity is to generate time-evolution that
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follows the adiabatic trajectory (2.1) of states in Hilbert space away from the adiabatic limit [97,
106]; this requires finite modifications to the protocol Hcy(Ad)—Heyi(A) + Hiyog. In particular,
counterdiabatic driving (CD) achieves this by exactly removing all diabatic transition matrix
elements [92-95].

For the rest of this chapter we focus on the theory and applications of CD driving. Specifically,
in Sec. 2.1, we introduce the formal theory of CD driving, identifying the adiabatic gauge
potential (AGP) as the source of diabatic transitions. While, in principle, this achieves transitionless
driving for arbitrary schedules, computing an exact CD protocol is computationally expensive and
the required counterterms often experimentally infeasible. Therefore, in Sec. 2.2, we discuss a
variational principle [107] enabling optimal local approximations to the exact CD protocol—so-
called local counterdiabatic (I-CD) driving. We illustrate CD and 1-CD driving on the paradigmatic
transverse-field Ising model in Sec. 2.3; crucially, we find the divergence of the AGP at the quantum
critical point in the thermodynamic limit. This divergence is often confused with the inability to
perform transitionless driving across a quantum phase transition point in the thermodynamic limit.
However, as we demonstrate in Sec. 2.4, transitionless driving across phase transition points remains
possible for a large class of models—including the transverse-field Ising model—using a clever
choice of schedule A(¢). We identify traversability—the ability to cross a phase transition point with
CD driving—as a new dichotomous characteristic of phase transitions. Moreover, we demonstrate

that fraversability is entirely determined by the geometric properties of the ground-state manifold.

2.1 Counterdiabatic driving

To remove the diabatic transitions, we first need to identify their origin. To this end, we consider
a transformation V) to the instantaneous eigenbasis {|¥,[1])} of the control Hamiltonian H (1),
i.e., H(A) [Y,[1]) = E, () |y, [1]) and hence the unitary V, diagonalizes H (A1),

VIHen(A)V, = diag(Ey (1), Ex(), ...).

Substituting the co-moving frame transformation |1Z/ (t)> = V; ) | (7)) into the Schrodinger equation

(¢
i0; |) = Hey |¥) and applying the chain rule, the co-moving frame dynamics is governed by

I:Ictrl(/l) - /lﬁ/l > (2.3)
with the adiabatic gauge potential (AGP)

A=i(0 V)V, (2.4)
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and the co-moving frame transformation denoted by (7):V;(-)V/1. By construction, Hgy(A) is
diagonal, such that all excitations between its eigenstates in the co-moving frame are described
by the AGP A;. Therefore, transitionless driving is obtained by removing the transition matrix
elements in the lab frame:

Hcp(A) = Hen(2) + AA,, (2.5)

identifying the protocol modification as Hyoq = AA,. This can be seen by transforming Hcp (1)
to the co-moving frame with respect to V() (Eq. (2.3)), where the evolution is entirely described

by the diagonal Hamiltonian
I:Ictrl(/l) - /Lﬁ/l + /Lﬁ/l = I:Ictrl(/l) .

Therefore, no transitions can occur and the time-evolution starting from an eigenstate of Hgy is
simply given by |g5(t)> = ¢i0n(1) |z/7n>, going back to the lab frame, the evolution of an eigenstate
| [A(0)]) under Hcp(A) is thus described by

(1)) = Vae' "D |, ) = 4O [y [a(0)]) . (2.6)

Crucially, the AGP A, itself does not contain the information to diagonalize the Hamiltonian
H y1(1); the information about the eigenstates is contained in V(A(0))—the initial condition to
the Schrodinger equation {0,V (1) = A,V (A). Instead, the AGP (2.4) describes the infinitesimal

transformation between instantaneous eigenbases, as is evident from its matrix elements

<'70m| A |¢n> =i <¢m|a/lwn> . 2.7)

The AGP (2.4) is closely related to geometric properties of the state-manifold [89]; for instance,
from Eq. (2.7) it follows directly that its diagonal elements generate the geometric phase (2.2b)

A1)
yult) = / Wl Ay ) 1. 2.8)
A(0)

Notably, the adiabatic gauge potential (2.4) is not uniquely defined due to the U(1) gauge

transformation

Ay > Ay = A= D 0xa(D) Wa Xl
7 (2.9)

A1) - [y (A1) = ey, [A])
which corresponds to choosing the overall phase of each individual eigenstate; note that |g[/;l [/l]>
is also a valid eigenbasis of H.u(A) for a fixed A. Indeed, we can add to the AGP arbitrary
operators, diagonal in the eigenbasis |, [1]), to obtain another valid AGP. While all AGPs lead
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to transitionless driving of the eigenstates, the accumulated phases during the evolution may
differ: that is, the evolution of eigenstates [}, [4(0)]) under H{.;,(1)=Hcyi(A) +/.L7(:l maps them to

eigenstates at later times
WalA(0)]| T h Hen® g, [20)])| = 1,
but their phases may differ
Te™ I Mool 1, [A(0)]) = D00y, [2(1)]) (2.10)

In particular, non-eigenstates undergo different evolution under Hcp and HE:D.
We can remove the gauge ambiguity by considering the adiabatic parallel-transport gauge

defining the Kato AGP [91, 108]
1
Axa =—5 ) [y[4], i1, [1]], (2.11)

n

expressed in terms of the commutator of the gauge-invariant eigenstate projectors Il,(1) =
|Wn[A)X¥n[1]]. Analogously, the Kato AGP is defined as the gauge choice with vanishing diagonal

elements
WYnl A W) = 0. (2.12)

Therefore, its matrix elements are obtained from those of A, by removing all diagonal entries,
Wml| A Wn) =(1 = 6pm) mliOahn) -
The corresponding Kato CD Hamiltonian,
Hg cp(1)=Hen () + AAK (2.13)

is the unique gauge choice reproducing the adiabatic evolution (2.1) exactly, including the correct

phase evolution of eigenstates':

W (£)) = Te™ b Hxen®ds 1y, 13 0)])

o (2.14)
= MOy, [A()]) -

Therefore, the parallel-transport CD drive (2.13) reproduces the adiabatic evolution while lifting

the constraint of the adiabatic regime; however, the condition on the spectrum E, (1) of Hcyi(A)

"Equation (2.14) follows directly from Eq. (2.10) with ¥, = (.| A [¥,) generating the geometric phase (see
Eq. (2.8)).
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AF B Wk
E:/ : Tramp/ho Lﬁ [ Kato
= o = - oD
=} Cr TQlQ
é = D _ 50 =1 unassisted
I Kato - 100 0 | 00, ooooooooooooooooooODDOOOOOOOooOODODOG
O " — " " M | T N N N M Iz N
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Figure 2.1: Counterdiabatic driving for two-level system. A, fidelity of time-evolved ground
state for co-moving frame (purple) and Kato (cyan) CD driving and unassisted evolution at different
ramp times (gray dash-dotted) with respect to instantaneous ground state, |(g [A()] |y (), for
initial state [¢(0)) = |g[4(0)]): independent of the AGP gauge choice the CD Hamiltonian
induces transitionless driving between eigenstates of the control Hamiltonian (2.16); without the
counterterm transitionless driving is only restored in the adiabatic limit, Tiyyp — oo. B, final
fidelity of time-evolved state with respect to adiabatic limit expectation (2.25) for initial state
¥ (0)) =(|g) + |e))/V2: for non-eigenstates different AGP gauge choices lead to different dynamics;
only the Kato AGP (2.22) reproduces the adiabatic limit.

being nondegenerate and gapped persists. Importantly, the parallel-transport gauge (2.12) is only
well-defined for time-evolution along a trajectory A(¢) (whence the name)—it is locally, but not
globally, related to A, (2.4) by a gauge-transformation (2.9). Consequently, global expressions
like the geometric phase identity (2.8) do not apply; instead, the Kato AGP generates the geometric
phase dynamically: 7 e Jo Fals)ds [, [2(0)]) = €@ |y, [A(1)]). For an extended discussion
see also App. A.

Finally, for transitionless driving of a single eigenstate (typically the ground state |[1])), it
suffices to suppress diabatic transitions from that state to all others, rather than between all states.
For the Kato AGP (2.11) this is achieved by considering only the projector with respect to the target

state; in particular, the Kato ground-state AGP reads

AL, = —i[Ip[4], 8,TTp[A]] . (2.15)

Example: two-level system. To illustrate counterdiabatic driving, we now consider the pedagogical

example of a two-level system

H(B,0,¢) = —hii(8,¢) - S (2.16)
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with amplitude B > 0, unit vector A(6, ¢) = (cos(¢) sin(0), sin(¢) sin(6), cos(#))”, and vector

S = (8%, 8,597 of spin-1/2 matrices S = /2 (« = x, y, z) with Pauli-matrices

01 0 —i 1 0
X _ y Z _
el EE ! ) B ()}
Equation (2.16) corresponds to a spin-1/2 in a magnetic field B = —Bii.
The ground state, |g[6, ¢]), and excited state, |e[8, ¢]), of (2.16) are readily obtained as

g[8, ¢1) = cos(8/2) I1) +sin(6/2)e'? |1} , le[6, ¢]) = sin(6/2) 1) —cos(6/2)e™ |])  (2.17)

with eigenvalues €, = FB/2, and S*-eigenstates |T),[]); notably, the eigenstates (2.17) are
independent of the scaling factor B. The eigenstates are those states which are (anti-)aligned with

the magnetic field B, as is evident from the eigenprojectors

=
=

Mg =2 -A0,¢)-S, Te=Z+i(0,¢)-S (2.18)

[\

From the corresponding diagonalizing unitary,

cos(6/2) sin(8/2)

Voo = \sin(0/2)e® - cos(8/2)e™] ° (2.19)
we can obtain the AGPs (2.4)
A, =8, Ag=8". (2.20)
Likewise, from the eigenprojectors (2.18) we readily obtain the Kato AGP (2.11)
A= (AX o) S, (2.21)
which coincides with the ground-state AGP (2.15); for 4=¢ and 4=6 we find
Ak =—sin(0)ég-S Axg=6é,-S (2.22)

with the spherical unit vectors along changes of @ and ¢: é4 = (cos(¢) cos(6), sin(¢) cos(6), sin(6))"
and é, = (—sin(¢), cos(¢p), 0)7, respectively.
For concreteness, we consider a closed protocol at fixed latitude 8y and amplitude By

2

Tramp

p(t) = t 0(t) = 6y B(t) = By (2.23)
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Consequently, only the AGP A, with respect to the phase ¢(¢) enters the corresponding CD
protocols, Eq. (2.5) and Eq. (2.13). Along the trajectory (2.23) the ground state accumulates a

geometric phase

2
ve=i [ (elong11, leléo. 1y dg = ~2msin(an/2).

and the excited state accumulates the same geometric phase with opposite sign y. = 27 sin(6y/ 2)2.

Using either the co-moving frame (2.20) or Kato (2.21) AGP, CD driving achieves transitionless
driving between eigenstates for arbitrary Tiayp, as demonstrated in Fig. 2.1A. In contrast, without
counterterm—referred to as unassisted evolution hereinafter—transitionless driving is only achieved
in the adiabatic regime Tay,p—co. However, for a non-eigenstate initial state, the two CD protocols
lead to drastically different evolution, as we detail now. For concreteness, we consider the

superposition state

Wo) = %(IG[OO,OD +1¢[60,01)) . (2.24)

as the initial state at t = 0, and 6y = n/3. Then, adiabatic evolution (2.1) predicts an evolution

according to

(1)) = —= (07 e[l ¢(1)]) + €O lg o, p(1)])) (2.25)
V2

with geometric phase yeo= F ¢(t) sin(6o/2)* and dynamical phase ¢.s(f) = FBot; however,

unassisted driving only reproduces the adiabatic evolution (2.25) in the adiabatic regime (Tramp— ©0),

see gray circles in Fig. 2.1B. Crucially, CD driving with the Kato AGP reproduces the adiabatic

evolution (2.25) exactly, irrespective of the adiabatic regime, see cyan triangles in Fig. 2.1B. In

contrast, the co-moving frame AGP (2.20) induces an evolution

%(e""’e“) 2160, ¢ (1) + €< lg[60, 6 (1)])) (2.26)

which does not capture the geometric phases; consequently, for the given choice of parameters (6y =

|'7l’co—moving (1) > =

n/3) the final state of the protocol,

(//CO_moving(Y}amp)>, is exactly orthogonal to the state under
adiabatic evolution (2.25), see purple squares in Fig. 2.1B. This emphasizes the importance
of choosing the ‘correct’ adiabatic gauge potential depending on the desired application—e.g.,

eigenstate or non-eigenstate evolution.
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2.2 Local counterdiabatic driving

Counterdiabatic driving enables, at least in principle, arbitrarily fast transitionless driving. For
many-body systems, however, the exact adiabatic gauge potential (2.11) poses practical challenges:
it requires computationally expensive full diagonalization, often involves hard-to-implement long-
range and multi-body operators [89] (see also Sec. 2.3), and may diverge in the thermodynamic
limit. To address these challenges, Ref. [107] introduced a variational principle that finds optimal
approximations to the AGP under given constraints. We review this approach below by rederiving
the variational principle; this derivation provides insight into AGP structure and establishes the
foundation for our generalization to periodically driven systems (Ch. 4).

We start by deriving a defining equation for the AGP which does not involve the eigenbasis of
the control Hamiltonian. Using the eigenstate identity (¥ ,| H [¢,,) = 0,mE, and the Hellmann-
Feynman theorem [109-112], 0, E, (1) = (¥,| 01H |¥y), the off-diagonal AGP matrix elements (2.7)

can be re-expressed as

nzm n H m
Wal A 1m) "2 %. 2.27)

Equation (2.27) has the structure of non-degenerate perturbation theory with perturbation 0,H,
reflecting the AGP’s interpretation as linear response [89]. Equation (2.27) can be expressed in
terms of operators

i[H, Al —0,H = Fa, (2.28)

where the generalized force operator 7 = »., 0, E, (A1)I1,[1] accounts for the diagonal elements.
Equation (2.28) defines the AGP A, as the solution to the linear equation [113]: adgy, X = 0,H+F,,
with linear operator ady,(-) = i[H,, -]. The generalized force operator in Eq. (2.28) is required to
guarantee a solution to the linear equation removing directions of 9, H along the kernel of ady,.
Instead, we can consider the normal equation, adLAadHA (X) = adL/{c’)AH , which is guaranteed to

have a solution; therefore, Eq. (2.28) is equivalent to
[Hy,i[H, Ayl —0,H] =0. (2.29)

Equation (2.29) represents the desired operator relations uniquely defining the AGP without
requiring spectral decomposition of H.yi(4). In Eq. (2.29), the gauge freedom in the diagonal
elements of the AGP (2.9) manifests via the commutator: [H, A, + 2., full,] = [H, A,], for any
fn € R. The Kato AGP (2.11), having no diagonal elements, corresponds to the minimal norm

solution of the normal equation (2.29); mathematically, this solution is described by the (unique)
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Moore-Penrose pseudo-inverse, denoted by ad;[hz,
Ak = ad}’h(aﬂHﬂ) . (2.30)

Importantly, solving the normal equation (2.29), adLAadH (X)) = adea,lH , 18 equivalent to

minimizing the trace-distance
||ad1-1/l (X) - (9,1H||§ = Tr((adHA(X) - (9/1H)2) .

Therefore, solving Eq. (2.28) is equivalent to the Euler-Lagrange equations [107]

oS

L E— 2.31
X, lxX=7, (2.31)

for the action
SIXil = Tr( G2 (X))
G(Xy) =i[H), X3] — 0,H, .

Indeed, extremizing the action (2.31) over the entire Hilbert space of operators, we recover exactly

(2.32)

Eq. (2.29). Moreover, the variational principle allows us to find optimal approximations to the AGP
within a subset of the entire Hilbert space by minimizing the action (2.32) within that subspace;
for instance, this allows us to find the best AGP within the subset of experimentally accessible

controls (see Sec. 2.3 for an explicit example). For a linear ansatz

X/l = Z x/l,nOn

n

with a set of operators O,, the action (2.32) remains quadratic in the variational parameters x, ,;
this results in a convex optimization problem which does not suffer from local minima. Since
the Moore-Penrose pseudo-inverse ad}}l (for a finite Hilbert space) can always be expressed as a

finite-order polynomial in the linear operator ady,, the ‘commutator expansion’ ansatz [114-116]

N
X, = anadfj“(am), (2.33)

n=1
is guaranteed to include the Kato AGP for sufficiently large N and has a small number of coefficients;
we only consider odd terms in Eq. (2.33) since adj[lu inherits the anti-hermiticity from adg,. Since

the introduction of the variational principle [107] a variety of methods emerged to approximate

2The Moore-Penrose pseudo-inverse M* of a singular matrix M always exists for finite-dimensional Hilbert space
and is defined via the relations, MM*M = M and M*MM™* = M*; for a (anti-)hermitian matrix M the pseudo-inverse
is also (anti-)hermitian.
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AGPs, including tensor network [117, 118], neural networks [119], and Krylov methods [120], and
extend it to a broader class of optimal control techniques [97, 106, 121, 122].

The action (2.32) corresponds to an infinite-temperature expectation value <§2>pw, where
Pp=co ¢ 1 weights all eigenstates equally. The action (2.32) may be replaced by a finite temperature
expectation value <92>pﬁ, where pg o exp(—SH) weights states by their energy, without affecting
the exact solution [107]. For approximate AGPs, this temperature dependence provides a tuning
parameter: low-temperature weighting may improve I-CD driving for low-energy states. Moreover,
we can obtain the ground-state AGP (2.15) by taking the zero temperature limit; this yields the

ground-state variational principle [107]

SIXa = Wo(D)| G2 (XY o)) . (2.34)

2.3 Example: transverse-field Ising model

We illustrate CD driving on the integrable transverse-field Ising model (TFIM)

L
Hy=J) (oFof, +10%), (2.35)
n=1

for L spins with periodic boundary conditions, o, = 07 ; the integrability of the TFIM allows us
to derive the AGP A, analytically. In particular, since the TFIM (2.35) undergoes a continuous
phase transition at 4 = |J| from a ferromagnet (1 < |J|) to a paramagnetic (1 > |J|), we can
illustrate the behavior of the AGP near phase transitions.

To see the integrability of the TFIM (2.35), we perform a Jordan-Wigner transformation [123,

124], mapping the spin-1/2 degrees of freedom to fermionic ones

-1 z

fe= 1—[ (_0';) Ty s f; = ﬁ (_0';) Cr f{jft’ = 0-€2+ ! , (2.36)
j=I

J=1

with fermionic anti-commutation relations: { f,f , fm} = O, and trivial otherwise {f,, fn} = 0 =

{ fnT, f,;} The Jordan-Wigner transformation (2.36) transforms the ‘interacting’ spin system (2.35)

into a free-fermion system

Hy2 0 3 (fifusr + i 1Ly +he) + 201 f, 2.37)
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Figure 2.2: Counterdiabatic driving in the transverse-field Ising model. A, fidelity F against
ramp time Tiayp for unassisted (gray circles), CD (purple squares) and 1-CD driving including
Nmax-body operators, Nymax = 1,...,5(light to dark blue), for system size L = 100. Only the full
AGP, including all multi-body terms (Nyax=L), leads to transitionless driving; however, local CD
can increase the fidelity compared to unassisted evolution. B, norm of AGP (2.45) as a function
of control parameter A for different system sizes L = 8, 16,32,...,2048 (yellow to red); Inset:
log-log-scale of maximal AGP amplitude as function of system sizes indicates power-law (cc VL)
divergence. The AGP diverges at the critical point with increasing system sizes, requiring infinite
resources for the linear-ramp CD to pass the phase-transition in the thermodynamic limit.

By additionally performing a Fourier transformation to quasimomentum space the TFIM (2.35) is

reduced to a collection of independent two-level systems, one for each quasimomentum k:

Hy = 22@ [(A = cos k)7° + sink 7°] i, (2.38)
k>0

where we used the Fourier transform convention (fixing the parity)

i ~
fr = — ) exp(itk) fx, (2.39)
(5
with momenta k = (2n+ 1)n/L,n = -L/2,...,L/2; we also introduced the spinor convention
2z i
y; = (f,f f—k) . k= ( ]{T ) (2.40)
—k

and 7% are a set of Pauli matrices that act on the internal indices of the spinors ¢, 1//2.
Therefore, the AGP A, for the TFIM can be obtained from the two-level system AGP (2.20)

for each momentum mode individually

sin k
Ay = — IRl 2.41
1 ;)2(1+/12—2/lcosk)wk7- Vi 241)
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Transforming Eq. (2.41) back to real-space using the inverse Fourier transform

fi = \;_ZZ Zf: exp(=itk) fi, (2.42)

i.e.,

Z tﬁlt cos(nk)o'y, = Z (fgfgﬂ + h.c.)
k

¢

Z l/ll sin(nk)oy, = Z (l'f;f;_'_n + h.C.) (2.43)
k ¢
Z wz sin(nk)o*y, = Z (f;f“n + h.c.) ,
k ¢
and inverting the Jordan-Wigner transformation,
n+f—1 n+l—1
ftjf“” = 0-;[ n O-]Z‘]O-n_ﬂ’ ’ fgft’in = O-;[ l_[ O-jz'lo-r;t’ ’ (2'44)
j=n j=n
the AGP takes the form
AQQ) = Z £ () Z ((rjacgjzﬂ ...JJ%H_IJJYH + ”;0;1 . 'fff+r—1"f+r) , (2.45)
rx>1 J

where

() = (2.46)

- [t jal<1
8 A7t ja>1.

The AGP is in general quasi-local (1#1), with couplings decaying exponentially in space. At the
critical point 4, = 1, however, the AGP becomes non-local with equal weight on operators acting
at all distances. Due to the factorization into decoupled two-level systems the ground-state and
full AGP coincide for the TFIM, like for the two-level system. In general, the ground-state and
full AGP are not expected to agree; in fact, the full AGP is expected to be non-local and diverge
for all parameters A due to exponentially small gaps in the middle of the spectrum [89, 125].
However, ground-state AGPs for gapped Hamiltonians are generally quasi-local [126—-128] away
from phase-transitions.

Using the AGP (2.45) transitionless driving can be achieved at finite system size also across
the ‘critical point’ A = 1, see Fig. 2.2A. However, implementing the exact AGP is experimentally
challenging due to the multi-body operators. The I-CD procedure provides an alternative route to
improve upon the unassisted protocol using local operators; given the analytical solution (2.45) the

1-CD protocol can be obtained by truncating it to the desired locality. In Fig. 2.2A, we demonstrate
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that 1-CD increases the accuracy of the protocol compared to unassisted driving; however, to achieve
unit fidelity the full AGP is required. In addition to the non-locality of the AGP, its norm diverges
at the critical point (1 = 1), see Fig. 2.2B. Therefore, even if we can implement the non-local

AGP (2.45), driving across the phase transition using the linear schedule requires infinite resources.

2.4 Driving through phase transition points

The divergence of the AGP at quantum phase transitions (QPTs), as observed for the TFIM (Sec. 2.3),
is often misinterpreted as a consequence of the failure of CD driving and adiabatic evolution across
the QPT point. In this section, however, we demonstrate that a large class of QPT points can be
traversed with unit fidelity using transitionless counterdiabatic driving with a finite energy density
in the thermodynamic limit. We achieve this by constructing a drive protocol that slows down at
the QPT point faster than the nonlocal AGP diverges, as proposed by Ref. [129] for single-particle
classical systems (see Fig. 2.3). Crucially, the schedule has a well-defined functional form in
the thermodynamic limit—requiring neither diverging amplitude nor frequency scales. While the
protocol requires access to the exact ground-state AGP, which is generally non-local at the QPT
point, the instantaneous generator of the unitary connecting the ground states on both sides of the
phase transition has a finite norm density in the thermodynamic limit; nonetheless, the non-locality
of the AGP near the QPT point precludes a finite-depth local unitary implementation, which is
impossible by definition of quantum phases [126, 130].

More surprisingly, we find that many quantum phase transition points prohibit finite-time,
unit-fidelity counterdiabatic protocols, even with exact adiabatic gauge potentials. This motivates
a universal classification of QPT points as either traversable or non-traversable. At its core,
traversability is a geometric property of the ground-state manifold, unrelated to the existence of
local order parameters and not confined to renormalization group fixed points. Specifically, a QPT
point is traversable if the two phases are connected by a finite-length path.

As we show below, traversable phase transitions include all transitions obeying hyperscaling, as
defined by the theory of critical phenomena [131]. Examples include certain symmetry-breaking
transitions (e.g., ferromagnet to paramagnet in local quantum Ising chains) and some symmetry-
protected topological phase transitions. Most systems exhibiting discontinuous phase transitions

with divergent correlation length are expected to be non-traversable.
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(A Reparametrization )

A A . . . . 0 time, ¢ T

Figure 2.3:  Summary of traversable quantum criticality. A, geometric interpretation of
constant-speed parametrization: the two ground-state manifolds on either side of the QPT line
are connected by a finite-length path; the non-analytic behavior at the QPT point can be partially
cured using the constant-speed parametrization. B, sketch of constant-speed reparametrization

procedure: while the adiabatic gauge potential ||ﬂ/?s/1|| diverges its integral across the QPT point

> . o : . .
112<>Ac ||Ap||dA can remain finite, implying the existence of a finite-length path. The constant-speed

parametrization follows this path at a constant velocity v, i.e., with each time-element d¢ we increase
||[Ao|ldA by a finite amount v. This cures the divergence at the QPT point for /lﬂg’s/l—the quantity
entering the counterdiabatic driving protocol (2.5).

2.4.1 Constant-speed parametrization & traversability of phase transitions

The key insight to achieve traversability is that the quantity entering the CD Hamiltonian (2.5) is
not the divergent ground-state AGP ﬂg’s but always the product /'L?l/?s of AGP and the change
in protocol. This opens the possibility to compensate the divergence in ||ﬂfl}s|| by a vanishing
velocity 4 = 0 at the QCP—this amounts to a reparametrization of the same protocol H; by a
different schedule A = A(t). A particularly convenient choice is the constant-speed parametrization

Aes (1) [132]

Aes|[AGS|| = vL/?, (2.47)
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with an adjustable (but fixed) velocity v for a d-dimensional system; the scaling factor L/? is
required to ensure that Eq. (2.47) leads to a finite density AGP agreeing with the scaling of the
Hamiltonian ||H,|| «« L%? in the thermodynamic limit. Equation (2.47) is a differential equation

for the constant-speed schedule As(#), which can be integrated to the implicit relation
Aes (1)
v(t —19) = L™ / [|AS|dA . (2.48)
Ai

The constant-speed schedule A.(#) exists if the integral in Eq. (2.48) converges across the QPT
point; while the integrand ||.?(GS|| diverges at the QPT point the integral (2.48) can remain finite.
In this case, the resulting CD protocol (2.5) achieves transitionless driving across the QPT point
in finite time Tiamp < co. Importantly, the CD Hamiltonian is non-local at the phase-transition
point (see also Sec. 2.3) and thus does not violate the assumption that two states of different phases
cannot be connected by a finite-time quasi-local operator [126].

Crucially, the existence of the constant-speed schedule A.4(7) is exactly tied to a finite geometric

length
Af
=L / Veuda (2.49)
A

across the QPT point since the diagonal element g,, of the ground-state Fubini-study metric

8uv = <(9u‘//0| (T = [oXwol) 10,¥0) .

is exactly described by the ground-state AGP norm: ||ﬂ§s||2 = ga1. Therefore, we can classify
QPTs into traversable and non-traversable depending on whether they admit a finite geometric
length, £ < oo, across the transition or not. Consequently, for traversable QPTs the ground-state
manifold admits a continuous parametrization and the ground state changes continuously across
the QPT point. By contrast, for non-traversable QPTs the ground-state manifold typically has an
intrinsic singularity at the QPT that cannot be removed.

Note the divergence of the Fubini-study metric in the thermodynamic limit is naturally linked
to Anderson’s orthogonality catastrophe [133, 134]. In our language, the ground states of two

macroscopic systems, differing only by a small parameter, are orthogonal since
| {(po(D)|po (A +dD]) |* =~ 1 —aL?dA> — 0

for any finite dA. However, the length ¢, Eq. (2.49), remains finite thanks to the rescaling with
L2,



22 2. Adiabatic control and counterdiabatic driving

For continuous phase transitions the Fubini-study metric obeys the scaling law [135]
gu(A, L) ~ LA = 27379, (2.50)

if hyperscaling [131] holds at the underlying QPT; here, v is the correlation length exponent.
Therefore, the geometric length can be split into a convergent regular and a divergent irregular

contribution as

Ac+e
€= / |4 — A)"?71dA + regular . (2.51)
A

c—€

Consequently, traversability is linked to the condition
vd > 0, (2.52)

which is realized for most known phase transitions. Crucially, Eq. (2.52) is only valid if hyperscaling
holds true.

Notably, instead of reparametrizing time, one may attempt directly reparametrizing the parameter
manifold with 4 — A.s. This would, however, lead to an ‘unphysical’ static parametrization of the
Hamiltonian. To illustrate the point, let us assume that H = Xy + 41X for two Hermitian operators
Xo,1, and that the critical point lies at 4 = 0. Let us also assume that the constant-speed condition
leads to Aes = A1/3, so that H = X, + /lngl. This parametrization appears to increase the order of

the transition: using

0 _ 1 o o 123 9 ’
one can see that more derivatives with respect to A are needed to be taken, to find a divergence in

(2.53)

thermodynamic quantities; the physics should however remain unchanged. The apparent paradox is
resolved by noticing that such a reparametrization spoils the operator expansion around the critical
point, in which parameters have to appear linearly: in general, H = H. + (4 — 1.)O + --- [136].
Time reparametrization is instead perfectly allowed, as time evolution does not need to obey the
same (sometimes untold) constraints leading to equilibrium predictions. Therefore, traversability
of QPT points is a purely dynamical property, despite being tightly linked to equilibrium critical
behavior.

We emphasize that similar ideas were introduced previously in the context of adiabatic driving,
where time reparametrization of the driving schedule was used to prove the efficiency of the
adiabatic Grover algorithm [132]. A large body of works ensued, leading to concepts like the
quantum adiabatic brachistrochrone [137] and the use of optimal control theory to modify the
annealing schedules [138]. In these works, however, the schedule A(7) is rescaled with system

size since the adiabatic evolution is determined by the system-size dependent minimal gap. As
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Figure 2.4: Examples of traversable phase transitions points for transverse-field Ising A, and its
non-integrable version B, and cluster Ising model C; behavior for all three models is qualitatively
the same: (i) Sketch of traversed phase transition points; dashed line indicates path through phase
diagram. (ii) constant-speed schedules with characteristic slowing down at critical point; for
TFIM and CIM one can obtain the exact L = oo-schedule; for non-integrable Ising chain the
schedule is obtained from a system size L=400 far exceeding system sizes considered for evolution,
acting as an effective thermodynamic limit. (iii) Scaling of infidelity with system size at fixed
ramp time Tramp, ix (=100, 20, 320 from left to right) for (A-C), respectively; while, linear ramp
finite norm CD (linear CD), the constant-speed (cs) and linear ramp protocols lose fidelity with
increasing system size, the constant-speed CD (cd CD) protocol maintains unit fidelity up to the
thermodynamic limit.

a consequence, the schedule A(7) becomes discontinuous in the thermodynamic limit if 7" is kept
finite [138]. Here, instead, we are only concerned with taming the divergence o |1 — /lcl‘(z“’d),
while keeping T finite with CD—working directly in the thermodynamic limit the system-size does
not enter. Technically, we removed the system-size dependency by introducing the factor L=¢/2 in
Eq. (2.47). In this respect, our work is more similar to the so-called optimal non-linear passage

through quantum critical points [139, 140].

2.4.2 Traversable quantum phase transitions

We now illustrate the use of the constant-speed parametrization on two traversable QPTs: the
symmetry-breaking transition in the transverse-field Ising model, and the topological transition in

the Cluster Ising model.
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Transverse-field Ising model. We start by re-examining the integrable transverse-field Ising
model (2.35) (see also Sec. 2.3)

L
Hi=J ) (onos, +07)
n=1

and consider driving across the ferromagnet (1 < 1) to paramagnet (1 > 1) QPT at 4, = 1. From
the AGP (2.45) we can directly derive the AGP norm

1
_ <1
_ 8(1 - A2
Lo = {30~ 2.54)
— A>1,
S22 - 1)

respecting the universal scaling, Eq. (2.50), with critical exponent v =1 and dimensionality d =1.
Crucially, the singularity is integrable in the sense of Eq. (2.51), therefore the QPT is traversable.
Solving the differential equation for the constant-speed parametrization, Eq. (2.48), we obtain (see

Fig. 2.4A(1))
¢ tan[v. (¢ —1<)] 1<1

Aes(t) = { V1 +tan2[v_ (1 — £.)] (2.55)
VI+tan?[vs(r —1-)] 4> 1,

where the constants v, v, t-, < are fixed in terms of the boundary conditions according to

1
Vs = - arctan,//l% -1, t.=t., fort<t,, (2.56a)

T
_2(T——tc)’ t.=T, fort>t,, (2.56b)

where ¢, is the time at which A crosses A, = 1, and has value

2T arctan /A% — 1

te = . (2.57)

T+ 2arctan,//l% -1

We now benchmark the performance of CD with the constant-speed parametrization A (1).

Ve =

First, we compare it against CD with a linear time schedule and in the presence of the same amount

of resources (in norm). Namely, we require that
[A(NAQ@)] < Q, (2.58)

where the constant Q is fixed by Eq. (2.47) itself, i.e. @ = |v|VL. If the condition above is not
satisfied, the AGP term is rescaled to have norm Q:

AA) — AAD). (2.59)

[AA D)l
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In Fig. 2.4A(iii) we show the numerical results. For the numerics we are forced to use a finite
system size, while the formulas for A.s are exact only in the thermodynamic limit. Nonetheless,
the constant-speed scheme keeps the fidelity to the target state close to unity; in contrast, the linear
ramp with norm-capped CD and driving without CD terms both lead to a deteriorating fidelity.
Therefore, we conclude that the constant-speed protocol correctly identifies the traversability of the

phase transition point.

Non-integrable Ising model. While the integrable TFIM enabled the derivation of the constant-
speed protocol analytically, for generic many-body systems such analytical solutions do not exist
and the protocol must be constructed numerically. We illustrate the procedure to obtain the
constant-speed parametrization and confirm its superiority by simulating the non-integrable TFIM
Hamiltonian®

HQ) = = ) |oios,, + nojor,, + a0 (2.60)

J

We take J, = 0.2, which strengthens the ferromagnetic alignment and thus moves the QPT toward
larger values of 4, i.e., 4. > 1, see also Fig. 2.4B. The critical properties of the transition are

however unchanged (the term JzO']Z. 0']? ., is irrelevant in the renormalization-group sense); therefore

2
one expects the quantum critical point to be traversable. Again, we drive from the paramagnet,
A(0) = A1 > A, to the perfect ferromagnet, A(T) = A, = 0.

We implement the Hamiltonian via tensor networks [141] and use the time-dependent variational
principle (TDVP) [142] for time evolution, keeping the bond dimension low enough for practical
purposes (ytpvp < 100). To determine the ground-state CD term, we first obtain the exact
ground state of the Hamiltonian for each value of A via the density-matrix renormalization group
(DMRG) [143, 144], with higher precision (ypmrg < 200). Then, we obtain Ag(4) via Eq. (2.15)
using the outer product of matrix product states and finite derivatives. Computing its norm, we can
obtain the constant-speed schedule A.s(?) by solving numerically Eq. (2.48). We finally compress
Ap(A) to a lower operator bond dimension yagp < X%MRG (in practice, yagp < 50), to keep the
algorithm fast enough. We checked that such a strong compression does not alter significantly the
final results.

In the integrable case, the curve A.(¢), obtained for a thermodynamically large system, was
used even when time-evolving a finite system. This is clearly not doable here, due to the lack of

integrability. We thus resort to computing A.s(¢) for a system size (L = 400) far exceeding the

3We also add a small boundary term —0.1(c{ + o) to the Hamiltonian. This helps breaking explicitly the 7
symmetry, and becomes irrelevant in the thermodynamic limit.
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system sizes considered for evolution (L < 100). The curve A.(¢) obtained with the larger system
acts effectively as the thermodynamic limit for the smaller systems that were time-evolved.

The numerical results are shown in Fig. 2.4B. As expected, the constant-speed CD keeps
the fidelity to the target ground state equal to unity for all simulation times (confirming that the
truncation with a small yagp does not spoil the physics), while the linear-schedule CD with norm
capping fails at large system sizes. We stress that all CD protocols shown in Fig. 2.4B use the
same ground-state AGP, they only differ in the driving schedule. Therefore, the failure of the linear
schedule at large system sizes demonstrates that access to the exact ground-state AGP as provided,
e.g., by DMRG, is necessary but not sufficient for transitionless driving; the reparametrization is

the essential additional ingredient.

Symmetry-protected topological transitions: cluster Ising model. So far, we have focused
on conventional spontaneous symmetry breaking transitions. However, our concept of (non-
)traversability applies generally to all QPTs. Here, we illustrate that symmetry-protected topological

transitions can likewise be traversable. To this end, we consider the cluster Ising model [145-150]
H = Z [/110'; + /120';.0'jz.+1 +;130';0';.C+10'jz.+2 , (2.61)
i

which depends on three parameters g, (p, u3. The model hosts three phases in its ground state
(see Fig. 2.4C(1)): a trivial one, a ferromagnetic one, and a symmetry-protected topological (SPT)

one. Alongside Ref. [150], we consider the path in parameter space
p=—A+ )% =221, p=@-1)7% (2.62)

with 4 > 0 corresponding to the product state phase, and A < 0 to the SPT cluster phase. We start
from the ground state at 1(0) = A; = +1 and drive the system to A(T) = A, = —1.
Using the same momentum-space basis of the transverse-field Ising model, the cluster Ising

Hamiltonian reads

H = 2Z¢Z[(ﬂ2c0sk + pzcos2k — p)t¢ — (uosink + pasin2k) T|yy. (2.63)
k>0

One can check that the AGP for the path in Eq. (2.62) reads

A == L v 2.64)

2 2 _
—1+4 + (A*—=1)cosk
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Therefore, in the thermodynamic limit the AGP norm reads

.9 x )
sin” k L sin” k
A(DIR =2 ~ = dk 2.65
1ol kz>:‘) [1+ A2+ (22— 1) cos k]? 7T/0 [1+4%+ (2% - 1) cos k]* 262
L
_ _ 2.66
2|12](1 +1a])? =0

The divergence of the AGP at 4 = 0 leads to a finite integral in Eq. (2.48), therefore the QPT is

traversable. Solving the differential equation (2.47), one finds
Aes (1) = £ tan’[v(r — 10)], (2.67)

with the adjustable parameters v and ¢y, and the sign to be fixed according to the region 4 > 0
or A < 0; the protocol is shown in Fig. 2.4C(ii). The numerical results in Fig. 2.4C confirm
that the constant-speed CD protocol maintains unit fidelity across the SPT transition up to the

thermodynamic limit. Therefore, we have demonstrated that the SPT transition is indeed traversable.

2.4.3 Non-traversable quantum phase transitions

We consider here the case in which the constant-speed condition does not lead to a well-defined
constant-speed reparametrization A.s(¢). In particular, we focus on the case of discontinuous (i.e.,
first order) QPTs.

On either side of the transition, the ground states are two macroscopically distinct states, and
only a finite, macroscopic rotation can transform one into the other. This already suggests that
the constant-speed reparametrization will not work, as the CD term would need to act for a finite
amount of time on the time-evolved state (or by an infinitesimal amount of time, but with a diverging
strength, as in a delta-function pulse).

As a comprehensive theory of first-order QPTs is still lacking, we refrain from formulating

general conclusions and illustrate only one example: the mixed-field Ising model

L
H(A) = - Z [O’;O‘;H +go; + /10';] , (2.68)
j=1
where the driving parameter A controls the longitudinal field, differently from Sec. 2.4.2. In this
model, one encounters a first-order QPT upon crossing A = 0, keeping |g| < 1 fixed; physically, it
corresponds to the ground state switching from being a perturbative dressing of the “all up” state
(4 > 0) to one of the “all down” state (1 < 0).
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Using the exact expression [95]

o (DI BHW o)
o) =i ) e o)

[m ()Xo (D], (2.69)

n#0

which is valid for a discrete non-degenerate spectrum, we estimate roughly the scaling of the norm

of Ap(A) with the inverse ground-state gap:

1

1A~ T T —Eo o

(2.70)

For A # 0, the gap of the mixed-field Ising model has the exponentially small, non-perturbative
form |
|E1() = Eo(D)] ~ e, 2.71)

for some constant ¢ of order 1. This expression can be derived with a high-order perturbation
theory, similar to the one used for the computation of the false vacuum decay rate [151]. Exactly

at 4 = 0, the gap for any finite system size is not zero, but cut off to
|E1(0) = Eo(0)] ~ et 2.72)

for another constant ¢’ of order 1. Combining Egs. (2.70) and (2.71), and plugging the resulting
||[Ao|l in Eq. (2.48), one realizes that the integral diverges, and no slowing-down of the schedule
A(t) in correspondence of the transition can cure the divergence.

In conclusion, first-order QPTs are non-traversable: they cannot be approached from either
side with a finite-time, finite-norm-density protocol. While we provided only one example, the
exponential scaling of the gap with system size—a feature shared by ferromagnets, frustrated
antiferromagnets, spin glasses, and some mean-field models [152—155]—generically leads to non-

traversability*.

244 Summary

In this section, we demonstrated that the divergence of the adiabatic gauge potential at QPT
point does not indicate the breakdown of adiabatic evolution. Instead, we find that a large class
of QPT points—including the transverse-field Ising model from Sec. 2.3—is in fact traversable
using transitionless counterdiabatic driving in the thermodynamic limit. The key insight is that

the physically relevant quantity is not the AGP AJ® alone, but the product AAT> entering the CD

“There are counterexamples of first-order QPTs with polynomially closing gaps [155], but these seem to represent
isolated exceptions.
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Hamiltonian (2.5). By reparametrizing the driving schedule using a constant-speed protocol (2.47),
the diverging norm ||&ZI/C1}S|| — oo is compensated by a vanishing velocity A — 0 at the critical
point, yielding a CD term with finite norm density at all times.

This observation leads to a dynamical classification of quantum phase transitions: a QPT is
traversable if its geometric distance (2.49) across the QPT point is finite, and non-traversable
otherwise. For continuous QPTs obeying hyperscaling, traversability reduces to the condition
vd > 0, which is satisfied by most short-range interacting transitions, including symmetry-breaking
(TFIM) and symmetry-protected topological (cluster Ising) transitions alike. Non-traversability
arises when the gap closes exponentially. It remains an interesting question whether continuous
phase transitions can be non-traversable when hyperscaling is violated—for instance, above the
upper critical dimension, in the presence of dangerous irrelevant operators, or at fixed points with
anisotropic scaling [156].

A key conceptual point is that traversability is a property of the dynamics, not the statics: the
nonlinear reparametrization would lead to an unphysical static parametrization changing the order of
the QPT. For the dynamics, however, such a reparametrization is perfectly allowed. Geometrically,
the ground-state manifold in projective Hilbert space remains connected across a traversable QPT;
the critical point introduces a curvature singularity, not a disconnection, and the constant-speed

parametrization navigates this singularity at finite cost.
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Chapter 3

Periodically driven systems

In the previous chapter, we considered time-dependent Hamiltonians H(z) = H(A(t)) with slow
(adiabatic) change of parameters and how we can achieve the same adiabatic evolution, following
the instantaneous eigenstates, with faster drives. In this chapter, we consider the opposite extreme:
periodically driven systems, H(¢) = H(t + T), with rapidly oscillating driving fields, i.e., driving
frequencies w = 27/T that are resonant with or far exceed typical energy scales of H. In this
regime, the instantaneous eigenstates of the lab-frame Hamiltonian H(¢) no longer describe the
dynamics. Instead, Floquet’s theorem [1] provides a powerful tool to analyze periodically driven
systems: for any periodically driven system, with Hamiltonian H(#)=H (¢ + T) and period T, the
Floquet theorem guarantees the existence of a rotating reference frame, i.e., a periodic unitary
P(t) = P(t + T) (micromotion operator). In this Floguet frame, the dynamics is generated by a

time-independent Floguet Hamiltonian Hg
Hr = PT()H)P(t) — PT(0)id,P(1). (3.1

The first term on the right-hand side of Eq. (3.1) describes the rotated system, while the second
generates fictitious force potentials analogous to centrifugal and Coriolis forces. The full dynamics

—iHgt

for a periodically driven system is obtained by evolving in the Floquet frame, e , and transforming

back to the lab frame with P(¢):
U(r) = Te™ b HO3s = p(p)e=itiet | (3.2)

Therefore, the stroboscopic dynamics (evolution over complete periods ¢t = nT, n € Z) is entirely

governed by the time-independent Floquet Hamiltonian

. rnT ,
U(I’ZT) — 7-—6—1/0 H(s)ds _ e—tnTHp , (3.3)
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Figure 3.1: Overview geometric Floquet theory a, Floquet’s theorem postulates that, for every
periodically-driven system H (¢) (left), there exists a transformation P(¢) = P(t + T) to a rotating
frame (right), where the dynamics are governed by a time-independent Floquet Hamiltonian Hf,
which can be very different from the lab-frame Hamiltonian H(t). b, gauge-ambiguity and gauge-
fixing in Floquet theory: changing the global phase of quantum states is a U (1) gauge transformation
of Ap with no physically observable consequences. The full gauge group U(1) of local time-
periodic functions is broken to the group of (global) constant shifts by demanding dynamical
invariance, and further broken to Z by imposing the periodic gauge, 7~ exp(—i /OT ﬂp(t)dt) =1; the
remaining gauge freedom corresponds to the ambiguity in defining quasienergy levels ep+{w, {€Z.
Instead, the unique Kato decomposition uses the geometric parallel-transport gauge. ¢, a central
challenge in Floquet theory is the ambiguous unfolding of the Floquet phases 0 to obtain the
Floquet Hamiltonian Hg. By contrast, the average energies &(7) present an unambiguous sorting
of the Floquet states, which uniquely defines a Floquet ground state. Figure adapted from Ref. [98].

despite the explicit time-dependence of H(t). In fact, Eq. (3.3) forms the defining equation for the
Floquet Hamiltonian. Notably, the eigenstates of the Floquet Hamiltonian come back to themselves

after one period up to a global phase, U(T) |¢r) < [¥r); up to an overall phase these Floquet states
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undergo periodic evolution induced by the micromotion, |¢g[t]) = P(¢) |YE).

This Floquet theory has proven instrumental in furthering our understanding across different
areas of physics, including dynamical instabilities [2, 5-7], thermalization [14-20, 72], energy
bands in materials [9], and light-atom interactions [3, 4, 8, 157]. In recent years periodic driving has
taken on anew role: as a tool for engineering quantum matter. Crucially, a carefully chosen drive can
engineer fictitious forces that are otherwise hard to realize, vastly expanding the range of phenomena
that can be simulated with limited experimental control. This Floguet engineering, i.e., the ability
to implement a desired Floquet Hamiltonian Hp by engineering the corresponding lab-frame drive
H(t), has emerged as an indispensable toolbox in modern quantum simulation [21, 25, 40, 41].

Yet fundamental difficulties remain. The Floquet Hamiltonian is only defined up to shifts by
multiples of the driving frequency, an ambiguity that obscures basic physical questions: Which state
is the ground state? How should energy bands be filled at fixed chemical potential? What are the
thermal occupations at fixed temperature? These questions are essential for simulating equilibrium-
like physics, yet remain unanswered in traditional Floquet theory. On the computational side,
finding the Floquet Hamiltonian for a many-body system is challenging due to the exponentially
growing Hilbert space, while existing analytical expansions diverge outside a narrow high-frequency
regime [10-12, 73, 74, 83].

In this chapter, following Ref. [98], we discuss how to address these challenges using the
tools from adiabatic control established in the previous chapter. Indeed, re-arranging the Floquet
theorem (3.1),

H(t) = Hp[t] + Ap(?) = Hrcp (1), (3.4)

the lab-frame Hamiltonian H(f) generates counterdiabatic driving for the Floquet states with
the Floquet AGP Ar(t) = iPP" ensuring transitionless driving between eigenstates |yg[t]) of
Hg[t] = PT(t)HgP(1); here, [t] denotes the initial time/phase of the drive, i.e., Hg[fy] =
ilog (T exp(—i /IOTHO H (s)ds)), also known as Floquet gauge. Therefore, finding the Floquet
Hamiltonian is an inverse counterdiabatic problem—finding the control Hamiltonian for a given CD
Hamiltonian. Vice versa, Eq. (3.4) provides means to explicitly obtain the lab-frame Hamiltonian
H (t) given a desired Floquet Hamiltonian Hg[¢] [97, 107, 114, 120]. This unifies previous efforts
of using quantum control for Floquet engineering, e.g., to engineer Floquet scar-states [100, 102],
or for Floquet engineering in quantum materials [99, 101].

We can leverage the counterdiabatic driving perspective (3.4) to connect the quasienergy folding
problem (see Fig. 3.1) to an incomplete gauge-fixing U(1) +— Z of the AGP (see Sec. 2.1)—
the remaining gauge freedom exactly corresponding to the ambiguity in defining quasienergies

€r — ep+nw (n € 7). Using the unique parallel-transport gauge (2.12) we introduce an alternative
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formulation of Floquet theory: like adiabatic evolution, this naturally decomposes the evolution
into a geometric contribution described by the Wilson line operator, and a dynamical contribution
generated by the average-energy operator whose eigenstates are exactly the Floquet states. This
decomposition, which we call geometric Floquet theory, forms the backbone of this chapter. In
Sec. 3.1.2, we provide a rigorous derivation of Floquet theory using only tools from adiabatic state
manipulation; thereby, the average-energy decomposition emerges as the natural gauge choice.
Crucially, due to the uniqueness of the parallel-transport gauge, the average-energy provides an
unambiguous sorting of the Floquet spectrum, enabling us to uniquely identify a Floquet ground
state at all frequencies. The average-energy is instrumental in studying band-filling and ground-state
order in driven systems, as we demonstrate on the circularly driven XY model in Sec. 3.1.3. We
close the general discussion in Sec. 3.1 with a presentation of perturbative approaches for systems
that are not exactly solvable. The Floquet-Magnus expansion provides a systematic high-frequency
expansion of the Floquet Hamiltonian, and we show how to extend this to obtain expansions for the
average-energy operator and geometric phases.

For the rest of the chapter, we review central phenomena in Floquet systems and how they are
expressed in geometric Floquet theory. Specifically, Sec. 3.2 turns to many-body Floquet systems
and their thermalization dynamics. Due to the drive explicitly breaking energy conservation, generic
driven many-body systems are expected to heat to infinite temperature. Using the kicked mixed-
field Ising model as a paradigmatic example, we demonstrate that the average-energy spectrum
provides a sensitive diagnostic for heating: with the onset of heating the average-energy operator
changes from a quasi-local operator to a non-local operator, resulting in its many-body bandwidth
losing extensivity and exhibiting ‘spectral implosion’. This provides a sensitive tool to detect
heating in Floquet systems and offers new insights into the mechanism underlying heating. A
hallmark of periodic driving is the possibility to realize new exotic phenomena without static
counterpart. Notably, we identify quantum geometry as the driver of these non-equilibrium effects,
see Sec. 3.3. We first consider anomalous Floquet topological insulators (Sec. 3.3.1) where
topologically protected edge modes appear despite trivial bulk band topology—a phenomenon
invisible to the average-energies but encoded in the geometric phases (cf. Ref. [158]). In Sec. 3.3.2,
we turn to discrete time crystals, systems that spontaneously break the discrete time-translation
symmetry of the drive. The geometric Floquet perspective reveals that time-crystalline order is
purely geometric in origin: paired Floquet eigenstates have identical average energies but geometric
phases differing by 7. Crucially, near non-equilibrium phase transitions and Floquet resonances,
the geometric phases change rapidly, making it a sensitive diagnostic for these phenomena.

Nonequilibrium order has become more than a mere theoretical curiosity. In Sec. 3.3.3, we
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discuss experimental realizations of (prethermal) temporal order and its applications for quantum
sensing, focusing on a recent experimental demonstration of time-crystal-based sensing [103].
Section 3.3 concludes with a discussion of temporal order beyond periodic driving, where new
forms of temporal order emerge. We close this chapter by an extended discussion section, see
Sec. 3.4.

The material throughout this chapter closely follows Ref. [98], and the experimental discussion
in Sec. 3.3 closely follows Refs. [103] and [104].

3.1 Floquet theory and its connection to adiabatic theory

3.1.1 Geometric Floquet theory

A central obstacle in interpreting the Floquet Hamiltonian Hf as a static operator is the so-
called quasienergy folding issue, i.e., the ambiguity in defining the quasienergies eg — €p + mw,
following directly from the logarithm in its definition Hr = i log(Ur)/T. In particular, this renders
the definition of a Floquet ground state or of thermal states ambiguous. In the following, we
use the counterdiabatic driving interpretation (3.4) to connect this ambiguity in eigenvalues to an
incomplete gauge-fixing in the associated AGP. Using the unique parallel-transport gauge (2.12)
we lift this ambiguity, enabling us to identify an unambiguous sorting of Floquet states.

As discussed before, the AGP Ap appearing in Eq. (3.4) is only well-defined up to a gauge-
transformation. Note, however, to preserve the same overall time evolution, defined by the applied
operator H(t), a transformation in Ar must be counterbalanced by a transformation in the associated
‘control’ Hamiltonian. Specifically, if we have a decomposition H(t) = Hcy(f) + A(t) into a
‘control Hamiltonian” H i (t), [Hew (), He[t]] = 0, and associated AGP A(t), a general gauge

transformation reads 3
A(t) = A= AW) + ) xu(OTgal1],
n

Hctrl(t) - I:Ictrl = Hctrl(t) - ZXn(t)HF,n [t] > (35)

H(r) — H(1) = H(1),
with R-valued functions y,(#), which should be periodic y,(f) = xn(t + T) to preserve the
periodicity of the operators. As indicated, the control Hamiltonian H.(f) may not be an invariant
of motion despite being gauge-equivalent to Hr[¢] under the general gauge-transformation (3.5).
To preserve the invariant of motion property of Hg[¢] the change in eigenvalues must be time-

independent, y, () = x,. Since the AGP Ag = iPP" (3.4) is derived from the periodic micromotion
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operator, P(t)=P(t+T), its integral over one period must return to the identity

T
Texp(—i/ ﬂp(t)dt) =1. (3.6)
0

This imposes a highly non-trivial and non-local in time constraint on the AGP Ar. Combining both
constraints on the Floquet Hamiltonian Hg[¢] and associated AGP A, the gauge-transformations
are restricted to shifts by integer multiples of the driving frequency, y, € wZ; this represents the
full gauge group for the Floquet decomposition (3.4). Therefore, in the language of counterdiabatic
driving quasienergy folding results from an incomplete gauge-fixing of the AGP-gauge group.
From the perspective of adiabatic evolution, the unique parallel-transport gauge represents an

unambiguous gauge choice, i.e.,
H(t) = Hk (1) + Ak (1) ,

Hy (1) = He[t] + ) dn(t)Tg, (3.7)

A(t) = Ap(t) = ), dn(D)TTe,n,

obtained by removing the diagonal elements d,, from A, such that Tr(Ax (1) g, [¢]) = 0. The Kato
decomposition (3.7) does not suffer from the folding ambiguity. Physically, the Kato Hamiltonian
uniquely describes the correct adiabatic evolution of Floquet eigenstates, in the sense of Eq. (2.1),
and reproduces the correct adiabatic limit, i.e., Hg(t) — H(z) and Ax(t) — 0 as w — 0.
Importantly, the Kato Hamiltonian Hg (), like any gauge choice (3.5), has the same eigenstates as
the Floquet Hamiltonian Hg[t]. Unlike the Floquet Hamiltonian, however, the Kato Hamiltonian
is not an invariant of motion. Nonetheless, since the parameter we vary is the initial time/phase
of the drive, no gaps can open up in the Kato spectrum; any energy level crossings are exact. In
particular, no continuous phase transition can occur, and hence the AGP Ak is well-defined at all
points along the path.

Moreover, unlike the Floquet Hamiltonian Hg[¢] the Kato Hamiltonian Hk () is not a generator

of the stroboscopic dynamics; instead, the evolution over one period

T+to ) )
Uty +T; 1) = Texp(—i / H(t)dt) = /Tl =1 El0lT (3.8)

)
decomposes into an energetic contribution, ZA[¢], and a geometric phase contribution, I'[#] (cf. adiabatic
evolution (2.1)). The geometric phase contribution, I'[#] =, y,I1r,[?], is diagonal in the Floquet
states with eigenvalues given by the geometric phase over one cycle

T
Yn = _i/o <¢/F,n [t]|'7bF,n [t]> dr, (3.9



3.1 Floquet theory and its connection to adiabatic theory 37

which are only well-defined up to shifts of 2. The Average-Energy operator,
Elr] = ) a,llg, 1], (3.10)
n

has a time-independent and sorted spectrum given by the period-averaged Kato-energies &, =
7! fOT ek n(t)dr.  Since the Kato Hamiltonian Hg () is the diagonal part of the lab-frame
Hamiltonian H (), with respect to the Floquet eigenstates |lﬁp’n [7] >, the average-energy spectrum

can also be obtained as the average-energy expectation value of the Floquet states,

T

e = [ 1|0 o) T @11
whence the name. Like the Kato Hamiltonian Hk, the average-energy operator & is uniquely
defined, provides a sorted spectrum and, by construction (3.10), has the same eigenstates as the
Floquet Hamiltonian Hg[¢] (assuming they share the same degeneracies, see also App. B.1). Unlike
the Kato Hamiltonian, however, the average-energy operator is a dynamical invariant; its eigenvalues
are time-independent, providing a robust sorting of the Floquet states at all times. Therefore, the
average-energy operator and not the Kato Hamiltonian provides a physically meaningful spectrum.
Indeed, based on these well-known properties [159, 160] (£ providing a dynamical invariant
with sorted spectrum) and its similarity with the static energy it has been argued before that the
average-energy provides a meaningful sorting of Floquet states [75, 76]. Here, we provide a deeper
foundation for the average-energy operator by identifying it as the unique gauge-invariant energy
in a geometric formulation of Floquet theory expressed entirely in terms of the eigenprojectors

ITg[7] (see Sec. 3.1.2). Moreover, we establish it as a generator of the dynamics:
H(t) = Elt] + Ax(t), (3.12)

with the unique gauge-choice defined via!

T
%fE[t]n[H(t),@[r]]:o, / (Wen[t)| Am(0) |YEnlt]) dr = 0 (3.13)
0

This average-energy decomposition (3.12), unlike the Floquet decomposition (3.4), does not give

rise to micromotion dynamics,

Ul(t,19) = W(t, to)e—ifE[to](l—to) = P(1, to)e—iHF[to](t—fo) , (3.14)

"The uniqueness of A& and A follows directly from its connection to Hx and A by shifting the time-dependent
part of the Kato-energies to the adiabatic gauge potential y, = (&, — €k »(?)).
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i.e., unlike the periodic micromotion operator P(to+7T,ty) = 1, W(t,t9) =T exp(—i /tot ﬂ/E(s)ds)
corresponds to the Wilson line operator, accumulating geometric phases over one period, W (¢ +
T,ty) = exp(il'[#9]). However, like the Kato decomposition (3.8), the average-energy decomposition
naturally separates out the geometric and dynamical contributions to the time evolution. In the
following sections, we provide evidence that the average-energy provides a physically meaningful
sorting of the Floquet states. This opens up the possibility of defining filling for Floquet-
Bloch bands (Sec. 3.1.3) and identifying the Floquet ground state (Sec. 3.2), resolving a long-
standing problem of Floquet theory, and offering an alternative to the recently proposed spectral
unwinding [77]. In contrast, the geometric phase carries the information about inherently nonequilibrium
phenomena (see also Sec. 3.3) suggesting a deeper connection between quantum geometry and
nonequilibrium phases of matter.

From the analysis above we can identify three characteristic properties of a Floquet state
|Wr[t]): its quasienergy ep, and its average-energy @ (3.11) and geometric phase y (3.9). These

three properties are not independent: from the stroboscopic evolution, Eq. (3.8), we directly find
erl =T —y +2n/7. (3.15)

Consequently, quasienergy folding can also be traced back to the folding of the geometric phase—
being inherently gauge-dependent. Knowing the average-energy it is sufficient to have access to
either the quasienergy or geometric phase to obtain the other quantity from Eq. (3.15); however,
due to the folding ambiguity the average-energy cannot be accessed from the quasienergy and
geometric phase. Using the Hellmann-Feynman theorem [109-112], the geometric phase and
average-energy phase can also be connected to the linear response of the quasienergy in the period
T, y(T) = T?0rer [159] and =(T) = 0r(Teg) [160], respectively.

Example: circularly driven two-Level system. We now consider the circularly driven two-level

system (see also Fig. 3.2A)
Hiio (1) = AS* + A[cos(wt)S* + sin(wt)S”], (3.16)

with spin-1/2 operators S = /2. Here, we make use of its exact solvability to study the physical
properties of the geometric Floquet formalism, and contrast the latter with the stroboscopic Floquet
approach; while the model is exactly solvable, it exhibits key properties of driven systems like
photon resonances. To solve the model, we consider transforming to a rotating frame where
the time-dependence simplifies; this approach is more generally applicable finding application in

Floquet engineering to tackle resonant modulations [161]. Following Ref. [21], we use the rotating
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frame? with respect to the time-dependent unitary V(t,1y) = exp(—iw(t —t9)S?), to obtain the

time-independent rotating frame Hamiltonian

HI'Ot

circ

(t0) = (A — w)S* + A[cos(wty)S™ + sin(wty)S”], (3.17)

rot _
1,2

+ep/2, €2 = [A—w]? + A% of H™ are independent of the initial time ¢y, and diverge in the
F circ

which depends parametrically on the choice of starting time 79. Note that the eigenvalues €

rot
1,2

correct infinite frequency limit, we have to shift the energies by performing a second rotating frame

infinite frequency limit, € % +w. Thus, to obtain a Floquet Hamiltonian that reproduces the

transformation, with V;(#y) = exp [—iwtont (t0)/ 6], to obtain

circ

Hg[t] = (&g — w){AE_ “siy Eé[cos(wt)Sx + sin(wt)Sy]} ,
F F

where we also replaced ¢y by t. Using the identity H(¢) = Hg(t) + Ap(t), or the fact that
P(t) = Vi(1)Va(t), we can directly obtain the Floquet gauge potential

Ap(t) = w{(l + A- w)SZ + ﬂ[cos(wt)Sx + sin(wt)Sy]} .
€F EF

Since the rotating frame Hamiltonian (3.17) is time-independent we can directly read off the
Floquet eigenstate projectors IT. [¢] = V (1, to)TT[¢]V (1, to) as
1 HY 1]
H+ ==+ C1rc
7] 2 2e

Using the Floquet eigenstate projectors (3.19) we can straightforwardly compute the Kato-energies

(3.19)

A(A - w) + A?
4e '

For this fine-tuned model, the Kato-energies are time-independent and hence coincide with the

ex.+ (1) = Tr(TlL[7]H (7)) = +

(3.20)

average-energies. Therefore, the Kato-Hamiltonian and average-energy operator coincide, as well

as their associated adiabatic gauge potentials

AA-w)+ A2 (A-w A _ ,
A[t] = Hg(1) = ( ) S* + —[cos(wt)S* + sin(wt)S”]
€] €] €]
F F F (3.21)
AlA . A—w x .
Axg(t) = Ax(t) = wv—{—8S° - [cos(wt)S* + sin(wt)SV] ¢ .
€F | €F S5
ZNote that strictly speaking V(f,79) = exp(—iw(t—19)S?) is not a rotating frame transformation since
for spin-1/2 operators, V(ty + T,ty) = —1; for a valid rotating frame transformation consider V(z,7y) =

exp(—iw(t —t9)S?) exp(—iw(t — tp)) which yields an irrelevant constant shift in the rotating frame Hamiltonian (3.17)
that we ignore hereinafter.
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Figure 3.2: Circularly driven two-level system. A, sketch of time-dependent Hamiltonian, see
Eq. (3.16). B-D, quasienergies €, average-energies &, and Berry phases y as functions of the
level-splitting A, with color indicating the overlap with the |T) state; for quasienergies (B) the
shifted Floquet energies €r 1> + w are also indicated. E, time-dependent Floquet state projectors
g1 [#] on Bloch sphere for the three detuning values indicated in B-D, i.e., A = w/10, w,3w/2
(blue circle, red square, green diamond); hue indicates time-dependence (see colorbar). In the
high-frequency regime (A <« w) quasienergies and average-energies coincide. Near resonance the
average-energies vary notably due to hybridization with the photon field, as indicated by the large
Berry phase. Notably, near resonance, but not exactly on resonance, the average-energies cross and
after the resonance the levels absorbed/emitted a photon.

Equipped with the exact solutions for the average-energy operator (3.21) and Floquet Hamiltonian (3.18)
we can analyze the properties of the periodically driven system. For convenience, let us re-express

the solutions using
Alt] = &[ceS* + saZ"(1)] Ax(1) = wsa[saS® — caZ*(1)] (3.22a)
and
Hp[t] = (eF — w)[coS® + 5o 2 (1)] Ap(1) = w[(1 +ca)S* + 52 Z5(1)] (3.22b)

where we used the circularly rotating spin operator X*(z) = cos(wt)S* + sin(wt)S” (see also
Sec. 3.1.2), €& = (A - w)* + A%, & = &' (A(A - w) + A?), and introduced the two constants
co = (A — w)/ep and s, = A/ep which satisfy ¢2 + 52 = 1.
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From Eqgs. (3.22) it is straightforward to verify the relations H(¢) = Hg[t] + Ap(t) and
H(t) = E[t] + Ag(t). Likewise, Egs. (3.22) imply the orthogonality of the average-energy
operator and its AGP, Ax(t) L A[t], which implies the Kato property for the two-level systems.
Moreover, the average-energy operator and Floquet Hamiltonian share the same eigenstates, i.e.,
[Hgp[t], £[t]] = 0, and are invariants of motion; further, their adiabatic gauge potentials are
connected by a shift in diagonal elements Ag(7) = Ax(t) + (lg;f‘z))wHF [7].

In the high-frequency limit, the average-energy operator and Floquet Hamiltonian agree,
Hg, B — AS?, see also Fig.3.2B and C for A<w. The agreement of the average-energy operator
and Floquet Hamiltonian in the high-frequency limit is generally expected (see Sec. 3.1.4): in the
high-frequency limit the system cannot adjust to the highly-oscillatory drive such that the Floquet
states are time-independent to leading order (|yr[?]) = |¢¥g)+O(T)); thus, the Berry phase vanishes
(0 = y) and by Eq. (3.15) the quasienergy and average-energy agree, see also Fig. 3.2D for Berry
phase and blue trajectory in Fig. 3.2E. Since Hx = £ also the Kato Hamiltonian agrees with the
Floquet Hamiltonian in the high-frequency limit Hx — AS?®. This is the result of the fine-tuned
circularly driven model; in general, the Kato Hamiltonian is not an invariant of motion and hence
agrees neither with the Floquet Hamiltonian nor the average-energy operator in any limit. In the
infinite frequency limit, Ax — A [cos(w?)S* + sin(wt)S”] is not a valid Kato gauge potential
for Hx |y=cc= AS?, pointing at a difficulty with defining a high-frequency expansion for the Kato
objects.

If the drive is resonant with the energy of the system, Axw, the Floquet quasienergies and
average-energies can differ substantially, see Fig. 3.2B, C. In the quasienergies this photon-
resonance is reflected as an avoided gap-closing between quasienergies of different Floquet zones.
In contrast to Floquet quasienergies €r, which can always be chosen to lie within the first Floquet
zone, —w/2 < ep < w/2, the average-energies can exceed this window, as exemplified for
A > w in Fig. 3.2C. Near resonance, the average-energies undergo an exact crossing due to a
photon emission/absorption process: here, the average-energies become resonant with the drive,
hybridization with the driving field can occur, and the system can emit and absorb a drive quantum
w, leading to an interchange of ground and excited state, respectively. The position of the resulting
crossing is close to but does not coincide with the position of the resonance; the average-energy
crossing corresponds to the point where all drive energy is exerted into the motion of the trajectory.
Instead, the resonant point coincides with the maximum Berry phase |y| = 7 (see Fig. 3.2D)
resulting from hybridization-induced large excursion angle in the Floquet trajectory (orange squares

in Fig. 3.2E). Therefore, the average-energies properly take into account the energy balance due to
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the absorption and emission of drive quanta, even though there is no photon degree of freedom in

the system.

3.1.2 Floquet theory from adiabatic theory

In this section, we derive Floquet theory from first principles using counterdiabatic driving.
Specifically, we will derive the average-energy decomposition (3.12), H(t) = ZA[t] + Ax(1),
from which the Floquet theorem (3.4) can be readily derived: since the average-energy AGP A g

integrates to the geometric phases y, over one cycle,

T+ty

Texp(—i ﬂl@(t)dt) = exp(il'[o]) with I'[#] = Z Ynllg [t0],

to

shifting the (constant) geometric phases to the Hamiltonian contribution
Er] - Elr] = B[r] + ) yalle1]
n

yields another dynamical invariant Z[¢]; the corresponding gauge potential Ax(t) = Ag —

2o Yullg »[#] induces micromotion
T+ty .
Texp(—i ?(;E(t)dt) =1.
to

Consequently, Hg[¢] = &[f] and Ag = A g form a valid Floquet Hamiltonian and associated AGP
pair. In summary, for periodic Hamiltonians the average-energy decomposition (3.12) directly
implies the Floquet theorem (3.4).

Let us now consider a control Hamiltonian H, with periodic change in its parameter, H.qq(7) =
H.u(t +T), using A=t. The control Hamiltonian’s eigenprojectors Ik, [t] = IIg, ¢ 4+ T] inherit its
periodicity. Likewise, the Kato AGP (2.11),

A1) = 32 3" [Meale], W 01]] = A +7),

is also periodic since the product and derivative of periodic functions are also periodic. Therefore,
due to the uniqueness of the Kato AGP there exists a unique CD Hamiltonian, Hcp(f) = Hey (2) +
Ak (t), which is also periodic in time, Hcp(t) = Hep(f + T). To prove the Floquet theorem (3.4),

we have to show that the converse is also true: given a periodic CD Hamiltonian Hcp=H, does
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there exist a decomposition of H(¢) into a periodic control Hamiltonian Hy(f) = Heyi (¢t + T) and
associated AGP A(1), i.e.,

H(t) = Hew (1) + A(2)

(3.23)
Fet () = i[Hen (1), A(D)] = i Hew (1) ,

where the second equation is the AGP condition (2.29), with generalized force operator Fei(f) =
— >on €etd (DIIE, [2]. Importantly, the decomposition (3.23) implies that the evolution U(t) with

respect to H(t) follows the instantaneous eigenstates |1//1:,n [t]) of H.y (1) up to a phase, i.e.,

U () |¢pal0]) = e Jypalt]) .

For a generic time-dependence it is unclear whether the implicit non-linear equation (3.23) for
H.y (or A) possesses non-trivial solutions. However, here we can exploit the time-periodicity to
simplify the problem substantially. In particular, without loss of generality we can choose Hgq[?]
to be an invariant of motion®; hence, the generalized force vanishes, Feq = 0. Upon replacing
H.w[t] = H(t) — A(t) Eq. (3.23) forms a linear equation for the AGP A (¢)

L(A(t) = 0:H (1), (3.24)

with the linear Liouville operator L(-) = i[H(¢),-] + d;(-) acting on the space of all periodic
operators; crucially, the Liouville operator £ only depends on the known lab-frame Hamiltonian
H(t). To analyze the linear Eq. (3.24) and its solution it will be instrumental to consider
Sambe space [4] (also known as extended (Floquet) Hilbert space, frequency lattice or two-time

approach [162]), i.e., the Hilbert space of time-periodic states.

Sambe space approach. The idea of Sambe space is to formally remove the explicit time-
dependence by promoting it to its own degree of freedom. For a periodic trajectory of states
|y ()) € on the Hilbert space  this is achieved by expanding |y (¢)) = Y, cpme ™ |¢y) in

Fourier harmonics e and some physical basis {|¢,,)}. The periodic functions {|n) ﬁe""“”}nGZ

form an orthogonal basis of the Hilbert space of periodic square-integrable functions &, with inner

product

T

. . dt

(nlm):/ e"”“”e‘m“”?. (3.25)
0

31f there exists a periodic solution Heyi (1) = Y, & (OTg ,[t]—&,(t) = €(t) + &,, &, = T™! fOT &, (1)dr—with
AGP A(1) of Eq. (3.23), by the gauge freedom (3.5), Hew[t] = 3, € IIg »[f] and A(r) = Ar) + Din € (DIE u (1]
also is a periodic solution.



44 3. Periodically driven systems

Likewise, expanding the Hamiltonian in Fourier modes H(t) = 3, H,e""“! we can promote the
product e () to an operator E,2e"!(-), with &, |m) = |n + m), acting as a raising or ‘photon’-
creation operator. On Sambe space, the derivative acts as a number operator on the Fourier
harmonics wN |n) £ —id;e™" = wne™'Zwn |n). The auxiliary time degree of freedom represents
a classical photon field, i.e., with commuting raising and lowering operators, [81, SIT] =0, and
bottom-less photon number, n € Z. The combination of physical Hilbert space # and Hilbert space
of periodic functions &, forms the Sambe space # = # ® <., with states denoted by |¢)) € F,

and inner product .
dr
wion = [ wopo 7. (3.26)

In Sambe space, Floquet states |[yp[f]) become eigenstates |y)) of the quasienergy operator
0 = wN + 3, H,&E, with eigenvalue €f, see Sec. 4.1.2 for more details; here, the quasienergy
folding results from e’ |yg[t]) also being a quasienergy eigenstate with eigenvalue ep + wn.
Using Sambe space we can exchange the explicit time-dependent problem for a static one with

infinite dimensional Hilbert space. The Liouville operator £ takes the simple form

L(-) =i[Q, ] =iadg(-) (3.27)
and is a time-independent linear operator acting on the Hilbert space of periodic operators.
Proof of Eq. (3.12). Using the Sambe space formulation, we now argue that A* = L7(9,(H))

solves Eq. (3.24), and A* = Ag and H — A* = A, therefore, A* provides the unique average-

energy decomposition (3.12). Here, L* is the unique Moore-Penrose pseudo-inverse of L satisfying
L£rrr=r, £rrer=c, (e =crr, (£ro)'=zc'c. (3.28)

Since 0;H = L(H) and LL* L = L, by definition of the Moore-Penrose pseudo-inverse (3.28),
AT satisfies
LLYOH)-0H=LL"L(H)-0H=L(H)-8H=0.

Therefore, A" is a valid AGP for H* = H — A*, and H* is an invariant of motion:
LIH)Y=LH-A)=0H—-L(A")=0.

It remains to show that A™*’s diagonal elements average to zero: this follows directly from noting
that, (i) the kernel of £ = i[Q, -] is spanned by all dynamical invariants O = Y., O,ITg,[t]*, and

4The eigenprojectors ITg , [¢] can be obtained from H*[¢], i.e., do not require the existence of Floquet states which
would render the proof circular.
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(ii) by definition of the Moore-Penrose pseudo-inverse, A™* lies in the orthogonal complement of
the kernel of £, A*e ker(L)*; hence, A* has no diagonal elements. Therefore, we find A* = Ax
and H* = A&; the uniqueness of the Moore-Penrose pseudo-inverse implies the uniqueness of A*.

Finally, since we work with an infinite dimensional Hilbert space, the existence of the Moore-
Penrose pseudo-inverse is not guaranteed; that is, it remains to show that £* is a bounded
operator defined on the whole Hilbert space. Intuitively, considering an orthogonal eigenvalue
decomposition ‘L = }, x |x)Xx|’, the existence of a Moore-Penrose pseudo-inverse requires that the
eigenvalues {x} do not accumulate near zero; then, we can choose € > 0 (with |x| < € = x = 0) and
define the Moore-Penrose pseudo-inverse via L¥ = 3,1, x~! |xXx|. Formally, the Moore-Penrose
pseudo-inverse of L exists iff L has closed range [163], i.e., if its image is closed m =Im(L).
The operator £ on the space of periodic operators has compact resolvent, i.e., R(z) = (£ —z)~!
is compact, since 9, with periodic boundary conditions has compact resolvent’, and i ady is a
bounded perturbation, which preserves compact resolvent [164]. Consequently, the spectrum of £
is pure point with eigenvalues accumulating only at infinity, so zero is either absent or an isolated
eigenvalue of finite multiplicity. For a normal operator ( £ is anti-hermitian since £ = —1),
1solation of zero in the spectrum implies closed range [165], implying the existence of a bounded

Moore-Penrose pseudoinverse L*.

Discussion: geometric Floquet theory in Sambe space. This completes the first-principle
proof for the existence and uniqueness of the average-energy decomposition (3.12) using tools
from counterdiabatic driving. Moreover, using the Sambe space approach we have also identified
an explicit definition for the average-energy operator & in terms of the Liouville operator L(-) =
i[H,-] + 0;(-), namely,
E=(1-L'L)(H)=(1-LL)(H) 3.29)
=P ker.C(H ) e

and its AGP Ag
Arp=L"LH)=LL(H)

= Pims (H)

where Pyer r and Py = 1 — Pyer o are projectors onto the kernel and image of L, respectively,

(3.30)

and the skew-hermiticity of £, £7=—L, implies the commutativity of the operator and its pseudo-

inverse, [ L, L*] = 0. Therefore, we can understand the average-energy decomposition (3.12) as

>The compact resolvent of 8, follows directly from its eigenvalues {—inw} growing unboundedly, making the
resolvent a compact multiplication operator on Fourier coefficients.
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an orthogonal decomposition of the Hamiltonian
H = PkerL(H) + (1 - PkerL)(H) =E+Ag,

onto the kernel and image of the Liouville operator £, ker(£) @ ker(£)*. In Sambe space,
the average-energy AGP Ag satisfies the parallel-transport condition (2.12), i.e., has vanishing

diagonal elements with respect to the Floquet states

T
(el o)) = [ wralil] Ao rali)) 3 =0.
0

and can hence be identified as inducing parallel transport of the Floquet states.

The formulation of the average-energy operator and AGP as the solutions to linear equations,
Egs. (3.29) and (3.30), will prove useful to find closed-form analytic solutions (see also example
below) and to establish approximation schemes, based on perturbative expansion and variational

principles.

Example: circularly driven two-Level system. We now return to the circularly driven two-level
system from Sec. 3.1.1, and study it using the Sambe space tools established in this section. We will
demonstrate that the model admits a finite closed algebra permitting an exact solution, providing
additional insights into the mechanism underlying its exact solvability.

To this end, let us consider the quasienergy operator

A A
Q. = wN + AS* + 55*8* + 55‘8‘, (3.31)
where E*Ze*@!. Additionally, we introduced the spin—% raising and lowering operators S* =

(S§* ¥ iS”) which fulfill [S%, S*] = +5*.

Let us reiterate, that on Sambe space the (van-Vleck) Floquet Hamiltonian is obtained by
block-diagonalizing the quasienergy operator, Q, = wN + 3, E"H, to V'Q,V = wN + Hr ® 1
trivializing the time-dependence. Likewise, the average-energy operator in Sambe space is obtained
via the application of the Moore-Penrose pseudo-inverse of £ = i[Qy, -], see Eq. (3.29). For both
tasks, it is instructive to define the generalized raising and lowering operators X* = S*E* with
associated pseudo-spin operators ¥ = (X* + X7)/2, ¥V = (£* — X7)/2i and X* = S%. These

operators fulfill the usual spin—% algebra

[25, 2% = +ix*, [2%,27] =25°, [2%%F] =ienp, X, (3.32)
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with @, 8,7 € {x,y,z} and the fully anti-symmetric Levi-Civita symbol €,5,. Additionally, we
find

I[N, 2] = £2*%, [N, Z%] = —igz0y 27 . (3.33)
Therefore, the set of operators {N, X, £¥, %} form a closed algebra akin to the standard Pauli-

algebra, with the number operator N taking a similar role as X*.

Let us also consider the action of the adjoint representation of exp(—iaX”)

exp(iaX?) X% exp(—iaX’) = cos(a)X* —sin(a)X*,
exp(iaX?) X" exp(—iaZ”) = cos(a)Z* + sin(a)X*, (3.34)
exp(iaZ”)N exp(—iaXZ”) = N + (1 —cos(@)) X* + sin(a)Z* .

These relations (3.34) can be obtained from Eqgs. (3.32) and (3.33) using the derivatives of the right

hand sides of (3.34). To this end, consider the group adjoint actions as a function of the parameter

a:
fro(@) = exp(iaX”) 25 exp(—iaXY) Inv(@) = exp(iaZ?)N exp(—iaZ?) .

To make use of the algebraic relations (3.32) and (3.33), we take the derivatives of those functions

with respect to a, e.g.,

d
dfe =exp(iaX?)i[X7, 2] exp(—iaX”) = —exp(iaXZ”) " exp(—iaX’)

da
= ~fula),

where the second equality follows from the commutation relations (3.32). Thus, we obtain the

differential equations

dfnv

df af,
L) = () L) = 4fy (@) SN (@) = +fular),

with initial conditions f;(0) = X%, £,(0) = ¥ and fx(0) = N which readily integrate to Eq. (3.34).
Using the generalized raising and lowering operators, we can write the quasienergy operator (3.31)
as
Qo = wN + AX* + AT, (3.35)

Then, Eq. (3.34) implies that V = exp(—iaZ”) block-diagonalizes the quasienergy operator for

tana = A/(A — w), resulting in

VIQyV = wN + (w + )7, (3.36)
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where 61% = (A —w)? + A2, as below Eq. (3.21), or Hyy =~ erS° up to gauge-dependent shifts in w.

To obtain the average-energy operator it is sufficient to consider the action of the Liouville
operator £ on (X*, XY, ¥%); this subspace is closed under the action of £ as shown in Egs. (3.32)
and (3.33). Then, in matrix representation, L(X%) = >,z LaﬁZﬁ , the Liouville operator reads

0 —-(A-w) 0
L=|(A-w) 0 Al. (3.37)
0 A 0

From Eq. (3.37) we can readily derive the Moore-Penrose pseudo-inverse L* = L /€2, satisfying the
defining Eqgs. (3.28); in particular, £LL* £ = £ which follows directly from L3 = GI%L. Therefore,

we obtain the average-energy operator and corresponding gauge potential

A(A - A2 (A - A
E=(l-LL)) =2AZoF ( ‘”zz+—2x),
| AGF N €F €F (3.38)
Ax = L'L(H) - —‘”(—zz - “’z)‘) ,
EF \ EF €F

which is the same as Eq. (3.21) upon returning to the physical space X*= cos(wt)S* + sin(wt)S”.
In summary, the circularly driven two-level system is analytically solvable due to the closed algebra
generated by the quasienergy operator in Sambe space. This insight might be generalized to obtain
more complex, analytically tractable, Floquet systems by ensuring a closure relation among the
operators appearing in the quasienergy operator—the circularly driven XY model discussed in

Sec. 3.1.3 has been obtained via this procedure.

3.1.3 Example: circularly driven XY model

In this section, we take a closer look into the band-filling problem—i.e., the question which Floquet
states should be considered occupied—which remains a longstanding problem in non-interacting
Floquet systems [41, 166]. Multiple competing frameworks have emerged to address this issue:
effective Hamiltonian approaches valid in the high-frequency regime [21, 74], bath-engineered
non-equilibrium steady states where environmental coupling determines the occupation [167-
169], and topological invariants constructed from the full time-evolution operator that bypass
filling entirely for classification purposes [68, 69, 158]. Here, we demonstrate that the average-
energy spectrum [75, 76, 98] provides another tool in determining the filling of Floquet bands. At
high frequencies this approach agrees with the high-frequency expansion but remains applicable

for all frequencies.
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Figure 3.3: Sketch of circularly driven XY model Hamiltonian, see Eq. (3.39), where the drive
modulates the direction of the anisotropic spin-spin interaction (A). B, its equivalent free-fermion
representation, see Eq. (3.41), where the XY coupling turns into a nearest-neighbor hopping term,
and the drive creates/annihilates fermions on neighboring sites.

For concreteness, we consider the circularly driven XY-chain in a transverse field

1 L
H(1) =5
n=1

with periodic boundary conditions, and spin-1/2 matrices Sy = o /2, @ = x,y,z. Applying the

, (3.39)

n+l

J .
(ES;HS; + Aie”' 'St S + h.c.) + g5

Jordan-Wigner transformation [123, 124]

fo=[1(-e5)or.  £i=[1(-e5)or.  fife=5i+ % (3.40)
J =1

~
Il

—_
~

and Fourier transforms, f; = L712y, ¢ f,j , we map the system to free fermions (see also
Sec. 2.3)

H(O2 Y yih(k,0,,
Zk: ¢ ¢ 3.41)

h(k,t) = At + Ap [cos(wt) T + sin(wt)T)]
where we introduced the momentum-dependent level splitting Ay = g+J cos(k) and drive amplitude
Ay = Asin(k), the spinor l//Z = (fkT, f-i), and the pseudo-spin operators 7% = /2.
Since the free-fermion representation describes independent two-level systems, one for each
quasi-momentum k, we can directly obtain the Floquet Hamiltonian and AGP using the previous
results (3.18)

74+ — [cos(wr) T + sin(wt)7”]
€k €k

hr i [1] =<ek—w>{Ak_“’ Ak }

(3.42)

Ax — A
arp(f) = a){(l + "—“’)TZ + 25 [cos(wt) T + sin(a)t)Ty]} :
€k €k
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and
e, [1] = @4 {Ak — 9 Ak fos(wn Tt + sin(wt)Ty]} ,
Arw Zk A ei ) (343)
g i(t) = ok {—kTZ e [cos(wt)T* + sin(wt)ry]} ,
€k €k €k

with &, = [Ar(Ax — w) + A7] /e, and € = (Ar — w)* + A2

The XY model (3.39) and its free-fermion counterpart (3.41) provide a paradigmatic example of
quantum phase transitions, conventional superconductivity, and topological insulators [170-172],
respectively. In the following we leverage the exact solution to analyze how the drive affects the
phase diagram of the XY model.

To this end, let us first recap the static case [124, 170, 171]: The static (anisotropic) XY model
(Egs. (3.39) and (3.41) with ¢ = 0) features a gapped ferromagnetic phase at finite anisotropy (A # 0)
and small enough field (g < J), a gapped paramagnetic phase at large fields (g > J) and a critical
XX phase in the isotropic limit (A = 0, g < J). In the spin-representation, the different phases can

be distinguished via the long-wave length behavior in the ground-state correlation function
Cix(r) = (GS| oyo; |GS) , (3.44)
which can also be easily extracted from the free fermion representation as the determinant [173]

Crx(r) = det (Tr(f)) (3.45)

of the Toeplitz-matrix T, ( f) with entries T, (f)um = Tr (nem = / dk f (k)e "~k for the symbol
f(k) = e*(Ay+iAy)/ex. Specifically, ferromagnetic, paramagnetic or critical behavior correspond
to long-range, C,(r) =1, short-range, C(r) = exp(—ar), or power-law, Cy,(r) =5 e,
correlations in the correlation function, respectively. In the fermion-representation, the ordered
ferromagnetic and disordered paramagnetic phase correspond to a symmetry-protected topological
and trivial phase, respectively. The topological invariant distinguishing the two phases is provided
by the winding of hy /||h|| in the xz-plane around the origin (0, 0, 0), where Ay is the component
vector defining the Hamiltonian 4(k) = hy - T; a (non-)trivial winding number guarantees that the
correlation function (3.44) decays exponentially (remains finite) in the long wavelength limit [173].

For the periodically driven system, we are interested in the properties of the Floquet eigenstates
|x//F,,, (7] ), which carry an explicit time-dependence. In principle, this time-dependence could
imply that at different times the same Floquet eigenstate |¢/F,n [t]) could display different order—
e.g., it could oscillate between paramagnetic and ferromagnetic order—or give rise to entirely

new forms of order that cannot exist in equilibrium (see also Sec. 3.3). For the circular driven
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Figure 3.4: Phase diagram of circularly driven XY model. A, phase diagram of average-energy
ground state for parameters (g/J, A/J,w/J): in the adiabatic regime (w—0), the static XY model
phase diagram is recovered with a gapped ferromagnetic (green, FM) phase (g<J) separated by a
critical gapless point (g=J) from a gapped paramagnetic (white, PM) phase; in the high-frequency
regime (w—o0), the model reduces to the isotropic XX chain featuring only a critical gapless phase
(g<J) and a gapped paramagnetic phase (g>J); the two regimes are separated by a finite-volume
(w # 0) photon-resonance regime (red), which causes gap closing in the average-energy bands due
to photon absorption/emission processes. B, the phase diagram is determined via the topology
and gap of the Bloch-Hamiltonian representation of the average-energy operator (3.43) (or Floquet
Hamiltonian (3.42)), which defines a vector vy=(Ag, Ay — w) tracing an ellipse: a; is gapless if
vy intersects the cyan circle, while hg is gapless if v intersects the pink circle; otherwise, the
model is gapped and ferromagnetic if the ellipse encloses the origin, and paramagnetic if it does
not. C, cutat A/J = 1/2 with four exemplary points marked: ‘adiabatic’ FM (purple diamond),
‘adiabatic’ PM (teal square), resonant (pink triangle) and high-frequency PM (yellow circles) (see
also Figs 3.5 and 3.6); D, cut at A/J = 1/2 of the quasienergy ground-state phase diagram—
defined using the first Floquet zone—varies substantially from that of the average energy. E and F,
correlation functions for the points marked in B and C, respectively; correlations remain constant,
decay exponentially, or decay algebraically for the FM, PM, and critical phases, respectively, in
agreement with the assigned phases.

XY model, however, the different states are connected via a simple rotation around the Z-axis,
[Wpnlt]) ~ @ ZnSn

time |th,,, [O]) translates into the same properties at time ¢ # 0, up to a rotation in the correlation

YF.n [0]). Therefore, any order (or absence thereof) in the state at initial



52 3. Periodically driven systems

function Cyx — Cy(y)x(r) With 0*(t) = cos(wt)o™ + sin(wt)o”. Thus, hereinafter we focus on the
properties of the Floquet objects evaluated at time ¢ = 0.

Let us re-emphasize that the Floquet bands are only well-defined up to integer multiples
of w, making the definition of a Floquet ground state ambiguous. For concreteness, consider
the quasienergy bands depicted in Fig. 3.5C: choosing the first Floquet zone to be given by
—w/2 < er < w/2, we would conclude the red band, 615},2,

6}2212 > 61(:112, thus representing the Floquet ‘ground state’; however, likewise we could choose the
’ ’ 2

first Floquet zone to be 0 < er < w, such that the blue band, €p 1o
and the red band, 6}9,3 +w > e}E?,z, the excited one. In contrast, the average-energies (Fig. 3.5D) are

uniquely defined, allowing us to identify the ground-state band unambiguously.

to be lower in energy than the blue band,

becomes the lowest energy band

To understand the different phases in the periodically driven case (Fig. 3.4A), we can use a
geometric analysis of the fermion-representation (3.43) similar to the static case. Considering the
normalized vector v /||v||, defining the fermion-representation of the average-energy operator (3.43)
&, = v;-T, we find two non-analyticities: (i) asingularity at Ay —w = 0 (forsome k € [0, 27)) where
v is ill-defined; (ii) a discontinuity, Vy-+o+ = —Vg=40-, if the prefactor Ay (Ax — w) + A% vanishes.
The latter discontinuity corresponds to average-energy gap closings, and can be massaged into the
expression

w\2
(A — w/2)? + A2 = (E) (3.46)
describing a circle centered around (w/2,0) with radius w/2, see cyan circle in Fig. 3.4B.

Additionally, we can identify quasienergy gap closings geometrically by circles
(Ax — w)* + A7 = (nw)?, (3.47)

centered around zero (0, 0) with radii nw (n€Z), see pink circle in Fig. 3.4B. The phase at given
parameters is thus determined by the ellipse traced by vy=(Ay, Ax — w) (Fig. 3.4B): if the ellipse
intersects the gap-closing circle (3.46), the average-energy spectrum is gapless and the phase is
critical; otherwise, the phase is gapped and ferromagnetic if the ellipse encloses the origin, or
paramagnetic if it does not.

Using this geometric picture and the correlation function Cy, (3.44), we can identify three
different regimes (Fig. 3.4): a high-frequency regime featuring paramagnetic and critical phases,
an adiabatic regime featuring paramagnetic, ferromagnetic, and critical phases, and a photon-
resonance regime at intermediate frequencies where photon absorption/emission results in average-
energy gap closings giving rise to an extended critical phase. In the infinite frequency limit,

w > A,J, g, the model reduces to the isotropic XX-chain, &; — Aj7*. In this regime, besides
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Figure 3.5: Paramagnetic phase in driven XY model in high-frequency (olive) and

adiabatic (yellow) limit. A, (Ax, Ay — w) of Bloch-Hamiltonian (3.41) (olive and yellow) do
not encircle the origin (red); quasienergy gap (pink circle) and average-energy gap (cyan circle)
conditions are indicated. B, Cxx-correlation function (3.44) of average-energy ground state decays
exponentially for both regimes in agreement with paramagnetic order. C-E, quasienergy €; for
the first Floquet zone (opaque) and the second Floquet zone (translucent), average-energy &, and
geometric phase vy, bands, respectively, for high-frequency paramagnetic phase: quasienergy and
average-energy agree, and geometric phase vanishes as expected. F-H, same for the adiabatic
regime: while quasienergy and average-energy do not agree, geometric phase remains small.
Crucially, due to spurious folding, quasienergy is gapless and would predict a critical ground
state, see Fig. 3.4. Throughout, the average-energy can be used to uniquely identify band-filling.
Parameters are (A, g,w)/J = (1/2,3/2,5) and (1/2,2,3/5) for high-frequency and adiabatic
regimes, respectively.

the gapless critical phase, only a high-frequency gapped paramagnetic phase can occur, which
is fully contained within the circle (3.46) and does not enclose the origin; consequently the
correlation function Cxx (r) decays exponentially, see Fig. 3.5B. As expected, the average-energy
and quasienergy bands agree in this high-frequency limit (see also Sec. 3.1.4) and the geometric
phase vanishes, see Fig. 3.5C-E.

At low driving frequencies, the results are consistent with the adiabatic limit, featuring
gapped (in average-energy) paramagnetic and ferromagnetic phases. The paramagnetic phase is
characterized by the Bloch-Hamiltonian not encircling the origin, see Fig. 3.5A, and exponentially
decaying correlation functions, see Fig. 3.5B; the average-energy and quasienergy bands deviate

substantially but the geometric phase remains small, see Fig. 3.5F—H. In contrast, in the ferromagnetic
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Figure 3.6: Critical and ferromagnetic phases in driven XY model near resonance (green)
and in adiabatic (teal) regime, respectively. A, (Ax, Ay — w) of Bloch-Hamiltonian (3.41) (green
and teal) both encircle the origin (red); the average-energy gap condition (cyan circle) is met
near resonance and the quasienergy gap condition (pink circle) in the adiabatic limit, leading to
respective gap closings. B, Cxx-correlation function (3.44) of average-energy ground state shows
power-law decay (cf. log-log Inset) in resonant regime characteristic of criticality; in adiabatic
regime, long-range correlations persist indicating the ferromagnetic phase. C-E, quasienergy €
for the first Floquet zone (opaque) and the second Floquet zone (translucent), average-energy & and
geometric phase vy, bands, respectively, for adiabatic regime: due to spurious folding, quasienergy
gap closes; average-energy gap remains open and geometric phases remain wrapped. F—H, same
near resonance: due to photon-absorption processes (cf. Fig. 3.2), average-energy gap closes and
maxima in geometric phase occur. The maxima in the geometric phase (|yx| = &) are characteristic
of Bloch-Hamiltonians encircling the origin and non-trivial correlation functions. Indeed, the
quasienergy ground state is gapped and gives rise to ferromagnetic order, see Fig. 3.4. Parameters
are (A, g, w)/J =(1/2,2,2) and (1/2,2/5, 1/2) for resonant and adiabatic regimes, respectively.

phase the Bloch-Hamiltonian encircles the origin, see Fig. 3.6A, and finite correlations persist to
arbitrary distance, see Fig. 3.6B. The quasienergy and average-energy deviate notably and the
geometric phase attains maxima (|y,| = «), Fig. 3.6C-E. Crucially, unlike the average-energy, the
quasienergy is gapless in the adiabatic regime due to spurious folding; consequently, the quasienergy

ground state would predict a critical phase (see Fig. 3.4C).

In the intermediate-frequency regime, a critical phase opens up. In this regime, the average-
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Figure 3.7: Circularly driven XY model locality analysis for, A, different parameter regimes—
high-frequency paramagnet (rose), adiabatic paramagnet (teal), resonant ferromagnet (purple)
and at the phase transition (yellow)—of Floquet Hamiltonian (3.42) (B) and average-energy
operator (3.43) (C). B and C, weight of Pauli strings with length ¢ for Floquet Hamiltonian
and average-energy operator, respectively. For all parameter regimes, non-local strings are absent
or exponentially suppressed in their length ¢, i.e., both operators are quasilocal for all parameter
regimes. Parameters are as in Figs. 3.5 and 3.6, and (g/J,A/J,w/J) = (2, 1, 3) for the transition
point.

energy gap closes (Fig. 3.6G) due to photon absorption/emission processes (cf. two-level system
discussion, Fig. 3.2); consequently, the correlations decay algebraically (Fig. 3.6B) despite the
Bloch-Hamiltonian encircling the origin (Fig. 3.6A). Conversely, the quasienergy gap remains
open (Fig. 3.6F), and the quasienergy ground state would predict a ferromagnetic phase (see
Fig. 3.4C).

The existence of only three different regimes—adiabatic, high-frequency and a single resonant
regime—is likely an artifact of the exact solvability of the model. Specifically, the integrability
of the drive precludes higher photon-resonances, and the integrability of the XY chain imposes
stringent selection rules for hybridization. Indeed, for similar integrable models, a cascade of
transitions occurs when integrability-breaking terms are included, see also Ref. [174].

Finally, we analyze the locality of the average-energy operator and Floquet Hamiltonian in
Fig. 3.7. The operators remain quasi-local, i.e., localized to few-body operators up to an exponential
tail, for all parameter regimes. In stark contrast to the behavior of the AGP in the static XY
model (see Sec. 2.3), even at the phase transition point, the average-energy operator and its AGP
remain quasi-local. In summary, for the periodically driven XY model the average-energy operator
remains a physical (i.e., quasi-local) operator throughout the phase diagram, and its average-energy

spectrum can be used to unambiguously define a physically meaningful Floquet ground state.
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3.1.4 Perturbative approach

In the previous sections we outlined Floquet Theory and its geometric reformulation, and exemplified
it on the exactly solvable circularly driven two-level system and XY model. However, these exactly
solvable examples are rare for periodically driven systems. Unlike for counterdiabatic driving,
where exact solvability is predominantly an issue of few- vs many-body systems, periodically
driven systems may not admit a closed-form solution even for few-body systems. Indeed, consider

the linearly driven two-level system
H(t) = AS* + [g + Acos(wt)]S", (3.48)

for which no closed form solution exists, despite the similarity to its circularly driven cousin. This

is evident in the Sambe space formulation, as the quasienergy operator
X A X
0 =wN + (AS*+gS") + 5(81 +&E-1)8", (3.49)

no longer preserves the number of excitations between the ‘photon’ field and spin; in particular, the
term (&1 + E_1)S* ~ xS$* connects all photon sectors resulting in an infinite dimensional problem.

However, for Floquet engineering purposes we are foremostly interested in the behavior at
high-frequency, where the frequency w is the largest scale in the problem. Therefore, we focus on

the leading order contributions in the inverse-frequency expansion

Helto) = Y o H 1] K(1:19) = Y 0K ™ (1:10).

n>0 n>0

(3.50)
Elto] = ) 0" B 1], Ar(t) = Y 0" AL ()

n>0 n>0
where K(t;19) is the kick-operator defined through P(z;ty) = exp ( —iK(t; to)); in this section,
we use 7 throughout to distinguish the parametric and explicit time-dependence. Throughout, we
denote the nth order contribution for an operator A by A" and the inverse-frequency expansion
up to nth order (including all terms j < n) by A"l = Z?:O w7AY) = A+ O(w™ ). A high-
frequency approximation (3.50) can be obtained, e.g., using a van Vleck [21, 74, 175], Floquet-
Magnus [22, 80, 176, 177] or Brillouin-Wigner [81, 82] expansion. However, these expansions are
only guaranteed to converge if fOT \|H||dt/T é w [73, 176], demanding the absence of resonances;

indeed, the expansion’s divergence is intimately linked to the existence of photon-resonances [83].
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Floquet-Magnus expansion. Hereinafter, we focus on the Floquet-Magnus expansion [22, 80,
176, 177], where the Magnus expansion [178] provides the tool to compute the inverse-frequency
expansion of the Floquet Hamiltonian order by order. Specifically, the Floquet-Magnus expansion
is obtained by Taylor-expanding the identity [21, 80, 179]

. d
Q(t) = —i %0

for the exponent exp(i€(z)) = Texp(—i /Ot H(s)ds), where adg (X) = i[Q, X], and matching the
resulting terms with the high-frequency expansion (3.50) order by order. This leads to the nth order

expression in terms of integrals over nested commutators [73]

SO 00D

(n)
H o) =

T+t to+t3 fot+is
x/ dt,g - / dt2/ de [H(ts,,,), [H(ts,), ..., [H(ts,), H(ts)] ... 1],
1o 1o

to

(3.52)
where o is a permutation and 6(o) = ?21 6(oj+1 — o) with Heaviside-step-function 6. The
lowest three orders of the Floquet-Magnus expansion read [21, 73, 80, 82]

HO[t] =77 / o dtH () = Hy (3.53a)
E .
‘to T+t to+t1
HO 1] = 25;;)2 / dr / dea[H(1y), H(12)] (3.53b)

= Z ( He, H_¢] — e " [Hy, Hol + e 0 [H_,, Ho])

@) (271.)2 T+t
Hy7 [to] = 3’(1T)3/ dt1/ dtz/ di3[H(t1), [H(t2), H(t3)]] + (1 & 3), (3.53¢)
where we used the Fourier expansion of the Hamiltonian H(t) = ), Hee 't Using the

relation (3.4), H(t) = Hg[t] + Ag[t], the expansion for the Floquet Hamiltonian (3.53) immediately
yields the expansion for the AGP Ag(t) since the Hamiltonian H(¢) is of lowest order in the driving
frequency, O(w?). Likewise, the inverse-frequency expansion for the kick operator K (t; 1) (3.50)
can be obtained from expanding [21, 80]

K(t;t9) = ilog Te Hro H(S)dse—in[to](t—tO) ’

using the Magnus expansion, Eq. (3.51), and Floquet Hamiltonian’s expansion, Eq. (3.52), and
matching the corresponding terms order by order.
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We now consider a high-frequency expansion for the average-energy operator. First we show
that in the infinite-frequency limit (w — o0) the average-energy operator and Floquet Hamiltonian
coincide. To this end, it suffices to show that the Berry phase vanishes in the infinite frequency limit,

0)(T)/ T = /0 < > dt/T = 0+ O(T). Intuitively, this seems clear since Hl(:O) (3.53)
has no Floquet gauge dependence however, one has to be careful with the power counting since
the Floquet gauge potential <wpn| Ag(t) |¢F,n> = <¢F,n|i5ﬂﬁm> contains a derivative O(T'), hence,
ﬂl[;)] # 0. In fact, since H(¢) is of order O(T°), the identity H(r) = Hg[t] + Ag(¢) also holds in the
high-frequency expansion to leading order; therefore, we have .7(120] (t) =H(t)— ﬁ This agrees with

the Floquet eigenstates changing in time only in the next order O(7T), i.e., |¢F,n )L//(O)> +0(T).

Therefore, we find

T
0 0
7T = /0 (i)

/ H(r) - Hdt/T‘w[0]>/T+0(T):<%[:(,),1

Al (1) ‘¢}£°]>dt/T+0(T): / <¢F ‘H(t) H‘w[o]>dt/T+0(T)

0

(7 - H| )¢1£°,1> IT +O(T)

=0,

and hence &, = g, + O(T), and the Berry phase is generally of order O(T) as T — 0; this points
at its inherently nonequilibrium character. However, for higher-order terms in the period 7', the
Berry phase is non-negligible—as is also evident from the generic Floquet gauge dependence of
the high-frequency Hamiltonian (3.53)—and the average-energy operator and Floquet Hamiltonian
differ, Hg[t] — £[t] # 0.
For higher-order expansion of the average-energy operator, we can use its implicit definition (3.10)

via the average-energies (3.11) of the Floquet states to yield a high-frequency expansion using the
expansion for the Floquet Hamiltonian (3.52). Specifically, for a general high-frequency expansion

to order O (T") of the average-energy operators, one can consider the following procedure:
1. compute the HFE Floquet Hamiltonian Hl[:"] [¢], and ﬂIE"] (t)=H(t) - HPL"] [1];
2. compute the eigenstates Mf ] [t]> of Hé”] [#] to order O(w™);

3. finally, the average-energy operator is obtained from

= > @ 1] (3.54)

with the average-energies ae,[?f I = / dr < | H(t) )l// >
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the average-energy AGP A g is obtained via the average-energy decomposition (3.12), Ax = H-Z,
and the geometric phase operator I'[#y] is obtained by combining the Floquet Hamiltonian and
average-energy expansions, " [70] /T = £ [10] - Hé"] [to] up to sub-leading order O (w™!).
It is not evident that the crucial step 2, requiring an eigenvalue decomposition of the Floquet
Hamiltonian, can be cut short using a high-frequency expansion. In particular, while corrections
[0]

to the Floquet states H,[,? I and quasienergies €

Héo) + EHI(:U (e = 1/w) and so on for higher orders, we still require diagonalization of the time-

may be obtained from perturbation theory, e.g.,
averaged Hamiltonian H = HIEOJ.

Example: linearly-driven two-level system. Using the Floquet-Magnus expansion, Eq. (3.53),
we can make progress in the study of the linearly-driven two-level system, Eq. (3.48). Specifically,
up to first order we obtain

1
HY [ =Hy+ —H
w

F

AA
O[] = AS* + g8* + = sin(wr)S” . (3.55)
w

Seemingly HIEH [#] is not a valid Floquet Hamiltonian, as its eigenvalues

1 AA\?
e(r) = —\/A2 +g2+ (—) sin’ (w?)
2 w

are time-dependent. However, the time-dependence only occurs at higher order 612” =JAZ+ g2+

O (w™2) sin?(wr), i.e., beyond the validity of first order expansion, and should hence be disregarded

eél] = /A2 + g2 + O(w™?). This observation generalizes: the quasienergies of order n, eén], are

time-independent within order O (w™), but may carry a time-dependency at higher orders O (w™")

(m>n), which is canceled by higher order corrections. We can consider the time-independent

quasienergies, eéli = iEIEI] = /A% + g2/2, and corresponding Floquet eigenprojectors, HJ[_FI] [t] =

(]l + HI[:” [t]/ ep) /2, to obtain the average-energies

- 2,2

| ] dr A +g 1

el = / Tr(H(t)HL][I])? == =6
0 4ep

To first order the Floquet Hamiltonian and average-energy operator coincide, HIE_I] [1] = BM[e];
likewise, the geometric phase of the Floquet states vanishes to first order despite their explicit time-
dependence. In Fig. 3.8A and B, we find excellent agreement between the numerically exact results
(obtained by numerically integrating the Schrodinger equation) and high-frequency expansion for

the quasienergy and average-energy at high-frequency, A, g, A < w.
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Figure 3.8: Perturbative Floquet analysis of linearly-driven two-level system. A and B,
comparison of perturbative (blue lines), see Eq. (3.55), and exact results (black circles) of
quasienergy and average-energy, respectively, for different level-splittings A in high-frequency
regime (A,g,A < w). C and D, comparison of exact (black circles) results with perturbative
approach (blue lines) in resonant regime (A ~ w) for quasienergy, see Eq. (3.56), and average-
energy, see Eq. (3.57), respectively; the resonant regime shows the characteristic photon-absorption
as discussed for the circularly driven system, see Fig. 3.2. In both cases the perturbative approach
agrees quantitatively with the numerically exact solution. Parameters are w = 10, A = 0.5 and
g =0.5.

In analogy with the circularly driven two-level system studied before, let us now also consider the
resonant case, A = w. Increasing the order of the Floquet-Magnus expansion (3.48) is insufficient
to capture photon-resonances as they lie strictly outside the radius of convergence, ||H|| é w.
However, akin to the circularly driven two-level system (see Sec. 3.1) we can consider the system

in a rotating frame [21, 161] with unitary V(¢) = exp(—iwtS?) exp(—iwt1/2)°,

A . A
Hiyo(1) = %11 +(A-w)§ + TS+ %(e"‘”S' +he) + Z(ezlu”s- + h.c.) ,

in which prefactors are again small compared to the frequency, i.e., (A — w),g,A < w. This
justifies a high-frequency expansion in this rotating frame, which to leading order reads

0 0
HO[1] = VT(t)H}(j’r)ot

V(t) = %]l + (A —w)S* + %(Cos(wt)Sx + sin(wt)SY) . (3.56)

Recall that V(1) = exp(—iwtS?) is not a proper rotating frame transformation V(7' = —1.
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Note the critical requirement for V(¢) to be a rotating frame transformation (with V(T) = 1),
which implies a simple relation between the rotating frame and lab-frame Floquet Hamiltonian:
Hé") [t] = VT(I)Héflr)ot[t]V(t). From Eq. (3.56), we can read of the quasienergies and Floquet

eigenprojectors
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where € = \/ (A — w)? + A2/4/2, from which the average-energy operator follows immediately

2
(A-wA+(4) HO[ - 21

A0 = . 3.57
7] 2e 2e ( )

Notably, the Floquet Hamiltonian and average-energy operator deviate already at leading order due
to the explicit time-dependence of the leading order Floquet Hamiltonian. This can only happen
in the case of resonances: in particular, the high-frequency limit w — oo with (A — w)=const.
requires A — oo; this violates the high-frequency condition (w > all other scales) under which
we previously derived the leading order agreement of the Floquet Hamiltonian and average-energy
operator. Instead, the leading order high-frequency expansions in the resonant case, Eqs. (3.56)
and (3.57), agrees (up to a rescaling A <> A/2) with the exact results for the circularly driven
two-level system, Egs. (3.18) and (3.21), implying that the analysis for the latter carries over; this
is also supported by the numerical results in Fig. 3.8C and D. This emphasizes the importance
and generality of the circularly driven two-level system results; indeed, following a similar rotating
frame analysis we expect any two-state 1-photon resonance to follow a qualitatively similar analysis:
a collapse of the average-energy spectrum accompanied by a maximum (]y| = 7) in the geometric
phase. The present rotating-frame formalism can be generalized to analyze resonant Floquet

systems in which the resonances are analytically tractable [21, 161].

3.2 Many-body Floquet systems and thermalization

So far, we have only considered few-body and integrable systems. In this section, we consider the
dynamics of many-body systems under periodic driving. In the static case, quantum many-body
dynamics typically exhibit thermalization: the system quickly loses memory of its microscopic
initial state and local observables rapidly relax to values described by a thermal ensemble.

Let us first recap how thermalization arises microscopically in static systems [12, 180-183].

To this end, consider an initial state |yo) = > p cg |E) expanded in the eigenstates |E) of the
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Hamiltonian H = 3z E |EXE|; expectation values (A), ) of observables A then evolve according

to

(Ay (1) = Y leslP(EIAIE)+ > cpeye ™ I A|E) =5 3 P (EIAIE) , (3.58)
E E#E’ E
where the second term in the first expression is a sum over exponentially many time-varying
phase factors (with incommensurate energy difference £ — E’) which are expected to dephase
for sufficiently large systems and late times. Therefore, generic many-body systems, i.e., with
incommensurate energy difference, are expected to equilibrate. Whether their late time expectation
agree with predictions of a thermal ensemble is the statement of the eigenstate-thermalization
hypothesis (ETH) [180-182]: for a generic many-body system individual eigenstates | g) (H Y g) =
E |yE)) ‘look’ thermal, i.e., are locally indistinguishable from thermal states PBr e PEH  ith
Tr(Hpp,) = E. Specifically, the late time expectation value for any local operator O can be

expressed by a thermal expectation value [12, 184]

Tr(Opp) ~ (WEl O lYE) | (3.59)

up to corrections exponentially suppressed in system size. The state pg, maximizes the entropy
under the constraint of energy conservation. The inverse temperature, S, acts as a Lagrange
multiplier ensuring that pg, has the same energy as the initial state. In the presence of additional
(linearly-independent) conserved local observables O1, . . ., O the system is expected to thermalizes
0 Ppuy.p; = exp(—,BH — Oy = ;0 J-) which maximizes the entropy constrained to the
conservation laws; the Lagrange multipliers y, ..., u; ensure that the thermal state is consistent
with the initial expectation values, (O j>Pﬁ,m,-.-u, = (0;) »» While all other information about the
initial state is lost.

For periodically driven quantum systems we can run a similar analysis using Floquet eigenstates
at stroboscopic times ¢ = nT'; the dephasing (3.58) then corresponds to synchronization of local
observables with the drive, i.e., (A), (1) = X, leal? <¢F,n [7] | A |l//1:’n [7] ) Since the drive explicitly
breaks conservation of energy the system thermalizes (in the absence of other conservation laws) to
the maximum entropy state, i.e., the featureless infinite temperature ensemble po, oc 1, independent
of the initial state [10, 11, 13, 72, 185-188], see Fig. 3.9. Therefore, eigenstate-thermalization in
Floquet systems predicts that all Floquet eigenstates |l,[lp,n> are locally featureless and maximally
entangled. These arguments give an intuitive picture of Floquet heating. However, the underlying
mechanism is more subtle: while the lab-frame Hamiltonian is no longer conserved, the Floquet

Hamiltonian, as the generator of stroboscopic dynamics, provides a dynamical invariant; in
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Figure 3.9: Sketch of heating in periodically driven systems. A, generally many-body systems
absorb energy from the periodic drive, eventually heating to featureless infinite-temperature states.
B, all Floquet states are highly-entangled (locally featureless) states, in stark contrast, to eigenstates
of local Hamiltonians. C, this is caused by the occurrence of Floquet resonances: states far
separated in energy AE that are connected by the driving frequency, AE~w. Such resonances

become abundant in the thermodynamic limit due to the extensive many-body bandwidth (W « L),

implying W > w, combined with exponentially decreasing gaps, AE o e~ L.

principle, this offers an alternative conserved quantity. However, the Floquet Hamiltonian for
a many-body system is generically a non-local and multi-body operator, hence, it should not be
considered a conserved quantity constraining thermalization; this is also evident from the divergence
of high-frequency expansions in the thermodynamic limit [21, 73, 176, 189]. Alternatively, Floquet
heating can also be understood by the proliferation of many-body resonances mediated by the
drive [83] as follows (see Fig. 3.9): consider a static many-body Hamiltonian Hy, with eigenvalues E
and eigenstates |/ g ), then even a weak drive (amplitude A < ||H||) can mediate transitions between
eigenstates |lﬂE1> and |z//E2> whose energy difference matches the drive frequency, E| — E> = w,
within linear response (rate o« A%). These resonances result in mixing of states at vastly different
energies, |Yr) = a|Ey) + B|E>), hybridizing low entangled states with highly entangled states,
thus increasing the entanglement of each state. While such resonances, E; — E; = w, are rare
for few-body and integrable systems, especially in the high-frequency regime, they are inevitable
for generic many-body systems which feature an extensive spectral bandwidth W oc L—where

W = Enmax — Enin 1s the full width of the spectrum—and spectral gaps that are exponentially dense
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Figure 3.10:  Heating in kicked mixed-field Ising model. A, sketch of 1D kicked Ising
chain (3.60): the longitudinal field, X=o,, alternates with Ising interactions, ZZﬁa,fof 1 and
longitudinal field, Z=c:. B, heating properties of the model observed numerically in Refs. [78, 79]:
for small periods JT < 1.2, independent of system size (at least for L < 30), non-heating states
can be identified, at JT ~ 1.2 a sharp onset of heating for all states is observed. C, quasienergy

spectrum, epT, for different periods indicates quasienergy folding (w < W) for periods JT = 0.3
long before onset of heating. Colormap indicates fidelity Fy = |<WF,n|W0>|2 of Floquet states with

ground state |y() of averaged Hamiltonian (3.61), H = Hyp, grey values correspond to Fjy < 1074
for JT < 1.2 the MFI ground state maintains large overlap with a single Floquet state. D, average-
energy spectrum, &7, identifies this Floquet state as the (gapped) Floquet ground state; at JT ~ 1.2,
the average-energy gap closes and photon resonances result in the collapse of the spectrum, see
also Fig. 3.11. We consider a periodic chain with L = 16 spins and J=g=h=1; figure adjusted from
Ref. [98].

AE « e~L in system size L [83]. Therefore, heating is generally expected to occur if W > w,
which is always the case in the thermodynamic limit if the frequency does not scale with the system

size; for finite size systems, however, W < w may easily occur.

In the following, we study Floquet thermalization from the perspective of geometric Floquet
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Figure 3.11: Average-energy and geometric phase analysis for kicked mixed-field Ising model.
A, average-energy gaps, A& = @ — min(&), for different system sizes L = 6-16(light-dark); B,
zoom into average-energy ground-state gap, A®;. A finite average-energy gap persists throughout
JT < 1.2 implying adiabatic connectivity to the infinite-frequency ground state. C, geometric
phase spectrum indicates occurrence of photon resonances for the average-energy ground state
near JT = 1.2, while proliferation of photon resonances for other states starts near J7 =~ 0.9. D,
rescaled average-energy bandwidth W, /L = [max(z) — min(a&)]|/L suggests extensive average-
energy spectrum, Wy oc L, for JT < 1.2 and subextensive scaling, W /L iy 0, in the heating
regime. E, maximal geometric phase magnitude max|y| shows the first photon resonance (|y| = x)
precedes the ground-state photon resonance; first resonance shifts to shorter periods with increasing
system size. Parameters as in Fig. 3.10; data [190] from Ref. [98].

theory. For concreteness, we consider the kicked mixed-field Ising model [78, 79] ( Fig. 3.10A)

H, 0<t modT<T/4
H(t)={H, T/4<t modT <3T/4 (3.60)
H, 3T/4<t modT<T

alternating between Ising interactions with periodic boundary conditions and a longitudinal field
H, = - ﬁzl(J/Z)of(Tj+1 + ho}, and a transverse field H, = —g Sk

ue1 Oy term. In the high-
frequency limit (w — o0), this model reduces to the mixed-field Ising model

L
J
Hwvipr = - Z (50'50',5“ + hof + goy |, (3.61)
n=1
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Figure 3.12: Locality in mixed-field Ising model of Floquet Hamiltonian and average-energy
operator. A, visualization of operator locality definition via weight on 2-local operators. B and
C, 2-locality of Floquet Hamiltonian Hr and average-energy operator A for different system sizes
L = 6-16 (light—dark). The Floquet Hamiltonian rapidly loses support on 2-local operators once
quasienergy folding occurs, as indicated by dashed lines. In contrast, the average-energy operator
retains locality all the way up to JT =~ 1.2 (red triangle), almost independent of the system size. D,
2-locality Floquet Hamiltonian with minimal unwinding gauge choice, Hp=/+1", displays similar
locality properties as averge-energy operator. Parameters as in Fig. 3.10; figure adjusted from
Ref. [98].

which forms a paradigmatic example of a static, non-integrable, and thermalizing model; in fact, its
ergodic behavior for finite system sizes has been studied extensively [191-194]. Numerical studies
suggests the existence of a heating transition in the kicked mixed-field Ising model (3.60) (see
also Fig. 3.10B): up to a finite period (JT = 1.2), beyond the high-frequency expansion’s regime
of validity, the model host a low-entropy state that avoids heating; above this period all states
thermalize. A ground-state-like character of this state is anticipated since it retains finite overlap
with the ground state at infinite frequency deep inside the non-heating regime, see Fig. 3.10C.
While the persistence of the heating transition to the thermodynamic limit remains debated, the
finite system-size behavior of this model is well-suited to exemplify the predictions of the geometric
Floquet theory and contrast them traditional Floquet theory.

In the following, we argue that this state should be considered the Floquet ground state deep

into the regime JT ~ 1 where quasienergy folding is inevitable. Indeed, this state emerges as
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Figure 3.13: Entanglement entropy of Floquet states in kicked mixed-field Ising model (3.60).
A, average-energy spectrum against period with color-code indicating the entanglement entropy
density sepe of corresponding Floquet state; dashed lines at JT = 1.0 (blue), 1.2 (red) and
1.5 (yellow) mark data-points in B and C. B and C, entanglement spectrum against quasienergy
and average-energy (normalized against full bandwidth), respectively. In the non-heating regime,
the average-energy spectrum provides a physical sorting of the Floquet states with lowest (and
highest) excited states being low entangled; in contrast, the quasienergy spectrum suggests a flat
entanglement spectrum also for JT < 1.2. D, same as A but rank-ordered with respect to average-
energy for all 2! states emphasizing the scarcity of low-entangled states; E and F, provide a zoom
into highest and lowest 16 states, clearly indicating the low entangled (anti-)ground state and sharp
entanglement growth of all states near JT ~ 1.2 (red triangle).

the lowest-energy state of the average-energy operator throughout the non-heating regime, see
Fig. 3.10D. We find a finite average-energy persisting up to the putative phase transition where the
gap closes and the average-energy ground state abruptly changes character, see Fig. 3.11A and B.

Therefore, the average-energy spectrum is well-suited to identify the Floquet ground state, providing
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a reliable tool to seamlessly connect the infinite frequency behavior to finite frequencies. Near
the (finite-size) phase transition, JT =~ 1.2, this state undergoes photon-resonances as indicated
by the geometric phase approaching v = x, Fig. 3.11C. As a result, the many-body bandwidth
remains constant up to JT — 1.2 and then implodes making the critical point (red triangle) also
apparent in the average-energy spectrum. More precisely, at the critical point the scaling of the
spectral width with system size L changes abruptly from an extensive (linear in L) scaling in the
non-heating regime to an intensive (sub-linear) scaling in the heating regime, see Fig. 3.11D. While
the average-energy ground state only undergoes photon-resonances near JT =~ 1.2, the geometric
phase spectrum indicates the proliferation of photon resonances for other states much sooner:
for L = 16 spins, |y| = x is reached for JT < 1.0, and seems to shift to smaller values with
increasing system size (see Fig. 3.11E). Crucially, this suggests that the non-equilibrium character
of the kicked mixed-field Ising model already sets in before the putative heating transition point.
Our observations are in agreement with the proliferation of many-body resonances—resulting in a
collapse of average-energies as in the circularly driven model in Sec. 3.1—as the central driving
force for thermalization in Floquet systems.

The extensive spectrum is a typical characteristic of local operators, raising the question whether
the average-energy operator may remain local throughout the non-heating regime. To analyze the
locality of the operator directly, we consider the relative weight of one- and two-body Pauli operators
(see Fig. 3.12A)
|0 1-body + O2-boay|l

1011
where O |.pogy and O2.pody are the one- and (arbitrary-range) two-body terms entering the operator
O, respectively, and [|O||, = /Tr(O?) is the Frobenius norm. We choose to include only up to two-

body operators for easier computability; however, we checked that including higher-body terms,

locality(O) = , (3.62)

e.g., including three- or four-body operators, does not qualitatively change the results. In Fig. 3.12,
we compare the locality properties of the Floquet Hamiltonian and average-energy operator, where
unity corresponds to a two-body operator and zero indicates non-locality. The Floquet Hamiltonian
Hp, Fig. 3.12B, becomes non-local when quasienergy folding occurs (dashed lines) as indicated by
the curves shifting to the left with increasing system size. In contrast, the average-energy operator
remains local all the way up to JT ~ 1.2 almost independent of system size, see Fig. 3.12C. This
behavior highlights the utility of the geometric formulation of Floquet theory in identifying local
physical generators of the dynamics. The nonlocality of the Floquet Hamiltonian in many-body
systems can be explained by the ambiguity of defining Hp — Hfp + mw |¢F,k ><¢F,k| (form € 7)

due to shifts in the quasienergy of individual Floquet states, as the Floquet eigenstateprojector
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|$F,k ><lﬁF,k| is highly non-local. Because the average-energy is sorted, this argument does not apply
to . In fact, we can use the average-energy to improve the locality properties of the Floquet
Hamiltonian, see Fig. 3.12D: by using Hr = £ + I', where y € [—nx, xr), instead of the commonly
used first-Floquet-zone gauge choice (—w/2 < e€r < w/2), we obtain a local Floquet Hamiltonian
deep into the non-heating regime; incidentally, Hp = & + I provides a practical framework to
compute the recently proposed minimal spectral unwinding [77].

The locality and ground-state gap of the average-energy operator imply [126, 195, 196] the
existence of low-entangled Floquet states throughout the entire non-heating regime (0 < JT < 1.2).
We confirm this numerically in Fig. 3.13: indeed, in the non-heating regime (0 < JT < 1.2)
Floquet states which are located at the edge of the average-energy spectrum are low-entangled
whilst in the heating regime all Floquet states are (near-) maximally entangled. Moreover, the
average-energy provides a physical sorting for the entire spectrum, i.e., sorting low entangled states
at the edges and highly entangled state at the center of the spectrum; in contrast, the (first Floquet
zone) quasienergies seem entirely uncorrelated with these aspects of the entanglement spectrum.

Here, we have focused on the kicked mixed-field Ising to illustrate the utility of the geometric
description in analyzing Floquet heating. However, we expect the results to hold more generally.
This is supported by recent works [174, 197] which exploit geometric Floquet theory to study
a similar heating transition in driven impurities [197] and detect transitions in an interacting,
resonantly driven Floquet anomalous chiral spin liquid [174]—regimes where traditional Floquet
theory and high-frequency expansions fail. In summary, geometric Floquet theory provides a new
set of tools to analyze and identify the onset of Floquet thermalization in many-body systems: the
geometric phase is a susceptible probe for the presence of many-body Floquet resonances, while the
collapse of the average-energy spectrum at the onset of heating makes it well-suited to distinguish
heating and non-heating regimes. Moreover, the observed locality properties of the average-energy
operator make it ideally suited to identify low-entangled, possibly ordered, Floquet states far away

from the high-frequency regime.

3.3 Non-equilibrium phases of matter

In the previous sections, we considered extensions of static concepts to periodically driven systems,
like Floquet-engineered phases (Sec. 3.1.3) and Floquet thermalization (Sec. 3.2). Intriguingly,
periodic driving can also induce new phenomena with no equilibrium counterpart. For such systems,
considering the Floquet Hamiltonian alone is often insufficient to describe the phenomenon. In

this section, we consider two prominent examples of such non-equilibrium phenomena to highlight
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the properties of the geometric Floquet description. Specifically, we consider anomalous Floquet
topological insulators (AFTI) [68, 198] (Sec. 3.3.1) and discrete-time crystals (DTC) [59-61, 64,
65, 199, 200] (Sec. 3.3.2) as paradigmatic examples of drive-induced topological order and time-
translation-symmetry breaking, respectively. As the average-energy operator proved instrumental
in determining equilibrium-like properties—such as ground states, band filling and equilibrium-
like order, and characterizing heating—the geometric phase proves instrumental in determining the
non-equilibrium properties of periodically driven systems. Specifically, we find that for both AFTI
and DTCs information about the non-equilibrium order is entirely encoded in the geometric phase.
Therefore, the equilibrium and non-equilibrium features of a Floquet system cleanly separate into
properties of the average-energy and geometric spectrum, respectively.

Formally, order—whether static or non-equilibrium, topological or symmetry-breaking—is
defined in the thermodynamic limit, considering the limit of infinite system size, L — oo, and
late times, t — oo’ [72, 201, 202]. As we discussed in Sec. 3.2, generic many-body Floquet
systems are expected to heat to infinite temperature [10, 11, 13, 72, 185-188], eventually becoming
featureless. Thus, frue non-equilibrium order requires a stabilization mechanism that precludes
thermalization; therefore, we consider free-fermion AFTI [70, 203, 204] and many-body localized
DTC [61, 205, 206].

However, in the high-frequency regime, thermalization can be suppressed out to long times [ 14—
17, 19, 73] (exponential in the frequency) giving rise to a so-called prethermal regime, which is
well-described by the high-frequency Floquet Hamiltonian, as we discuss in Sec. 3.3.3. In this
regime, non-equilibrium phenomena can still be observed, sharing most features with true non-
equilibrium order, even if the late-time steady state p, is featureless [207]. While few examples
of true non-equilibrium order have been demonstrated to date [208, 209], prethermal DTC order
has been demonstrated experimentally on various platforms [210-222]. Moreover, their non-
equilibrium properties, like their time-dependent order parameter, can be exploited in applications
such as sensing [103, 223-227]. Concretely, in Sec. 3.3.3, we discuss the application of prethermal
DTC order for highly-frequency-selective AC sensing and its experimental implementation on
nuclear spins in diamond.

Periodic driving, however, is not the only route to non-equilibrium order. Enlarging the
drive class beyond periodic protocols results in novel temporal order inaccessible to both static

and periodically driven systems [104, 228-235]. In Sec. 3.3.4, we provide an overview of

"Note that in general the order in which these limits are taken matters; in thermodynamics we usually consider
L — oo first, before taking t — oo.
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the developments of non-equilibrium temporal order beyond periodic-driving and their recent

experimental realizations in nuclear spins.

3.3.1 Anomalous Floquet topological insulators

Periodic driving, by Floquet-engineering otherwise inaccessible artificial gauge fields [22, 23, 28,
39, 236-240], has become instrumental in the realization of topological models [30, 31, 33] in
quantum simulators, implementing models such as the Harper-Hofstadter [30, 31] and Haldane
model [33] characterized by non-trivial topological invariants. Moreover, the periodic drive can
lead to entirely new phases of matter, like the anomalous Floquet topological insulator [68, 237].
In AFTIs Floquet bands are insufficient to classify the bulk topology [68, 69, 241]; instead,
the micromotion operator reveals the non-trivial topology of the system. In particular, in an
open geometry AFTIs can host anomalous edge modes which are topologically protected despite
topologically-trivial flat bands [41, 68, 242]; these are the famous 7-modes which connect Floquet
bands in different Floquet zones, see also Fig. 3.14B. AFTIs have been realized in photonic [243,
244], phononic [245, 246] and ultracold atom [70, 204] systems, with theoretical extensions to
interacting [198, 247] and disordered [203, 247] regimes further establishing the robustness of this
non-equilibrium topological phase.

Here, we consider the continuously driven free fermion model on a honeycomb lattice [203],
experimentally realized in Refs. [70, 204], where hopping amplitudes are varied in a spatially
homogeneous, but chiral and time-periodic way; in App. B.2 we also consider a different AFTI
model, studied in Ref. [68], to emphasize that our results are not model specific. Concretely, here
we consider the Hamiltonian [203] (see also Fig. 3.14A),

Ly Ly
Hi=Y Y [Jl(t)ci’y’ch,y_l,A F (0 pexiya + B30 geyal +he  (3.63)
x=1 y=1
with c)(jy)’z annihilating (creating) a fermion at lattice site labeled by (x, y) on the sub-lattice Z,

Z = A, B, with real hopping amplitudes J,(t) = Jexp [F cos(wt + ¢,,)] and ¢, = (n — 1)27/3,
and h. c. denotes the hermitian conjugate; we set the lattice constant to @ = 1, and use L, = 500,
Ly, =30, F=2 and w = 8.7J throughout, unless stated otherwise. We consider cylindrical boundary
conditions, with the open boundary in the y-direction and the periodic boundary in the x-direction;
therefore, only the k, quasi-momentum is a good quantum number. This model features, beside a
Chern insulator at high frequencies (w>13.7), an AFTI at intermediate frequencies (w<13.7) [203].
In particular, the AFTI features both anomalous r-modes, which connect Floquet bands in different

Floquet zones, and 0-modes, which connect bands within a single zone, see Fig. 3.14B.
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Figure 3.14: Anomalous Floquet topological insulator. A, top: sketch of the AFTI model (3.63)
on the hexagonal lattice with A/B sub-lattice and coordinate (x,y) convention; bottom: time-
dependent couplings J;(¢),i = 1,2, 3. B, quasienergies ep(k,) show two distinct bands connected
by two 0 (pink, purple) and two 7 (cyan, green) edge modes. C, average-energies &(k,) features
overlapping bands due to photon-resonances occurring throughout the Brillouin zone; 0- and
m-edge modes are no longer distinguishable from bulk states in the average-energy spectrum.
Inset: zoom into 0-edge modes’ photon resonance reveals smooth k, dependence. D, folded
geometric phase y(k,) show characteristic winding of 7-modes. Calculations are performed on a
cylindrical geometry, circular in x-direction, on system size (L, Ly) = (500, 50); zoom-in window
—-0.3695 < k,/m < —0.37 for inset contains 100 k, points. Figure adjusted from Ref. [98].

Due to the absence of quasienergy folding, the same cannot happen for the average-energy bands,
see Fig. 3.14C; instead, the two m-modes cross at zero and become indistinguishable from the O-
modes. To recover the nonequilibrium behavior of the 7-modes the geometric phases, Fig. 3.14D,
have to be taken into account. In analogy to the quasienergy bands, the geometric phases feature
the characteristic winding of the m-modes across different zones, sharply distinguishing them from
the O-modes. Additionally, Ref. [158] demonstrates that the anomalous winding number “W,—the
topological invariant which determines the number of anomalous edge modes—can be obtained

from the linear magnetic response of the bulk geometric phases: Wa = —(®o/27)do 2, v» With
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normal flux quantum ®¢ = hc/e.

Noticeably, the two @&-bands are no longer flat and overlap due to the presence of photon
resonances (see also discussion on XY model). This raises the intriguing question as to which band
is filled and which remains empty in a half-filled system. While the average-energy and Floquet
spectra can deviate substantially, band topology as measured by Chern numbers is determined by
eigenstates which are the same for Hr and £. We emphasize that no avoided crossings occur so
that the unique sorting between the upper and lower @-bands can be recovered starting from k,=0
and tracing the states adiabatically.

The multitude of sharp photon resonances (e.g., Fig. 3.14C inset) leads to a ‘chaotic’ regime
in the @-bands (|k,|<7/2 in Fig. 3.14c) where a small change in k, leads to large changes in
the spectrum; this behavior is even more pronounced in multiphoton resonances and occurs in
other AFTI models, see also App. B.2. Hence, we anticipate that the &-spectrum can be used to
distinguish chaotic from non-chaotic Floquet states, as captured by the sensitivity of eigenstates to
changes in k, measured by the AGP [125]. This photon-resonance-induced ‘chaos’ in the average-
energy spectrum can serve as an indicator for heating in many-body Floquet systems, unifying
previous attempts to detect the onset of heating via chaos [125, 248] and Floquet resonances [83].

To summarize, we find that the geometric phase is required to distinguish anomalous Floquet
from conventional static topological edge states, which underscores the fundamental role of
geometry in AFTIs; the average-energy spectrum alone is insufficient to tell these states apart.
We expect similar results to hold for other Floquet-induced topological edge states, such as -

Majorana modes which generalize to interacting systems [249, 250].

3.3.2 Discrete time crystals

Finally, we consider discrete time crystals (DTCs) [61, 64, 65, 200] as an example for many-body
nonequilibrium ordered states without equilibrium counterpart. Like crystals spontaneously break
the translation symmetry of space by forming a rigid lattice, a time crystal spontaneously breaks the
time-translation symmetry. Given the success of symmetry breaking in describing and discovering
equilibrium phases [251, 252], equilibrium time crystals seem natural [59, 60]. However, time-
translation symmetry breaking is strictly forbidden in equilibrium [66, 67]; time is fundamentally
different from other symmetries, e.g., equilibrium itself is operationally defined by its temporal
invariance [63].

However, when thermal equilibrium is not reached time-crystallinity can be defined. In
particular, in periodically driven systems, discrete time crystals can be realized which break the

discrete time-translation symmetry of the periodic drive, i.e., H(t) = H(t + T) is invariant under
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Figure 3.15: Sketch of discrete-time-crystalline order properties. A, sketch of characteristic
period-doubling response in Z,-DTC with signal inverting sign every other period. B, sketch
of amplitude of Fourier transform for different detunings 6§ = m + 66; unlike single-particle
response (white dashed lines) many-body DTC order is robust against finite detunings as indicated

by strong response at 7—here visible for |66| < 0.27. C, sketch of m-pairing of spin-inversion even
(+) and odd (-) sectors for DTC order.

t = t+Tbut |yg(t]) # |Yr[t + T]). To realize true DTC-order (stable to infinite times) we require
a mechanism to preclude thermalization of the Floquet system; otherwise, Floquet heating would
eventually erase all order. Many-body localization (MBL) provides such a mechanism [183, 253]:
similar to Anderson localization [254, 255] for non-interacting systems, MBL states that sufficient
disorder can also preclude interacting systems from thermalizing, instead retaining local memory
of initial conditions indefinitely. Microscopically, MBL systems can be understood as possessing
an extensive number of quasi-local integrals of motion [256, 257], which protect the system from
heating and stabilize the DTC order [258-260]. We will not review MBL in detail here, and we
note that the stability of MBL in the thermodynamic limit remains actively debated [261-263]. For
our purposes, the existence of MBL(-like) features preventing thermalization at accessible system
sizes is sufficient to exemplify the insight geometric Floquet theory can provide for spatiotemporal
order; the persistence of these phenomena to the thermodynamic limit is a distinct question that,
while interesting, we will not address here.

Importantly, let us emphasize that DTCs exhibit long-range order in both space and time.
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Figure 3.16: Quantum geometric analysis of discrete time crystal in kicked Ising chain. A,
difference in Floquet energies Acp = (SF,+ - sp,_) between positive (ep+) and negative (gg )
spin-inversion sector as a function of kick-angle 8,. The DTC behavior is evident in the m-pairing
of the quasienergies that survives away from the fine-tuning point 6, = n. Inset: zoom into
AepT = m £+ 0.01 region indicates breakdown of m-splitting around 7 — 6, ~ 0.027. B and C,
average-energy difference A® = @, — ®_ and geometric phase difference Ay = y, — y_ reveal that
the DTC behaviour is of purely geometric origin, i.e., the quasienergy difference is determined by
the geometric phases AegT = —Ay in the DTC-regime [(7 —6,) < 0.02x]. Datais for L = 14 spins,
and JT = 0.05. Eigenstates ¢, o[6] are computed for each parity sector (o = +, —) individually;
pairs are identified via the exact m-splitting at 6, = 7, and then adiabatically followed for different
0, values. Figure adapted from Ref. [98].

Therefore, to realize DTC order we require the presence of a spatial symmetry that can be

spontaneously broken. The paradigmatic example is the Z, DTC: consider the Floquet operator
Ur(0y) = e T Hin p=i0xHx (3.64)

with an interacting Hamiltonian Hj, which features a Z,-symmetry with operator P, = exp(—inH,),
ie., [Py, Hine) = 0 and Pf = 1, with generator H,. For concreteness, we consider

Hiy = Y Jhoios, Hy= ) ob)2, (3.65)
n

n

where J;=J (1+n;) with random uniform n;€[-0.5, 0.5]. In the Z,-ordered phase, the ,-symmetry
is spontaneously broken. Therefore, there exist eigenstates |¢/) of Hiy that transform non-trivially
under the symmetry Py, i.e., Py |¥) # |¢) also is an eigenstate of Hj,, with the same eigenvalue as
|yr); for instance, any pair of states, |sq, $2,...,s.) and |51, 52,...,52) (s; € {T, |}, T =| and vice-
versa), with opposite spin configurations is connected by the spin-flip #, and has the same energy
with respect to the Ising model Hiy (3.65). This induces spatiotemporal (DTC) order for 6, = m,

where the Floquet unitary (3.64) reduces to Ug = e~/THin® : starting the dynamics from one of
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the Z, symmetry broken eigenstates |/ (0)) = |¢) of Hiy (eigenvalue E), the state is transformed
non-trivially under a single application of the Floquet unitary, since Ug [¢/) = e FTP, |¢) # |¢);
however, after two full periods UI% ly) = e TE |y) the state returns to itself. Therefore, the
evolution indefinitely oscillates between the two Z;-ordered states |) and Py |¢) every other
period. These long-lived period doubling dynamics form a central fingerprint of Z,-DTC order
which is easily experimentally observable, see also Fig. 3.15A and B. For instance, considering
the fully polarized initial state, |f}) = |T ... T), the stroboscopic magnetization dynamics, m(t) =
<L‘1 > 0',§> (1), display persistent oscillations, m(nT) = (—1)", with subharmonic 27 period.

The DTC order is also clearly imprinted in the Floquet unitary spectrum in the form of n-
splitting—a quasienergy difference of 7/T—between even and odd parity pairs | *) o [y ) £Py [¢r),
see also Fig. 3.15C; this is a result of |*) being eigenstates of Hj, with the same eigenvalue
but opposite parity P [y*) = +|¢*). Crucially, this m-splitting results in the stability of the
DTC-order away from the fine-tuning point 6, = &, forming a hallmark feature of DTC order.
By contrast, these states remain exactly degenerate in the average-energy: at the fine-tuning
point (6,=m), the average-energy operator corresponds exactly to the Ising Hamiltonian (3.65),
AE[0]=Hiy, since (Y| Hin |W+) =2=cx and (Y.|H, |¢.)=0. Therefore, the quasienergy -
splitting is of purely geometric origin. If DTC-order survives away from 6,=m, the Floquet
unitary can generally be expressed as Up = UTP,e"PTU, hosting an emergent Z,-symmetry
UTP U, with a time-independent change of basis U and a quasi-local effective Hamiltonian
D=3 Iumo o5+ anpq Knmpqo;fo;fp;oﬁ + .-+ [207]. Therefore, we expect our analysis for
the average-energy to remain valid throughout the DTC-phase, i.e., parity pairs of the emergent Z,-
symmetry (U P, U) remain degenerate in average-energy and feature a m-splitting in the geometric
phase. Let us emphasize that the average-energy decomposition, ¢/l and Z, in general differs from
the decomposition by Ref. [207] into an emergent symmetry U P, U and quasi-local operator
UTDU; for instance, while the Z,-symmetry satisfies (U TSl)x(Ll)2 = 1, we do not expect the
individual geometric phase to be pinned to integer multiples of 7, i.e., generally e*T # 1.

We will now support the analytical arguments above with numerical simulations using the kicked
Ising model (3.65) for system size L = 14. Indeed, we observe robust r-splitting between the even
and odd parity states, |¥*), in the quasienergies, accompanied by the same splitting in geometric
phase and degenerate average-energies; this splitting persists for a finite regime around the fine-
tuning point (|6, — 7| < 7/50), see Fig. 3.16A and C, indicating robust DTC-order. Further away
from the fine-tuned point, (7—6,)>0.027, the average energies (Fig 3.16B) are no longer degenerate,
clearly indicating a transition away from DTC order; the variation in quasienergy (Fig 3.16A) is

noticeably less pronounced.
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Therefore, similar to the heating transition above (Sec. 3.2), the average-energy spectrum may
serve as a susceptible indicator for the transition from an ordered to a disordered state. In summary,
we demonstrated that true DTC order is of purely geometric origin, while the average energies

remain degenerate.

3.3.3 Prethermal discrete time crystals and their applications

Prethermalization and prethermal discrete time crystals

While MBL provides a mechanism for true DTC order that is stable to infinite times, it requires
strong disorder and may be restricted to low dimensions [264]. An alternative route to long-lived
DTC order is prethermalization [207]; as we show below, prethermalization can stabilize transient
DTC-like order that persists for long times, tunable by the frequency w, even in clean, higher-
dimensional systems. As we discussed in Sec. 3.2, in the absence of a stabilization mechanism
many-body Floquet systems heat to featureless infinite temperature states, precluding the existence
of infinitely-long lived temporal order. However, in the high-frequency regime, the heating rate «

can be exponentially suppressed in the driving frequency
Kk < Ce 0w (3.66)

where J is a characteristic local coupling strength and C a system-dependent constant [14, 15, 17,
189]. Intuitively, this can be understood from perturbation theory [14] (see Fig. 3.17A): consider an
interacting system with local energy scale J (e.g., nearest-neighbor hopping), coupled weakly to a
rapidly oscillating periodic drive, i.e., we have the hierarchy of scales e = A/J < 1 and J/w < 1.
The system can only absorb energy from the drive in quanta of w, requiring p = |w/J]| € Z
(nearest integer to w/J) local hoppings to occur simultaneously; such correlated hoppings are
highly unlikely and appear only in high (pth) order perturbation theory which are exponentially
suppressed

Kk~ el oce @l

The exponentially suppressed heating rate (3.66) applies more generally to periodically driven
systems [15, 17]—in particular, beyond a weak coupling limit. In the resulting prethermal regime
the dynamics are governed by a local effective Hamiltonian H.g; in fact, this effective Hamiltonian
Heg can be obtained from the asymptotic Floquet-Magnus expansion, Heg = Hl(:") , up to some ideal
order n after which the expansion diverges [73]. Therefore, high-frequency many-body Floquet
dynamics generically follow a two stage process, see Fig. 3.17B: an initial prethermalization

period (JZprethermal ~ 1), where the system relaxes to a thermal state e PHeit with respect to the
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Figure 3.17: Prethermalization sketch. A, while generically many-body systems can always
absorb energy from the drive (see also Fig. 3.9) for large frequencies—w > J, compared to the
local energy scale J—this process requires the occurrence of p-correlated hoppings, Jp = w; the
low probability of these processes leads to an exponentially suppressed heating rate (3.66). B,
sketch of typical heating curves showing an initial quick thermalization, J < 1, followed by a
prethermal plateau with a tunable duration in the driving-frequency w, and an inevitable decay
of the signal to the infinite temperature expectation value (typically 0); exponential scaling in w
is clearly visible with logarithmic x-axis. Inset emphasizes that also in the prethermal plateau,
contrary to its name, the signal decays exponentially, e %'

local effective Hamiltonian Heg, is followed by slow (Jfpeating ~ €xp[O(w/J)]) Floquet heating
towards the true thermal value, given by the featureless infinite temperature ensemble po, o 1 [14—
19, 53, 72, 265]. During the slow Floquet heating period, the system remains locally in thermal
equilibrium e #OHet with an increasing temperature B(f) —> 0 [266-268]. To summarize,
for generic periodically driven many-body systems a controllably long-lived time-window exists
governed by a local Hamiltonian. During this prethermal plateau non-trivial dynamics, such as
DTC-like order, can emerge. However, ultimately, these dynamics are transient and eventually all
order will melt.

Lifting the requirement for infinitely-long lived order, a much richer landscape of prethermal
DTC (pDTC) order emerges; we refer to prethermal order in this context to emphasize the
transient character. In particular, as of present date, three different mechanisms for (prethermal)
time-crystalline order in closed periodically driven systems can be identified: (i) many-body
localized discrete time crystals, (ii) prethermal discrete time crystals, and (iii) U(1) prethermal

DTCs. The many-body localized DTCs, as discussed above (Sec. 3.3.2), require stable many-
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Table 3.1: Comparison of DTC lifetimes in different experiments and platforms. We compare
the properties of DTC experiments in the literature.

| | Platform |  DTCtype [ Floquet cycles |
Mi et.al. 2022 [209] Superconducting qubits MBL ~ 50-100
Zhang et.al. 2017 [210] Trapped lons prethermal ~ 100
Kyprianidis et.al. 2021 [211] Trapped lons prethermal ~ 50-100
Choi et.al. 2017 [212] NV centers U(l) ~ 50
Rovny et.al. 2018 [214] ADP TP U(l) ~ 50
Pal et.al. 2018 [215] Acetonitrile, TMP, TTSS 'H Uu(l) ~ 20-60
Stasiuk et.al. 2023 [217] Fluorapatite '°F U(1) ~ 80
Randall et.al. 2021 [208] Diamond 1°C prethermal/MBL ~ 500
Beatrez et.al. 2022 [216] Diamond 1°C U(l) ~ 500
Moon et.al. 2025 [103] Diamond °C U(l) ~ 44,200

body localization [183, 253] which may only exist in 1D short-range quantum systems in the
presence of strong disorder [264]. Under these conditions, however, the emerging spatiotemporal
eigenstate order [61, 62] is entirely robust out to infinite times [205], and for all eigenstates. In
contrast, the prethermal discrete time crystals require the existence of (pre)-thermal spatial order,
i.e., a low-temperature symmetry-breaking state, that is by the Mermin-Wagner theorem only
possible in two and higher dimensions. The resulting prethermal spatiotemporal order has a finite
lifetime determined by Floquet heating, and thus, exponentially suppressed in the driving period
for short-range interacting systems, see Eq. (3.66). Finally, U(1) prethermal DTCs only require
a (quasi-)conserved U(1) symmetry and an initial state that breaks this symmetry, irrespective of
the effective temperature of this state. Here, the (quasi-)conserved U(1) charge, such as the total
magnetization };, o7, protects the initial symmetry-broken order against Floquet heating without
requiring many-body localization or prethermal spatial order. However, melting of the prethermal
temporal order is dominated by symmetry-breaking perturbations, which in case of an emergent
symmetry only lead to power-law suppression of heating in the driving frequency.

Discrete time crystals have been realized in numerous quantum simulation platforms; indeed,
signatures of spatiotemporal order, particularly period-doubling dynamics, have been observed in
trapped ions [210, 211], solid-state electronic spins [212, 213], nuclear spins [103, 208, 214-217],
ultracold atoms [218, 219] and superconducting qubits [220-222] (see also Tab. 3.1)

Prethermal discrete time crystal and sensing application in nuclear spins.

Prethermal DTCs represent novel metastable order without static counterpart, accessible across

quantum sensing, simulation, and computing platforms. This naturally raises the question: Can
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time-crystalline order be exploited for applications? The robustness and long lifetimes of DTCs
in the presence of interactions make them promising for quantum technologies, such as simulating
complex systems [269], topologically protected quantum computation [270], and robust generation
of entangled states [271]. Separately, theoretical proposals have suggested using discrete time
crystals for enhanced quantum sensing [223, 224, 272-274]. However, experimental realizations
using DTCs as quantum sensors have been challenging due to the necessity of using strongly
correlated states [272] or fine-tuned systems [223, 224, 273]. Recently, experimental work has
demonstrated the use of continuous time crystals as a DC-field sensor [275].

Here, we discuss a recent experimental demonstration of a DTC-based AC-field sensing scheme
which exploits the intrinsic robustness and frequency-selectivity of DTC order [103]. This example
is illustrative for both experimental realizations of U(1) prethermal DTC order [208, 212, 214—
217] and applications of DTC order. The key mechanism exploited in the work is the lifetime-
enhancement from coupling to the (time-dependent) pDTC order parameter; this coupling decreases
the effective temperature of the prethermal steady state substantially increasing the observed signal.
Since the pDTC order parameter is time-dependent, with frequency f.s = 1/(27) given by the
driving period 7', naturally an AC-field is required to couple to the order parameter. Crucially, the
signal enhancement is highly-frequency selective, i.e., only occurs if the applied AC field frequency
matches the intrinsic DTC-frequency fac = fres; at the same time, the intrinsic stability of (p)DTC
order makes this effect intrinsically robust against experimental imperfections [103].

For concreteness, we consider a system of '>C nuclear spins in a strong magnetic field (77 in

Z-direction) interacting via magnetic dipole-dipole interactions

Hoa = ) bun BEL, = Iy - 1), (3.67)
n<m

where I are the spin-1/2 operators for the '>C nuclear spins and I = ¥, I? the total magnetization;
the interactions by, = Jexp [3 coS%(Opm — 1)] 1 Fnmll? depend on the distance ||r,,,|| between spins
n and m, and their angle, cos(6,,,) = B - ru,/(||Bl|||71ml]), to the external magnetic field B =
(0,0, B)T; the '3C-spins—which, unlike the spinless '>C majority isotope, carry nuclear spin
I=1/2—appear with natural abundance (~1%), and are randomly distributed over a 3D diamond
lattice. The median coupling strength J = (b,,,) = 0.66kHz is estimated via the free-induction

decay T; ~ 1.5ms.
The dipole-dipole Hamiltonian (3.67) features a U (1)-symmetry (/-conservation) and is hence
suitable to realize U(1)-pDTC order. For instance, similar to the MBL-DTC (3.64) one could
apply rotations U, = exp(—ifI*) with 6 ~ x, leading to period doubling dynamics in (/%); this
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Figure 3.18: Discrete Time Crystal Sensing System and Protocol. (A) System consists of dipolar
interacting '3C nuclear spins, hyperpolarized by NV centers using optical and chirped microwave
excitation. (B) Protocol (i) evolution under native dipole-dipole interactions, Hgq (see main text) is
interrupted by a concatenated two-tone drive with N spin-locking (pink) 6(X)-pulses separated by
7, interspersed with spin-flip y(¥)-pulses (yellow). This time block, of total period 7, is repeated M
times. The protocol causes switching between X< — X every t=N7, while remaining robust against
deviations y, = & + €, forming a prethermal DTC. Additionally, a Z-oriented AC field (green) with
amplitude Bc and frequency fac is applied; shown is the resonant case fac=fres = 1/(2T). (ii) in
the experiment [103], net spin magnetization / is monitored during acquisition time f,cq~13.6 us
between the 6,-pulses. Projection S onto the '3C nuclear spin’s rotating-frame %-§ plane and its
phase ¢ are measured. Figure from Ref. [103].

setup is commonly realized in other systems [214, 217, 276]—and could also be realized for the
present system, see Ref. [103]. However, (I°) magnetization of the !3C-sample cannot be resolved

accurately due to the strong magnetic field background in z-direction.

Instead, a periodic drive is used to Floquet-engineer an emergent U(1)-symmetry in the X-y-
plane, which can be continuously monitored in the experiment. Concretely, this spin-locking
drive consists of X-oriented 6 pulses separated by period 7 during which the dipole-dipole
Hamiltonian (3.67) acts: Upsr. = U,Ugqq. We show below that, for 8 far away from =, this
drive leads to an effective description H.g with an emergent U(1)-symmetry, preserving the I*-
magnetization, i.e., [ Heg, I*]=0.

Note that the finite-angle X-kicks manifest a strong driving precluding a straightforward
perturbative analysis. Instead, we exploit a toggling-frame expansion [216] to analyze the Floquet

unitary over N kicks®; for simplicity, we consider # and N such that § ~ 2x/N (i.e., UN ~ 1),

8To obtain the Floquet Hamiltonian over one-period, a replica-expansion [277] can be used, which resums the
strong kick contribution exactly [216].
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however, the results are more generally applicable [216, 278, 279]:

N
U?Udde_n

n=1

(U Ugd)N = (U UgaU N (U2UU?) . .. (U,f"lUddU;(N_”)Uf =

N
(l_[ exp(—iTH})

n=1

Uy Uy

~ exp(—iTHeg) ,

where we introduced a handful of identities U, 1, = 1 in the first line, and defined the rotated
dipole-dipole Hamiltonian H, = U}H4U;" in the second line. All exponents in the second line,
TH,, are now small and of comparable magnitude justifying a high-frequency. The resulting
effective Hamiltonian Heg = N~} >, Hy reads

Her = (=1/2) Y bun 3L LS = Iy - 1), (3.68)
n<m
taking the same form as the dipole-dipole Hamiltonian (3.67) but with the roles of /* and I*
swapped. Hence, the effective Hamiltonian preserves I*-magnetization; however, let us emphasize
that higher order correction O(J7) to the effective Hamiltonian break this conservation. This
spin-locking drive substantially enhances the lifetime of /* magnetization [54] and unlocks the
continuous readout capabilities for pDTC applications [103, 216].

To realize pDTC order, the two-tone drive protocol from Ref. [216] is used: the spin-locking
sequence is interleaved with § pulses of angle y, ~ 7 every Nth spin-lock pulse, resulting in total
period T. Using the effective Hamiltonian description (3.68) for the spin-lock pulses the dynamics
are approximately described by the Floquet unitary,

Up = exp(—iT Hegr) exp(—iyyly) .

Analogously to Eq. (3.64), for y, ~ & this evolution results in persistent magnetization oscillations,
(I*) (nT) = (=1)" (I*),, with period 2T The key difference to the discussion in Sec. 3.3.2, is that
H.g features an emergent U (1)-symmetry instead of eigenstate order.

These characteristic period doubling dynamics are also observed experimentally [216], see
blue data points in Fig. 3.19. The decay of (/*) has a characteristic 1/e time, T;=79 ms, that is
much longer than 7;=1.5ms [54]. Purple points in the inset (Fig. 3.19) provide a zoomed view at
t=0.75 s, depicting the characteristic period doubling dynamics and stable spin-locking plateaus.

The pDTC decay can be understood using ETH. The initial state po~1 + ul*, prepared by
hyperpolarization along the x-axis, corresponds to a state with vanishing energy density with

respect to the effective Hamiltonian (Hef),, =0 Thus, ETH (see Sec. 3.3.2) implies that, without
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Figure 3.19: Observation of discrete time crystal and AC-enhanced Lifetime. Main result.
Magnetization (/*) for the pDTC protocol without (blue) and with (red) applied resonant AC field.
Here, N=16; pulse separation 7 (= 36 us);(m/2), and 6, pulses (= 50.25 us); v, pulse (= 98.5 us);
Bac=82.4 uT with f.s=330Hz. Upper axis indicates number of flips M. Dashed line indicates the
1/e-intercept, yielding lifetimes of 77=80 ms without AC field and 77=4.51s with it. Data shows
M=>13000 (I*) flips sustained over t=20s. Inset: Zoomed view of data in a small 20 ms window at
t=0.76 s, displaying magnetization switching from —X to X. Lifetime extension under AC field is
evident from increased amplitude of red data. Figure from Ref. [103].

conservation laws, the system prethermalizes to a featureless infinite temperature state, po, ~ 1. The
U (1) quasi-conservation partially protects against this rapid heating, constraining prethermalization
to states with the same x-magnetization. However, higher-order corrections to Hcg in the Floquet-
Magnus expansion, as well as finite-pulse-duration effects in the two-tone drive, explicitly break
the U(1) symmetry. These symmetry-breaking perturbations restore thermalization to infinite
temperature, leading to the eventual decay of DTC order. The resulting heating rate scales as a
power law in the drive period, x,=1/T,oc(JT)?; this is a direct result of Fermi’s golden rule applied
to the O(JT) symmetry-breaking perturbations. This stands in sharp contrast to the exponential

suppression of heating characteristic of prethermal systems.

In the following, we show that using an AC field we can engineer a finite energy density to
restore the exponential suppression in heating rate, koce™®// [280]. To this end, let us consider
the effect of a resonant AC magnetic field, Bac(?)I%, with frequency fac = fres, aligned along 2

and locked to the DTC vy,-kicks (green line in Fig. 3.18B(i)). The AC field induces an effective
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coupling to the pDTC order parameter (—1)¢1*, i.e.,
Hep — Hereac=Her + (-1)'BI*,

which, like the DTC response, alternates in sign each T-period ¢; the coupling strength BocBac is
proportional to the AC field strength (see App. C). Considering the effective Hamiltonian every
even period, Heg Ac=Hesr + BI*, the DTC-ordered initial state, po~1 + uI*, acquires a finite energy
density,

<Heﬂ,Ac>p0 = (Hefr) p, + (") p, <uB,

controlled by the AC field. Therefore, the AC field creates a finite energy density from the pDTC
order, leading the pDTC to prethermalize to a finite temperature state, pgoc exp(—Hesr,ac3), even
with symmetry-breaking perturbations.

Red data in Fig. 3.19 demonstrate the lifetime enhancement of the pDTC under an AC-field
(Bac=82.4 uT and fac = fres = 330.023 Hz). The 1/e lifetime is extended >50-fold to 77=4.51s,
and corresponding to over M=2900 X< — X spin-flips. This manifests also in the larger signal in
the zoomed view in Fig. 3.19. Notably, lifetime extension is not limited to the specific case y,=mn
but applies throughout the entire stability regime of DTC order (see Ref. [103] and Fig. 3.21).

To quantify the signal enhancement for an entire trajectory we define the ‘fidelity’ metric

N/

D) P() (3.69)

i=1

1

F=—
NI

where P(t) represents the ideal DTC toggling response, alternating between +1 as spins flip between
the +X axes, and the normalized sum is carried out over all N’ time points t; € [t,fn/]; F yields
the largest value when the DTC oscillations are strongest and most stable. Formally, F' corresponds
to a weighted summation over the Fourier harmonics € fies (€ € N-¢); when approaching the noise
floor, it is more robust than the standard approach of estimating the pDTC response from only
the period-doubling (i.e., fi.s) component. Lacking an analytical model for the DTC decay, the
fidelity metric provides a simple, profile-agnostic measure of stability by integrating the observed
magnetization. A more detailed understanding of the form of the DTC decay and its response to
external magnetic field could provide a more optimized metric to improve the sensitivity.

In Fig. 3.20, we use the fidelity metric (3.69) to analyze the properties of the AC-enhanced DTC
lifetime, namely, with respect to the phase ®5c, amplitude Bac, and frequency of the AC field fac.
Figure 3.20A examines the impact of the AC field phase ®ac on resonance fac=frs and y,=mx.
Maximum lifetime extension occurs at ®ac=r/2, where the AC field peaks align with the center

of the y, pulses. When the AC field nodes coincide with the y, pulses, there is a minimal effect
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Figure 3.20: Prethermal DTC lifetime extension under AC field, for simulation of L = 14 spin
system and experiments. A & D: Effect of AC field amplitude Bac: Data points show fidelity F as
a function of resonant amplitude Bac with ®c=7/2. The fidelity metric increases monotonically
with the AC amplitude Bac. B & E, effect of AC field phase ®ac at fixed amplitude Baoc=8.24 uT
on resonance. Signal increase is strongest at ®ac=r/2 (up to & shift); for ®ac=nx (n € 7)
there is minimal lifetime increase over bare pPDTC. C & F, effect of AC field frequency fac: the
signal enhancement is a strongly resonant effect around the intrinsic DTC frequency fi.s; see also
Fig. 3.21. The simulated results are in qualitative agreement with the experimental results; and
match the analytical predictions in App. C. Figure adapted from Ref. [103].

on the pDTC lifetime. Optimal sensing therefore occurs when ®@sc=n/2. Figure 3.20B studies the
effect of the AC field strength Bac, set at resonance with ®ac=n/2. The fidelity profile shows a
gradual increase, followed by a linear rise, and eventually plateaus at higher field strengths when

Bac becomes comparable to the Rabi field of the 6, Floquet pulses. The sensitivity

Vlint

tvit OF
sensitvity = ———
OF [0Bac

is determined by comparing the response of the fidelity F' to perturbation in AC field amplitude

Bac with the fluctuations o in F obtained for multiple initializations at fixed Bac; further, the
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Figure 3.21: pDTC based AC magnetic field sensing. (A) Narrow linewidth AC sensing: fidelity
F (blue points) measured by sweeping the frequency fac with Bac = 8.24 uT and N = 4, while
keeping other parameters consistent with Fig. 3.19. A sharp increase in pDTC lifetime occurs at
the resonance condition fac = fres. (1) Zoomed view into the resonance feature, showing a narrow
linewidth, A¢ ~ 70 mHz, determined by (Tz’)‘l. Points (b)-(d) are marked on the spectral wing. (ii)
Time-domain pDTC profiles of (I*) at points (a)-(d) in (A) and (i) at various offset frequencies from
resonance. (a) Far off-resonance: fast signal decay, similar to bare pDTC case. (b) On resonance:
significantly extended pDTC lifetime. (c, d) Slightly off-resonance, showing long lifetimes with
beat pattern at frequency 6 f'=fac— fres, resulting in 7;-limited AC sensing. (B) Robustness of the
resonance feature to deviations in vy, Kick angle, y, = m — € (colorbar). The fidelity baselines for
different y, kick angles were offset by 2 x 1072 to prevent overlap. The spectral width A¢ remains
independent of €. Figure from Ref. [103].

sensitivity is normalized for the noise reduction achievable by integrating the signal over the
measurement time #;,.. An optimal sensitivity of 880 pT/VHz is reached for a optimum bias field
of Bac = 415nT [103]. Crucially, the lifetime-enhancement only occurs in a narrow frequency
window around the intrinsic DTC frequency fres, see Fig. 3.20C. The experimental observation,
Fig. 3.20A-C, are well-described by the theoretical analysis above, combined with a small system
size simulation, see Fig. 3.20D-F (for details of numerical simulation see App. C).

In Fig. 3.21A we take a closer look into the fidelity F across a range of AC field frequencies fac
under identical conditions. Off-resonant frequencies have negligible impact on the DTC lifetime,
matching the bare pDTC (Bac=0, F=0). In contrast, a significant lifetime increase is observed on

resonance fes, as shownin Fig. 3.21A. A zoomed-in view in Fig. 3.21A(i) reveals a narrow linewidth
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of Af~70mHz set by the maximum integration time (¢y- in Eq.(3.69))), positively correlated with
the inverse of the pDTC lifetime (Tz’)_l. The sharp fes response is further clarified using the
representative points marked in Fig. 3.21A(1). The corresponding time domain pDTC profiles are
shown in Fig. 3.21A(ii). Far off resonance (a), the dynamics remain unaffected by the AC field.
Exactly on resonance (b), the significant lifetime increase is observed. Slightly off-resonance (c-d),
a distinctive beating in the fidelity F appears, reflecting the frequency offset 6 f=fac— fres. The
integration of this beating pattern over time leads to the (t;v)‘1 linewidth. In sensing applications,
this can enable precise reconstruction of unknown signals within the narrow resonance band A f
via a Fourier transform of the DTC temporal dynamics. The sensor bandwidth itself is determined
by the shortest possible pulse lengths, and could span the 0.5-50kHz range [103].

Additionally the pDTC order stabilizes the narrow sensing linewidth against pulse errors € in
the y,-pulses away from y,=n. This is shown in Fig. 3.21B with y, denoted by the colorbar.
The sensor linewidth remains unaffected by these errors. Additionally, the system exhibits a
remarkable tolerance to on-site disorder, and fluctuations in the spin-lock 6,-drive, evidenced in
the capacity of reliably applying >10° 6,-pulses even with realistic imperfections (due to Rabi
frequency hetereogenity) in these experiments.

While the analysis above focused on dipolar interacting spins in a 3D system driven by a
specific Floquet sequence, the methodology can be applied to a wide range of quantum and
classical systems. We anticipate immediate applications to cavity-interrogated NV centers [281]
for quantum sensing in the IMHz-1GHz range [282]. The underlying principles themselves are also
applicable to superconducting qubits [209, 276], cold atoms [283], and ions [211]. For example, the
key role of interactions is to drive thermalization in agreement with the eigenstate thermalization
hypothesis (ETH); however, this may also be achieved by considering a thermodynamic ensemble

or by using open systems. In a nutshell, the key ingredients are:
(1) (emergent) symmetry-protected period doubling response;
(i1) the system should (pre-)thermalize in agreement with ETH;
(ii1) high-temperature initial state such that lifetime is limited by symmetry-breaking terms;
(iv) ability to (effectively) couple the system to the DTC order parameter, e.g., via Floquet

engineering.

Since the DTC order parameter oscillates in time the coupling-inducing term will generally be
time-dependent as well. By adding this time-varying coupling one can exponentially extend the

lifetime of the pDTC order using the procedure presented above.
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3.3.4 Going beyond periodic drives

The discussion so far has focused exclusively on periodically driven systems, where Floquet
theory provides a complete framework. Relaxing strict periodicity opens the possibility of
new forms of order with neither static nor Floquet counterparts. Despite its ambiguities and
difficulties, which we discussed extensively throughout this chapter, Floquet theory establishes an
exact connection between time-dependent Hamiltonian driving and a time-independent generator
providing essential analytical leverage. Beyond periodic driving, generalizations of Floquet theory
exist but the existence of a generalized Floquet Hamiltonian can no longer be guaranteed [231, 284—
287]. However, perturbative constructions of effective Hamiltonians remain possible in certain
regimes [231, 233], and prethermalization-like phenomena can still occur [228-234, 288-291].
The key conceptual tool for understanding non-periodic drives remains Fourier analysis; formally,
the Sambe space can be extended to include multiple incommensurate frequencies leading to a
multi-dimensional frequency space [284, 285, 292]. Different classes of drives are distinguished
by their spectral properties, see Fig. 3.22: periodic drives have discrete spectra at harmonics of
the fundamental frequency; quasiperiodic (aperiodic) drives have discrete spectra with countable
(possibly dense) peaks; structured random drives have smooth spectra with characteristic shapes;
and structureless random drives produce flat (white) spectra [104]. The response of the system
to each drive class, as well as temporal order, can likewise be characterized spectrally [231, 293].
This spectral perspective also illustrates the heating problem in non-periodic systems. In Floquet
systems, high-frequency driving leads to exponentially suppressed heating rates since energy
absorption requires many-body correlated hopping to match the drive frequency with the far
detuned local energy scales (see Sec. 3.3.3). Non-periodic drives generically have spectral weight
on multiple incommensurate and low frequencies, providing efficient channels for energy absorption
and accelerating heating toward infinite temperature [233]. Sustaining long-lived prethermal order
therefore requires structure in the drive that suppresses these low-frequency components [104].
Thereby, a parametric suppression in driving frequency can be maintained, however, the exponential
suppression characteristic for Floquet heating, usually degrades to stretched exponential or power-
law suppression [230-234, 290, 291].

These structured non-periodic drives can stabilize exotic forms of temporal order inaccessible
to periodic driving (Fig.3.22). This includes experimentally demonstrated phases: quasiperiodic-
driving-induced topological phases in trapped ions[232], discrete time quasicrystals in nitrogen-
vacancy centers [235] and Rydberg atoms [295], and coexisting temporal order and disorder in
nuclear spins [104]. In periodic driving the stroboscopic dynamics determine the micromotion

dynamics deterministically; in non-periodic drives, the two can decouple. Here, we focus on
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Figure 3.22:  Overview of nonequilibrium order in closed systems. Tree diagram giving
an overview of parametrically (meta)stable equilibrium and non-equilibrium quantum phases of
matter; tree branches show different types of drive characterized by their spectral decomposition
(square boxes). Figure adapted from Ref. [104].

such partial temporal order, where long-range (stroboscopic) order and short-range (micromotion)
disorder can coexist [104, 293]. Using the !3C-nuclear spin platform (Sec. C) we experimentally
realized this Rondeau order [104], see Fig. 3.23A. Specifically, a similar two-tone driving scheme is
applied, consisting of X spin-locking pulses and y pulses inducing the temporal order. We construct
the non-periodic drives from two minimal building blocks U, and U_ with period T but y-pulses
placed at different points in time, see Fig. 3.23B. For the periodic drive, we repeatedly apply the same
unitary U,, = Uy, see Fig. 3.23C(i). For the quasiperiodic drive, we use the Fibonacci sequence (see
Fig. 3.23D(1)): iteratively defined via U, = U, 2U,_1, Uy)9 = U,/-. For structured disorder, we
construct n-pole blocks iteratively via Uf(‘”) = UE‘”_I) Ul(g"_l) and Ug’) = Ué"_l) UXH), then randomly
sample from {U/&”), Ué")} with equal probability, see Fig. 3.23E(i). Floquet DTC, quasiperiodic

and rondeau order are all observed with prethermal lifetimes exceeding 170 periods (> 4s), see



90 3. Periodically driven systems

Fig. 3.23C-E. While all (partial) temporal orders share the distinctive period doubling dynamics
at ‘stroboscopic’ times t = nT (n € Zsg), their ‘micromotion’ dynamics reveal their distinctive
temporal orders: periodic, quasi-periodic and random order manifest in the micromotion with
spectral response m-shifted with respect to their applied drives.

These results raise the question of whether and how geometric Floquet theory extends to
non-periodic settings. The Floquet theorem guarantees a static generator Hr and micromotion
operator P(t), sharing the same temporal structure as the drive; beyond periodicity, such a generator
generically does not exist [285]. If a Floquet-like generator exists, an analysis similar to Sec. 3.1 also
guarantees the existence of the average-energy operator £ and its gauge potential Az. However,
in non-periodic systems the opposite is not true in general, i.e., the existence of an average-energy
operator £ does not imply the existence of Hg. Specifically, there are obstructions to defining
a suitable micromotion operator P from the average-energy AGP, Az, when the trajectories are
no longer periodic; indeed, without a trajectory closing after some time the geometric phases are
not well-defined. This opens the possibility that a generalized average-energy operator A exists
even if no generalized Floquet Hamiltonian exists. Mathematically, the definition as a projection
onto the kernel, & = Pyer(r)(H), of the generalized Liouville operator, £ = i[H,-] + ; (on
an extended Sambe space) remains valid. Whether a non-trivial average-energy operator exists
(£ # 0) is thus intimately connected to whether the pseudo-inverse £* remains well-defined, i.e.,
is a closed and bounded operator that preserves the temporal structure of the drive, e.g., mapping
quasiperiodic onto quasiperiodic functions. If the average-energy can be defined for a non-periodic
drive, it may serve as a diagnostic for meaningful low-energy physics, similar to the Floquet case.
Likewise, the generalization of the geometric phase might help in understanding and characterizing
non-equilibrium phenomena. To which extent an average-energy operator /E can be defined exactly
or perturbatively, and what role the counterpart of the geometric phase plays remains an interesting

open direction for future work.
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Figure 3.23: Experimental realization of meta-stable nonequilibrium order in '3*C-nuclear
spins in diamond. A, system consists of dipolar interacting '3C nuclear spins, hyperpolarized by
NV centers using optical and chirped microwave excitation. B, minimal building blocks U.. for
structured protocol, similar to Fig. 3.18, native dipole-dipole interactions interrupted by two-tone
drive with N spin-locking X-pulses and a single y-pulse located at different points in time. C-E, (i)
sketches of Floquet, quasiperiodic (Fibonacci) and structured random drives, respectively, realizing
different forms of temporal order, as sketched in Fig. 3.22. (ii) bottom: raw real time data (green)
shows long-lived signal flipping, fop: zoomed view into 15 cycles, shows signals flipping sign
after each full cycle; however, the point within one cycle where the signal flips depends strongly
on drive (periodic, quasiperiodic and random, respectively) (iii) Fourier amplitude |FT(signal)]|
of micromotion signal (left) and applied drive (right); temporal order is indicated by respective
n-shift between response and drive; as anticipated in Fig. 3.22, periodic (C), quasiperiodic (D) and
structured random (E) drives show distinctive single peak, densely peaked but non-smooth, and
smooth fourier spectrum, respectively. Parameters are 7=74.4 us, N.=200, N_=100, 6, = x/2 at
¥y=0.98 7r; for definition of Fourier transforms see App. D. Figure adapted from Ref. [104], for
data see [294].
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3.4 Discussion

In this chapter, we have discussed an alternative formulation of Floquet theory based on concepts
from quantum geometry, such as gauge potentials and geometric phases. The key insight is the
identification of Floquet theory as an inverse counterdiabatic driving problem (3.4), i.e., the lab-
frame Hamiltonian H(¢) generates counterdiabatic driving for the Floquet states. Therefore, we
can use counterdiabatic driving concepts (Ch. 2) to study Floquet systems. This enabled us to trace
back quasienergy folding to a partial gauge fixing, occurring as a result of a broken gauge group
of the adiabatic gauge potential U(1)—Z. Based on the unique parallel-transport gauge (2.12), the
average-energy decomposition (3.12) unambiguously sorts the quasienergy spectrum and identifies
the Floquet ground state as the lowest-energy state of the average-energy operator. In the infinite-
frequency limit, this sorting agrees with the high-frequency expansion; however, the average-energy
decomposition is non-perturbative and applies to all frequencies.

We have also presented a derivation of Floquet theory from the adiabatic theorem using a
Sambe space formulation, where the average-energy operator naturally emerges as the invariant of
motion classifying the Floquet states. In Sambe space, the decomposition of the Hamiltonian into
the average-energy and its gauge potential, H(t) = &[] + Ax(t), is identified as an orthogonal
decomposition of H(t) into the kernel and image of the Liouville operator £(-) = i[H, ] + 0;(-),
respectively. Consequently, the dynamics naturally separates into the Wilson line operator ‘W (t, 1)
that accumulates geometric phases, and a dynamical part generated by the unique average-energy
operator A[t]. Let us emphasize, that there exist protocols to measure the Berry phase y(7T) in
experiments for few-level systems and weakly-interacting Bose-Einstein condensates with ultracold
atoms [296-298], and using quantum computers for many-body states [299]. It is also feasible
to measure the average-energy, &=7"" /0T<1pp,,, [t]|H(t)|¢En[t])dt, by adiabatically preparing the
Floquet states |¢r,[t]) [105], and measuring the time-resolved expectation value of the lab-
frame Hamiltonian [300]. Using the relation ep=2+T !y this provides a new way to map out
the quasienergy spectrum, and shows that the central quantities of geometric Floquet theory are
experimentally accessible.

We have reviewed key concepts in periodically driven systems, including Floquet engineering
and band-filling in topological bands, Floquet heating and intrinsically non-equilibrium phenomena.
Throughout, the geometric Floquet theory description in terms of average-energy and geometric
phase provides a more fine-grained description compared to the Floquet Hamiltonian alone. The
average-energy spectrum properly accounts for the photon absorption/emission counting when

passing through photon resonances, and provides a physically meaningful sorting of Fermion
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bands as we demonstrated on the circularly driven XY model. Moreover, it serves as an indicator
of nonequilibrium phase transitions, capturing the occurrence of both spatiotemporal symmetry-
breaking and heating transitions, and can be used to identify new types of nonequilibrium order.
While, as of now, a comprehensive understanding of the Floquet ground state’s implications is
lacking, intriguing possibilities remain in defining various types of order or preparing a thermally
occupied extensive spectrum of Z£. A key conceptual insight is the inherent geometric origin of
nonequilibrium phenomena, encoded in the Berry phases of the Floquet states. For anomalous
Floquet topological insulators, the geometric phase carries the information about the nonequilibrium
properties by distinguishing the anomalous (1) edge modes from ordinary (0) edge modes (which are
indistinguishable by average-energy alone); moreover, the geometric phases provide the anomalous
winding number through their linear response. In discrete time crystals, the characteristic 7n-
splitting between quasienergy states manifests only in the geometric phase, as parity-odd and
-even states have degenerate average-energy. In summary, geometric Floquet theory provides a
natural decomposition of the evolution into dynamical equilibrium-like properties and geometric
nonequilibrium properties.

Interestingly, the connection to counterdiabatic driving and different gauge choices suggest
a natural classification for distinctive families of periodic drives. According to the Floquet

decomposition (3.4), the extreme cases are:
(1) equilibrium ‘drives’, defined by Ag(7)=0, which implies H(t)=H is static;

(ii) pure-micromotion drives obey H(t)=Ar(t); they have a vanishing Floquet Hamiltonian
with dynamics entirely determined by the periodic micromotion U(t,0)=P(¢). These are
instances of Floquet systems whose evolution is periodic itself with the same period as the
drive. Examples from the literature are scarce and include Floquet flat bands [301] and
some anomalous Floquet topological insulators [68]. Pure-micromotion drives do not lead
to energy absorption, and hence cannot heat up; in a sense, this family of drives represents

minimally nonequilibrium systems.
According to the Kato (3.7) or average-energy (3.12) decomposition, we distinguish:

(iii) flat drives with H(t)=Hg(t) and Ak (¢)=0: this implies that the Floquet eigenprojectors
are constant in time, 8; (|, (1) \¢/F.(¢)|) =0, and hence only the Kato energies change in
time. Flat drives admit a local Floquet Hamiltonian Hg[0]=(T,0)=T"" fOT H(t)dr that
has an unambiguous ground state. Therefore, flat-driven systems are equilibrium-like: they

do not heat up at any drive frequency. An example is the Wannier-Stark model on a closed
chain [302].
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(iv) (average) pure-geometric drives are defined by H(t)=Ax(t) (H(t) = Ax(t)): the name
derives from the evolution consisting solely of the geometric phases. Since £=0, the -
spectrum vanishes identically, and one cannot sort the Floquet states; hence, pure-geometric

drives do not possess a Floquet ground state—they are maximally nonequilibrium.

These distinctive families of periodic drives overlap and are not exhaustive; they identify special
‘corners’ in the space of periodic drives which can help us construct minimal models to understand

the general behavior of Floquet systems.



Chapter 4

State manipulation in periodically driven
systems

In the previous chapter, we have introduced Floquet theory and discussed a variety of phenomena
periodic driving gives rise to. In particular, periodic drives can be used to design the properties and
behavior of quantum matter [27-42, 46, 55-58], and to create phenomena without an equilibrium
counterpart [61-65, 68-72, 303, 304]. This Floquet engineering stands on three pillars: (i) the
capability to engineer an effective Hamiltonian that governs the dynamics of the system [21-26]; (ii)
the feasibility of suppressing unwanted heating to parametrically long times (prethermalization) [13,
14, 16, 17, 73], and (iii) the ability to manipulate these metastable stationary-states [85, 86, 305].

However, designing local effective Hamiltonians that support long-lived prethermal metastable
states, while necessary, is insufficient to render Floquet engineering a self-contained toolbox for
quantum simulation. As we discussed in Ch. 2, an essential prerequisite for investigating the physics
of any Hamiltonian is the ability to prepare and probe its eigenstates. However, manipulating states
in the presence of strong periodic drives remains an outstanding challenge, for a variety of reasons:
(1) The state-of-the-art approach to control periodically driven systems is the adiabatic change of
parameters; yet, the adiabatic limit for the effective Hamiltonian does not exist [§84—86]. Moreover,
(2) in practice adiabatic state preparation requires slow protocols to suppress excitations due to
diabatic transitions. This stands in contrast to the limited coherence timescales in present-day
quantum simulators [87, 88] that require fast processes to avoid decoherence. On the other hand,
(3) fast control terms explicitly break the time-periodicity of the Hamiltonian which precludes a
direct application of Floquet’s theorem [1]. Here, we address all three challenges by generalizing
the state manipulation concepts discussed in Ch. 2 to periodically driven systems. The discussion
follows closely Ref. [105].
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Figure 4.1: Sketch: Floquet state manipulation & Floquet counterdiabatic driving. Periodic
drives (blue) can be used to engineer properties of static systems: e.g., the Kapitza oscillator has
unstable fixed points at 6=+ (left black potential curve) stabilized by periodic driving (other
potential curves). Preparing target Floquet states |x//target> from initial states |Yinia) requires
additional controls (yellow) on top of the Floquet drive (left box): for instance, (i) amplitude ramps
A=A, (ii) frequency chirps A=w, and (ii7) changes in static Hamiltonian Hy = Hy(A). Direct state
manipulation (unassisted, without additional counterterms) fails away from the adiabatic regime.
Floquet counterdiabatic driving (FCD) gives fast transitionless protocols. Figure from Ref. [105].

For concreteness, we consider a periodically driven Hamiltonian H,(t) = H,(t + T) with
period T, frequency w = 27/T and control parameter A; common examples include switching on a
periodic drive by ramping up its amplitude, changing the drive frequency, or another parameter in
the static part of the Hamiltonian, see Fig. 4.1. For every fixed value of A, we can apply Floquet’s

theorem (3.1), i.e.,

N
H = Py HA(0)Pa(1) = iPy (1) 3 Pa(o), (“.1)

for the A-dependent micromotion operator P,(t) = P,(t +T) = exp(—iK,(¢)) generated by the
kick operator K, (7).

Our goal is to achieve transitionless driving between the Floquet states |¢F,n[t;/l]>, the
eigenstates of Hp,[¢], by varying the control parameter 4 = A(¢) from some initial value A;
to a final value Ay in a finite time Tramp. The difficulty comes from the observation that the time-
dependence of the control parameter need not be periodic in general. Hence, formally it breaks
the periodicity of the Hamiltonian, i.e., H+7)(t + T) # Hy(1)(¢). The adiabatic theorem [90, 91]
guarantees transitionless (adiabatic) driving for gapped states only in the limit of infinitely slow
variations, i.e., as A — 0 (Tiamp — ©0). In the absence of quasienergy level-crossings along

the protocol, this also holds for Floquet systems [84, 85]. However, the strict adiabatic limit is
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inaccessible in practice. As a result, changing the control parameter on timescales shorter than the
inverse quasienergy gap to nearby levels unavoidably leads to non-negligible diabatic excitations.

In non-driven systems, such diabatic excitations can be suppressed exactly with the help of
counterdiabatic (CD) driving; as we discussed in Ch. 2, by adding additional counterterms to
the Hamiltonian, exact CD driving allows us to follow the adiabatically-connected instantaneous
state of H, at all times during the application of the protocol. For the rest of this chapter we
demonstrate how to extend this formalism to periodically driven systems. Specifically in Sec. 4.1,
we discuss the formal extension of CD driving to periodically driven systems, so-called Floguet
counterdiabatic driving (FCD). Importantly, the frequency modulations emerge as a special—
inherently nonequilibrium—case requiring extra care as we discuss in Sec. 4.1.1. As with geometric
Floquet theory, the Sambe space provides a suitable mathematical framework to study transitionless
driving for Floquet systems. This reduces the FCD problem to the non-driven case on an enlarged
Hilbert space (Sec. 4.1.2). We illustrate FCD driving on the pedagogical example of an exactly
solvable circularly driven two-level system (Sec. 4.1.3).

As in the static case, FCD driving formally provides exact transitionless driving for Floquet states
but is rarely computationally tractable. Therefore, in Sec. 4.2, we introduce two complementary
approaches to obtain approximate FCD protocols. The first (Sec. 4.2.1), based on inverse frequency
expansions (IFE), is tailored to Floquet engineering in the high-frequency regime; however, as
a perturbative method, it is unable to resolve photon resonances in the quasienergy spectrum.
Second (Sec. 4.2.2), we present a non-perturbative variational approach based on a least-action
principle generalizing 1-CD (see Sec. 2.2) to periodically driven systems. Provided with a suitable
ansatz, this method suppresses diabatic excitations for all avoided crossings in the quasienergy
spectrum—including the non-perturbative photon resonances. We compare the two approaches
using the pedagogical example of a driven two-level system in Sec. 4.2.3. We demonstrate that
both methods lead to transitionless driving between quasienergy states for conventional resonances.
In addition, choosing either the IFE or variational approach allows us to toggle whether photon
resonances are passed diabatically or adiabatically. This property can add extra versatility to the
Floquet engineering toolbox.

Further, in Sec. 4.3, we illustrate our theory on two paradigmatic and inherently nonequilibrium
control problems. First, we apply FCD driving to the experimentally relevant case of Floquet state
manipulation in an ultracold atom quantum simulator (Sec. 4.3.1); taking experimental constraints
into account, our method leads to a significant reduction in diabatic transitions. Second, we use

our theory to enhance the many-body fidelity of state population transfer in a non-integrable Ising
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model (Sec. 4.3.2). In particular, we showcase how periodic drives open up new ways to aid and

improve state preparation even in interacting static systems.

4.1 Theory of counterdiabatic driving for Floquet systems

To suppress diabatic excitations, we start by identifying the cause for diabatic transitions. This
requires generalizing the concept of adiabatic gauge potential [89, 92, 95] to periodically driven
systems and defining the Floquet adiabatic gauge potential (FAGP) [84, 85]. To this end, we revise
the transformation to the Floquet frame (4.1) to include the explicit time-dependence of the protocol
A(1)

Hy = P()H(1)Pa(t) = iP) ()8, Pa(t) = iAP} (1)01Pa(1) ,

.~ 4.2)
= Hpy— AAYp 4,

where ﬂ?FP,/l(t) = iP:g(t)aﬁP/l(t) and (*) = P;(-)Pl. In analogy to the static case (Sec. 2.1), a co-
moving frame transformation V) to the instantaneous eigenbasis of Hg, (where I:IF, 1= V;Hp, aVa
is diagonal),

Ar - A A, + AL (4.3)

reveals the Floquet adiabatic gauge potential (FAGP) 3:(5 = jlf, Gt ?:IE 1» With jlg 1= iVJ@AVA
and (7) = V;(T)VA = V;P;(-)P,lv,l, as the cause for excitations; we use the superscript F to
distinguish the Floquet adiabatic gauge potential, describing the change of Floquet states, from the
adiabatic gauge potential discussed in Ch. 2. The two contributions in the FAGP correspond to the
change in the eigenbasis of the Floquet Hamiltonian (ﬂg) and the change of Floquet frame (ﬂf,).
Therefore, we can suppress all diabatic transitions in the presence of the periodic drive, using the

counterdiabatic Hamiltonian
Hrepa(t) = Hy(t) + AAL (1),

AL = Y idagrenlt: AN el 4] 4

b

with the Floquet eigenstates |l//}:,n [t; 1] > Equation (4.4) provides the sought-after Floquet counterdiabatic
protocol. We emphasize that the structure of the operator ﬂf is independent of the specific form
of the protocol A(#)!. Therefore, in the adiabatic limit A — 0, all diabatic transitions vanish
since /iﬂﬁ — 0. Recalling the counterdiabatic driving formulation of Floquet’s theorem (3.4)

(H=HF + Ag), we can identify the Floquet adiabatic gauge potential Ar as the FAGP with respect

'We note that the FAGP is independent of the form of the protocol only if the frequency is constant during the
protocol (Sec. 4.1.1).
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to the periodic variation itself Ap=AF, or equivalently with respect to the phase of the drive
&Z(F:wﬂg.
Similar to the non-driven AGP (2.29), it is straightforward to show that the FAGP (4.4) satisfies

i[Hu0.6(AL0))| + ag(ALm) =0, (4.5)

where
Q(ﬂ}j(t)) = i[Hy(1), AL ()] + §AL (1) - 04H) . (4.6)

To see this, consider the matrix elements of ﬂg (1) with respect to the Floquet states |yg[z;1]):

(ATW) = Yralts 0| AL |l 1)

nm
Eq. (4.4)

(Yrnlt; A1|i0) [WEmlt; A1) 4.7)
n;ém <¢F,n [t; /l] | la/l (HF,/I [t]) |¢F,m [t; /1] >

b

€F,n — €E,m

where in the last line we have used Hp,[?] |w1:,n[t;/l]> = €Frp |w1:,n[t;/l]> and orthogonality
<¢F,n [7] |¢/F,m [t]> = 0,m. Cast into operators, Eq. (4.7) reads

l'[HFJ[I],ﬂE(Z‘)] = a/I(I_IF,/l[l‘]) + fl,

with generalized force operator F; = — Y, (91€r.0 (1)) |lﬂF’n [£; A1 Xy alt; A] | which commutes with
the Floquet Hamiltonian Hf ,[¢]; therefore, Eq. (4.6) is equivalent to

|6(A5 ). Healr]| =0, (48)

with G(AY) = i[Hpalt], AL (t)] — 61(HFa[t]). Using the insights from geometric Floquet
theory (Ch. 3), Ha(1) = Hra(t) + A} (1), and i [A} (1), AL(1)| = 0,A5(1) - 8, A% (1), Eq. (4.8)
straightforwardly takes the desired form (4.5).

4.1.1 Floquet counterdiabatic frequency modulation

The frequency modulation (1=w), often referred to as chirping, is commonly considered for state
manipulation in experimental setups [46, 70, 306] as it can lead to drastic changes in the system’s
response. However, we stress that the Floquet adiabaticity of chirps requires extra caution as it
leads to a change in the driving period, 7 = T(¢). In particular, the chirp directly couples to the
time-dependence of the Floquet states. This becomes evident from the micromotion contribution to

the FAGP, ﬂE = —iPwaa,PZ). Expanding the periodic micromotion operator in Fourier harmonics,
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P, (1) = X, Py e, we see that the frequency derivative d,, acts explicitly on the phase factors:
AL@)|| o 2,
o At, do not

3, =t x ite!’". This produces a FAGP contribution that grows linearly in time,

dominating at late times. Consequently, the diabatic excitations, caused by /'1||ﬂf,|
vanish in the adiabatic limit where A — 0 as Tiamp — oo. Therefore, even in the adiabatic limit,
the evolution does not follow the instantaneous eigenstate of the Floquet Hamiltonian Hg, =
P;(I)H (H)Pa(1) — inl(t)(?,Pﬁ(t). Instead, the evolution in the adiabatic limit follows a different

effective Hamiltonian, which incorporates the component of the FAGP that grows linearly in time:

Hegq = PL()H(t)Py(1) — iP} ()0, P (1) - iP;a)(Z Pg,wawe”wf) . (4.9)
4

Including this component in the effective Hamiltonian (4.9) rather than the FAGP restores adiabaticity:
A||AL|| - 0as 4 — 0 and Tramp — 0.
In practice, this corresponds to replacing the time-modulated frequency w by the instantaneous

frequency v

w(t) — v(t) = %[w(r)t] =w(t) +tw, (4.10)

in the definition of the Floquet Hamiltonian (4.1); specifically, the FAGP’s defining equation (4.5)

transforms to
i[Hu(0,6,(AL D)) +v0uG, (A5 (1)) = 0. (4.11)

where |
G (A0) = [0 A 0] + v A0 - (A'aﬂ - E)Hﬁ |

The instantaneous frequency v being the relevant frequency for the Floquet problem instead of
the time-modulated frequency w can have unexpected and counterintuitive consequences. For
instance, consider a linear ramp w(f) = wo + (w1 — wo)t/Tramp: the adiabatic protocol follows
the instantaneous frequency v, namely, the system’s evolution follows the instantaneous Floquet
eigenstate corresponding to v(f) = wo + 2 X (w1 — wo)t/Tramp. This comes in stark contrast
to the naive expectation that the system traces the Floquet eigenstates corresponding to w(f) =
wo + (w1 — wo)t/Tramp (note the missing factor of 2 compared to v(¢)). In Sec. 4.1.3, we illustrate

this counterintuitive linear frequency ramp behavior using the circularly driven two-level system.

4.1.2 Sambe space formulation

In this section, we consider a Sambe space formulation of Floquet counterdiabatic driving; this

approach will prove instrumental in deriving a variational principle for the FAGP (see Sec. 4.2.2)
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and clarify the role of frequency modulations. We start with a detailed account of Floquet theory
in Sambe space [4] and the so-called two-time approach [162]. In the following, we denote the

periodic time-dependence by ¢ = wt. Using this convention Eq. (4.1) reads

. . d
Hra = Pi(¢)HA($)Pa(9) - i¢P§(¢>@P4(¢) , (4.12)

which naturally also includes the case of chirping (4.9); while appearing as a postulate here, we
will find that the choice ¢ = wt is the natural parameter for the periodic time-dependency in Sambe
space.

Using the Floquet eigenstates |l,0]:’n [¢(2); /l]> with quasienergy g ,, the general solution to the
time-dependent Schrodinger equation (TDSE) for fixed A,

(id% - Hﬂ<¢<r>>) (1) =0, @.13)

reads

() =Y cne™ D g, [¢(1); A]) . (4.14)

n

There are two distinct time-dependencies in |(¢)): a periodic time-dependence inherited from
the micromotion and the phase accumulation e (V! Therefore, the time-derivative % naturally

splits into two contributions % =0+ %—?8(1;, such that

i0; ly (1)) = (ivdy + Ha($)) Iy (1)) (4.15)

where we used the instantaneous frequency v = ¢ = w + &t. The operator on the right-hand-side
of Eq. (4.15) only acts on the periodic time-dependence, and the solutions to Eq. (4.15) are of the
form of a separation ansatz e~ F.n(! |un, /1(¢)>. Therefore, solving the TDSE (4.15) amounts to

solving the time-periodic Schrodinger equation

€m0 () [WEnl; A1) = (v + Ha(@)) |Wrnld; A]) (4.16)

where only the periodic time dependency enters.

In Sambe space (see also Sec. 3.1.2), where the time-dependence is promoted to its own degree
of freedom e?Z |n) and |yg[t]) — |YE)), the time-dependent Schrodinger equation (4.15) takes
the familiar form

0 |y)) = Q1)) , (4.17)

with time-independent quasienergy operator

Qi = v(ON + Z H,()Ey, (4.18)

neZ
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with number operator N=—i 8¢2and raising/lowering operator &,%¢"?; crucially, choosing ¢ = wt
instead of ¢ as the time-dependent variable removes all parameter dependence from the operators N

and &, i.e., LN = 0 = 0,E,; this emphasizes the necessity to introduce the variable ¢=wt. The

Floquet eigenstates, wF,n[gb;/l]), are obtained as the eigenstates, |¢F,n [xl])), of the quasienergy
operator (4.18). If |¢YE)) is a quasienergy eigenstate with eigenvalue ep, then &, |¥g)) also is an
eigenstate with eigenvalue e + nw, reproducing the quasienergy ambiguity.

Formulated in terms of the time-independent quasienergy operator (4.18), the transitionless
driving of Floquet states reduces to the static case discussed in Sec. 2.1. In principle, the infinite
dimensionality of Sambe space could lead to continuous spectra precluding the definition of AGPs>.
However, this is not the case for the quasienergy operator which features a point spectrum, as shown
in Sec. 3.1.2. Specifically, by the Floquet theorem there exists a periodic unitary “‘W,*diagonalizing

the quasienergy operator Q, [74], such that
Qcp = Qi+ AAY, (4.19)

induces transitionless driving of Floquet states in Sambe space with FAGP &1(5 = —i W0, W,
the FAGP .?15 is periodic, since ‘W) is periodic, and can hence be projected to a periodic operator
5/7(5 (¢) on the physical space. In full analogy to the static case (see Eq. (2.11)) we can define a

Kato Floquet adiabatic gauge potential via the eigenprojectors
1
A = 5; ), MLl aalL, 1] (4.20)
n
which is diagonal in Sambe space

d¢
e 4.21)

2
0 = ((YEal ]| AR, |WEalA])) = i (WEnl0: A1| AR (D) |WEnld: AT)

but not necessarily in physical space, i.e., (z//p,n[gb; /l]|ﬂ§’ﬂ(¢) |$F,n [¢;/l]> #0.

4.1.3 Example: circularly driven two-Level system

We now move on to an analytically solvable example to illustrate FCD driving. To this end, we

return to the circularly driven two-level system (3.16) where we can solve exactly for the Floquet

’Here, —id, acts on Sambe-space states via —idge? = ne?2n|n) = N |n); this is distinct from its action on
periodic operators via —i040(¢)=[N, O].

3This becomes obvious from the AGP matrix elements (2.7): (ADnm < 1/(E, — E,;) diverge for continuous
spectra where E,, = E,,.

“4Periodicity of an operator in Sambe space is defined via (WD nm = (W) pom0» With (W), = (n| Wy [m).
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Hamiltonian using a suitable rotating frame transformation [21] or a Sambe space description (see

Sec. 3.1). Specifically, we consider the system
H(t) = AS* + A[cos(wt)S™* + sin(wr)S”], (4.22)

and consider the Floquet adiabatic gauge potential with respect to the level splitting A, driving
amplitude A and driving frequency w. As demonstrated in Sec. 3.1, using the rotating frame

transformation W (¢) = e~'#()5° this model is mapped to the static system
H™ = (A-v)S* + AS", (4.23)

with ¢ = wt and v = ¢. Recall that Eq. (4.23) is not yet the Floquet Hamiltonian, as its spectrum
is not folded into a window w of energies [21]. However, as this folding is trivial, i.e., no photon
resonances occur, we can skip this step for further consideration. Likewise, we can express the

quasienergy operator of the Hamiltonian (4.22) as (3.35)
Q =vN + AX* + AT, (4.24)

with X* = §% ¥ = (§7& + S7&_1)/2 and ¥V = (S*E; — S~E_1)/(2i) forming an effective
SU(2)-algebra (see Sec. 3.1.2). Therefore, the unitary W = exp(—iaX”) with tana = A/(A - v)
diagonalizes the quasienergy operator (4.24). So far, the analysis is general and applies to any

parameter in Eq. (4.22).

Frequency independent parameters. Inthe following, we focus on a time-independent frequency
%w = 0, such that v = w. The case of a time-dependent frequency, so-called chirp, is studied
below.

In the rotating frame, the Hamiltonian (4.23) can be diagonalized via V(@) = exp(—iaS$’),
where tan(a) = A/(A — w). Therefore, the FAGPs .?(i and ﬂ}: for H™' by changing A and A,

respectively, read

ﬂi(t) = m(cos(wt)Sy —sin(wt)S"), wrs)
AL (1) = ngf%j;;iiza(cos(an)Sy—-ﬁn(uﬂ)Sx).

Notably, there is no additional contribution due to W9, W as W is independent of both A and A.
We can also derive the FAGP in Sambe space using the diagonalizing unitary W = exp(—iaZ”):

Al==— — 5, oA — —
AT (A-w)?+ A2 A7 (A= w)? + A2

¥, (4.26)

which is equivalent to Eqgs. (4.25) by projecting to the physical Hilbert space.
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Figure 4.2:

Frequency Modulation in circularly driven two-level system.

A, linear

protocol (4.27) for w(t) and corresponding instantaneous frequency v(¢); for linear drive the two

frequencies mismatch at the final point of the protocol. B, final fidelity F' = (l//target|'ﬁ (Tramp) ) |2 with
target state at wr is not reached for linear unassisted protocol even in the adiabatic limit Tiamp — ©0;
Inset: fidelity with Floquet state at v¢ reaches unit fidelity in adiabatic limit. This emphasizes the
necessity to replace the time modulated frequency w(¢) by the instantaneous frequency v(t) for
chirps. C, for smooth ramp w(#) and v(z) agree at the end of the protocol, enabling adiabatic state
preparation of desired target state at wy. D, final fidelity F = |<l//target|¢/ (Tramp)>|2 with target state
at wy for smooth ramp: in contrast to B, the unassisted protocol yields high fidelity in adiabatic
limit; however, the FCD drive (cyan) results in transitionless driving irrespective of Trump. E,
Floquet counterdiabatic protocol (4.29) for chirp. F, norm of FAGP as a function of Ti,m, decays
algebraically. Parameters are A = 10 A, w;j = 20 A, wr = 10 A.

Frequency modulation. We start by illustrating how the frequency modulation affects the
adiabatic limit. Specifically, we demonstrate that to restore the adiabatic limit, #«&>S* should be
considered a relevant perturbation regardless of the schedule; hence, this contribution should be

included in the Floquet Hamiltonian (4.23)
H™® = (A-v)S* + AS*,

and not [ (A — w)S* + AS¥], with v(¢) = w(t) +tw. In particular, for a linear ramp of the frequency

w from wj to wy (see Fig. 4.2A)

tr—t

w(t) = wi + (wf — wy) , 4.27)

1

the final Floquet state of the state preparation protocol corresponds to the Floquet state for a Floquet

Hamiltonian of frequency v = w; + 2 X (wf — wj) # wy, see Fig. 4.2B. In contrast, using a smooth
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ramp (see Fig. 4.2C)

r—t
w(t) = wi + (wr — w;) sin’ (tf — tl g) (4.28)
1

such that the change in frequency vanishes at the end of the ramp & (Tiamp) = 0, we can avoid this
issue, see Fig. 4.2D.

Following the same procedure as above, we can readily derive the FAGP for frequency
modulation (see Fig. 4.2E)

Av v .

m(cos(@S —sin(¢)S") . (4.29)
This FAGP leads to transitionless driving between Floquet states (Fig. 4.2D), and vanishes in the
adiabatic limit (Fig. 4.2F).

VAL (V) =

4.2 Approximation techniques

The FCD protocol (4.4) guarantees transitionless driving of Floquet eigenstates by construction.
However, it requires (i) solving the Floquet problem to obtain P,(?), and (ii) fully diagonalizing
Hp, for all parameter values A(¢). These are hard tasks, as obtaining the full spectrum in many-
body systems is exponentially hard in the system size, while finding closed-form expressions for
the Floquet Hamiltonian is already challenging in few-level systems due to time-ordering. Thus,
computing the exact FAGP ﬂf(r) is practically out of reach for almost all models; likewise, the
resulting terms typically contain long-range or multi-body interactions [89] which are challenging
to implement in an experiment [307]. Therefore, the relevant question for experimental applications
concerns finding an optimal local approximation to the exact CD Hamiltonian (4.4); in analogy to
the static case (Sec. 2.2), we refer to this procedure as local Floguet counterdiabatic driving (I-FCD).
Below, we present two distinct yet viable approaches for 1-FCD, see also Fig. 4.3: First (Sec.4.2.1),
we use the inverse-frequency expansion (IFE) (see Sec. 3.1.4) to map the time-dependent problem
H,(t) to an approximate static CD problem for which we can use the tools from Ch. 2 to obtain a
(variational) adiabatic gauge potential [308]. However, this approach is limited by the validity of
the IFE which breaks down whenever photon resonances occur [74, 83, 161]; this is particularly
problematic for interacting systems, or when using frequency chirps A(#)=w(t). In Sec. 4.2.2, we
thus propose a variational principle for the FAGP unrelated to the IFE. Crucially, this variational
principle allows us to compute a non-perturbative approximation to the local FAGP without knowing
the Floquet Hamiltonian HF,; specifically, we show that it accounts for non-perturbative photon-
resonances that cannot be captured by perturbative expansion. Eventually, in Sec. 4.2.3, we compare

the two approaches using the pedagogical example of a linearly driven two-level system.
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Figure 4.3: Comparison of approximation schemes. A, comparison of IFE and variational
procedure to obtain the (local)-FCD protocol. For IFE a transformation to the perturbative Floquet
frame and back is needed, while the variational method operates on the level of the lab frame.
B, action of the two methods on avoided level crossings in the quasienergy spectrum. C, for a
standard resonance—where both quasienergies and non-driven or perturbative energies are close
in energy—both 1-FCD approaches follow the adiabatic path. D, for a photon resonance—where
perturbative energy levels which are multiples of the driving frequency w apart hybridize—the
variational method still follows the adiabatic path. However, the IFE method leads to a diabatic
transition, violating adiabaticity but possibly suppressing heating.

4.2.1 Perturbative approach

A key observation for deriving the IFE approach is the absence of the periodic time-dependence in
the Floquet frame, see Eq. (4.1). Therefore, provided we have access to (some approximation to)
the Floquet Hamiltonian Hg, and its micromotion operator P,(t), we can apply techniques from
static CD driving (see Ch. 2) to find a local approximation X , to the exact gauge potential ﬂg’ 1
In particular, we can use local counterdiabatic driving [107] (see Sec. 2.2). That is, using a
parametrized ansatz, X ,, for the FAGP in the Floquet frame, the optimal parameters are obtained

from the CD variational principle (2.32) with action

S [XFa] = Tr (gl% (XF,A)) ;

(4.30)
Gr(Xea) = i[Hp, Xea| — 02Hr ., -

In general, we do not have access to the exact Floquet Hamiltonian Hg, and micromotion
operator P,(t). However, in Floquet engineering, one is mostly interested in large driving
frequencies compared to local energy scales. In this regime, a perturbative solution in terms

of an inverse-frequency expansion (see also Sec. 3.1.4) can be obtained to a desired order O (w™),
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where w = 27/T:

Hra = H' + 00 ) = 3" w T HY) + 0(0™ ),
0 4.31)

n
Kpa =K +0(w™ ) = Zw K + 0™,

e.g.,usingavan Vleck [21, 74, 175], Floquet-Magnus [22, 80, 176, 177] or Brillouin-Wigner [81, 82]
expansion.
The final approximate FAGP

X0 =X" 0 +0@" =) w7 XV (1) + 0™, (4.32)
Jj=0
that should be implemented in the lab frame, is then obtained by transforming X back to the lab

frame and adding the additional Floquet-frame contribution ﬂf,, 2

X"(n) = P X P 4 A (4.33)

Here, X denotes the solution to Eq. (4.30) computed with respect to the nth order Floquet

Hamlltoman HIE . Using an inverse frequency expansion for Eq. (4.33) and recalling that K}EA] =0,

we find for the lowest few orders in the inverse frequency:

X = xl0, (4.34a)
iy = x4 (i [Kj”(x),)(j”] + aAKA[”(z)), (4.34b)
Py = x4 0,6 (1) + adp2 (xlz _ _aﬂK (r)) + ad? v )(x}gﬂ), (4.34c)

with commutator and nested commutators written as adx (Y)=i[ X, Y] and ad§("+1) (Y)=i [X ,ad’y (Y)] ,

respectively. The general nth order expression is given by

n n—1 k
oo - N Lk (D" ( [n])

where X1£n,1] are obtained from minimizing the action (4.30) with respect to H }"]. Note that to

simplify the resulting equations we have chosen the perturbative expansion Eqs. (4.34) such that

SFor strongly coupled drives, where the drive amplitude may scale with the frequency A « w, K}E- = 0 can always
be achieved by an additional transformation to a rotating frame.
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the nth order includes also some higher order terms. However, this is not a problem since the
perturbative expansion is only valid up to O (w"*!) corrections.

Let us emphasize that a similar inverse frequency expansion XIL'ZI] does not exist in general, i.e.,
XP['Z] and XP[Z{I] might differ by a contribution that is not O (w™). Such a situation occurs if the nth
order correction to the effective Hamiltonian opens a gap: then the FAGP may scale as w" close
to the avoided gap closing. A common scenario is quasi-conservation laws, where the low order
Floquet Hamiltonian preserves a symmetry that is explicitly broken by higher order corrections.
If, however, HIEO] is non-degenerate, higher order corrections O(w™") acts as perturbation to its
spectrum, enabling an inverse-frequency expansion of XIE’;] in terms of non-degenerate perturbation
theory (see also discussion in Sec. 3.1.4). This approach, however, may require costly spectral
decomposition of HIEO].

The IFE approach to the Floquet adiabatic gauge potential is bound to the validity of the inverse
frequency expansion, which breaks down whenever photon resonances occur [74, 83, 161]; this is
particularly problematic for interacting systems (cf. Floquet heating 3.2). Moreover, the IFE also
poses a practical problem. A principal motivation for introducing the variational ansatz Eq. (4.30) is
the ability to select the operator structure of Xr ,, and hence to incorporate experimental constraints
such as locality. Within the IFE approach, however, the variational principle is applied in the Floquet
Flnl (Eq. (4.33)), from the transformation P/[l"] back to the

P,
lab frame, is fixed and cannot be shaped. There exists no obvious way to obtain experimentally

frame. The additional contribution, ‘A

implementable local approximations to this additional contribution within the IFE approach.
Nonetheless, we emphasize that the IFE method can still be useful for some Floquet engineering
studies that are designed to work in the high-frequency regime, where the HL"A]

interest. Here, both HIE"/]l and K}L’j are already known, making the application of IFE straightforward;

is the object of

this allows for an improved state manipulation at a low computational cost. Let us close by
noting that the incapability of the IFE to capture photon resonances can be used as an advantage.
Specifically, in Floquet engineering applications governed by a perturbative Floquet Hamiltonian
HIE"] , state preparation protocols should ideally follow the eigenstates of the approximate Floquet
Hamiltonian HIE”]
perturbative Floquet Hamiltonian, the resulting IFE CD protocol ignores any photon-induced

rather than the exact Hg. Since photon resonances are not captured by the

hybridization gaps, traversing them diabatically as if they are not present, see also Fig. 4.3. This
can help avoid undesired hybridization of quasienergy eigenstates and some forms of heating in
few-particle and weakly-interacting or integrable systems. Indeed, as shown in Sec. 4.2.3, using
the IFE protocol and a suitably short ramp duration allows us to pass through the spectral gaps of

the approximate HIE"] adiabatically, while traversing photon resonances diabatically.
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4.2.2 Variational principle

Considering the shortcomings of the IFE-approach it would be advantageous to have a variational
principle similar to the static case (Sec. 2.2) for the lab frame FAGP without relying on the inverse
frequency expansion or any additional change-of-frame transformations.

Similar to the derivation in the static case (Sec. 2.2), the FAGP’s defining equation (4.5) can
be used to derive such a variational principle; see for instance SM in Ref. [105]. Here, we take a
short-cut by leveraging the Sambe space description. Specifically, we reiterate that in Sambe space
the explicit time-dependence is removed at the expense of an enlarged Hilbert space, reducing the
problem of transitionless driving of Floquet states into a standard counterdiabatic driving problem.
Therefore, we can directly apply the static variational principle (2.32) to the quasienergy operator
O1=IN + 2, H,(1)E, (4.18), resulting in the action

S[Xa] = Tre (G*( X))

(4.35)
G(Xy) =i[Qu, Xa] — 0104,

where the trace is evaluated in Sambe space: Trg(0)= fOT Tree (O(2))dt/T. To project Eq. (4.35)
to the physical Hilbert space it is convenient to rescale the quasienergy operator O, — g1 = Q /v,
which does not affect the quasienergy eigenstates but removes the number operator from the second
part of Eq. (4.35), i.e., 0)q) = éh(v;l >0 Hy(1)E,). Upon this rescaling Eq. (4.35) can directly be
projected onto the physical Hilbert space

r dr
S[Xa0] = | Te([G*(X0))=
‘/0 ( ) T (4.36a)

G(Xa(1)) = iLHA(), Xa(1)] + (1) — (A‘ai - %)Hw),

whose solution 6 |x,=4,= 0 solves Eq. (4.5); the corresponding Floquet counterdiabatic driving

Hamiltonian is given by

Hrcp(t) = Ha(t) + Ap(t) .

Unlike for the non-driven case, the most general variational principle (4.36a) for periodically
driven systems depends explicitly on the choice of protocol A(¢). However, if the frequency
is not modulated (v = 0), we can obtain a variational principle which is independent of this

choice; specifically, by rescaling the action and ansatz by the multiplicative constant® A, i.e.,

The A appearing in Eq. (4.36a) acts as a constant since the variational principle is solved pointwise in A.



110 4. State manipulation in periodically driven systems

S[Xa] = A72S[AX4], Eq. (4.36a) simplifies to (removing the %)

S[Xal
G (X))

T
/ Tr(gz(/\’/l(l))) dr, (4.36b)
0
i[Ha(t), Xa(2)] + 0, X, (t) — O1HA(2) ,

with the explicit protocol dependence only entering in the FCD Hamiltonian
Hrep (1) = Ha(t) + AA (1),

via the derivative A. Crucially, Eq. (4.36) allows us to compute an approximate local FAGP without
knowing the Floquet Hamiltonian Hr ;. As in the static case (2.34), we can restrict the variational
principle for the FAGP to a (weighted) subset of states replacing the trace Tr(-) = 3}, <¢F,n| . |$F,n>
by a weighted sum; for instance, we can consider the variational principle for an individual Floquet

state |l//F7n [7] >7:

T
S[x] = /0 (Wralr]| 62X (D) w11 di. 437)

The ansatz X, (t)=X, (t+T) for the variational FAGP carries an explicit periodic time dependence;
therefore, in addition to all operators acting on the Hilbert space, a complete basis for X;(¢) also
includes a complete set of periodic functions. In general, X;(¢) contains infinitely many terms
arising from the Fourier harmonics of its periodic time dependence; however, the exact FAGP ﬂg(t)
is typically smooth with higher Fourier coefficients being exponentially suppressed: ﬂi ¢~ et
as {—oo. Therefore, in practice, it suffices to consider finite numbers N, of Fourier harmonics, and

Ny of local operators:
No Ni

Xi0) =" > xeme"™ O, (4.38)

m=1(=—N,
where y,, are the variational parameters determined by minimizing the action S[X,]. The operators
O,, are chosen to reflect any constraints, e.g., locality or accessibility in the lab [307]. Since the
action is quadratic in y¢;;, the minimization is convex and thus guaranteed to converge to a global
optimum [107]—for more details on the numerical algorithm see App. E.1.

Unlike approaches based on the IFE, the variational principle (4.36) is a nonperturbative
method that allows for the direct determination of a local approximate FAGP applicable in the
lab. In particular, it captures correctly photon resonances, and does not suffer from the asymptotic
character of the IFE, see Fig. 4.3.

"The expectation value <G2> can be replaced by the connected one <G2> — (G)? since (G) is independent of
X, [89, 107].
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Figure 4.4: Floquet counterdiabatic driving of linear two-level system at high-frequency.
The level-splitting A is varied linearly within A € [-5g, 5¢]. A, instantaneous quasienergies f as
function of time; Inset: difference between numerically exact and perturbative (from Eq. (4.41))
quasienergies. B, instantaneous infidelity 1—F(¢) for unassisted (gray circles), IFE (purple squares)
and variational protocol (cyan triangles); Inset: logarithmic scale. C, x (blue, solid) and y (orange,
dashed) component of the variational gauge potential X, see Eq. (4.42), (z component vanishes). In
the high-frequency regime, IFE and variational method successfully suppress diabatic transitions.
Parameters: w/g = 100, A/g = 2.5, Trampg = 0.5. Figure adjusted from Ref. [105]

4.2.3 Example: linearly driven two-level system

In this section, we consider the pedagogical example of a linearly driven two-level system to
illustrate the perturbative and variational methods introduced above. As we have seen in Sec. 3.1.4,
the Floquet problem for the linearly driven model admits no closed-form solution, requiring
approximate techniques to gain analytical insights. Crucially, the model hosts both avoided level
crossings at high frequency and photon resonances enabling us to contrast the two approaches, see
also Fig. 4.3.

Consider again the Hamiltonian of the linearly polarized two-level system (3.48)
H)(t) =28+ [g+ Acos(wr)] S, (4.39)
with level-splitting A, level-hybridization g, drive amplitude A and drive frequency w = 27/T(=100 g).

High-frequency regime. Let us first focus on the high-frequency regime. In particular, we
consider a linear ramp of the level-splitting A
4
Alt) = (s =) —+ 4 (4.40)
Tramp

from Aj= — 5g to A¢=5g within a duration T;,mp. Such control setups arise naturally when trying to

manipulate the behavior of Floquet-engineered systems using external controls, e.g., to demonstrate
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the presence of a non-zero Berry curvature in a Floquet topological band [32, 33], or to probe the
metastability of dynamically stabilized matter [309]. Like in these situations, we assume a system
initialized in a Floquet eigenstate before the ramp A(¢) is turned on; the initial state is given by
the Floquet state with the largest overlap with the ground state of the infinite-frequency Floquet
Hamiltonian (Hy = A;5° + gS5%).

Since the frequency is large compared to all other parameters (w > g, A, 1) the system is well
described by the lowest order Floquet Hamiltonian (3.53) (see also Fig. 4.4A)

HY = ast+gs, Kk =0. (4.41)

The quasienergies exhibit an avoided crossing around A = 0, see Fig. 4.4A. In the absence of any
counterterms, the protocol leads to an almost complete loss of fidelity, see grey circles in Fig. 4.4B.

The lowest-order Floquet Hamiltonian (4.41) describes a standard Landau-Zener crossing [310-
314] as a function of 4. Hence, the corresponding approximate FAGP for Eq. (4.41) takes the

well-known form [89]
g

msy , (4.42)

A1) = -

where, in addition, we also used that to lowest order ﬂgo](t) = ﬂI[VO]A, following Eq. (4.34).
In contrast to the unassisted protocol, the IFE FCD protocol significantly suppresses diabatic
excitations leading to high fidelity throughout the entire protocol duration, see purple squares in
Fig. 4.4B.

For comparison, we can also consider a variational FAGP. To this end, we use the ansatz
X(1) = [yo + y1 cos(wt)]S” + x sin(wt)S* + z sin(wt)S*, (4.43)

with variational parameters {yo, X1, y1,z1}. Since real symmetric Hamiltonians are diagonalized
by orthogonal transformations, the generating AGP can be chosen to be imaginary-valued [89]. To
generalize this observation to Floquet systems, note that cos(wt) o €'’ + ¢! can be considered a
real-valued, and sin(wt) o i(e'“’—e ™) animaginary-valued function. Therefore, the ansatz (4.43)
is imaginary-valued: the real-valued functions 1, cos(wt?) multiply the imaginary-valued operator
S, while the imaginary-valued function sin(wt) multiplies the real-valued operators $*, S*. The
analytic derivation of the variational parameters is given below, see discussion below Eq. (4.45).
Similar to the IFE-FAGP, the variational FAGP fully counteracts the diabatic transitions, see cyan
triangles in Fig. 4.4B. To reconcile the IFE and variational approaches, we apply a high-frequency
expansion within the variational principle. This allows us to analytically derive the form of the
variational FAGP shown in Fig. 4.4C; as expected, it coincides with the IFE FAGP (4.42) to leading

order.
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Figure 4.5: Floquet counterdiabatic driving of linear two-level system at photon resonance.
The level-splitting A is varied linearly within A € [0.9w, 1.1w]. A, instantaneous quasienergies €
as function of time. B, instantaneous infidelity 1—F(¢) for unassisted (gray circles), IFE (purple
squares) and variational protocol (cyan triangles); Inset: logarithmic scale. C, x (blue, solid) and
y (orange, dashed) component of the variational gauge potential X, see Eq. (4.44), (z component
vanishes). The IFE fails to suppress diabatic transitions in resonance regime; variational method
suppresses diabatic transitions successfully. Parameters: w/g = 100, A/g = 2.5, Trampg = 0.5.
Figure adjusted from Ref. [105]

Photon resonance. We now turn to the one-photon resonance regime at 4 =~ w. In particular,
we consider the linear ramp from Eq. (4.40) with 4; = 0.9w and Af = 1.1w. In this regime, the
energy levels appear far separated (Fig. 4.5A), such that identifying an avoided level crossing is not
immediately obvious. However, the energy separation is almost resonant with the external drive
€F.1 — €F2 * w, leading to a hybridization of the states and an avoided crossing at around 4 = w,
see Fig. 4.5A.

Since the ramp duration is small compared to the inverse photon absorption gap, the Landau-
Zener condition for adiabatic passage is not satisfied, and the unassisted drive creates excitations.
However, this Floquet resonance is not captured by the high-frequency expansion®. Consequently,
the IFE CD protocol fails as well, see Fig. 4.5B. The variational approach, on the other hand, fully
captures this non-perturbative resonance and allows for transitionless driving through the avoided
crossing, see Fig. 4.5B. In fact, using the ansatz (4.43) and taking a large frequency limit in the
variational minimization (w=A>A, g), we find (see discussion of Eq. (4.49) for details)

2A
A2 +4(1 - w)?

The structure of the variational FAGP, shown in Fig. 4.5C, is similar to the circularly driven

Xa(1) = [cos(w?)S” — sin(wt)S*] + O(w™"). (4.44)

two-level system (4.25).

8Resonant drives can also be dealt with directly in some cases, using an additional change-of-frame
transformation [21, 161], see also Sec. 3.1.4.
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This simple model already illustrates the potential advantages of the variational over the
IFE method. Indeed, using a suitable ansatz, the variational method allows us to capture both
perturbative and non-perturbative effects in the quasienergy spectrum and the Floquet eigenstates.
We expect this technique to be particularly useful in atomic physics where high-precision few-
level control can be sped up using FCD drives. However, for the purposes of Floquet engineering
governed by the approximate Floquet Hamiltonian following the adiabatically connected quasienergy
manifold in the presence of photon-resonances can sometimes be undesirable, see discussion of
Fig. 4.3. In such cases, one can use the IFE protocol and a short Ti,mp to traverse standard
quasienergy gaps adiabatically, while passing through photon-resonances diabatically. Therefore,

depending on the control problem at hand, either the IFE or the variational approach is preferable.

Analytical derivation of variational FAGP. We now derive the analytical variational FAGPs.
To this end, let us consider the ansatz Eq. (4.43), depending on the variational parameters X’ =

(yo0, X1, ¥1, 21), and plug it into the action Eq. (4.36), resulting in

S[X]=X-M-X-2X"b + const, (4.45)
with b7 = (2g, 0, A, 0) and
21% +2g% + 442 0 3Ag —2Aw
0 w? + A2 2Aw -Ag
M = 3Ag Qw g +wr+212+A%2 23w (4.46)
-2Aw -Ag -2gw w* + A%

Hence, minimizing the action 65 = 0 amounts to solving the linear system of equations
M-X=b, (4.47)

While inverting the 4 X 4 matrix may be performed analytically, e.g., using a Gaussian elimination
procedure, the general expression is complicated, and not much insight can be gained from it.
Moreover, when a larger number of variational parameters is considered, analytical treatment
becomes infeasible. Therefore, we focus on deriving an expression for the variational parameters
for the two regimes considered above, i.e., the high-frequency and one-photon resonance regime.
In the high-frequency regime w is the largest energy scale (w>A1, g, A) such that it is favorable

to remove the o w, w? contributions in M. This is achieved by considering the re-scaling X7 =
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(yo, X1, y1w, ziw) and bT = (2g,0, A/w, 0) leading to

202 +2¢2 +4A2 0 348 24
22 pi jrg
M = O 1 " E 2252 2 _m
- 34 A L 8HHATZ 58 |
w? w w? w
DA _Ag 28 14+ 4
w w2 w u)z
taking the Ilmit =, &, £ — 0 the linear system Eq. (4. reduces to
king the limit 2, £, 4 — 0 the li ystem Eq. (4.47) red
202 +2g2+4A2 0 0 24 2g
0 1 0 O < 0
0 o1 o [ X0l
-2A 00 1 0
which is solved by
A
Yo g x; =0 y1=0 71 = 8

“Teg WP g
which is equivalent to the IFE approach Eq. (4.42) to leading order.

In the one-photon resonance regime, we have 1 = w, such that both A and w are large scales.
In order to remove the large scales a re-scaling of the parameters X! = (yow, X1w, YW, Z1w)

and b” = (2g/w, 0, A/w,0) is needed. Performing the re-scaling and a large frequency expansion

% — 1 and %, % — 0in Eq. (4.46) leads to the linear system
1 000 0
01 1 0f ¢ 0
o110l %=o
0001 0

Naively one might assume that the ideal parameters are just given by the trivial choice of parameters,
i.e., Xo = 0. However, as the matrix is singular also X = c(0, 1, -1, 0) with arbitrary c is a solution.
Thus, the solution to the variational principle is ill-defined. To understand whether X or X is
the correct choice of parameters, we consider expanding around these solutions. To this end, we
represent the matrix (4.46) in the basis {él, (&2 + €3)/V2, (&5 — 23)/V2, ?34}, where &; is the ith
unit vector. This leads to the modified linear systems of equations

M -X =b, (4.48)
with X" = (yo, x»-7,20), b’ = (g,—A, A,0), and
207 +2g% + 4A2 3Ag 3Ag —2Aw
, 3Ag 202 + G? G? -gw —gQ,
M= 3Ag G? 202 + G?  —gw-gQ_ |’ (4.49)

-2Aw —sw—-8Q, —gw-gQ_ W+ A%
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where we defined Q, = A+w and G? = g%+ A?/2. By definition of the one-photon regime (w = 1),
Q_ = (1 — w) neither scales with w nor A. Thus, the M,’m index in Eq. (4.49) is a finite, non-
diverging, contribution even if 4,w — oo is considered. Therefore, to get rid of the diverging
energy scales when taking the infinite frequency limit 1 * w — oo, we should choose the re-
scaling X’ — X " = (yow, xw, 0, Zow). Performing this re-scaling and taking the large frequency

limit in Eq. (4.49) we eventually arrive at

2 0 0 0 0
2

0 2% 0 0 ¢ _|0

0 0 2®+G?> —g Al”

0 O -g 1 0
which is solved by

, g \I 2A
X' = (0,0, £q) - .

T 7 4(1 - w)? + A2
Transforming back to the original basis leads to

2A 2A

21=0+0(w™),

yo=0 x| = yi =

- +
4(1 - w)? + A? 4(1 - w)? + A?

which is exactly Eq. (4.44) up to O(w™") corrections.

4.3 Applications

4.3.1 Fermion band model & detecting photon resonances

The Floquet counterdiabatic driving protocol introduced in the previous section can straightforwardly
be applied to enhance adiabatic state manipulation protocols for generic Floquet-engineered
(topological) band systems. We exemplify the method using the setup from an experiment
demonstrating Floquet topological pumping in a system of one-dimensional non-interacting fermions [306].

The system is effectively described by the free fermion Hamiltonian in momentum space

Hi(1) = Z ¥ ha(q.0) - Y, (4.50)
q
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where ‘I’; = (c;,q, czgq) and h,(q,t) is the Bloch Hamiltonian,

3
ha(q.0) = Yer+ ) T cos [jga = jA®] 11

j=1
—aF(t) {ngp + 217;[, cos [ga — A(1)] }0')‘ 4.51)
3 .
+3€e-—2 ) Jlcos[jga—jA(1)] ;o*,
j=1

where a is the lattice spacing constant; the mean and difference between the s- and p-band in
energies are 2e; = €, * €,; the intra-band hopping is 2Ji = J{; + J{ , and the inter-band hoppings
are denoted by 17?;,1, see sketch in Fig. 4.6A. The fermions are coupled to the periodic drive of

frequency w via the time-periodic driving force F'(¢) and Peierls phase A(¢), which take the form
F(t) = wKj cos(wt)+2wK, cos(Qwt + ¢) ,

(4.52)
A(t) = K sin(wt)+2K; sin(Qwt + ¢) .

Depending on the control parameters (K, K3, w, ¢), the resulting Floquet-Bloch bands can
be tuned from trivial to topological—this is used in the experiment [306] to realize a Floquet
topological pump. For ¢ # +m/2, the two-tone drive explicitly breaks the symmetry protecting the
topological phase, opening up an adiabatic path connecting the two phases. To prepare the initial
state for the Floquet topological pump, we start from the topologically trivial, filled s-band in the
absence of the drive and apply a three-stage sequence of amplitude and frequency ramps: first, the
amplitude K3, then, the frequency w and finally the amplitude K; are ramped up. The bottleneck
for the state-preparation in the experiment [306] is determined by the smallest gap encountered
during the protocol. Below, we focus on this bottleneck encountered during the frequency ramp
stage. However, the FCD and I-FCD approaches (detailed below) apply equally well to all stages,
including the Floquet pump. To ensure that the time-modulated and instantaneous frequency agree

at the final point of the frequency chirp, we adopt the cubic chirp

tr—t 3
w(t) = wr + (wr — wi)(r — tf) . (4.53)

During the chirp, the original s- and p-bands strongly hybridize resulting in avoided level crossings
with small gaps A, see Fig. 4.6C-E. Therefore, unassisted state preparation in a finite time Tramp
leads to substantial drop in fidelity, F(q,t), for quasimomenta where the ramp-time is small
compared to the inverse gap, i.e., Tramp < A;l, see Fig. 4.7A. This emphasizes the necessity for

alternative state-preparation schemes, such as the I-FCD driving.
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Figure 4.6: Fermionic Floquet band model. A, schematic of the fermionic band model (4.51)
with s (blue) and p (red) band energies € ,,, intra-band hoppings J 517’5’3 and drive-induced inter-band

hoppings 778;,1. B, we use a cubic protocol (4.53) to mitigate the error when considering the time-
modulated frequency w(¢) (gray dashed) instead of the instantaneous frequency v(#) (black solid).
C - E, quasienergy bands at initial (w;), intermediate ((w; + wy)/2), and final (wy) frequency of
ramp, respectively; color indicates overlap with s (blue) and p (red) band of the non-driven model.
During the state preparation protocol the two bands hybridize strongly, indicated by their mixed s
and p character. Figure adjusted from Ref. [105].

To compute the FAGP, we consider each fixed momentum ¢ individually, and make the ansatz

N,
Xpa() = Y Zh" ( X;’jei&”) o, (4.54)

a=x,y,z {=0

The variational parameters )(Z;’f{ are smooth functions of (g, 1). We determine their values
numerically by minimizing the action S[X;] (4.36), using the numerical procedure detailed in
App. E.1. The magnitude, ||X(q,?)||, of the resulting variational FAGP is shown in Fig. 4.7B.
While ansatz (4.54) cannot reproduce the Floquet gauge potential exactly, due to the finite number
Ny, of Fourier harmonics kept, the resulting FCD protocol leads to almost perfect transitionless

driving at all times, see Fig. 4.7C.
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Figure 4.7:  Floquet counterdiabatic driving in fermionic Floquet band model. A, C, E,
momentum resolved instantaneous Infidelity 1-F(qg,t) for unassisted, exact FCD and 1-FCD
(N4=2), respectively, for Tramp=1 ms. Variational Floquet driving suppresses all diabatic transitions
but requires non-local counter-terms (C); local approximations (D) yield a significant boost in
fidelity. F, final infidelity 1-F" as a function of Ty, for unassisted (cyan diamonds), and 1-FCD
protocols (purple squares) for N,=1,2,3 (light to dark). Inset shows zoom into region around
the 1% infidelity threshold (horizontal dashed line). Parameters: cubic chirp with w;=27x5 kHz,
w=21X7.5kHz, N =500 fermions and N,=32; figure adjusted from Ref. [105].

The resulting FAGP coeflicients )(Z;’j are localized in quasimomentum space (see Fig. 4.7B)
involving many lattice harmonics exp(ijga). Since the jth lattice harmonic, exp(ijga), corresponds
to a jth-neighbor hopping term the FAGP is delocalized in space. Therefore, to implement the
FCD protocol in experiment precise control over all individual jth neighbor terms is required,
which may not be experimentally feasible?. Fortunately, the versatile character of the variational
FAGP approach allows us to build any experimental restrictions directly into the ansatz, so long
as one is willing to tolerate a certain fidelity degradation. Frequent experimental constraints

reflect the accessibility of control channels or the locality of available control terms. For example,

? Arbitrary-range hopping is feasible using the techniques developed for synthetic dimensions [315-318].
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depending on the experimental platform, the imaginary-valued terms o« o required for the gauge
potential, may be difficult to implement. However, moving to a rotating frame we can replace
any o« ¢~ term using o* and o terms [107]. To mitigate the locality issue, we consider a local
approximation (I-FCD) to the exact FCD-protocol restricting ourselves to the control of a finite
number N, (j = 1,2, ...) of lattice harmonics. As anticipated, while the 1-FCD counterterms take
a simpler form in momentum space they cannot suppress all excitations, leading to finite infidelity,
see also Fig. 4.7D and Fig. 4.7E. Nevertheless, compared to the unassisted protocol, 1-FCD driving
gives a noticeable increase in fidelity as demonstrated in Fig. 4.7F. In particular, considering a 99 %
fidelity threshold the 1-FCD protocols lead to a 5-20 % reduction in ramp-time depending on the
amount of added lattice harmonics N, = 1-3, respectively. These numbers are, however, strongly
model-dependent and should not be considered as a generic reference point for the speedup offered
by FCD driving, as we will see in Sec. 4.3.2.

In general, Floquet CD driving (like conventional static CD driving) may require the implementation
of experimentally infeasible long-range counterterms. However, as demonstrated in the experimentally
relevant example above, local approximations can still lead to a notable and experimentally desirable
increase in fidelity compared to unassisted protocols with only moderate control requirements.
Another interesting possibility to generate the required gauge-potential terms is using Floquet

engineering [114].

Detecting photon resonances using Floquet adiabatic gauge potentials. We now demonstrate
how the variational FAGP can be used to detect photon resonances using the Floquet band
model (4.50). This addresses a blind spot of perturbative approaches, which cannot capture
photon resonances [21, 83]. Moreover, exploiting the simplicity of the model we are also able to
remove the photon resonance by adjusting the parameters of the Floquet band model.

Let us first sketch the general approach before applying to the specific Floquet band model.
The crucial ingredient is the sensitivity of the Floquet eigenstates, and hence the FAGP, toward
the presence of avoided level crossings. Indeed, diabatic transitions typically only occur near
avoided level crossings where the diabatic states strongly hybridize; in contrast, near exact level
crossings no hybridization of diabatic levels occurs. Consequently, the (F)AGP is a sensitive
probe to distinguish exact from avoided level crossings. Secondly, let us recall (see also Fig. 4.3)
the insensitivity of the high-frequency expansion to photon resonances and the capability of the
non-perturbative variational FAGP to resolve photon resonances, provided a sufficiently expressive
ansatz is used. Therefore, a discrepancy between the two FAGPS—a peaked variational FAGP and

a flat IFE FAGP—provides a viable probe for photon resonances. This simple approach may break



4.3 Applications 121

A

Ut
vy
N

1.0

w)
=
]

experimental adjusted

time, ¢ [ms]

time, ¢ [ms
1
o
t
Aer(g,t) /v(t)

o

o

0.0

quasnnomentuln a

@
Ut

experimental - adjusted| [J101

L 100

time, ¢ [ms]
time, ¢ [ms]

¥ (g, )/

[ g

i : 1071
0 quasimomentum a

o

OO

quasnnomentum a

quasimomentum

Figure 4.8: Detecting resonances in Floquet fermion band model. A, quasimomentum resolved
quasienergy gap Aep normalized by instantaneous frequency v(¢) for frequency chirp presented in
main text; the periodic color map reflects the quasienergy periodicity Aep=v — Aeg. B, quasienergy
bands at # = 0.1 ms (see dashed line in A), color indicates overlap with initial s (blue) and p (red)
band. Due to the folding of the bands level crossings occur between s and p band; avoided
crossings with small energy gaps are indistinguishable from level crossings when considering only
the quasienergies. C, L™ norm ||X]|., of extended Floquet Hilbert space variational FAGP X.
Cyan dashed line indicates the photon resonance computed via Eq. (4.44). Using the FAGP the
level crossings and avoided level crossings are clearly distinguishable. D, zoom into one of the
s-p band crossings also reveals narrow avoided crossing. E & F, same as A & B for adjusted
parameters, respectively. Using the adjusted parameters we can remove the additional photon
resonance. Experimental parameters are given in Tab. 4.1; other parameters are as in Fig. 4.7.
Figure adjusted from Ref. [105].

down for many-body systems where many avoided level crossings of different levels may appear
for the same parameter value. However, if one has access to the perturbative Floquet energies and
eigenstates one can always restrict the analysis to a subspace of candidate states where a resonance
might occur; that is, those states which are separated by multiples of the driving frequency, such
that photon absorption processes become resonant.

For the example of the Floquet topological pump setup, we can bypass the computation of the
perturbative FAGP and instead build on the extensive analysis of the perturbative high-frequency
Floquet Bloch bands performed in Ref. [306]. This perturbative analysis suggests that hybridization
between the quasienergy bands occurs predominantly at the edge of the Brillouin zone (g ~ £7); in

the perturbative analysis, all other crossing are exact crossings, resulting from folding of energies
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Table 4.1: Parameters for Floquet topological pump. Left column: values for the parameters
in Eq. (4.51) used in the original experiment Right column: adjusted parameters which we use in
this work to avoid the photon resonance, i.e., satisfying Eq. (4.56). The photon resonances can be
avoided with minor changes in the experimental parameters. The on-site energies €, and tunnelings
J2, are in kHz and the couplings 7781’71 are dimensionless.

Parameter || Original [306] | Adjusted [105]

& 7.523 8.639

€ 20.586 23.639

JY 0.378 0.252

J! -2.620-1072 | -2.620-1072
J? 2.630-1073 | 2.630-1073
7 -2.037 -1.358

J) -0.357 -0.357

J -0.154 -0.154
sy 0.184 0.184
ey ~0.059 —0.059

into the first Floquet zone (||er|| < w/2). Considering the exact instantaneous quasienergies during
the chirp seems to support this picture, see Fig. 4.8A. Considering a cut at short protocol times
indicates hybridization only at the edge of the Brillouin zone and otherwise no change of the
topologically trivial s and p bands, see Fig. 4.8B. To distinguish level crossings from avoided
level crossings with small gaps, without the need to compute the quasienergy spectrum with high
resolution, we consider the numerically computed non-perturbative variational FAGP, see Fig. 4.8C.
At small times ¢ ~ 0 we observe a strong response of the variational FAGP close to the edge of
the Brillouin zone, in agreement with the perturbative analysis. Additionally, we also observe a
strong contribution close to the center of the Brillouin zone, see Fig. 4.8C, which is absent in
the perturbative approach, suggesting a photon resonance. Indeed, by drastically increasing the
quasimomentum resolution we can verify the avoided crossing also in the quasienergy spectrum,
see Fig. 4.8D. This additional photon resonance is not important for the actual experiment as it is
passed diabatically with almost unit fidelity due to the gap being much smaller compared to the
velocity used in the experiment.

Combining the perturbative Floquet Hamiltonian approach and the insight gained from the
variational FAGP we can remove the photon resonance. The hybridization of the energy levels
at the edge of the Brillouin zone is also engineered using photon resonances. This is accounted
for by transforming to a suitable rotating frame, similar to the circularly driven two-level system

in Sec. 3.1.1. During the chirp, the energy splitting e_ is comparable to the driving frequency,
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€ =~ w; transforming to a rotating frame with respect to W = exp(—iwo*t) removes this resonance,
replacing e_ by A = e — w and o by cos(wt)o™ + sin(wt)o” in the Bloch Hamiltonian (4.51).
Ignoring any additional resonances, the level splitting in the high-frequency expansion of the
Floquet Hamiltonian is in lowest order described by Ac* C hrFOt’[O] with effective level splitting
A =A-23, J*cos(kga). Since the rotating frame transformation A = A(w) is no longer resonant
with w, one might expect no further photon resonances to occur. However, taking a closer look at

the entire expression A = A(w, q) there exist w* and g* values, such that
IAl(w*, ¢%) = 0™, (4.55)

indicating the presence of additional photon resonances. In fact, the photon resonance location
obtained from the matching condition (4.55) agree well with the avoided gap closings encountered
in the FAGP (see cyan line in Fig. 4.8C). To avoid the additional photon resonance we adjust the
parameters in the model such that during the ramps Eq. (4.55) cannot be satisfied. In addition, we

must preserve the topological properties of the model. To this end, it suffices to ensure that [306]
|€_—a)i| >ZZ|J]_(| |6_—a)f| <ZZ|J]_C| (4.56)
k k

where w; and wy refer to the frequencies at the beginning and end of the protocol, respectively.
Notably, these three conditions are not sufficient to uniquely determine the parameters of the
model. In Tab. 4.1, we present a possible choice of parameters used in Fig. 4.7 which removes the
photon-resonance (see Fig. 4.8E—F); we expect the choice of parameters to be within reach for the
experimental platform.

This detection scheme exploits the FAGP’s strong sensitivity to photon resonances. Recently, a
similar FAGP-based approach was developed to detect Floquet heating, which is also closely related
to photon resonances [83, 248]. Moreover, geometric Floquet theory also provides a powerful tool
to detect photon resonances via maxima (|y| = m) in the geometric phase vy; see also the two-level
system discussion in Sec. 3.1.1. However, this approach requires exact diagonalization of the
Floquet unitary. In contrast, the FAGP-based approach relies on the variational principle, enabling

efficient, non-perturbative approximations that are not limited to small system sizes [117-119].

4.3.2 Evading many-body criticality using Floquet counterdiabatic driving

An important problem in quantum many-body control is the preparation of ground states of ordered
phases, starting from a ground state in a disordered phase. This is a difficult task: by definition, there

exists no adiabatic path in the thermodynamic limit connecting the two phases while the protecting
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symmetry remains intact [126—128, 319]. In practice this leaves two options: exploiting the finite
size gap, which vanishes in the thermodynamic limit and leads to divergent unassisted protocol
durations; or introduce additional control channels to break the protecting symmetry explicitly. If
symmetry-breaking controls cannot be implemented, e.g., if the system is inherently symmetric,
nonequilibrium periodic drives provide a useful tool to engineer additional terms assisting the state
preparation protocol [114, 122, 320-323]. We now use 1-FCD driving to demonstrate how periodic
drives can improve state preparation even in static many-body systems.

Consider the transverse-field model (TFIM) on a chain
L
Hrea = ) Joi0%,, + heof + hyo) (4.57)
=1

with ferromagnetic interactions J<0, and two transverse fields 4, ,. Independent of the ratio

hy/hy, the system undergoes a quantum phase transition at h=, [h2 + h%zl] |, from a disordered
paramagnetic (PM) phase at large ~>|J| to an ordered ferromagnetic (FM) phase at small h<|J|,
where the energy gap closes; see Fig. 4.9A. Therefore, for the static system in the thermodynamic
limit, no adiabatic path connecting the two phases exists. Since the instantaneous Hamiltonian
preserves the underlying Z, symmetry for all parameter values, the PM and FM phases are strictly
disconnected in equilibrium. In the following, we assume that we can only access terms already
present in Hrgpy (4.57) for control purposes. We now demonstrate how, using only the &, and A,
fields, nonequilibrium periodic driving gives rise to an adiabatic path connecting the two phases.

To this end, consider the circularly driven TFIM !0

Hip =y Joio,, + Alcos(wn)o? + sin(wr)aj] , (4.58)
4

The time-dependence explicitly breaks the integrability of the system and reveals its intrinsically
many-body character. Indeed, using the reference frame transformation W(z) = exp (—iw(t)t 2 o']Z. / 2) ,
H(t; A, w) is mapped to the non-integrable mixed-field Ising model (MFIM)

Hyviemm (1 A, w) = Z JO'JZ.O'JZ.+1 + ﬁxoj.“ + fLZO'JZ. ,
J
with transverse field 7, (1)=A(¢) and longitudinal field 7.(7)= — d,(w(¢)t)/2. We deliberately

choose the circular drive to avoid potential heating processes present in generic periodically driven

many-body systems.

10The circularly driven TFIM (4.58) considered in this section is distinctively different from the integrable Floquet
model (3.39) considered in Sec. 3.1.3.
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Figure 4.9: Local Floquet counterdiabatic driving for circularly driven spin chain. A, rotating
frame fields in /.-%, plane. The non-driven protocol (grey dashed) ramps through the quantum
critical point (QCP, red) at (hy, ,)=(J, 0). The driven protocol (blue solid) yields an effective non-
zero h, component allowing to circumvent the QCP. B, time-dependence of variational parameter
x(t) (4.59) computed using the algorithm detailed in App. E.1. C, instantaneous fidelity F(¢)
for non-driven (grey squares), driven (black circles) and 1-FCD assisted driven protocols (cyan
stars). D and E, final fidelity for protocols from C for different ramp durations Ty, and different
system sizes L, respectively. Floquet-engineered state preparation leads to significant increase in
fidelity. Around J7;amp=35 the 1-FCD protocol enables state-preparation close to unit fidelity almost
independent of system size. Parameters: A(t)/J=[10-9.5 X A(#)] and w(t)=[wWmax X sin(7wA(1))]
where wmax=0.2J; A(t) is the cubic ramp from A;=0 to A¢=1; L=24, JT;mp=5. We used a
symmetry-breaking field /./J=1073 to single out one of the degenerate FM ground states. Figure
adapted from Ref. [105]

Crucially, the circular drive induces an effective z-field which unlocks a new control channel.
This enables us to circumvent the quantum critical point. However, access to a z-field control is
necessary but not sufficient for high-fidelity state manipulation: applying only the circular protocol
yields no significant increase in fidelity compared to the unassisted protocol, see Fig. 4.9.

To improve the performance of the protocol, we apply FCD driving. Implementing the exact
AGP in a generic many-body system requires highly non-local interactions: both long-range and
multi-body, including Pauli strings of arbitrary length [89, 107]. Therefore, obtaining the exact

FAGP is computationally expensive. Additionally, implementing non-local multi-body terms is
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experimentally infeasible. To comply with these constraints, we focus on FCD protocols with local

single-particle counter-drives built from the accessible A, , fields. Choosing the ansatz

L
X(0) = x(Aw) Y [cos(w)a; —sin(wn)o |, (4.59)

Jj=1

with a single parameter y (Fig. 4.9B), brings a y-field ﬁy: x 1n the rotating frame Hamiltonian
Hyri(t; A, w). Since we are only interested in transitionless driving of the ground state, we exploit
the ground-state variational principle (4.37); the exact mapping to the static MFIM provides an
unambiguous identification of a Floquet ground state without invoking geometric Floquet theory.
Using the ground-state expectation value, instead of the trace, leads to an enhanced state preparation
protocol, see App. E.2, but is computationally more demanding as it requires the computation of
the instantaneous Floquet ground state at each step of the protocol.

Using the numerically computed I-FCD assisted protocol (Fig. 4.9B) leads to an increase of
fidelity by almost one order of magnitude compared to the unassisted driven protocol, as shown
in Fig. 4.9C. For protocols as short as JTamp=5, the 1-FCD assisted protocol leads to almost
unit fidelity for a wide range of system sizes L=8-24, see Fig. 4.9E. Already few Floquet cycles
are sufficient to yield a nonequilibrium-based enhancement. This emphasizes the advantage of
following the Floquet states even in the absence of periodic drives in the original control setup.

We demonstrated that 1-FCD driving combined with Floquet theory enables more efficient state
preparation without additional control requirements, even in nonintegrable quantum many-body
systems. More generally, nonequilibrium drives open new effective control directions via suitably

engineered change-of-reference transformations.

4.4 Discussion

Periodic driving has become a powerful tool for Hamiltonian engineering in quantum simulation.
Achieving high-fidelity control, however, requires addressing a fundamental tension: adiabatic
manipulation needs long protocols, but experiments demand short preparation times due to limited
coherence. To resolve this tension, we introduce a conceptually different approach enabling fast
control via counterterms that suppress diabatic transitions in the lab frame.

We introduced two complementary approaches to local Floquet counterdiabatic driving which
enable the efficient computation of controlled approximations to the exact Floquet adiabatic gauge

potential. The first, based on an inverse frequency expansion, is tailored to Floquet engineering
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applications but breaks down at photon resonances. Therefore, we developed a second, non-
perturbative, variational procedure based on a least-action principle which overcomes the problems
of the perturbative high-frequency approach. Using the example of a linearly driven two-level
system, we demonstrated that choosing between the methods enables selective diabatic or adiabatic
passage through resonances. This framework applies to fast control in driven few-level atomic and
molecular systems.

In a second application, we sped up a frequency-modulation drive to prepare the ground state of
a Floquet fermionic band insulator. Such frequency chirps represent an example of nonequilibrium
protocols without equilibrium control counterparts. We used this example to illustrate the versatility
of our method to obtain short high-fidelity protocols that respect experimental limitations. In
particular, we showed how to avoid the implementation of experimentally inaccessible non-local
terms present in the exact Floquet adiabatic gauge potential.

Finally, we applied local Floquet counterdiabatic driving to transfer the population from a
disordered to an ordered ground state in a non-integrable Ising spin chain. This example illustrates
a conceptually new approach to enhancing state preparation in static systems. Using periodic
drives we can construct a nonequilibrium adiabatic path that connects two states of matter, even
when these states are not connected by adiabatic paths in the original non-driven Hamiltonian.
This can be useful, e.g., in quantum annealing where phase transitions in the parameter landscape
pose significant limitations to the performance of solving optimization problems [324, 325]. In
summary, Floquet counterdiabatic driving can significantly enhance state preparation without
additional hardware requirements.

Besides having immediate applications in quantum simulation and computing [308], this
work opens up a number of new directions. First, there are straightforward extensions of our
nonequilibrium control methods to more complex systems. In particular, the algebraic structure,
underlying the exactly solvable Floquet toy model in Sec. 4.1.3, can be generalized to discover
new classes of analytically solvable Floquet models. For realistic models, where this dynamical
integrability is broken, expressive matrix-product operator ansitze [117, 118] may be useful to
approximate the adiabatic gauge potential beyond system sizes amenable to exact diagonalization.

Second, our work paves the way for a more general control theory for nonequilibrium systems.
Specifically, the variational procedure can be used as a starting point to generalize more sophisticated
shortcuts to adiabaticity techniques [97, 106] to periodically driven systems, such as counterdiabatic-
optimized local driving [121]. Alternatively, a second periodic drive may even be implemented
to help engineer the Floquet adiabatic gauge potential [114]. In fact, our theory also applies

to classical periodically driven systems [89, 326], and can be extended to other nonequilibrium
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systems described by local effective Hamiltonians, such as random multipolar [233] and quasi-
periodic driving [230].

In addition, we expect our work to provide new insights into the study of thermalization in
nonequilibrium systems. On one hand, the adiabatic gauge potential can be used to detect chaos
and integrability breaking [125, 327]. On the other hand, an important open problem is the
manipulation of prethermal states of matter where additional control fields may interfere with and

compromise the stability of the prethermal plateau.
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Concluding remarks

Summary

Throughout this thesis, we have demonstrated that counterdiabatic driving provides a powerful and
unifying framework for periodically driven quantum systems. At its core lies the identity (3.4),
which reveals Floquet theory as a counterdiabatic driving problem—a perspective that allowed
us to derive the Floquet theorem from the adiabatic theorem using geometric tools alone. This
counterdiabatic driving formulation identifies quasienergy folding as a consequence of a broken
gauge group, U(1) — Z, of the adiabatic gauge potential. Introducing geometric Floquet
theory [98]—expressed entirely via gauge-independent quantities—leads to a natural decomposition
of the dynamics into two distinct contributions: a geometric contribution without equilibrium
counterpart, encoded in the Berry phases of the Floquet states, and an energy-like contribution,
generated by the average-energy operator A[t]. This decomposition also corresponds to a
separation into nonequilibrium and equilibrium-like responses of periodically driven systems,
respectively.

The average-energy operator Z[t]—whose eigenvalues are exactly the energy expectation
values of the Floquet state &, = <<lﬂFn| H |tﬁp,n>>—provides an unambiguous sorting of the
quasienergy levels. This enables the identification of a Floquet ground state as the lowest-average-
energy state; this definition agrees with recent observations [78, 79] in the kicked mixed-field Ising
model. The average-energy spectrum correctly accounts for photon absorption and emission at
photon resonances, as we demonstrate on the exactly solvable two-level system and XY model. It
also indicates nonequilibrium phase transitions, capturing both spatiotemporal symmetry-breaking
and heating transitions, and identifies new types of nonequilibrium order.

On the other hand, geometric Floquet theory reveals that nonequilibrium phenomena have

inherently geometric origins, encoded in Berry phases. In anomalous Floquet topological insulators,
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anomalous (1) edge modes and conventional (0) edge modes are indistinguishable in average-energy
spectra and can only be distinguished by the geometric phases. Similarly, in discrete time crystals,
the characteristic w-splitting between quasienergy states manifests solely in geometric phases, as
parity-odd and -even states share the same average energy.

On the practical side, we demonstrated the utility of nonequilibrium order for quantum sensing
applications introducing a DTC-based sensing scheme—verified experimentally using nuclear spins
in diamond [103]. The DTC-based sensor achieves a competitive sensitivity (880 pT/VHz) and
extremely narrow frequency resolution (50 mHz) while its bandwidth can span the 0.5-50kHz
range. Remarkably, the sensor inherits the robustness of time-crystalline order, making it resilient
against experimental imperfections such as pulse errors and sample inhomogeneities. This is
achieved by harnessing rather than attempting to suppress interactions between the spins.

Finally, we generalized the concepts of counterdiabatic driving to the manipulation of Floquet
states—introducing Floquet counterdiabatic driving. This framework relies on two complementary
approaches to yield local approximations to the exact Floquet adiabatic gauge potential: an inverse-
frequency expansion suited to high-frequency regimes, and a non-perturbative variational method
that works even at photon resonances. Choosing between the two methods enables selective
adiabatic or diabatic passage through photon resonances. Applications include selective passage
through resonances in atomic systems and experimentally feasible speedup with limited control in
Floquet band models. Finally, we showed the method extends beyond Floquet systems: periodic
driving enables state preparation in static many-body systems by constructing nonequilibrium

adiabatic paths that connect states even when no static adiabatic path exists.

Outlook

The connection between Floquet theory and counterdiabatic driving has immediate practical
consequences: the variational machinery can be directly deployed to obtain non-perturbative
approximations to Floquet Hamiltonians, their eigenstates and physical properties, even in many-

body systems. Indeed, we can identify three distinct variational principles:

* First, the variational principle (4.36)

T
S(X) = /0 T [(L(X) - uH)?]

enables efficient approximation of the Floquet adiabatic gauge potential .?(5 beyond the
restrictions inherent to high-frequency expansions, e.g., using matrix-product-operators [117,

118] or neural-network wavefunctions [119]. The resulting FAGPs can be used to infer central
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properties of the system, e.g., by computing linear response functions [89], detecting photon
resonances (see Sec. 4.3.1), or investigating quantum geometry [89] away from equilibrium.
Further, local-FCD can be used to numerically prepare (variational) Floquet states beyond
the limitations of high-frequency expansions or exact numerical methods [117, 119]; for
instance, this can be achieved by starting from a Floquet state in the high-frequency regime

and using the variational FAGP AL to reach smaller frequencies.

Second, the average-energy AGP A g itself corresponds to the Kato FAGP in Sambe space
with respect to the phase of the drive, ﬂméwﬂﬁ 4 Therefore, supplementing the FAGP
least-action principle (4.36) with the Kato property we obtain a least-action principle for the

average-energy AGP
OSE _0
0X |xemy

with action . .
SE(X:A) = /O Tr [(L(X) - 8,H)?] + /0 Tr(x2),

where p is a Lagrange multiplier. Extremizing this action corresponds to finding the minimal
norm solution to the linear equation £2(X) = £(8,H) which is exactly the Moore-Penrose
solution Ag = LT L(H) discussed in Sec. 3.1.2. However, while computing the pseudo-
inverse for generic driven systems is rarely feasible exactly, the variational principle enables

efficient non-perturbative approximations of Az (and hence £ = H — Agx).

Third, the identification of a unique quasienergy sorting via the average-energies straightforwardly
gives rise to a Floquet ground-state variational principle; this is analogous to the ground-
state variational principle in static quantum mechanics underpinning Hartree-Fock [328,
329], density matrix renormalization group (DMRG) [143, 144] and Ritz [330] methods.
Importantly, the simple relation (&), = /OT (H(1))y[; dt is only valid for Floquet states
U(T) |¢) « |¢); consequently, the Floquet ground-state variational principle requires constraint
optimization: finding the minimal average-energy states |g0*> = argmin,, (&), among all
Floquet states . Using the Lagrange-multiplier formalism, a Floquet ground-state variational

principle can be formulated with action

T T
Stroquercs [ 1], 1] = /0 HOYydt + g /0 vary (1 (Q)dr

where the variational ansatz |/[¢]) is in general a time-periodic function |y [t]) = |y [t + T]),
and the variance vary (Q) = ((Q —-(Q) ¢)2> v of the quasienergy operator Q = H —id; singles
out Floquet states. This variational principle can be used as a starting point to generalize
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highly-optimized variational ground-state algorithms, like DMRG, to the Floquet ground

state problem.

We expect these methods to be instrumental in understanding the origin of the putative Floquet
heating transition observed in the kicked mixed-field Ising model; as of now the persistence, the
underlying mechanism and generality of this phenomenon remain open questions. More generally, a
comprehensive understanding of the implications of the Floquet ground state is lacking at this stage.
Nevertheless, this concept offers intriguing possibilities for defining various types of order in driven
systems. For instance, this opens the possibility of (stable) quantum order at intermediate driving
frequencies, and new forms of nonequilibrium ‘Floquet ground-state order’. Going beyond ground
states, it remains an interesting question whether a thermally occupied extensive spectrum of /& can
be prepared, and to what extent & correctly captures thermal properties of a driven system; this is
particularly interesting for Floquet-engineered quantum materials and finite-temperature fermionic
systems.

In this thesis, we have focused on counterdiabatic driving as the primary tool for both
understanding and controlling periodically driven systems. A well-known limitation of CD driving,
however, is that the exact counterterms generally involve non-local, multi-body interactions that are
experimentally infeasible [89, 107]. For static systems, several techniques have been developed to
circumvent this difficulty—including fast-forward protocols [331], dynamical invariants [332, 333],
and other shortcuts-to-adiabaticity methods [97, 106]—which achieve transitionless driving using
predominantly local controls, typically by following alternative trajectories in a suitably chosen
rotating frame. Generalizing these methods to periodically driven systems is a promising direction
that could substantially improve Floquet state manipulation under realistic experimental constraints;
this may also yield constructive, non-perturbative approaches to Floquet engineering itself—a field
that thus far has relied on physical intuition rather than systematic algorithmic procedures.

Throughout this thesis, we have worked exclusively with quantum systems. The underlying
framework, however, is not inherently limited to quantum systems. The concept of adiabatic gauge
potentials also exists for classical systems [89, 334]—as the generator of canonical transformations.
Likewise, many modern concepts in Floquet theory, such as Floquet-engineering [21, 335, 336],
prethermalization [189] and nonequilibrium phases of matter [65, 337, 338], have well-established
classical counterparts. Therefore, a natural question arises: Can geometric Floquet theory be
extended to classical systems? For classically integrable systems, action-angle variables provide a
natural analogue of quantum eigenstates, suggesting a direct generalization of the average-energy
operator. For chaotic systems geometric quantities like the adiabatic gauge potential are generally

ill-defined [339, 340]; however, approximate CD driving may still be possible [341]. The variational
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approach discussed above, which has a well-defined classical limit, may therefore provide a route
to an approximate geometric Floquet theory for classical systems.

Finally, in the big picture of nonequilibrium physics, our work demonstrates that adiabaticity is
an intrinsic property of the geometry of the state manifold—requiring neither a Hamiltonian nor the
concept of energy. This may appear counterintuitive: adiabaticity is usually introduced via slow
variations of a parameter in a Hamiltonian. However, Floquet dynamics is not generated by a static
local Hamiltonian; the physically meaningful object is the unitary operator over one drive cycle.
Nonetheless, it is possible to generalize the notion of adiabaticity to periodically driven systems
using the adiabatic gauge potential which generates adiabatic evolution of Floquet states [85, 105,
342]. Whereas Floquet theory fails to generalize beyond periodic driving [284-287], we believe
that these concepts carry over naturally to quasi-periodically driven systems [230, 231, 292] and

random structured drives [233], and likely also deeper into the nonequilibrium regime.
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Appendix A

Gauges and Geometric description

In Sec. 2.1, we introduced two different approaches to computing the adiabatic gauge potential:
first, via the co-moving frame transformation (2.4), Ay =i (GAVA)VT; second, the Kato AGP via
the eigenprojectors (2.11), Ax 1 = % >0 I, [A], 0211,[A]]. Here, we illustrate in more detail the
special role of the Kato AGP, and how to reconcile its properties with those of the commonly used
co-moving frame AGP.

Let us re-emphasize that either choice forms a valid AGP, i.e., leads to transitionless driving
U LAW T ARO[ = 1 = [ AON T B 00y, a0

However, the generated phases generally differ, see Eq. (2.10); in particular, only the Kato gauge
correctly reproduces the adiabatic evolution (2.1). Considering the gauge-transformation (2.9)

Ap > Ay = Aa= > xa(D) Wil

WalAl) = [y lA]) = Xy [a])
and the parallel-transport condition for the Kato AGP (2.12)
Wnl Axaln) =0,

the co-moving frame AGP and Kato AGP are locally connected by a gauge-transformation with

Axa = An= ) (Wnlidan)) WXl , (A1)

i.e., choosing 9, x, (1) = ((Y,lid,)). However, generally the Kato AGP is not globally connected
to a co-moving frame AGP by a gauge transformation, i.e., it is generally not generated by a co-
moving frame transformation Vx ,. To see this, assume Ak , is generated by a unitary Vi ,, then

we can write N
Vka(d) =P exp(—i / Ak (1) dn)VK,/l (A) .
A
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Then, Vg (1) is in general multi-valued: for a closed loop 4; — A¢ = 4; along a trajectory A, we
find

Vi () = (Z TN 4] [Viea (i) # Viea (i) (A2)

n

where y,[A] is the geometric phase accumulated by the n-th eigenstate along the trajectory A.
Therefore, the parallel-transport gauge (A.1) is only well-defined along a given path A(¢), not as a
single-valued function of A; since a protocol selects a unique path, the multi-valuedness does not
pose a problem.

Given only a family of Hamiltonians H (1), the natural setting is projective Hilbert space P (%),
not 7 itself [343, 344]. For our purposes, it suffices to consider the eigenstate projectors IT,[1] as
the defining objects of the projective Hilbert space P (#); see, e.g., Ref. [345] for a full account
of projective Hilbert spaces and the connection to AGPs. The gauge-free eigenstate projectors
I1,[A] = |, [A] X, [ ]| carry no information about the phase of individual eigenstates; indeed, all

expectation values
(0)y, = Wl O l¢n) = Tr(11, 0), (A3)

depend only on I1,,, not on the choice of phase convention for |, [1]). The Kato AGP is the natural

AGP choice using only projective Hilbert space quantities, namely the eigenprojectors IT,,[1]"
Axa = 5 Z I, 0,10, [A]] .

Note that on projective Hilbert space, all AGP choices are equivalent: any A’ = Ak + Da
transports the eigenprojectors

for any 9, diagonal, i.e., D, € ker([H,-]). This is also reflected in the defining equation of the
AGP (2.29)
[Hy, i[Ha, Ax] + 0,H,] =0,

which is also invariant under such shifts A, = Ak 1 + D,, due to the commutator [H,, -]. Indeed,
notice that directions in the kernel of [H,, -] lead to trivial evolution on projective Hilbert space—
on the full Hilbert space, they only affect the phase of the eigenstates, leaving the eigenprojector
invariant. Therefore, a canonical choice is to consider the operator with no contribution on the
kernel of [ H,, -]; this is precisely the Kato AGP.

ITo be precise, the Kato AGP is formed from the projective Hilbert space (IT,,[A]) and tangent space (9,11, [1])
quantities.
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A normalized eigenstate |i,,[A]) carries more information than its projector I, [4]: in addition
to specifying a ray in P (#), it carries a phase. The space of normalized states N (#’) thus has the
structure of a U(1) fibre bundle over P (#’), where the fibre over each ray is the circle of possible
phases. The diagonal elements of the AGP correspond precisely to these fibre directions, which
is why the defining equation—formulated entirely in terms of commutators with H,—leaves them
undetermined.

To obtain information about the phase—i.e., to access quantities that do live on the U(1)-fibre
bundle N (#’) and not on P (#’) such as the geometric phase 7y, or, for multi-parameter families,
the Berry curvature—the projective-space data must be supplemented by a choice of section in the
U(1) bundle. For the comoving-frame AGP, A, =i (8,1VA)VT, this is done by hand through the

choice of frame V,. For the Kato AGP, the parallel-transport condition

Wnl Al Agalala]) =0 Vn (A.4)

selects a canonical section of the U(1) bundle, and the phase information is recovered dynamically
by integrating A, along a path. Therefore, the Kato operator is constructible from projective-
space data alone, yet determines a unique connection on the full Hilbert space; the geometric phase

¥n is then the holonomy in the U(1) fibre bundle of this connection along a closed loop.

Connection to Geometric Floquet Theory. For periodically driven systems, the instantaneous
eigenstates |y, [1]) are replaced by the periodic Floquet states |zpp’,, [t]> (see Ch. 3). The Floquet
states at different times are connected by the periodic micromotion |¢FJ, [t]) = P(1) |1,//F,n [0] >; as

we discussed in Sec. 3.1, this leaves the gauge freedom

[WEalt]) = |ug, [1]) = eXme™ |ypalt])
A1) = Ap(t) = Ap(t) = ) 0l e [11XYenlr]

b

Helr] = Hy[t] = He[t] + )" ol [eald Xveald| |
n

with the Floquet AGP Ag(7) = iPPT and Floquet Hamiltonian Hg[z]. The overall phase exp(iy,)

is irrelevant for the following discussion; the discrete shift £, € Z, however, is the root of the

quasienergy folding ambiguity.

Instead, using the eigenstate projectors

F 1] = [Wralt] Xeralt]

b
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we can again formulate a gauge-free description which does not suffer from the quasienergy folding
ambiguity. Geometric Floquet theory is precisely this formulation, relying only on the gauge-free

Kato Floquet adiabatic gauge potential
1
Ag = % ; [ME, 010F,,] ,
and the gauge-free average-energy operator

E = Z Mg, Tr(Ig,H) ,
n

forming the projection of the energy along the Floquet eigenprojectors.
Two comments are in order. First, we consider the Floquet adiabatic gauge potential (see Ch. 4),

where the Kato condition is defined on Sambe space (see also Sec. 3.1.2):

T
/0 (Yenlt)| AxalWralt])dt =0 Vn. (A.5)

Second, since the lab-frame Hamiltonian H(¢) is given and already plays the role of the CD
Hamiltonian—this is an inverse CD problem—the decomposition H(t) = &[] + Ax(t) is unique.
In particular, the diagonal elements £ = H — Az are now determined by H(¢) and carry physical
content (the average-energies), in contrast to the forward CD problem discussed above, where they

were unconstrained.



Appendix B

Supplemental material for geometric
Floquet theory

B.1 Degeneracies

In the main text, we focused on non-degenerate Floquet states for notational convenience. However,
the results remain valid in the case of degenerate Floquet states. Notice that the Floquet quasienergies
and average energies are constant in time such that Floquet states |¢r[7]) which are degenerate at
one instance of time are degenerate for all times ¢ € [0,T); hence, we can consider degenerate
subspaces formed by these states.

Therefore, in full analogy to the adiabatic theorem for degenerate subspaces [91], we can
simply replace the eigenstate projectors IT,[1] = |, [A]Xy,[4]| by eigensubspace projectors
Hp[A] = Xy,epWe[AX¥e[1]] projecting onto the subspace of Floquet states with the same
quasienergies; here B is an orthonormal basis of the eigensubspace with eigenvalue g, i.e.,
ere = €rx = €rp and (Y [t]|ye[t]) = Ox¢ for all Yy, Y € B. Then, the adiabatic gauge potential
still takes the form of Eq. (2.11) using the eigensubspace projectors [91]

1
Ax1 =5 ; [T1[A]. id,T15[A]] (B.1)

where B may also correspond to a non-degenerate subspace, containing only a single state. Note
that Ak , is fully off-diagonal in the subspaces, i.e., (Y [A]| Ak [Ye[A]) = O for all ¢, Yk € B
and all B.

Replacing the eigenstate projectors by eigenspace projectors and using the expression (B.1)
for the AGP, Eq. (3.7) and the derivation of the Floquet theorem (Sec. 3.1.2) remain valid. Upon

the same replacement also Egs. (3.4) and (3.12) remain valid; the Kato Hamiltonian Hk (¢) and
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average-energy operator A[¢] can be expressed in terms of eigensubspace projectors via

Hy (1) = ) exp()Tg[1],

B (B.2)
RALLEOUAGE
B
and
Elr] = ) wpllplr]
B

L dr’ ®.3)

_ T ’ "N

= ZB:nB[;] [/0 UT(tH()U(1) T [p[t],

where the sums run over all eigenspaces.

Accidental degeneracies. Accidental degeneracies occur due to the fine-tuning of model parameters.
They are not protected by symmetries and can be lifted by applying a generic perturbation!, resulting
in a splitting that is linear in the perturbation strength. In particular, accidental degeneracies can
occur in the quasienergy spectrum &g due to folding, for fine-tuned values of the drive frequency.
If this is the case, the Lanczos algorithm for exact diagonalization selects an arbitrary basis within
the accidental-degenerate subspace.

In the case of accidental quasienergy degeneracies, the average-energies need not be degenerate;
in other words, since er = @& + T~ 'y, the average-energies can be non-degenerate ®, # ®,, but the
sum of average-energy and geometric phase can still be degenerate: &, + T 'y, = @&, + T 'y,,. In
such cases, further diagonalization of the average-energy operator (B.3) lifts the degeneracy. These
accidental degeneracies can occur in many-body systems due to quasi-energy folding; for instance,
they occur throughout the non-heating regime of the mixed-field Ising model, Fig. 3.11, and near

the transition in the discrete time crystal, (7 — 6,) = 0.027x.

Degeneracies due to symmetries. If H(z) admits a unitary symmetry, i.e., [S, H(¢)] = 0 for all
t € [0,T) with symmetry operator SST = 1, degeneracies due to this symmetry in U also cause
degeneracies in the average energy. Specifically, if |¢/F,n[t]> and |¢F,m [t]) =S |$F’n[l]> are two

distinct eigenstates of Ur connected by the symmetry, they share not only the same quasi-energy,

'Tf a symmetry is present, the perturbation has to respect it.
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but also the same average-energy, since
T dr
Xy = o <wF,n[t]|H(t) |¢F,n[t]> ?

T dr
- /0 (Wraltl| STHOS ralt)) 7

! dr
/ (Wen [ H@ ealr)) 7
0

&m-

However, the converse is not true: a degenerate average-energy spectrum does not imply
degeneracies in the quasienergy. An example is the discrete time crystal model discussed in the
main text, where the quasienergy spectrum is non-degenerate due to the 6,-kick. In turn, this also
implies nondegenerate geometric phases, due to ep = & + T~ 'y.

Notably, spontaneous symmetry breaking (SSB) can occur in the average-energy spectrum in
much the same way as it does in Hamiltonian spectra in equilibrium. In the simplest scenario, this
requires a doublet of eigenstates, containing the ground and first excited states that transform into
each other under the symmetry, with an average-energy gap that closes in the thermodynamic limit.
However, unlike equilibrium systems where SSB is tied to spatial symmetries, in Floquet systems
SSB can also occur in time: e.g., in time-crystalline phases, the gap closing in the average-energy
is tied to a r-gap ‘opening’ in the geometric phases.

Finally, let us emphasize that any symmetry of H(t), [S, H(t)] = 0 Vt€[0,T), is also inherited
by the Floquet unitary, [Ug, S] = 0. Therefore, it is often more convenient to restrict numerical
and analytical computations to symmetric subspaces; this approach lifts the degeneracies related
to the symmetries and reduces the Hilbert space dimension. For instance, we followed this strategy
for the mixed-field Ising and discrete time crystal example, where we restrict to fixed momentum

blocks and parity sectors, respectively.

B.2 Additional anomalous Floquet topological insulator

To emphasize that our results are not model specific, let us also consider a different AFTI model,

studied in Ref. [68]. This model is described by a general Bloch-Hamiltonian on a bipartite lattice
h(k,t) =d(k,t)- o, (B.4)

withd, (k) = asin(k,),dy(k) = asin(ky),and d(k,t) = A(t)+(u—J)-2b |2 — cos(ky) — cos(ky) |+
J cos(ky) cos(ky), where A(f) = Agcos(wr); we consider J = b = 1.5y, a = 4u and Ay = p,
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Figure B.1: Anomalous Floquet Topological Insulator, second example a—c, Floquet, average-
energy and (folded) Berry spectrum for the model (B.4) as functions of the quasi-momentum &k,
respectively. The blue (orange) color corresponds to the arbitrary coloring of the lower (upper)
Floquet band as shown in a. Magenta and cyan lines indicate the two 0 edge modes and two 7«
edge modes, respectively; the thin solid red line indicates a representative line from the bulk bands.
Similarly to the example in the main text, the 0 and 7 are not distinguishable in the average-energy
spectrum. However, the bulk bands undergo a multitude of one-photon resonances, resulting in a
more chaotic spectrum than for the example in the main text. Data shown for L, = 500 values,
however, for sorting the states 5000 k, values have been considered; other parameters are detailed
in text following Eq. (B.4)

Ao/w =0.07, and L, = 50. This model leads to qualitatively similar behavior as the AFTI on the
hexagonal lattice (3.63), see Fig. B.1: the 0 and m edge modes can no longer be distinguished in
the average-energy spectrum but require the additional information contained in the Berry phase.
Moreover, here, the average-energy bulk bands undergo multiple one-photon-resonances when

varying quasi-momentum k, leading to ‘chaotic’ behavior of the bulk bands.



Appendix C

Additional information for discrete time
crystal sensing in nuclear spins

In this section, we provide additional material for the DTC sensing application presented in

Sec. 3.3.3 of the main text. The discussion follows closely the supplementary material in Ref. [103].

C.1 Numerical algorithm

We perform (closed-system) quantum simulations of the experimental sequence, detailed in Fig. 3.18,
on a small number L of spins (L = 15) using the QuSpin python library [346, 347] and a slightly
modified version of the algorithm used in Ref. [216].

System. The experimental setup consists of a macroscopic ensemble of NV-centers, each surrounded
by a cluster of 1,000-10,000 nuclear spins that are randomly distributed on the vertices of the

diamond lattice. The nuclear spins interact via the dipole-dipole coupling

L
Hoa= Y Jee (30 = 1 - 1) (C.1)
k<t

with Jie = cexp(3 cos? O — 1)/ rz ¢» Where ri is the distance between two spins on sites k and ¢
and 6y, is the angle between the vector connecting the two spins and the direction of the magnetic
field (2); cexp is a sample-dependent constant.

While the clusters of nuclear spins can be thought of as isolated during the experimental time
scale, the effective coherent system size in the experiment exceeds thousands of spins. In stark
contrast, our exact numerical simulations are limited to few (L = 15) spins due to the exponentially

increasing Hilbert space dimension. To mimic the experiment with this small system size we use
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a specifically tailored random graph instead of placing the spins randomly on a diamond lattice.
Concretely, to make the best use of the small system size, we want to avoid (i) spins that are too
weakly coupled to the rest of the system and (ii) spins that are too strongly coupled, since both
would result in spins being effectively decoupled from the rest of the system. Therefore, we use the
procedure from Ref. [216]: Spin positions are drawn randomly one by one in a 3D cube such that
(a) each spin has a maximal distance ryx to at least one other spin and (b) each spin has at least a
distance rp;, to all other spins; thus, avoiding both (i) and (ii). We use rpyin = 0.9 and ryp,x = 1.1
throughout.

In addition, an important aspect of the 3D dipole-dipole couplings in the experiments performed
in this work is the homogeneous distribution of positive and negative couplings, i.e., in a sufficiently
large system we find (iii) )., ., Jx¢ = O as the spins are on-average uniformly distributed on the unit
sphere in 3D. This property is in general not fulfilled for the random 3D graph as the number of
spins is too small to lead to a uniform distribution. Instead, we enforce this condition by hand using
the fact that the sign of the interactions (3 cos? 6, — 1) depends on the orientation with respect to
the external z-field direction. Therefore, only after having drawn a random graph we (c) choose the
orientation of the entire graph such that (iii) > ;.. Jx¢ = O is fulfilled. To further mitigate finite size
effects we average the magnetization dynamics over different realizations of random graphs (usually
Nsamples=50-100 samples).

Finally, in the experiment the initial state after hyperpolarization is pg~1 + pl* with finite
polarization u. Here, instead we use the fully polarized pure state |o) = |T ... T) which has been

shown to reproduce comparable dynamics at lower computational cost [216].

Unitary evolution. In the following, we describe the unitary evolution implemented in the
numerical simulations. Specifically, the experimental two-tone sequence, see main text Fig. 3.18B,

over a single DTC cycle can be recast into the following unitary evolution [279]

N
Uprtc,e = Uy ¢Udd e.n+1 n Uy,exUdd, ek 5 (C.2)
k=1
with the §-pulse
+nr
Uy =9 exp —i/ Byly + Bac(t)I* + Hyqdt |, (C.3a)
(L+1)T-1y
and X-pulses
T+kt
Ucrk = ?fexp(—i/ B.I* + Baoc(t) I + Hdddl‘) (C.3b)
CT+kT—7y
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and inter-pulse evolution

(T+kT—7)
Udd,f,k = exp —I (THdd + / dl‘BAc(l‘)IZ)] y (C3C)
£

T+(k-1)t

where we used that Hyg conserves the z-magnetization, [I%, Hgq] = 0, to solve the time-ordering
I explicitly in the last equation. Note that the AC field varies very slowly in comparison to the
length of the X and y-pulses, fac < 1/7y, 1/7,. Therefore, we assume a quasi-stationary AC field

during those pulses, hence simplifying the time-ordered integrals to

Uy ~ exp|=i (v + 0501 + Hary )| (C.4a)
. F _ r+nT
with 955 = [ )7 Bac(ndr,
Us ~ exp| =i (0 + 05 1* + Haar ) (C.4b)
. tT+k
with ¢ = [0 Bac()dr, and
Udd,f,k X exp[—i (ﬁgg;&klz + HddT)] , (C.4c)
with ﬁgg;& P = [;7:]1:;: dtBac(t). The evolution with the approximate unitaries (C.4) can be

efficiently implemented using exact diagonalization and is done via the Quspin python package.
Similarly, for the single-tone DTC one can use the same unitary evolution, Egs. (C.2) and (C.4),
by setting 7,=0. Let us emphasize that, in contrast to previous work [104, 216, 278, 279], we
consider the full finite time X and § pulses. While the results in the absence of an AC field are
qualitatively independent of the finite time of the pulses, in the presence of the AC field in the

two-tone DTC they are vital to account for the observed behavior as described in Sec. C.2.2.

C.2 Floquet engineering finite energy density

In this section, we will detail the average Hamiltonian analysis for single (Sec. C.2.1) and
two-tone (Sec. C.2.2) DTC sequences. We will demonstrate that the lifetime enhancement
in both cases is due to the AC field effectively Floquet-engineering a coupling to the DTC
order parameter. This coupling introduces a finite energy density for DTC ordered states, thus
energetically protecting those states from prethermalization to a featureless, infinite temperature
state. Finally, in subsection C.3 we compare our AC scheme to a previously introduced DC
scheme [280].
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C.2.1 One-tone prethermal discrete time crystal

Let us first focus on the conceptually simpler case of single-tone DTC: Here, the analysis is made
easier since the AC field Hac = Bac(?)I* and interactions Hgyq commute ([ Hac, Hyq]=0), such
that we can simply integrate the AC field between two consecutive y-pulses. Note that even in the
absence of the AC field for perfect y-pulses (y,=n) the symmetry-protected DTC is in principle
infinitely long-lived, due to the perfect conservation of /. However, for finite (y, # ), but
small (y, ~ m) deviations € = y, — m, this conservation law is broken leading to a fast decay of the

polarization with heating rate I', determined through Fermi’s Golden rule as
[, o (¢/T)? (C.5)

Such deviations are ubiquitous in the experiment due to spatially varying magnetic fields within
the macroscopic sample [104, 278].

We will now describe how an AC field can stabilize the PDTC order against symmetry-breaking
terms, and, in fact, lead to an exponential enhancement in lifetime. Integrating the AC field in

between two y-pulses the dynamics is described by
U = (UyUs.Udd) (UyU-.Udq) (UyUs Uqq) - - -, (C.6)

where Uy = exp(—iyyl?), Us, = exp(iiﬁﬂz) with magnitude of integrated AC field B o Bac
and interactions Ugq = exp(—iTHgqq). For simplicity, in Eq. (C.6), we have neglected the AC field
during the ¥y pulses, corresponding to the limit of infinitely fast pulses. A direct comparison with
the numerical simulations shows a qualitatively good agreement and justifies this approximation,
see Fig. C.1A. However, neglecting the finite duration of the pulses is not generally valid as we will
see in the two-tone driving case.

Note that in the special case y, = m, we have U,Uyq = UgqUy and UyUs; = Ux,U, such that
after 2N y-pulses the dynamics are given by U(2N) = (U,,Uqq)*" . For imperfect y-pulses, € # 0,
the dynamics after even numbers of y-pulses is effectively described by Helf’fAC = Hyq+ BI* + B,I".
While H;l;fAC no longer preserves the z-polarization it admits a finite energy density for the initial

state & = <H;f’fAC> /L = Bu. Therefore, the system prethermalizes to a finite temperature state
PO

_HAC . 1,AC _
pg o« e e [T, with 7 such that Tr(Heff pT) = 6.
While Floquet heating leads to a slow increase of the effective temperature (7°) [266, 267] this

process is exponentially suppressed in the driving period 7,

'€ o« exp(=1/JT), (C.7)
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for (quasi-)short-range interacting systems [14, 15, 338]; this includes the sign-changing dipole-
dipole interactions despite the interactions falling of as 1/r> [348]. This is in stark contrast to the
polynomial suppression due to the Fermi’s Golden Rule heating (C.5) in the absence of the AC
field; thus, introducing the AC field leads to an exponential increase in the scaling of the lifetime

with decreasing period 7.

C.2.2 Two-tone prethermal discrete time crystal

We will now turn to the two-tone DTC. The two-tone DTC without an AC field is described in
detail in Ref. [216]. Let us only summarize the key aspects here.

In the absence of an AC field, the two-tone DTC drive leads to the unitary evolution per

DTC-cycle (period T)
N-1

Uspre = UyUgq l_[ UxUdq » (C.3)
=0

with Uy = exp|—i (yyI” + TyHqq) | and U, = exp[—i (6,1 + TyHqq)] and Uaq = exp(—iTHaq); note
that the product, ]_[?/: _01 O, is time-ordered running from right to left, H?’: _01 Op=0nN_10N_2...010y.
Note that both 6, and vy, are of order O(1) = 0 (7%, T, thus preventing the application of the
Baker-Campbell-Hausdorff (BCH) formula. Instead, to take care of the strong X-pulses we consider

a toggling frame expansion, i.e., using U; ' U, = 1 we can rewrite the spin-locking dynamics (taking
away the ¥ pulse) of Eq. (C.8) as

N-1

Ul Uspre = Uud 1—[ U:xUad
=0

N_

| |urfva!

=0

N

| |vrvaats!

—_

= UgUV

(C.9)

_ 77N+1
= Ux

-1

_ yiN+1
= Ux

exp(—iTFIdd,g)] ,

=0

where we introduced I:Idd’[ = U, fHdde in the last line. Since ||I:Idd’g|| = ||Hgqq||, With respect to
the Frobenius norm, all instantaneous generators in the product in the final expression in Eq. (C.9)
are of order ||Hyq||7T allowing for application of the BCH formula,

N

N
eXp(—iT[:Idd,g) ~ exp(—ir Z I:Idd’g)

=0 =0
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Figure C.1: Numerical simulation of AC induced lifetime enhancement for single-tone (A) and
two-tone (B) DTC, with ®5c = 0,7/2, respectively, using the algorithm detailed in Sec. C.1.
We use N = 16, y, = 0.98n, 6, = n/2, Jt = 0.025, 7,=37=27, and Bxc = J/n. A
Magnetization (/°) dynamics without (black) and with (green) AC field. B Magnetization (I*)
dynamics without (purple) and with (red) AC field; (i) zoom into late time regime. For both
DTCs the additional AC field leads to an increase in signal and lifetime, in perfect agreement with
experiments, see Fig. 3.18.

up to O(7) corrections [216]. One can show that if N + 1=4n (n € 7), and 6, = /2 exactly, the

lowest order Floquet Hamiltonian

N

Hg = % Z Haar = % Z Joe GEI =1y - 1) (C.10)
=0 k<t

corresponds to the spin-lock Hamiltonian Hgy that preserves the I* magnetization, [ Hsp, I*] = 0.

For all other values of N, one can show that the emergent U(1)-symmetry is broken already

in the lowest order O(T°). However, the explicit symmetry-breaking term is suppressed in N as

O(1/N), such that symmetry-breaking effects are still suppressed out to longer times. Therefore, the

spin-locking sequence leads to an emergent U(1)-symmetry and the dynamics are well-described
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by replacing the spin-locking sequence Ugq H{];V: _01 U, Uyq of duration Tyin—1ock = (N + 1)7 — 7, by
Uspin—lock = €' Tsin-locksL._ Then, the role of the §-pulses is the same as in the single-tone DTC case
in Sec. C.2.1.

The key difference to the single-tone DTC, however, is the fact that the AC-field and DTC-
oscillation axes are orthogonal. Thus, the coupling to the DTC order parameter is not immediately
evident. In fact, naively one would expect the AC field to cause either an effective z-field that
enhances symmetry breaking or be averaged out by the DTC sequence. Indeed, in the limit of
instantaneous y-pulses this is exactly the case, as demonstrated below.

However, in the experiment a significant portion of the period is spent applying the y-pulses—
the duration 7, of the y-pulses exceeds the evolution time 7 between pulses, 7, > 27—such that
the AC-field also impacts these pulses. Note that the period of the AC field is much larger than the
duration of the y-pulses. Therefore, we will assume that the AC field is quasi-constant during the

y-pulses, such that the dynamics during the pulse are effectively described by
Uy(n; f) = e—it(yyly+(—1)nalz)/7y , (C.11)

where n indicates the n’th applied y-pulse, 7, is the length of the y-pulse, 0 < ¢ < 7, and
a = | f B Ac(t)dt| is the accumulated angle in z. For simplicity, we have disregarded the action
of the interactions during the § pulses which lead to minor corrections in the final result (see
simulations below).

Going to a rotating frame with respect to the strong /” field and rotating back the dynamics are

exactly described by

Uy (n; l) _ e_i7>’lyge_i(_l)na ﬁ;y f—; [cos(yyt/Ty)IZ—sin(yyt/Ty)Ix] (C12)

2

where I refers to time-ordering. To leading order, O(yl), we can approximate Eq. (C.12) by
y

gy DMy
Uy(n;t) ~ el 1 (C.13)

where a oc BacTy. Hence, the AC z-field on top of the finite time y-pulse leads to an effective AC-x
field. Therefore, the two-tone DTC is formally similar to the single-tone DTC. Indeed, in Fig. C.1B
we also provide numerical evidence for the AC-induced lifetime enhancement, taking into account
the full dynamics.

In contrast to the single-tone DTC where the U(1)-symmetry, [I%, Hgq] = 0, is exact to all
orders, for the two-tone DTC the U(1)-symmetry is only quasi-conserved, i.e., higher order terms

O (JT) break the symmetry. Thus, the heating without AC field is expected to follow a power law
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in the period I', oc (JT)2. In contrast, via engineering a finite energy density via the AC field, this
decay follows the usual exponentially suppressed Floquet heating decay rate A€ o exp(—1/JT).
This is the origin of the increase in lifetime, produced by the AC field, and observed in the

experiment.

Limit of instantaneous pulses. To emphasize the importance of the finite duration pulses, we
demonstrate that in the case of instantaneous pulses, the AC-field exactly cancels out at the resonance
condition. Specifically, let us consider the fine-tuned case 6, = /2, y, = m, with ideal angle
®ac = 7/2 and on-resonance condition fac = fres. Moreover, let us take a closer look into the

DTC evolution in the presence of an AC field over two cycles:

N N
2
Uspre = UyUadUz2n+2 1—[ UxUgaU N1+ ] - UyUddUz N+ 1—[ UxUqaU: ¢
=1 (=1
N N
¢ ¢ ¢ —
= Uy || |VlUaaUensaeeUSt | - Uy || | UlUaaUz i U5
=0 =0
N N
=Uy r Udad,tUz N+2+¢ | Uy l_[Udd,fUz,fﬂ
=0 =0
O(T()) N - N - N ~ N ~
~ Uy l_[Udd,f nUz,N+2+l’ - U, nUdd,é’ HUZ,M
=0 =0 =0 =0
N N
(C.10) T tock HSL ~ —iTspin—1ock HSL J
~  Uye "spincloc Uy N2+t | - Uye " ooinloe 1_[ z,0+1
=0 =0
N N
o) —i2Tpin-lock L Ji J
X e P Uy HUZ,N+2+€ Uy nUz,€+1 B
f:O €=O

where the definitions of U, are given below, and in the last line we used that [Uy, HSL] = 0 for

Yy = 7.

Hence, in summary, to lowest order O(7°) the interaction and single-particle fields decouple

U%DTC ~ e—iZTspin—lock Uszp , (C.14)
with single-particle unitary
N N
UL = UyUsansz || | UsUzvsrse | UsUeivir || | UxUse| (C.15)
=1 =1
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where Uy = exp(—iyyl”), Uy = exp(—i0,I*), and U, = exp(—iB¢I*) with integrated field B, =
f(iim Bac(t)dt. Therefore, in the following we can focus on the single-particle contributions only,
introducing the interactions only in the end.

Note that (i) by symmetry of the cosine function we have By1+¢ = By+1-¢ and (ii) for y, = &
wehave U, f (I*, I*) U, = U%f (=I%, =I7) for any function f,i.e., in particular U,U, .U, = U%U;Z.
Thus, we can rewrite Eq. (C.15) as

N
l_[ U;U;,NH—K Urn+t
=1

N
l_[ Ux Uz,f

t=1

2 _ 2yt
USP - UyUz,l

= UU (U;UZT UJUZ'NUTUZTNH) U.nit - (UUpy ... UU.2UL UL )

= VUl UlUY, . UTUT W UTU U - U U UL U

— 772 —
=U2=-1,

where we repeatedly apply the unitarity of U, and U, i.e., U; U=1= UZT Uz.¢. Therefore, by
Eq. (C.14), the full two-cycle DTC evolution is given by

U%DTC e lZTspm lock (C16)

to lowest order O (T?), which is equivalent to the two-cycle unitary in the absence of an AC field
Bac =0.

C.3 AC vs DC field comparison

Let us emphasize that the idea of using finite energy density to stabilize U (1)-DTC order is not new
to this work. In Ref. [280], the authors proposed to stabilize a sequence similar to the single-tone
DTC above by adding a DC field, Bpc = hI* with strength £, in the time-window where no ¥ pulses
are applied. An advantage of the DC field is that, depending on the strength of the field one can, (i)
engineer a finite energy density (At ~ m/2) similar to the procedure in this work or (ii) restore the
broken U(1)-symmetry (ht = m) by averaging out errors in 7y,. However, away from ht = nx/2
(n € Z) the y, =~ & pulses ‘echo-out’ the DC field, thus, requiring the persistent application of
strong magnetic fields which can be experimentally challenging, due to the high-power required
and the potential heating of the sample.

In contrast, by applying an AC field the ‘echoing-out’ is avoided, such that lifetime enhancement

occurs for any finite value of the AC amplitude. This not only provides a practical advantage but
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forms the basis of the AC sensing application. Moreover, the AC sensing scheme generalizes to the
two-tone DTC; a similar extension for the DC protocol is not immediately clear, since the additional
0. = n/2 spin-locking pulses would ’echo-out’ the 2-DC field and persistently applying an X-DC

field would interfere with the signal read-out.

C.4 Characteristics of AC enhanced signal

From the theoretical derivation in Sec. C.2.2 we concluded that the AC field leads to an additional /*-
magnetization in the effective Hamiltonian H.g = Hsp, + BegI* which causes prethermalization to a
finite energy and magnetization state that is protected during the prethermal plateau. To lowest order,
the effective field is given by integrating the AC field during the y-pulse, Beg = ftoto B ac(t)dt/yy.
As we show below, this is sufficient to qualitatively explain the observed response of the DTC
to different properties of the AC field Bac(?) = Bac sin(27 fact + @ac), i.e., the phase ®Pac,
amplitude Bac and frequency fac of the AC drive. We support our theoretical findings with
numerical simulations, see Fig. 3.20A-C.

To this end, let us explicitly derive the magnetization in the prethermal plateau. Assuming
a high-temperature state, J7 >1, we can write the prethermal state as p5 ~ 1 — Heg/7 . Then,
the inverse temperature can be determined by quasi-energy conservation as (Hefr),, /L = puBeft L
(Hewr),, = — [B%: + IIHsLI*] /T, hence,

B
Tl= o (C.17)
Beff + Jspin—lock
where u is the magnetization of the initial state and where we defined JS2 Clock = |Hsv||> which
pin—loc

measures the effective interaction strength of the spin-locking Hamiltonian. Consequently, the

magnetization per spin in the prethermal plateau is given by

eff
) (C.18)
2 2
Beﬁ + Jspin—lock

(") gy /L~ =T 'Ber = 1

Note that the Floquet heating dynamics after prethermalization correspond to an exponential decay
of the magnetization magnitude in the prethermal plateau to zero, |(I*(t = nT))| ~ e Tt |(Ix> p¢|'
This allows for a simple relationship between the fidelity metric and magnetization in the prethermal
plateau in the resonant case: there, the fidelity metric corresponds to time-integrating the absolute
value of the signal, i.e., F oc 3N (=1)" (I (nT)) = 3, [(I*(nT))| ~ (I*),, e T, Thus,

the fidelity metric is directly proportional to the magnetization in the prethermal plateau, i.e.,
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F = c(I*),, + Fo with some proportionality constant ¢ and a shift F{ originating from the pre-

thermalization dynamics.

C.4.1 Phase

Notice that if the AC field averages to zero during the